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Some variational problems in conformal geometry

Bin Guo and Haizhong Li

Abstract. In this survey, we give some results related to renormalized volume
coefficients v(2k)(g) of a Riemannian metric g, which include σk-Yamabe
problems, variational characterization of space forms, Kazdan-Warner type
identities, the first variational formula for the functional

∫
M v(2k)(g)dvg, the

second variational formula of
∫
M v(6)(g)dvg and its applications. We note that

when (M,g) is locally conformally flat, v(2k)(g) reduces to the σk(g) curvature
up to a scaling constant.

1. σk-Yamabe Problems

Let (Mn, g) be a compact Riemannian manifold. The Schouten tensor is defined
by

(1.1) Ag =
1

n− 2

(
Ric− R

2(n− 1)
g
)
,

here Ric is the Ricci tensor of the metric, and R is the scalar curvature.
In terms of Schouten tensor, we can express the Weyl curvature tensor by

(1.2) Wijkl = Rijkl − (Aikgjl −Ailgjk +Ajlgik −Ajkgil),

where Rijkl are the components of the Riemannian curvature tensor of (Mn, g).
Related with the Schouten tensor, one can define the Cotten tensor by

(1.3) Cijk = ∇kAij −∇jAik.

The following results are well known

Theorem 1.1. For a Riemannian manifold (Mn, g), n ≥ 3, we have
(i) If n = 3, then Wijkl ≡ 0; (M3, g) is locally conformally flat if and only if

Cijk ≡ 0.
(ii) If n ≥ 4, then (Mn, g) is locally conformally flat if and only if Wijkl ≡ 0.
(iii) ∇iWijkl = −(n−3)Cjkl. In particular,if (Mn, g) is locally conformally flat

and n ≥ 4, then Cjkl ≡ 0.

1991 Mathematics Subject Classification. Primary 53A30, 53C20; Secondary 35J20, 35J60.
Supported by grants of NSFC-10971110.

c© 2012 American Mathematical Society and International Press

221



This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.

222 B. GUO AND H. LI

The σk(g) curvature, introduced by J. Viaclovsky in [V1], is defined to be

(1.4) σk(g
−1 ·A) :=

∑
i1<···<ik

λi1 · · ·λik ,

where λ1, . . . , λn are the eigenvalues of g−1 · A, i.e., σk(g) is the k-th elementary
symmetric polynomials with respect to the eigenvalues of the matrix g−1 ·Ag.

The σk-Yamabe problem is to prove the existence of a conformal metric

g = gv = v
4

n−2 g0 which solves the equation

(1.5) σk(g) ≡ constant on M.

Note that

σ1(g) =
R

2(n− 1)
,

so when k = 1 the σk-Yamabe problem is reduced to the classical Yamabe problem.
When k ≥ 2, the σk-Yamabe problem (1.5) is a fully nonlinear partial differen-

tial equation for the function v, which is elliptic if the eigenvalues {λi(Ag)}ni=1 lies
in the convex cone Γk (or −Γk), given by (see [GV2])

(1.6) Γk = {λ ∈ R
n|σj(λ) > 0 for j = 1, · · · , k}

Under the assumption that λ(Ag) ∈ Γk, the σk-Yamabe problem has been
solved in the following cases:

• for k = 2, n = 4 by Chang, Gursky and Yang in [CGY1] and [CGY2],
• for k = 2, n > 8 by Y. Ge and G. Wang in [GeW],
• for the locally conformally flat manifolds by Y. Y. Li and A. Li in [LL]
and P. Guan, G. Wang in [GW], independently,

• for the case k ≤ n/2 and n ≥ 2 under the hypothesis that the problem is
variational by W. Sheng, N. Trudinger and X. Wang in [STW].

2. Variational Characterizations of space forms

A classical result in Riemannian geometry says that the critical metric of the
Hilbert functional

(2.1) F [g] :=

∫
M

Rdv,

is the Ricci-flat metric. When restricted to metrics with fixed volume, the critical
metric of this functional is Einstein.

