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Abstract. In this paper, we study the local multiplicity of 10 strongly tempered spherical
varieties. We will formulate a uniform epsilon dichotomy conjecture for all these models
regarding the unique distinguished element in tempered L-packets. Then we will prove this
conjecture in many cases, including all the Archimedean cases.
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1. Introduction and main results

Let F be a local field of characteristic 0, G be a connected reductive group defined over
F , H be a connected closed subgroup of G, and χ be a unitary character of H(F ). Assume
that H is a spherical subgroup of G (i.e. H admitting an open orbit in the flag variety of
G). We say the spherical pair (G,H) is reductive if H is reductive. For every irreducible
smooth 1 representation π of G(F ), we define the multiplicity

m(π, χ) := dim(HomH(F )(π, χ)).

We say π is (H,χ)-distinguished (or just H-distinguished if the choice of χ is clear) if the
multiplicity is nonzero. Also to simplify the notation we will use m(π) instead of m(π, χ) to
denote the multiplicity if the choice of χ is clear. One of the fundamental problems in the
Relative Langlands Program is to study the multiplicity m(π, χ). In general, one expects the
multiplicity m(π, χ) to be finite and to detect some functorial structures of π. We refer the
reader to [SV17] for a detailed discussion of these kinds of problems.

Among all the spherical pairs, there is a special category called strongly tempered spherical
pairs. More precisely, when H is reductive, we say the pair (G,H) is strongly tempered if all
the matrix coefficients of tempered representations of G(F ) are integrable on H(F )/ZG,H(F )
(here ZG is the center of G and ZG,H = ZG ∩ H). When H is not reductive and if the
model (G,H) is the Whittaker induction (we refer the reader to Section 2.6 of [Wan] for the
definition of Whittaker induction) of a reductive spherical pair (G0, H0), then we say the pair
(G,H) is strongly tempered if and only if (G0, H0) is strongly tempered. According to the
general conjecture of Sakellaridis and Venkatesh in Conjecture 16.5.1 of [SV17], for a strongly
tempered spherical pair (G,H), if we assume the spherical varieties X = G/H does not have
Type N spherical root (we refer the reader to Section 3.1 of [SV17] for the definition of
spherical roots), then almost all the tempered local Vogan L-packets of G(F ) should contain
at least one (H,χ)-distinguished representation (i.e. almost all the tempered local Vogan
L-packets are (H,χ)-distinguished). Moreover, if the spherical variety only has one open
Borel orbit over the local field F , then the general conjecture of Sakellaridis and Venkatesh
predicts that almost all the tempered local Vogan L-packets of G(F ) should contain exactly
one (H,χ)-distinguished representation (this is usually called strong multiplicity one on L-
packets).

The most famous examples of strongly tempered spherical pairs without Type N root are
the so call Gan–Gross–Prasad models (SOn+2k+1×SOn, SOnnU) and (Un+2k+1×Un, UnnU).
Here U is some unipotent subgroup. For these cases, the local conjecture was formulated
by Gan, Gross, and Prasad in Section 17 of [GGP]. In it they not only conjectured the
property of strong multiplicity one on generic L-packets, they also conjectured about the

1In the Archimedean case, smooth representations means Casselman–Wallach representations. For the
rest of the paper, all representations are assumed to be smooth.
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unique distinguished element in those L-packets. More precisely, for each local L-packet Πφ,
let Zφ be the centralizer of the parameter and Sφ = Zφ/Z

◦
φ be its component group. The

local Langlands conjecture states that there is a natural bijection between the L-packet and
the set of irreducible representations of Sφ (denoted by Ŝφ). In Section 17 of [GGP], they
defined a quadratic character of Sφ using some local epsilon factor and conjectured that the
unique distinguished element in a generic L-packet is the one associated to this quadratic
character. This is usually called the epsilon dichotomy conjecture.

In his pioneering works, Waldspurger developed a new method using local harmonic anal-
ysis to study the multiplicities. His idea is to first prove a local trace formula for the model
which will imply a multiplicity formula m(π, χ) = mgeom(π, χ). Here mgeom(π, χ) is defined
via the Harish-Chandra character θπ of π and is called the geometric multiplicity. Then by
using the multiplicity formula together with various relations of the Harish-Chandra char-
acters of representations in a local L-packet, one can explicitly compute the multiplicity. In
his works [Wal1], [Wal2] and [Wal3], Waldspurger applied this idea to the orthogonal Gan–
Gross–Prasad models and proved the local conjecture in the p-adic case. Later his method
was adapted by Beuzart-Plessis ([Beu1], [Beu2], [Beu3], [Beu4]), Wan ([Wan15], [Wan16],
[Wan17]), Beuzart-Plessis–Wan ([BW]), Wan–Zhang ([WZ1], [WZ2]), Luo ([Luo]) for many
other cases. Guided by all these works, in [Wan], the first author gave a uniform definition
of the geometric multiplicity mgeom(π, χ) and proposed the conjectural multiplicity formula
for all the spherical varieties.

