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Some variational problems in conformal geometry

Bin Guo and Haizhong Li

ABSTRACT. In this survey, we give some results related to renormalized volume
coefficients U(2k)(g) of a Riemannian metric g, which include op-Yamabe
problems, variational characterization of space forms, Kazdan-Warner type
identities, the first variational formula for the functional fM v(zk)(g)dvg, the
second variational formula of fM v(6) (g)dvg and its applications. We note that
when (M, g) is locally conformally flat, v(2¥)(g) reduces to the o (g) curvature
up to a scaling constant.

1. oi-Yamabe Problems
Let (M™, g) be a compact Riemannian manifold. The Schouten tensor is defined
by
1 .
(1.1) Ay = (ch -

n—2

“59)
2(n—1)7)
here Ric is the Ricci tensor of the metric, and R is the scalar curvature.
In terms of Schouten tensor, we can express the Weyl curvature tensor by

(1.2) Wijki = Rijri — (Aivgji — Aagir + Ajigic — Ajkgar),

where R;ji; are the components of the Riemannian curvature tensor of (M™, g).
Related with the Schouten tensor, one can define the Cotten tensor by

(1.3) Cijk = Vi Aij — V;Aig.
The following results are well known

THEOREM 1.1. For a Riemannian manifold (M™,g), n > 3, we have

(i) If n = 3, then Wi, = 0; (M3, g) is locally conformally flat if and only if
Cijk =0.

(i) If n > 4, then (M™,g) is locally conformally flat if and only if Wi;r = 0.

(iii) ViW,jk = —(n—3)Cjgi. In particular,if (M™, g) is locally conformally flat
and n > 4, then Cj = 0.
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222 B. GUO AND H. LI

The oy (g) curvature, introduced by J. Viaclovsky in [V1], is defined to be
(1.4) gt A= 3 A,

i1 < <dp
where A1,...,\, are the eigenvalues of g=1 - A, i.e., ox(g) is the k-th elementary
symmetric polynomials with respect to the eigenvalues of the matrix g=! - A,.
The ok-Yamabe problem is to prove the existence of a conformal metric
g=0y = vz go which solves the equation

(1.5) or(g) = constant on M.
Note that
o ( ) — L
W)= 5 —1)

so when k& = 1 the oi-Yamabe problem is reduced to the classical Yamabe problem.

When k > 2, the o,-Yamabe problem (1.5) is a fully nonlinear partial differen-
tial equation for the function v, which is elliptic if the eigenvalues {\;(A,)}7—, lies
in the convex cone T'y (or —T';), given by (see [GV2])

(1.6) T, ={\€R"|o;(\) >0forj=1,---,k}

Under the assumption that A(A,) € TI'y, the oi-Yamabe problem has been
solved in the following cases:

e for k =2,n =4 by Chang, Gursky and Yang in [CGY1] and [CGY?2],

o for k=2,n>8by Y. Ge and G. Wang in [GeW],

e for the locally conformally flat manifolds by Y. Y. Li and A. Li in [LL]
and P. Guan, G. Wang in [GW], independently,

e for the case k <n/2 and n > 2 under the hypothesis that the problem is
variational by W. Sheng, N. Trudinger and X. Wang in [STW].

2. Variational Characterizations of space forms

A classical result in Riemannian geometry says that the critical metric of the
Hilbert functional

(2.1) Flg] == /M Rdv,

is the Ricci-flat metric. When restricted to metrics with fixed volume, the critical
metric of this functional is Einstein.
For the oy (g) curvature, we can define a family of functionals

(2.2) Frlg] == /M ok(g)dvg, k=1,2,...,n.

Note that Fi[g] = ﬁ

(1) When k£ =1 or 2, and 2k < n, Fj, is variational in the conformal class
of metrics g, € [g] with fixed volume one, i.e., the critical metric for the
functional in this class of metrics, when achieved, satisfies the equation

Flg]. In [V1], Viaclovsky proved the following statements:

01 (gw) = constant.

(2) When k > 3 and 2k < n, the assertion in statement (1) holds only when
(M, g) is locally conformally flat.
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n

(3) When k = 2, n = 4, Fs[g| is conformally invariant; while for £ = % and
k > 3, Filg] is conformally invariant only when the manifold (M,g) is
locally conformally flat.