For the σk(g) curvature, we can define a family of functionals

(2.2) Fk[g] :=

∫
M

σk(g)dvg, k = 1, 2, . . . , n.

Note that F1[g] =
1

2(n−1)F [g]. In [V1], Viaclovsky proved the following statements:

(1) When k = 1 or 2, and 2k < n, Fk is variational in the conformal class
of metrics gw ∈ [g] with fixed volume one, i.e., the critical metric for the
functional in this class of metrics, when achieved, satisfies the equation

σk(gw) = constant.

(2) When k ≥ 3 and 2k < n, the assertion in statement (1) holds only when
(M, g) is locally conformally flat.
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(3) When k = 2, n = 4, F2[g] is conformally invariant; while for k = n
2 and

k ≥ 3, Fk[g] is conformally invariant only when the manifold (M, g) is
locally conformally flat.

We remark that when dimM = 4, by Gauss-Bonnet-Chern formula,

(2.3)

∫
M

(1

4
|W |2 + σ2(g)

)
dvg = 8πχ(M),

where χ(M) is the Euler characteristic of M , W is the Weyl tensor of (M, g),
whose L2 norm

∫
M

|Wg|2dvg is invariant under conformal change of metrics, hence∫
M

σ2(g)dvg is also conformally invariant.
In [BG], Branson and Gover proved that if 3 ≤ k ≤ n and g is not locally

conformally flat, then the equation σk(g) =constant is not the Euler-Lagrange
equation of any functional.

For general variation of metrics (that is, variation is not restricted in conformal
class [g]), J. Viaclovsky and M. Gursky ([GV1]) proved that

Theorem 2.1 ([GV1]). Let M be a 3-dimensional compact manifold. Then a
metric g with F2[g] ≥ 0 is critical for F2|M1

if and only if g has constant sectional
curvature, where

(2.4) M1 = {g|Vol(g) = 1}
is the Riemannian metrics with unit volume.

We remark that, for 3-dimensional manifolds, a metric g is of constant cur-
vature if and only if it is Einstein because the Weyl curvature tensor vanishes
identically. For the higher dimensional case, when restricted to locally conformally
flat manifolds, Hu-Li ([HL]) proved that

Theorem 2.2 ([HL]). Let Mn(n ≥ 5) be compact. Then a conformally flat
metric g with F2[g] ≥ 0 is critical for F2|M1

if and only if g has constant sectional
curvature.

Remark 2.3. From [GV1] or [HL], we can check that a metric g is critical for
F2|M1

if and only if g satisfies

(2.5) (Bg)ij + (n− 4)T2ij = λgij , λ =
(n− 2)(n− 4)

n
σ2(g),

where Bach tensor (Bg)ij is defined by (4.6) and T2ij is defined by (6.6).

Remark 2.4. Similar to the n = 3 case in Theorem 2.1, the condition F2[g] ≥ 0
in Theorem 2.2 remains necessary: let E = Ric − R

n g denote the trace-free Ricci
tensor, then

(2.6) (n− 2)2σ2(g) = −1

2
|E|2 + (n− 2)2R2

8n(n− 1)
.

If g has constant sectional curvature, then E = 0 and σ2(g) =
R2

8n(n−1) ≥ 0. However,

there do exist critical metrics with F2 < 0 (see [GV1] or [HL]).

Let (M3, g) be a compact Riemannian three dimensional manifold. We define
a functional which is linear combination of F1 and F2, i.e.,

(2.7) Fa[g] = F2[g]− aF1[g] =

∫
M

σ2(g)− aσ1(g),



This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.

224 B. GUO AND H. LI

where a is a nonpositive constant. In [GL2], the authors proved that under some
assumptions, the critical metric to the functional Fa is also of constant curvature,
more precisely, they showed the following result:

Theorem 2.5. Let (M3, g) be a compact three dimensional Riemannian man-
ifold. Then a critical metric g to Fa|M1

satisfies

(2.8) b := σ2 + aσ1 ≡ constant.

Moreover, if b+ 3
4a

2 > 0, the critical metric must be of constant sectional curvature.