In our previous paper [WZ2], we studied ten spherical pairs that are strongly tempered
and without Type N spherical root. For each of the models, we computed its local relative
character at unramified places. Our computation of the local relative characters shows
that like the Gan–Gross–Prasad models case, the global period integrals of these models
are related to the central values of certain automorphic L-functions L(s, π, ρX) where ρX is
some finite dimensional representations of the L-group LG of symplectic type (see Table 1
for details). This allows us to formulate the Ichino-Ikeda type conjectures for these models.
Locally, following the method of Waldspurger, we proved the multiplicity formulas in many
cases. By using the multiplicity formulas, we proved the strong multiplicity one on tempered
L-packets (i.e. the summation of the multiplicities is equal to 1 over every tempered local
L-packet) for these models. In particular, our results suggested that these models should
have similar local and global behavior as the Gan–Gross–Prasad models. In other words,
many nice properties about the local multiplicities and global period integrals are not just
enjoyed by the Gan–Gross–Prasad models, they can also be applied to general spherical
varieties that are strongly tempered and without Type N spherical root.

Guided by this philosophy, it is natural to expect that for each of the models considered
in our previous paper, like the Gan–Gross–Prasad models case, the unique distinguished
element in the L-packet should be determined by the local epsilon factor ε(s, π, ρX). In this
paper, we will formulate a uniform epsilon dichotomy conjecture for all these models. By
studying the behaviors of the geometric multiplicities under parabolic induction and under
endoscopy, we will prove the epsilon dichotomy conjecture in many cases including all the
Archimedean cases.

1.1. The conjectures and main results. We recall the following table of spherical vari-
eties from Section 1 of [WZ2] (note that ρX is a representation of the L-group L(G/ZG,H)).
Each model (G,H) in the table is strongly tempered without Type N root and has a unique
open Borel orbit.
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№ G H ρX
1 GL4 ×GL2 GL2 ×GL2 (∧2 ⊗ std2)⊕ std4 ⊕ std∨4
2 GU4 ×GU2 (GU2 ×GU2)0 (∧2 ⊗ std2)⊕ std4 ⊕ std∨4
3 GSp6 ×GSp4 (GSp4 ×GSp2)0 Spin7 ⊗ Spin5

4 GL6 GL2 n U ∧3

5 GU6 GU2 n U ∧3

6 GSp10 GL2 n U Spin11

7 GSp6 ×GL2 GL2 n U Spin7 ⊗ std2

8 GSO8 ×GL2 GL2 n U HSpin8 ⊗ std2

9 GSO12 GL2 n U HSpin12

10 E7 PGL2 n U ω7

Table 1

Here stdn is the standard representation of GLn(C) and std∨n is its dual representation;
Spin2n+1 is the Spin representation of Spin2n+1(C); HSpin2n is a half-Spin representation of
Spin2n(C); ω7 is the 56 dimensional irreducible representation of E7(C). We refer readers to
later sections for more details about ρX in the unitary group cases (i.e. Models 2 and 5).
We will also recall the definitions of all the models in later sections.

When H is reductive, let χ = 1 be the trivial character of H(F ); when H = H0 nU is not
reductive, let χ = 1⊗ ξ where ξ is a generic character of U(F ) defined in our previous paper
[WZ2] (we will recall the definitions in later sections). Let π be an irreducible representation
of G(F ) whose central character is trivial on ZG,H(F ), we want to study the multiplicity
m(π) = m(π, χ). In our previous paper [WZ2], we have proved a multiplicity formula in
the p-adic case and the complex case for all the models in the above table except the model
associated to E7. In the real case, we are only able to prove the multiplicity formula for the
first four models. Moreover, we proved that if we assume the multiplicity formula and the
local Langlands conjecture holds, then the summation of the multiplicities is equal to one
over every tempered local Vogan L-packet (i.e. we have the strong multiplicity one on the
L-packet).

If F = C, the tempered L-packet only contains one element and its multiplicity is equal
to 1. For the rest of this paper we assume that F 6= C. To formulate the epsilon dichotomy
conjecture, we need to define a character of the component group. Let (G,H, χ) be one of
the models in the table above, and φ : W ′

F → LG be a tempered Langlands parameter of G
(here LG is the L-group and W ′

F is the Weil-Deligne group) whose central character is trivial
on ZG,H(F ). This is equivalent to say that φ : W ′

F → LG/ZG,H is a tempered Langlands
parameter of G/ZG,H . Let Πφ = ∪α∈H1(F,G/ZG,H)Πφ(Gα) be the associated tempered L-

packet, Zφ ⊂ Ĝ/ZG,H be the centralizer of the parameter, and Sφ = Zφ/Z
◦
φ be the component

group. The local Langlands conjecture states that we have a bijection between the L-packet
Πφ and the set Ŝφ of irreducible representations of Sφ. We refer the reader to Section 2 for
more details.

Next we define a quadratic character of the component group Sφ. We fix an additive
character ψ of F and we use V to denote the underlying space of the representation ρX
(i.e. ρX : LG/ZG,H → GL(V )). For s ∈ Sφ, we can find an element in the component sZ◦φ
(denoted it by s′) such that s′ is a part of an extended elliptic endoscopic triple of G (we
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refer the reader to Section 2 for more details). For the model (GL4 ×GL2,GL2 ×GL2), we
require the lifting s′ to be of the form ±(I4, I2). Let Vs′,− be the −1 eigenspace of V with
respect to the operator ρX(s′). Since s′ commutes with Im(φ), the space Vs′,− is stable under
ρX(Im(φ)), this gives us a representation ρX,φ,s′ of W ′

F on Vs′,−, i.e. ρX,φ,s′ : W ′
F → GL(Vs′,−).