We remark that when dim M = 4, by Gauss-Bonnet-Chern formula,

(2.3) /M (312 + 02(9) ) du, = smx(M),

where x(M) is the Euler characteristic of M, W is the Weyl tensor of (M, g),
whose L? norm [, |[Wy|?dv, is invariant under conformal change of metrics, hence
Jos 02(g)dvg is also conformally invariant.

In [BG], Branson and Gover proved that if 3 < k < n and g is not locally
conformally flat, then the equation ok(g) =constant is not the Euler-Lagrange
equation of any functional.

For general variation of metrics (that is, variation is not restricted in conformal
class [g]), J. Viaclovsky and M. Gursky ([GV1]) proved that

THEOREM 2.1 ([GV1]). Let M be a 3-dimensional compact manifold. Then a
metric g with Fag] > 0 is critical for Fa|am, if and only if g has constant sectional
curvature, where

(2.4) My = {g|Vol(g) = 1}
is the Riemannian metrics with unit volume.

We remark that, for 3-dimensional manifolds, a metric g is of constant cur-
vature if and only if it is Einstein because the Weyl curvature tensor vanishes
identically. For the higher dimensional case, when restricted to locally conformally
flat manifolds, Hu-Li ([HL]) proved that

THEOREM 2.2 ([HL]). Let M™(n > 5) be compact. Then a conformally flat
metric g with Falg] > 0 is critical for Fa|m, if and only if g has constant sectional
curvature.

REMARK 2.3. From [GV1] or [HL], we can check that a metric g is critical for
Fa|m, if and only if g satisfies

(2.5) (Bg)ij + (n =) Toij = Agij, A= ("_2)#02(9),

where Bach tensor (By);; is defined by (4.6) and T»;; is defined by (6.6).

REMARK 2.4. Similar to the n = 3 case in Theorem 2.1, the condition F3[g] > 0
in Theorem 2.2 remains necessary: let £ = Ric — %g denote the trace-free Ricci
tensor, then
(n —2)2R?

(2.6) (n=2)%a(g) = —3 | + G2

If g has constant sectional curvature, then £ = 0 and o2(g) = #271) > 0. However,
there do exist critical metrics with F» < 0 (see [GV1] or [HL]).

Let (M?3,g) be a compact Riemannian three dimensional manifold. We define
a functional which is linear combination of F; and F», i.e.,

(2.7) BMZBMﬂﬁMZA@@—MM%

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



224 B. GUO AND H. LI

where a is a nonpositive constant. In [GL2], the authors proved that under some
assumptions, the critical metric to the functional F, is also of constant curvature,
more precisely, they showed the following result:

THEOREM 2.5. Let (M3,g) be a compact three dimensional Riemannian man-
ifold. Then a critical metric g to Fa|m, satisfies

(2.8) b:= 09 4+ aoy = constant.
Moreover, if b+ %aQ > 0, the critical metric must be of constant sectional curvature.

REMARK 2.6. The analogue of Theorem 2.5 holds for higher dimensional locally
conformally flat manifolds.

3. Locally conformally flat manifolds with o (g) = constant

In this section, we will study the global properties of a locally conformally flat
Riemannian manifold (M™, g) with constant o4 (g) for some k € {1,2,...,n}.

Since o1(g) = ﬁR, o1(g) is constant if and only if (M,g) has constant
scalar curvature R. On the other hand, from the solution of Yamabe problem,
we know that every compact conformally flat manifold (M, g) admits a pointwise
conformal metric ¢ such that (M", ) is a conformally flat manifold with constant
scalar curvature. The following theorem is well known.

THEOREM 3.1 ([Ta], [We], [Ch]). Let (M",g) be a compact conformally flat
Riemannian manifold with constant scalar curvature. If the Ricci tensor is semi-
positive definite, then (M™,g) is either a space form, or a space S x N"~1, where
N"=Lis an (n — 1)- dimensional space form.

On the other hand, for complete conformally flat manifolds with non-negative
Ricci curvature, S. H. Zhu ([Zh]) established the following theorem.

THEOREM 3.2 ([Zh]). If (M™,g) is a complete locally conformally flat Rie-
mannian manifold with Ric(g) > 0, then the universal cover M of M with the pull-
back metric is either conformally equivalent to S™, R™ or is isometric to Rx S"~1(c).

If M™ itself is compact, then M is either conformally equivalent to S™(1) or iso-
metric to R, R x S"~1(c).