Remark 2.6. The analogue of Theorem 2.5 holds for higher dimensional locally
conformally flat manifolds.

3. Locally conformally flat manifolds with σk(g) = constant

In this section, we will study the global properties of a locally conformally flat
Riemannian manifold (Mn, g) with constant σk(g) for some k ∈ {1, 2, . . . , n}.

Since σ1(g) = 1
2(n−1)R, σ1(g) is constant if and only if (M, g) has constant

scalar curvature R. On the other hand, from the solution of Yamabe problem,
we know that every compact conformally flat manifold (M, g) admits a pointwise
conformal metric g̃ such that (Mn, g̃) is a conformally flat manifold with constant
scalar curvature. The following theorem is well known.

Theorem 3.1 ([Ta], [We], [Ch]). Let (Mn, g) be a compact conformally flat
Riemannian manifold with constant scalar curvature. If the Ricci tensor is semi-
positive definite, then (Mn, g) is either a space form, or a space S1 ×Nn−1, where
Nn−1 is an (n− 1)- dimensional space form.

On the other hand, for complete conformally flat manifolds with non-negative
Ricci curvature, S. H. Zhu ([Zh]) established the following theorem.

Theorem 3.2 ([Zh]). If (Mn, g) is a complete locally conformally flat Rie-

mannian manifold with Ric(g) ≥ 0, then the universal cover M̃ of M with the pull-
back metric is either conformally equivalent to Sn, Rn or is isometric to R×Sn−1(c).

If Mn itself is compact, then M̃ is either conformally equivalent to Sn(1) or iso-
metric to R

n, R× Sn−1(c).

Motivated by Theorems 3.1 and 3.2, one may try to classifiy compact locally
conformally flat Riemannian manifolds with constant σk(g) (k ≥ 2). In this respect,
Z. Hu, H. Li and U. Simon ([HLS]) proved that

Theorem 3.3 ([HLS]). Let (Mn, g) be a compact locally conformally flat
manifold with constant non-zero σk(g) for some k ∈ {2, 3, . . . , n}. If the tensor Ag is
semi-positive definite, then (Mn, g) is a space form of positive sectional curvature.

In [GVW], Guan-Viaclovsky-Wang established the following classification re-
sult:

Theorem 3.4 ([GVW]). Let (Mn, g) be a compact locally conformally flat
manifold with nonnegative σk(g) for some k ≥ n

2 . Then (Mn, g) is conformally
equivalent to either a space form or a finite quotient of a Riemannian product
Sn−1(c) × S1 for some constant c > 0 and k = n

2 . In particular, if g ∈ Γ+
k , then

(Mn, g) is conformally equivalent to a spherical space form.
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If Ag is semi-positive definite, then (Mn, g) has nonnegative scalar curvature
and nonnegative Ricci curvature. For the case k = 2, Z. Hu, H. Li and U. Simon
([HLS]) showed that

Theorem 3.5 ([HLS]). Let (Mn, g) be a compact locally conformally flat
manifold with σ2(g) a non-negative constant. If the Ricci tensor is semi-positive
definite, then (Mn, g) is a space form for n = 3 and is either a space form or a
space S1 ×Nn−1 with Nn−1 a space form for n ≥ 4.

For the complete case, similar results are rare. Z. Hu, H. Li and U. Simon
proved in [HLS]:

Theorem 3.6 ([HLS]). Let (Mn, g) be a complete locally conformally flat
manifold with constant scalar curvature. If the Ricci tensor is semi-positive definite,
then the universal cover M̃ of Mn with pull-back metric is isometric to Sn(c), Rn

or R× Sn−1(c).

4. Renormalized volume coefficients v(2k)(g)

Renormalized volume coefficients, v(2k)(g), of a Riemannian metric g, were
introduced in the physics literature in the late 1990’s in the context of AdS/CFT
correspondence. Given a manifold (Xn+1,Mn, g+) with boundary ∂X = M . Let r
be a defining function for Mn in Xn+1 such that r > 0 in X and r = 0 on M , while
dr|M �= 0.