If (G,H) is not the two models associated to the unitary groups, we define

ωφ,H(s′) = ε(
1

2
, ρX,φ,s′ , ψ).

In the two unitary group cases, we need to add some extra sign, we refer the reader to Section
2.5 for details. In Section 2.5, we will show that ε(1

2
, ρX,φ,s′ , ψ) ∈ {±1} and is independent

of the choice of the additive character ψ of F .

Remark 1.1. For all the models in Table 1, the Whittaker datum of G is unique. So we
don’t need to discuss the choice of Whittaker datum.

Remark 1.2. The extra sign in the two unitary group cases is an analogue of the extra sign
in the Gan–Gross–Prasad model case (Section 6 of [GGP]).

Conjecture 1.3 (Epsilon Dichotomy Conjecture). With the notation above, the unique
(H,χ)-distinguished element in the L-packet Πφ is the one associated to the character ωφ,H .

In particular, ωφ,H is a quadratic character of Sφ, it is independent of the choice of
the lifting from Sφ to Zφ, and it corresponds to an element of Πφ(Gα) for some α ∈
Im(H1(F,H/ZG,H)→ H1(F,G/ZG,H)) (note that this map is not surjective in general).

Remark 1.4. In fact, as we explained in Section 9 of [WZ2], the multiplicity formula not
only implies that the summation of the multiplicities is equal to one over every tempered local
Vogan L-packet Πφ, it also implies that the unique distinguished element in the L-packet
corresponds to a character of the component group Sφ (note that for Model 3 and Model
6-10 in Table 1, the component group is not necessarily abelian). To be specific, combining
the multiplicity formula and the character identity in the local Langlands correspondence, we
have ∑

π

dim(χπ)m(π) = 1,

where π runs over the representations in the packet and χπ is the irreducible representation
of the component group Sφ associated to π. Hence the irreducible representation of Sφ that
corresponds to the unique distinguished element in the packet must be a character.

Remark 1.5. Unlike the Gan–Gross–Prasad models case, the component group Sφ for most
models in Table 1 is not necessarily a 2-group (not even necessarily abelian). But we still
expect that the unique distinguished element in the L-packet corresponds to a quadratic char-
acter of Sφ.

There is also a weak form for Conjecture 1.3. For each model (G,H) in Table 1 except
the model (GU4 ×GU2, (GU2 ×GU2)0), the model has a unique pure inner form associated
to the unique quaternion algebra D defined over F . We will denote this model by (GD, HD).

Conjecture 1.6. Let (G,H) be a model in Table 1 that is not (GU4×GU2, (GU2×GU2)0)
or (GU6,GU2 n U). The unique distinguished element in the packet Πφ belongs to Πφ(G)
(resp. Πφ(GD)) if and only if ε(1

2
,Πφ, ρX) = 1 (resp. ε(1

2
,Πφ, ρX) = −1). For the model

(GU6,GU2 n U), the unique distinguished element in the packet Πφ belongs to Πφ(G) (resp.
Πφ(GD)) if and only if ηE/F (−1)ε(1

2
,Πφ, ρX) = 1 (resp. ηE/F (−1)ε(1

2
,Πφ, ρX) = −1) where
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ηE/F is the quadratic character associated to the quadratic extension E/F defining the unitary
group.

We refer the reader to Conjecture 5.1 for the weak form of Conjecture 1.3 for the model
(GU4 × GU2, (GU2 × GU2)0). As in the Gan–Gross–Prasad model case, we also expect
Conjecture 1.3 to be true for all the generic local L-packets. In this paper, by using the
multiplicity formulas and the character identities in the local Langlands conjecture, we prove
the above conjecture in many cases. In order to state our result, we first need a definition.

Definition 1.7. Consider the following diagram of the models in Table 1

(GU6,GU2 n U)→ (GU4 ×GU2,GU2 n U)

(GSp10,GL2 n U) //

��

(GSO8 ×GL2,GL2 n U) //

OO
(GL4 ×GL2,GL2 ×GL2)

OO

(GSp6 ×GL2,GL2 n U)
OO

(GSO12,GL2 n U) // (GL6,GL2 n U)

(GSp6 ×GSp4, (GSp4 ×GSp2)0)

��

(GSp4 ×GL2 ×GL2, (GL2 ×GL2)0)

We say a model (G,H) is smaller than another model (G′, H ′) if there is a line connecting
these two models with the arrow pointing to (G,H).

For example, there are two models smaller than (GSp10,GL2nU): (GSp6×GL2,GL2nU)
and (GSO8 ×GL2 n U).

Remark 1.8. The only models in the above diagram that do not appear in Table 1 are the
models (GU4 ×GU2,GU2 nU) and (GSp4 ×GL2 ×GL2, (GL2 ×GL2)0). The reason is that
up to some finite isogeny, these two models are essentially the Gan-Gross-Prasad models
(SO6 × SO3, SO3 n U) and (SO5 × SO4, SO4). Although the epsilon dichotomy conjecture
is known for Gan-Gross-Prasad model of special orthogonal groups and unitary groups, it
is still open for these two models. We refer the reader to Sections 5 and 7 for the details
about these two models (note that each of these two models also has a unique pure inner
form associated to the quaternion algebra D). The analogue of Conjecture 1.6 for these two
models are stated in Conjecture 5.6 and Conjecture 7.4.