Motivated by Theorems 3.1 and 3.2, one may try to classifiy compact locally
conformally flat Riemannian manifolds with constant o (g) (k > 2). In this respect,
Z. Hu, H. Li and U. Simon ([HLS]) proved that

THEOREM 3.3 ([HLS]). Let (M™,g) be a compact locally conformally flat
manifold with constant non-zero oi(g) for somek € {2,3,...,n}. If the tensor A, is
semi-positive definite, then (M™,g) is a space form of positive sectional curvature.

In [GVW], Guan-Viaclovsky-Wang established the following classification re-
sult:

THEOREM 3.4 ([GVW]). Let (M™, g) be a compact locally conformally flat
manifold with nonnegative oy(g) for some k > 5. Then (M",g) is conformally
equivalent to either a space form or a finite quotient of a Riemannian product
S7=1(c) x St for some constant ¢ > 0 and k = 5. In particular, if g € I‘:, then

(M™, g) is conformally equivalent to a spherical space form.
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If A, is semi-positive definite, then (M7, g) has nonnegative scalar curvature
and nonnegative Ricci curvature. For the case k = 2, Z. Hu, H. Li and U. Simon
([HLS]) showed that

THEOREM 3.5 ([HLS]). Let (M™,g) be a compact locally conformally flat
manifold with o2(g) a non-negative constant. If the Ricci tensor is semi-positive
definite, then (M™,g) is a space form for n = 3 and is either a space form or a
space St x N™~1 with N™"~' a space form for n > 4.

For the complete case, similar results are rare. Z. Hu, H. Li and U. Simon
proved in [HLS]:

THEOREM 3.6 ([HLS]). Let (M™,g) be a complete locally conformally flat
manifold with constant scalar curvature. If the Ricci tensor is semi-positive definite,

then the universal cover M of M™ with pull-back metric is isometric to S™(e), R™
or R x S"1(c).

4. Renormalized volume coefficients v(?*)(g)

Renormalized volume coefficients, v(zk)(g), of a Riemannian metric g, were
introduced in the physics literature in the late 1990’s in the context of AdS/CFT
correspondence. Given a manifold (X" M™, g*) with boundary X = M. Let r
be a defining function for M™ in X" *! such that r > 0in X and » = 0 on M, while

For any given Riemannian manifold (M™,hg), Fefferman-Graham ([FG])
proved that there is an extension g* of hg, which is “asymptotically Poincare
Einstein” in a neighborhood of M™, i.e., in [0,€) x M™ for some € > 0,

(4.1) Ric(g™) = —ng™

as r — 0. Locally we can write
1 .
(4.2) gt = T_Q(dTQ + hyj(r, z)dz"dz?),

where h(0,-) = ho(-) and h(r,-) is a metric defined on M, := {r = ¢} C X when ¢
is sufficiently small, {2} are local coordinates of M™.
det hyj(r,x)
det hy;(0,z)

vdet h;(r, x) >
4.3 A el AN et v(k) (x, ho)
(4.3) J/det hi; (0, 2) Z o)r

where v(®) (, ho) is a curvature invariant of the metric hq for 2k < n. The followings
are some important properties of v(*)(g):
e Graham ([GO0]): v*) vanishes for k odd.
e Graham ([GJ]): when (M, g) is locally conformally flat, v(*¥)(g) is equal
to o, (g) up to a scaling constant.

Suppose the expression of near r = 0 is given by

7

Here are some expressions of v(¥)(g) for lower k’s.

1 1
(4.4) v (g) = —5o1(9).  vW(g) = Jo2(9).
For k = 3, Graham and Juhl ([GJ]) listed the following formula for v(%)(g):
1 1 -
4. 6)(g) = —= = (ANY(B).s
(45) 0(g) = ~gloale) + 5 (4 (By)s],
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where
(4.6) (By)ij i= kavlv[/“{ + LRMWM»
' P =3 n =2 B

is the Bach tensor of the metric.

Since v*)(g) depend on derivatives of the curvature of g, and are defined via
an indirect, higher nonlinear, inductive algorithm, they are algebrically complicated
and no explicit formula is known for general k.

For even n, similar to J. Viaclovsky’s result that f  Ony2dvg is a conformal
invariant for n-dimensional compact locally conformally flat Riemannian manifolds,
in [GO], Graham proved that the functional [,, v("(g)dv, is a conformal invariant
for n-dimensional compact Riemannian manifolds.