For any given Riemannian manifold (Mn, h0), Fefferman-Graham ([FG])
proved that there is an extension g+ of h0, which is “asymptotically Poincare
Einstein” in a neighborhood of Mn, i.e., in [0, ε)×Mn for some ε > 0,

(4.1) Ric(g+) = −ng+

as r → 0. Locally we can write

(4.2) g+ =
1

r2
(dr2 + hij(r, x)dx

idxj),

where h(0, ·) = h0(·) and h(r, ·) is a metric defined on Mc := {r = c} ⊂ X when c
is sufficiently small, {xi} are local coordinates of Mn.

Suppose the expression of

√
dethij(r,x)√
dethij(0,x)

near r = 0 is given by

(4.3)

√
dethij(r, x)√
dethij(0, x)

=

∞∑
k=0

v(k)(x, h0)r
k,

where v(k)(x, h0) is a curvature invariant of the metric h0 for 2k ≤ n. The followings
are some important properties of v(k)(g):

• Graham ([G0]): v(k) vanishes for k odd.
• Graham ([GJ]): when (M, g) is locally conformally flat, v(2k)(g) is equal
to σk(g) up to a scaling constant.

Here are some expressions of v(k)(g) for lower k’s.

(4.4) v(2)(g) = −1

2
σ1(g), v(4)(g) =

1

4
σ2(g).

For k = 3, Graham and Juhl ([GJ]) listed the following formula for v(6)(g):

(4.5) v(6)(g) = −1

8
[σ3(g) +

1

3(n− 4)
(Ag)

ij(Bg)ij ],
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where

(4.6) (Bg)ij :=
1

n− 3
∇k∇lWlikj +

1

n− 2
RklWlikj

is the Bach tensor of the metric.
Since v(k)(g) depend on derivatives of the curvature of g, and are defined via

an indirect, higher nonlinear, inductive algorithm, they are algebrically complicated
and no explicit formula is known for general k.

For even n, similar to J. Viaclovsky’s result that
∫
M

σn/2dvg is a conformal
invariant for n-dimensional compact locally conformally flat Riemannian manifolds,
in [G0], Graham proved that the functional

∫
M

v(n)(g)dvg is a conformal invariant
for n-dimensional compact Riemannian manifolds.

5. Kazdan-Warner type identities

In studying the prescribed Gauss curvature in Sn, Kazdan and Warner (Ann.
Math. 99 (1974)) found an identity which serves as a global geometric obstruction
to the existence of such functions, namely,

(5.1)

∫
Sn

〈∇xj ,∇K(x)〉dvg = 0, for j = 1, . . . , n+ 1,

where xj are the coordinate functions of Sn → R
n+1, K(x) is the prescribed

function to be the scalar curvature of a conformal metric g.

Definition 5.1. A vector field X is called a conformal Killing vector field if it
generates a one-parameter subgroup of the diffeomorphism (ξt) which are conformal
transformations, i.e., there exists a μ ∈ C∞(M) such that LXg = μg.

Later, these identities were extended to compact manifolds involving a confor-
mal Killing vector field X by Bourguignon and Ezin [BE] and Schoen [Sc]

(5.2)

∫
M

〈X,∇Rg〉dvg = 0,

where Rg is the scalar curvature of g. Note that ∇xj generates a conformal Killing
vector field on Sn, so (5.2) is a generalization of (5.1).

Kazdan-Warner type identities have played important roles in understanding
the blow-up behavior of solutions to PDEs that prescribe the relevant curvatures in
a conformal class. For σk curvatures, J. Viaclovsky ([V2]) and Z. Han ([H]) proved

Theorem 5.2 ([V2], [H]). Let (M, g) be a compact Riemannian manifold of
dimension n ≥ 3, σk(g

−1 · Ag) be the σk curvature of g, and X be a conformal
Killing vector field on (M, g). When k ≥ 3, we also assume that (M, g) is locally
conformally flat, then

(5.3)

∫
M

〈X,∇σk(g)〉dvg = 0.