Theorem 1.9. Let (G,H) be one of the models in Table 1 that is not (E7,PGL2nU). Assume
that the multiplicity formula holds for the model (G,H) and for all the models smaller than
(G,H). Also assume that the local Langlands conjecture (see Section 2.3) holds for G. Let
Πφ = ∪α∈H1(F,G/ZG,H)Πφ(Gα) be a tempered L-packet.

(1) If (G,H) = (GL4 × GL2,GL2 × GL2) or (GU4 × GU2, (GU2 × GU2)0), there is no
model smaller than (G,H). Assume that the central character of Πφ is trivial (not just
trivial on ZG,H(F )), or assume that Πφ is not a discrete L-packet with |Πφ(G)| = 1
(this is always the case when F is Archimedean). Then Conjecture 1.3 holds for the
L-packet Πφ.
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(2) If (G,H) is one of Models 3-9 of Table 1, Assume that the weaker form of the con-
jecture (i.e. Conjecture 1.6, Conjecture 5.6 or Conjecture 7.4) holds for all the mod-
els that are smaller than (G,H). Assume that Πφ is not a discrete L-packet with
|Πφ(G)| = 1 (this is always the case when F is Archimedean). Then Conjecture 1.3
holds for the L-packet Πφ.

In particular, the above theorem proves Conjecture 1.3 in the Archimedean case because
by induction we can always assume that the weak form of the conjecture holds for all the
models that are smaller than (G,H).

Remark 1.10. For Models 1–4, the multiplicity formula m(π) = mgeom(π) has been proved
for both the p-adic case and the real case ([Wan15], [Wan16], [WZ2], [PWZ19]). For Models
5-9, the multiplicity formula m(π, χ) = mgeom(π, χ) has been proved for the p-adic case
([WZ1], [WZ2]). One can prove the multiplicity formula for the smaller models (GU4 ×
GU2,GU2 n U) and (GSp4 × GL2 × GL2, (GL2 × GL2)0) by a very similar argument. For
the remaining cases, one needs to solve two technical issues in order to prove the multiplicity
formulas (see the proof of Theorem 9.8 of [WZ2] for details). We will recall the multiplicity
formula for all the models in later sections.

When the packet Πφ is discrete with |Πφ(G)| = 1, it is clear that Conjecture 1.3 is
equivalent to Conjecture 1.6. Hence the above theorem implies that if we assume that
Conjecture 1.6 holds for all the models that are smaller than (G,H) and for the model
(G,H), then Conjecture 1.3 holds for (G,H).

Corollary 1.11. Let (G,H) be one of the models in Table 1 that is not (E7,PGL2 n U).
Assume that the multiplicity formula holds for the model (G,H) and for all the models smaller
than (G,H). Also assume that the local Langlands conjecture holds for G. Moreover, assume
that the weaker form of the conjecture (i.e. Conjecture 1.6, Conjecture 5.1, Conjecture 5.6 or
Conjecture 7.4) holds for both the model (G,H) and for all the models smaller than (G,H).
Then Conjecture 1.3 holds for (G,H).

Remark 1.12. For the model (E7,PGL2 n U), by assuming the local Langlands conjecture
and the multiplicity formula, we can prove similar results as above. However, the smaller
models are more complicated in this case. We will postpone the discussion of this model to
Section 8.

Now let’s briefly explain the proof of Theorem 1.9. Let (G,H) be one of the models in
Table 1. Our assumption in Theorem 1.9 (i.e. the packet is not discrete with only one
element) tells us the L-packet Πφ is either the parabolic induction of some L-packet of a
Levi subgroup M of G, or the endoscopic transfer of some L-packet of an elliptic endoscopic
groupG′ ofG. Then by studying the behaviors of the geometric multiplicities under parabolic
induction and under endoscopic transfer, we can relate the multiplicity of the L-packet Πφ

to the multiplicities of certain models related to M or G′. The only exception would be the
model (GU4×GU2, (GU2×GU2)0) which requires some extra effort. This is because unlike
the rest 9 models in the table, the model (GU4 × GU2, (GU2 × GU2)0) has more than one
pure inner form. We refer the reader to Sections 3 and 5 for details. There are two types
of models we will get under this process, either some model that has already been studied
(e.g. Whittaker models, Gan–Gross–Prasad models), or a model that is smaller than (G,H)
under Definition 1.7. This is why we make the assumption on smaller models in Theorem
1.9. This proves Conjecture 1.6 for the L-packet, which implies a formula of the epsilon
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factor ε(1/2,Πφ, ρX) in terms of the Harish-Chandra character of the L-packet. Combining
the formula of epsilon factor with the formula of the geometric multiplicity under endoscopy
and the definition of ωφ,H , we can prove Theorem 1.9.