5. Kazdan-Warner type identities

In studying the prescribed Gauss curvature in S™, Kazdan and Warner (Ann.
Math. 99 (1974)) found an identity which serves as a global geometric obstruction
to the existence of such functions, namely,

(5.1) / (Vaj, VK (x))dvy =0, for j=1,...,n+1,

where z; are the coordinate functions of S™ — R™"' K(x) is the prescribed
function to be the scalar curvature of a conformal metric g.

DEFINITION 5.1. A vector field X is called a conformal Killing vector field if it
generates a one-parameter subgroup of the diffeomorphism (&) which are conformal
transformations, i.e., there exists a u € C*°(M) such that Lxg = ug.

Later, these identities were extended to compact manifolds involving a confor-
mal Killing vector field X by Bourguignon and Ezin [BE] and Schoen [Sc]

(5.2) /M<X, VR,)dv, =0,

where R, is the scalar curvature of g. Note that Vx; generates a conformal Killing
vector field on S™, so (5.2) is a generalization of (5.1).

Kazdan-Warner type identities have played important roles in understanding
the blow-up behavior of solutions to PDEs that prescribe the relevant curvatures in
a conformal class. For oy, curvatures, J. Viaclovsky ([V2]) and Z. Han ([H]) proved

THEOREM 5.2 ([V2], [H]). Let (M,g) be a compact Riemannian manifold of
dimension n > 3, ox(g7" - A,) be the o) curvature of g, and X be a conformal
Killing vector field on (M,g). When k > 3, we also assume that (M, g) is locally
conformally flat, then

(5.3) /M<X, Voi(g))dv, = 0.

REMARK 5.3. When k = 1, (5.3) reduces to (5.2).

Without the constraint (M™,g) being locally conformally flat, Guo-Han-Li

([GHL]) proved similar identities hold for the renormalized volume coefficients
(2k) ( )
v
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THEOREM 5.4 ([GHL]). Let (M,g) be a compact Riemannian manifold of
dimension n > 3, X be a conformal Killing vector field on (M™,g). For k > 1,
we have

(5.4) /M (X, Vo) (g))dv, = 0,

where v?¥) (g) is the renormalized volume coefficients defined in section 4.

In the same paper [GHL], they found another Kazdan-Warner type identities
for the so-called Gauss-Bonnet curvatures Ga,(g).

DEFINITION 5.5. The Gauss-Bonnet curvatures Ga, (2r < n), introduced by
H. Weyl, is defined to be (also see [Lal)

_ Jij2---J2r—1J2r pitia i2r 112,
(5‘5) G2T(g) - 6i1i2-»-i2r—1i2r R Jijz *° R Ja2r—1Jj2r
where §7/2 7271727 ig the generalized Kronecker symbol.
122...2270—1227

Note that Ga(g) = 2R, R the scalar curvature. When 2r = n, Ga,(g) is the
integrand in the Gauss-Bonnet-Chern formula, up to a multiple of constant. Guo-
Han-Li ([GHL)) proved:

THEOREM 5.6 ([GHL)). Let (M™,g) be a compact Riemannian manifold, and
X be a conformal Killing vector field. Then for the Gauss-Bonnet curvatures Ga,(g)
(2r < n), we have

(5.6) /M<X’ VG (g))dvy =0,

REMARK 5.7. When (M, g) is locally conformally flat, both v(?*)(g) and G,.(g)
reduce to the oy (g) curvature up to a constant. So both Theorems 5.4 and 5.6 are
natural generalizations of J. Viaclovsky ([V2]) and Z. Han ([H])’s result Theorem
5.2.

6. The first and second variational formulas of [, v(®(g)dv,

In [CF], Chang-Fang proved the following interesting result

THEOREM 6.1 ([CF]). For any metric g on M™ and 2k < n, define the
functional

Ju v (g)dv,

(6.1) Fr(g) = T
' (Vol(M,g))( 0/

then Fi is variational within the conformal class when 2k < n; i.e., the critical
metric g, in [g] satisfies the equation

(6.2) 0% (g,,) = constant.

In this section, we aim to study the stability of the critical metric of the
functional

Ju v (g)dvg

(6.3) F3lg] = W-
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First we recall Theorem 6.1 of Chang-Fang states that the critical metric g,, of F3
in the conformal class [g] satisfies the equation

(6.4) v (g,) = const.