Remark 5.3. When k = 1, (5.3) reduces to (5.2).

Without the constraint (Mn, g) being locally conformally flat, Guo-Han-Li
([GHL]) proved similar identities hold for the renormalized volume coefficients
v(2k)(g),
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Theorem 5.4 ([GHL]). Let (M, g) be a compact Riemannian manifold of
dimension n ≥ 3, X be a conformal Killing vector field on (Mn, g). For k ≥ 1,
we have

(5.4)

∫
M

〈X,∇v(2k)(g)〉dvg = 0,

where v(2k)(g) is the renormalized volume coefficients defined in section 4.

In the same paper [GHL], they found another Kazdan-Warner type identities
for the so-called Gauss-Bonnet curvatures G2r(g).

Definition 5.5. The Gauss-Bonnet curvatures G2r (2r ≤ n), introduced by
H. Weyl, is defined to be (also see [La])

(5.5) G2r(g) = δ
j1j2...j2r−1j2r
i1i2...i2r−1i2r

Ri1i2
j1j2

. . . R
i2r−1i2r

j2r−1j2r

where δ
j1j2...j2r−1j2r
i1i2...i2r−1i2r

is the generalized Kronecker symbol.

Note that G2(g) = 2R, R the scalar curvature. When 2r = n, G2r(g) is the
integrand in the Gauss-Bonnet-Chern formula, up to a multiple of constant. Guo-
Han-Li ([GHL]) proved:

Theorem 5.6 ([GHL]). Let (Mn, g) be a compact Riemannian manifold, and
X be a conformal Killing vector field. Then for the Gauss-Bonnet curvatures G2r(g)
(2r < n), we have

(5.6)

∫
M

〈X,∇G2r(g)〉dvg = 0,

Remark 5.7. When (M, g) is locally conformally flat, both v(2k)(g) and G2r(g)
reduce to the σk(g) curvature up to a constant. So both Theorems 5.4 and 5.6 are
natural generalizations of J. Viaclovsky ([V2]) and Z. Han ([H])’s result Theorem
5.2.

6. The first and second variational formulas of
∫
M

v(6)(g)dvg

In [CF], Chang-Fang proved the following interesting result

Theorem 6.1 ([CF]). For any metric g on Mn and 2k ≤ n, define the
functional

(6.1) Fk(g) =

∫
M

v(2k)(g)dvg(
V ol(M, g)

)(n−2k)/n
,

then Fk is variational within the conformal class when 2k < n; i.e., the critical
metric gw in [g] satisfies the equation

(6.2) v(2k)(gw) = constant.

In this section, we aim to study the stability of the critical metric of the
functional

(6.3) F3[g] =

∫
M

v(6)(g)dvg( ∫
M

dvg
)(n−6)/n

.
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First we recall Theorem 6.1 of Chang-Fang states that the critical metric gw of F3

in the conformal class [g] satisfies the equation

(6.4) v(6)(gw) ≡ const.

The second variational formula of F3[g] within the conformal class [g] is computed
by Guo-Li ([GL1]). Their results are as follows:

Theorem 6.2 ([GL1]). Let (Mn, g) be an n-dimensional (n ≥ 7) compact
Riemannian manifold with v(6)(g) =const, then the second variational formula of
the functional F3[gt] within its conformal class at g is

(6.5)

d2

dt2

∣∣∣
t=0

F3[gt] = (n− 6)V −(n−6)/n

{∫ [
− 6v(6)(g)φ̄2

+
(

Bij φ̄ij

24(n−4) +
1
8T2ij φ̄ij − 1

12AijCijkφ̄k

)
φ̄
]
dv

}

where gt = e2utg, ∂
∂t

∣∣
t=0

ut = φ, and φ̄ = φ−
∫
M

φdvg∫
M

dvg
,

(6.6) T2ij = σ2gij − σ1Aij +AikAkj

is one of the Newton transformations associated to Aij, and the Cotton tensor is
defined in (1.3), V =

∫
M

dvg is the volume of (M, g).