On the other hand, for the discrete L-packets with only one element, if one can prove the
same formula of the epsilon factor ε(1

2
, φ, ρX) in terms of the Harish-Chandra character of the

L-packet, then one can prove the conjecture for this case. In the Gan–Gross–Prasad models
case, such a formula was proved by Waldspurger and Beuzart-Plessis using the Rankin-
Selberg integrals of the general linear groups and the theory of twisted endoscopy. However
their method cannot be directly applied to our cases in Table 1 because the representations
ρX in Table 1 are more complicated than the Gan–Gross–Prasad models case.

Finally, we want to emphasize that the assumption that the spherical variety has a unique
open Borel orbit is essential. Without this assumption, the multiplicity will no longer satisfy
strong multiplicity one on the L-packet, and the summation of the multiplicities over the L-
packet should be equal to the number of open Borel orbits. Moreover, the epsilon dichotomy
will no longer hold and the multiplicity will behave more widely.

1.2. Organization of the paper. In Section 2, we will give basic notation of the paper
and define the epsilon factors appeared in our conjecture. We will also recall the structure
of the L-packet under the local Langlands conjecture. In Section 3, we will explain the
strategy of the proof. In Section 4, we will consider the models (GL4 × GL2,GL2 × GL2)
and (GL6,GL2 n U). These are the most easy cases since the L-packet contains at most
one element for each group (in particular Conjecture 1.3 is equivalent to Conjecture 1.6). In
Section 5, we will consider the models (GU4×GU2, (GU2×GU2)0) and (GU6,GU2nU). The
model (GU4×GU2, (GU2×GU2)0) is the most complicated case in this paper. In Section 6, we
will consider the models (GSO8×GL2,GL2 nU), (GSO12,GL2 nU), (GSp6×GL2,GL2 nU)
and (GSp10,GL2 n U). In Section 7, we will consider the model (GSp6 × GSp4, (GSp4 ×
GSp2)0). In Section 8, we will consider the model (E7,PGL2 n U).

1.3. Acknowledgements. We would like to thank Wee Teck Gan, Tasho Kaletha, Diana
Shelstad, Jun Yu for the helpful discussions. The work of the first author is partially sup-
ported by the NSF grant DMS-2000192 and DMS-2103720. The work of the second author
is partially supported by AcRF Tier 1 grants R-146-000-277-114 and R-146-000-313-144 of
National University of Singapore.

2. Preliminary

2.1. Notation. Let F be a local field of characteristic 0, and ψ : F → C× be a nontrivial
additive character. Let G be a connected reductive group defined over F , g be the Lie algebra
of G, ZG be the center of G, and AG(F ) be the maximal split torus of ZG(F ). We use Gss,
Greg (resp. gss, greg) to denote the set of semisimple and regular semisimple elements of G
(resp. g). For x ∈ Gss (resp. X ∈ gss), let ZG(x) (resp. ZG(X) = GX) be the centralizer of
x (resp. X) in G and let Gx be the neutral component of ZG(x). Similarly, for any abelian
subgroup T of G, let ZG(T ) be the centralizer of T in G and let GT be the neutral component
of ZG(T ). We say x ∈ Gss(F ) is elliptic if AG(F ) = AGx(F ). We use G(F )ell (resp.
G(F )reg,ell = G(F )ell ∩ Greg(F )) to denote the set of elliptic elements (resp. regular elliptic
elements) of G(F ). For x ∈ Gss(F ) (resp. X ∈ gss(F )), let DG(x) = | det(1− Ad(x))|g/gx |F
(resp. DG(X) = | det(Ad(X))|g/gX |F ) be the Weyl determinant where | · |F is the normalized
absolute value on F . Finally, we use T (G) (resp. Tell(G)) to denote a set of representatives
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of maximal tori (resp. maximal elliptic tori) of G(F ). For T ∈ T (G), we use W (G, T ) to
denote the Weyl group.

For a quasi-character θ on G(F ) and x ∈ Gss(F ), let cθ(x) be the average of the regular
germs of θ at x. For a regular nilpotent orbit O of gx(F ), let cθ,O(x) be the regular germ of θ
at x with respect to O. We refer the reader to Section 4 of [Beu3] for the definition and basic
properties of quasi-characters. If π is a representation of G(F ), we use θπ to denote its Harish-
Chandra character (which is a quasi-character) and we use cπ(x) = cθπ(x), cπ,O(x) = cθπ ,O(x)
to denote the regular germs. If M is a Levi subgroup of G and θM is a quasi-character on
M(F ), we use iGM(θM) to denote the parabolic induction of θM to G(F ). It is a quasi-
character of G(F ). We refer the reader to Sections 3.4 and 4.7 of [Beu3] for details. The
following two propositions will be used in later sections.

Proposition 2.1. (Proposition 4.5.1 of [Beu3]) Let θ be a quasi-character on G(F ) and
x ∈ Gss(F ). If Gx is not quasi-split, then cθ(x) = 0. If Gx is quasi-split, let Bx ⊂ Gx be a
Borel subgroup and Tqs,x ⊂ Bx be a maximal torus. Then we have

DG(x)1/2cθ(x) = |W (Gx, Tqd,x)|−1 lim
x′∈Tqs,x(F )→x

DG(x′)1/2θ(x′).