The second variational formula of F3[g] within the conformal class [g] is computed
by Guo-Li ([GL1]). Their results are as follows:

THEOREM 6.2 ([GL1]). Let (M™,g) be an n-dimensional (n > 7) compact
Riemannian manifold with v (g) =const, then the second variational formula of
the functional F3[g:] within its conformal class at g is

d2
dt?

o3 lg:] = (n— 6)V_(n_6)/n{ J { — 60 (g)¢”
(6.5) -

+(% + §T2ij i — %Aijcijkék)ﬂ dv}

_ .2 ) _ 7_ S ddv,
where gt — ¢ “tg, ot |t:0ut = ¢; and ¢ - ¢ - f; dvgq’
(6.6) Toij = 0295 — 01A:5 + Aik Ak

is one of the Newton transformations associated to A;j, and the Cotton tensor is

defined in (1.3), V = [,, dvg is the volume of (M, g).

From the second variational formula of F3, and by using Lichnerowicz and
Obata theorem on the lower bound of the first nonzero eigenvalue of the Laplacian
on compact manifolds with positive Ricci curvature lower bound, we proved the
following stability result:

THEOREM 6.3 ([GL1]). Let (M™,g) be an n-dimensional (n > 7) compact
FEinstein manifold with positive scalar curvature. Then it is a strict local mazximum
within its conformal class [g], unless (M™,g) is isometric to S™ with the standard
metric up to some multiple constant.

REMARK 6.4. When (M", g) is locally conformally flat, for the functional
Sy 73(g9)dvg, J. Viaclovsky ([V1]) proved that a metric with positive constant
sectional curvature is a strict local minimum, unless the manifold is isometric
to S™ with the standard metric. Theorem 6.3 coincides with his at the locally
conformally flat Einstein metrics, however, it does not need the assumption of
locally conformally flatness in Theorem 6.3.

REMARK 6.5. Let (M™,g) be an n-dimensional Einstein manifold with non-
positive scalar curvature, from second variational formula Theorem 6.2, we have
that

d2
dt? li=o

REMARK 6.6. Recently, by using a first variational formula of Graham, A.
Chang, H. Fang and M. Graham simplify the computation of the second variational
formula for F3, and they can also give the second variational formula for general

functionals Fj and obtain similar stability result for Einstein manifolds as in
Theorem 6.3.

]:3(975) S 0.
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For the general first variational formula of F3(g) = [}, v (g)dv, in arbitrary
(

direction h;;, where h;; is any symmetric 2-tensor, Fang-Guo-Li ([FGL]) obtained

the following formula

d
(6.7) ELZO /M v (g1)dvg, = /M Fijhijdv,

where g; is a family of Riemannian metrics, %(gt)ij
t=0

= hij, and Fij is a

symmetric 2-tensor defined by

(6.8)
. = _ ABij _ CiiCiri  2ArChjka  Vio1Cljyk
o 3(n—2)(n—4) 6(n—4) 3(n—4) 3(n—4)

+30=8 3oy T 3001 B — 30z Akm Ami Wik
+(n = 6)[~ gy ( Bindrs + BjkAki) + 55909 g5
~nn (72~ s AT e Ay
s 1 A Wik — g ThAw + sefimn o2 (A — 2 )]
where B;; = (By)i; is the Bach tensor defined in (4.6), Cjjx is the Cotton tensor
defined in (1.3), and C(;;y; := %(Cijk + Cjik) is the symmetrization of the tensor
C;;i. with respect to the first two indices.
REMARK 6.7. When n = 6, the 2-tensor F; defined in (6.8) coincides with the
“obstruction tensor” O;; defined in [GrH], precisely,
O;j = =24F;; = AB;j + 2CikCiigt + 8AkiClijyk + 4Vio1Cij
—4CkuCrj — 2BuiWhiiji — 401 By + 4Apm Amu Wik
We note that O;; has the following important properties when n = 6:
(1) Oyj is trace-free and divergence-free, i.e.,

Zoii = 07 Zoij’j =0.

(2) O, is conformally invariant of weight 2 — n; i.e., if 0 < w € C°°(M) and
Gij = u?gij, then Oy = u*>~"0;;.
(3) If gi; is conformal to an Einstein metric, then O;; = 0.
We also note that Bach tensor (Bj);; has the similar properties when n = 4.
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