From the second variational formula of F3, and by using Lichnerowicz and
Obata theorem on the lower bound of the first nonzero eigenvalue of the Laplacian
on compact manifolds with positive Ricci curvature lower bound, we proved the
following stability result:

Theorem 6.3 ([GL1]). Let (Mn, g) be an n-dimensional (n ≥ 7) compact
Einstein manifold with positive scalar curvature. Then it is a strict local maximum
within its conformal class [g], unless (Mn, g) is isometric to Sn with the standard
metric up to some multiple constant.

Remark 6.4. When (Mn, g) is locally conformally flat, for the functional∫
M

σ3(g)dvg, J. Viaclovsky ([V1]) proved that a metric with positive constant
sectional curvature is a strict local minimum, unless the manifold is isometric
to Sn with the standard metric. Theorem 6.3 coincides with his at the locally
conformally flat Einstein metrics, however, it does not need the assumption of
locally conformally flatness in Theorem 6.3.

Remark 6.5. Let (Mn, g) be an n-dimensional Einstein manifold with non-
positive scalar curvature, from second variational formula Theorem 6.2, we have
that

d2

dt2

∣∣∣
t=0

F3(gt) ≤ 0.

Remark 6.6. Recently, by using a first variational formula of Graham, A.
Chang, H. Fang and M. Graham simplify the computation of the second variational
formula for F3, and they can also give the second variational formula for general
functionals Fk and obtain similar stability result for Einstein manifolds as in
Theorem 6.3.
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For the general first variational formula of F3(g) =
∫
M

v(6)(g)dvg in arbitrary
direction hij , where hij is any symmetric 2-tensor, Fang-Guo-Li ([FGL]) obtained
the following formula

(6.7)
d

dt

∣∣∣
t=0

∫
M

v(6)(gt)dvgt =

∫
M

Fijhijdv,

where gt is a family of Riemannian metrics, d
dt (gt)ij

∣∣∣
t=0

= hij , and Fij is a

symmetric 2-tensor defined by
(6.8)

Fij = − ΔBij

3(n−2)(n−4) −
CiklCjkl

6(n−4) − 2AklC(ij)k,l

3(n−4) − ∇kσ1C(ij)k

3(n−4)

+
CkilCljk

3(n−4) − 2BklWikjl

3(n−4)(n−2) +
1

3(n−4)σ1Bij − 2
3(n−2)AkmAmlWikjl

+(n− 6)[− 1
6(n−4)(n−2)

(
BikAkj +BjkAki

)
+ 1

2(n−2)v
(6)gij

− 1
6(n−1)(n−4)(σ2)ij − 1

6(n−2)(n−4)ΔT 2
ij +

1
6(n−1)(n−4)Δσ2gij

+ 1
3(n−4)(n−2)σ1AklWikjl − 1

3(n−2)T
2
ikAkj +

n
6(n−1)(n−4)σ2

(
Aij − σ1

n gij

)
],

where Bij = (Bg)ij is the Bach tensor defined in (4.6), Cijk is the Cotton tensor

defined in (1.3), and C(ij)k := 1
2

(
Cijk + Cjik

)
is the symmetrization of the tensor

Cijk with respect to the first two indices.

Remark 6.7. When n = 6, the 2-tensor Fij defined in (6.8) coincides with the
“obstruction tensor” Oij defined in [GrH], precisely,

Oij = −24Fij = ΔBij + 2CiklCjkl + 8AklC(ij)k,l + 4∇kσ1C(ij)k

− 4CkilCljk − 2BklWkijl − 4σ1Bij + 4AkmAmlWikjl.

We note that Oij has the following important properties when n = 6:

(1) Oij is trace-free and divergence-free, i.e.,∑
i

Oii = 0,
∑
i

Oij,j = 0.

(2) Oij is conformally invariant of weight 2 − n; i.e., if 0 < u ∈ C∞(M) and

g̃ij = u2gij , then Õij = u2−nOij .
(3) If gij is conformal to an Einstein metric, then Oij = 0.

We also note that Bach tensor (Bg)ij has the similar properties when n = 4.
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