Proposition 2.2. (Proposition 4.7.1 of [Beu3]) Let θ = iGM(θM) and x ∈ Gss(F ). Let
XM(x) be a set of representatives for the M(F )-conjugacy classes of elements in M(F ) that
are G(F )-conjugated to x. We have

DG(x)1/2cθ(x) = |ZG(x)(F ) : Gx(F )|
∑

y∈XM (x)

|ZM(y)(F ) : My(F )|−1DM(y)1/2cθM (y).

In particular, cθ(x) = 0 if the set XM(x) is empty.

Lastly, we recall the endoscopic transfer of quasi-characters. Let (G′, s′, Lη) be an extended
endoscopic triple of G (defined in Section 1.3 of [K]), and let θ (resp. θ′) be a quasi-character
on G(F ) (resp. G′(F )). Assume that θ′ is stable. We say θ is the endoscopic transfer of θ′ if

DG(x)1/2θ(x) =
∑
y

DG′(y)1/2∆(y, x)θ′(y)

for all x ∈ Greg(F ). Here y runs over regular semisimple stable conjugacy classes of G′(F ),
and ∆(y, x) is the transfer factor defined in Section 2.3 of [K] (the definition is the same as
the one in [LS] if G is quasi-split). Note that for given x there are only finite many stable
conjugacy classes y such that the transfer factor is nonzero. In later sections, we will write
down the explicit formula of the transfer factors in some special cases.

2.2. The groups. In this subsection, we will define all the reductive groups that will be
used in later sections. Let E = F (

√
ε) be a quadratic extension of F , ηE/F be the quadratic

character associated to E, NE/F (resp. trE/F ) be the norm map (resp. trace map), and
x→ x̄ be the Galois action on E. Denote wn to be the longest Weyl element of GLn. Define
the quasi-split even unitary similitude group GUn,n(F ) to be

(2.1) GUn,n = {g ∈ ResE/FGL2n | tḡw2ng = l(g)w2n}

where l(g) ∈ F× is the similitude factor of g. If F = R, we can also define the groups

(2.2) GUp,q = {g ∈ ResC/RGL2n | tḡ · diag(Ip,−Iq)g = l(g) · diag(Ip,−Iq)}
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for p+ q = n with p 6= q. To be compatible with the standard notation in the Archimedean
case, when F is p-adic, we will use GUn+1,n−1 = GUn−1,n+1 to denote the non quasi-split
inner form of GUn,n.

Let J ′2 =

(
0 −1
1 0

)
and J ′2n =

(
0 J ′2n−2

J ′2 0

)
. Set L4 =

(
0 J ′2
−J ′2 0

)
and L4n =

(
0 0 J ′2
0 L4n−4 0
−J ′2 0 0

)
.

Define

GSO4n = {g ∈ GL4n | gtL4ng = l(g)L4n, det(g) = l(g)2n},
GSO2n(D) = {g ∈ GL2n(D) | tḡJ ′2ng = l(g)J ′2n}.

Here D/F is unique quaternion algebra over F . We also define

GSp2n = {g ∈ GL2n | tgJ ′2ng = l(g)J ′2n}, GSpn(D) = {g ∈ GLn(D) | ḡtwng = l(g)wn}.

We can also define PGSO4n = GSO4n/GL1, PGSO2n(D) = GSO2n(D)/GL1, PGSp2n =
GSp2n/GL1 and PGSpn(D) = GSpn(D)/GL1. Also for any two similitude groups GH1 and
GH2, we will use G(H1 ×H2) = (GH1 ×GH2)◦ to denote the subgroup

{(g1, g2) ∈ GH1 ×GH2 | l(g1) = l(g2)}

of GH1 ×GH2. And we use (GH1 ×GH2)1 to denote the subgroup

{(g1, g2) ∈ GH1 ×GH2 | l(g1) = l(g2)−1}

of GH1 ×GH2.
Lastly, we use E7 to denote the split adjoint reductive group of Type E7 and we use E7,sc

to denote the split simply connect reductive group of Type E7.

2.3. The local Langlands conjecture. In this subsection we recall the local Langlands
conjecture in Conjecture E of [K]. Let G be a quasi-split reductive group defined over F
and let {Gα | α ∈ H1(F,G)} be the set of pure inner forms of G. Let Πirr,temp(Gα) be the
set of irreducible tempered representations of Gα(F ). The local Langlands conjecture states
that ∪α∈H1(F,G)Πirr,temp(Gα) is a disjoint union of finite sets (i.e. the local tempered Vogan
L-packets)

∪φΠφ

where φ runs over all the tempered L-parameters of G and Πφ = ∪α∈H1(F,G)Πφ(Gα) consists
of a finite number of tempered representations with Πφ(Gα) ⊂ Πirr,temp(Gα) such that the
following conditions hold.

• There is a unique generic element in Πφ(G) with respect to any Whittaker datum of
G.
• For the given Whittaker datum, there is a bijection between Ŝφ, the set of irreducible

representations of the component group Sφ = Zφ/Z
◦
φ of the Langlands parameter φ,

and Πφ (denoted by π ↔ χπ) satisfies the following conditions.
– The trivial character of Sφ corresponds to the unique generic element of Πφ(G)

with respect to the given Whittaker datum.
– For α ∈ H1(F,G), the distribution character θΠφ(Gα) =

∑
π∈Πφ(Gα) dim(χπ)θπ

is stable. Moreover, ι(Gα)θΠφ(Gα) is the transfer of θΠφ(G) where ι(Gα) is the
Kottwitz sign.
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– For any α ∈ H1(F,G) and π ∈ Πφ(Gα), the restriction of the central character

of χπ to Z(Ĝ)ΓF is equal to χα. Here χα is the character of Z(Ĝ)ΓF associated
to α via the Kottwitz isomorphism. Note that the representation χπ of the
component group can be viewed as a representation of the centralizer Zφ of the

image of φ, the group Z(Ĝ)ΓF belongs to the center of Zφ and hence it makes

sense to talk about the restriction of the central character of χπ to Z(Ĝ)ΓF .
– For s ∈ Sφ and for an extended endoscopic triple (G′, s′, Lη) of G (defined in

Section 1.3 of [K]) with s′ ∈ sZ◦φ, we can view φ as a Langlands parameter of
G′. Let Πφ,s(G

′) be the corresponding L-packet of G′ and let θΠφ,s(G′) be the
distribution character of that packet (which is a stable character on G′(F )).
Then for α ∈ H1(F,G), the character θΠφ,α,s =

∑
π∈Πφ(Gα) tr(χπ(s))θπ is the

endoscopic transfer of ι(Gα)θΠφ,s(G′).

In this paper, we will assume that the local Langlands conjecture holds for all the groups
in Table 1. To end this subsection, we will prove the existence of the lifting in our definition
of the character of the component group. To be specific, let (G,H) be one of the models in
Table 1 and let φ : W ′

F → L(G/ZG,H) be a tempered L-packet. For s ∈ Sφ, our goal is to
show that there exists an elliptic extended endoscopic triple (G′, s′, Lη) of G/ZG,H such that
s′ ∈ sZ◦φ. We will only consider the E7 case, the rest cases follow from a similar and easier
argument.

LetG = E7 be the split adjoint reductive group of Type E7 and its dual group Ĝ = E7,sc(C)
is simply connected. To prove the statement, it is enough to show that for any s ∈ Sφ, there

exists s′ ∈ sZ◦φ such that s′ is elliptic in Ĝ. Here we say a semisimple element t ∈ Ĝ is elliptic

if and only if the center of Ĝt is finite modulo the center of Ĝ. Note that since Ĝ is simply
connected we have ZĜ(t) = Ĝt for all semisimple element.

By induction we may assume that this is true for all the maximal Levi subgroups M of G,
i.e. for any tempered L-parameter φM of M and for any sM ∈ SφM , there exists s′M ∈ sMZ◦φM
that is elliptic in M̂ .

Now we are ready to prove the statement. Let s′ be any element in sZ◦φ. If the center of Ĝs′

is finite then we are done. If not, let A be a split torus of the center of Ĝs′ . The centralizer
of A in Ĝ is a Levi subgroup of Ĝ. Both s′ and Im(φ) belong to the centralizer of A in Ĝ.

In particular, there exists a maximal Levi subgroup M of G such that s′, Im(φ) ⊂ M̂ . Let

Zφ,M be the centralizer of Im(φ) in M̂ . We have Zφ,M ⊂ Zφ and Z◦
M̂
⊂ Z◦φ,M ⊂ Z◦φ.

By induction, we know that we may choose s′ so that it is elliptic in M̂ . If M̂ is one of
the following four maximal Levi subgroups of Ĝ:

SL2(C)× SL3(C)× SL4(C)×GL1(C)/(Z/12Z), SL3(C)× SL5(C)×GL1(C)/(Z/15Z),

SL2(C)× SL6(C)×GL1(C)/(Z/6Z), SL7(C)×GL1(C)/(Z/7Z),

the only elliptic elements in M̂ are the center ZM̂ . Moreover, each connected component of
the center ZM̂ contains an element of ZĜ. Hence we may choose s′ so that it belongs to the

center ZĜ (in particular it is elliptic in Ĝ).

If M̂ = E6,sc(C) × GL1(C)/(Z/3Z), we have three cases. If s′ belongs to the center of

M̂ , as in the previous case, we may choose s′ so that it belongs to the center ZĜ. If the

centralizer of s′ in M̂ is of Type A1 ×A5, then it is easy to see that there exists an element
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in s′Z◦
M̂s′
⊂ s′Z◦φ,M ⊂ s′Z◦φ that is elliptic in Ĝ and whose centralizer in Ĝ is isomorphic to

Spin12(C) × SL2(C)/(Z/2Z). If the centralizer of s′ in M̂ is of Type A2 × A2 × A2, then it

is easy to see that there exists an element in s′Z◦
M̂s′
⊂ s′Z◦φ,M ⊂ s′Z◦φ that is elliptic in Ĝ

and whose centralizer in Ĝ is isomorphic to SL6(C)× SL3(C)/(Z/3Z). This proves the case

when M̂ = E6,sc(C)×GL1(C)/(Z/3Z).

If M̂ = Spin12(C) × GL1(C)/(Z/2Z), we have three cases. If s′ belongs to the center

of M̂ , as in the previous case, we may choose s′ so that it belongs to the center ZĜ. If

the centralizer of s′ in M̂ is of Type D4 × A1 × A1, then it is easy to see that there exists
an element in s′Z◦

M̂s′
⊂ s′Z◦φ,M ⊂ s′Z◦φ that is elliptic in Ĝ and whose centralizer in Ĝ is

isomorphic to Spin12(C)× SL2(C)/(Z/2Z). If the centralizer of s′ in M̂ is of Type A3 ×A3,
then it is easy to see that there exists an element in s′Z◦

M̂s′
⊂ s′Z◦φ,M ⊂ s′Z◦φ that is elliptic

in Ĝ and whose centralizer in Ĝ is isomorphic to SL8(C)/(Z/2Z). This proves the case when

M̂ = Spin12(C)×GL1(C)/(Z/2Z).

If M̂ = Spin10(C) × SL2(C) × GL1(C)/(Z/4Z), we have two cases. If s′ belongs to the

center of M̂ , as in the previous case, we may choose s′ so that it belongs to the center ZĜ.

If the centralizer of s′ in M̂ is of Type A3 × A1 × A1 × A1, then it is easy to see that there
exists an element in s′Z◦

M̂s′
⊂ s′Z◦φ,M ⊂ s′Z◦φ that is elliptic in Ĝ and whose centralizer in Ĝ

is isomorphic to SL4(C)× SL4(C)× SL2(C)/(Z/4Z). This finishes the proof.

2.4. Transfer factors for GU2n, GSp2n and GSO2n. In this subsection, we will discuss
the transfer factors for GU2n, GSp2n and GSO2n, which are defined by the same formula
as the classical groups case in [Wal]. The only difference is that the similitude groups have
less conjugacy classes compared with the classical groups. This will be used in later sections
when we study the behavior of the geometric multiplicity under endoscopy.

We first discuss the semisimple conjugacy classes for these groups. For GSp2n(F ), the
conjugacy classes of Sp2n(F ) is given by (Section 1.3 of [Wal])

(Fi, F±i, xi, ci)i∈I

where

• F±i is a finite extension of degree di with
∑

i∈I di = n, and Fi is either a quadratic
extension of F±i or Fi = F±i ⊕ F±i.
• xi ∈ Ker(NFi/F±i) and ci ∈ (ker(trFi/F±i) ∩ F×i )/Im(NFi/F±i) where NFi/F±i (resp.

trFi/F±i) is the norm map (resp. trace map).

The conjugacy classes of GSp2n(F ) are very similar to Sp2n(F ), and the only difference is
that (ci)i∈I needs to belong to a quotient of Πi∈I(ker(trFi/F±i) ∩ F×i )/Im(NFi/F±i). To be
specific, we say two elements (ci)i∈I and (c′i)i∈I in Πi∈I(ker(trFi/F±i) ∩ F×i )/Im(NFi/F±i) are
equivalent if they are differed by an element of F×, i.e. there exists c ∈ F× such that cci = c′i
for all i ∈ I. We use Πi∈I(ker(trFi/F±i)∩ F×i )/Im(NFi/F±i)/ ∼ to denote the quotient under
this equivalence. Then the conjugacy classes of GSp2n(F ) are given by

(Fi, F±i, xi, ci)i∈I

where

• F±i is a finite extension of degree di with
∑

i∈I di = n, and Fi is either a quadratic
extension of F±i or Fi = F±i ⊕ F±i.
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• xi ∈ F×i and (ci)i∈I ∈ Πi∈I(ker(trFi/F±i)∩F×i )/Im(NFi/F±i)/ ∼ such thatNFi/F±i(xi) =
NFj/F±j(xj) ∈ F× for all i, j ∈ I.

Next we consider GSO2n(F ). For our application, we only need to consider the split case.
The conjugacy classes of SO2n(F ) is described by (Section 1.3 of [Wal] and Section 1.4 of
[Wal3])

(Fi, F±i, xi, ci)i∈I
where

• F±i is a finite extension of degree di with
∑

i∈I di = n, and Fi is either a quadratic
extension of F±i or Fi = F±i ⊕ F±i.
• ci ∈ F×±i/Im(NFi/F±i) and xi ∈ Ker(NFi/F±i).
• The quadratic form associated to (Fi, F±i, ci)i∈I (defined in Section 1.3 of [Wal])

defines the split even special orthogonal group.

Unlike the symplectic case, each (Fi, F±i, xi, ci)i∈I determines two conjugacy classes in
SO2n(F ) differed by the outer automorphism. The conjugacy classes of GSO2n(F ) are
very similar to SO2n(F ), the only difference is that (ci)i∈I needs to belong to the quo-
tient Πi∈IF

×
±i/Im(NFi/F±i)/ ∼ (the equivalence relation is defined in the same way as in the

symplectic case). The conjugacy classes of GSO2n(F ) are described by

(Fi, F±i, xi, ci)i∈I

where

• F±i is a finite extension of degree di with
∑

i∈I di = n, and Fi is either a quadratic
extension of F±i or Fi = F±i ⊕ F±i.
• xi ∈ F×i and (ci)i∈I ∈ Πi∈IF

×
±i/Im(NFi/F±i/ ∼ such that NFi/F±i(xi) = NFj/F±j(xj) ∈

F× for all i, j ∈ I.
• The quadratic form associated to (Fi, F±i, ci)i∈I defines the split even special orthog-

onal group.

Again each (Fi, F±i, xi, ci)i∈I determines two conjugacy classes in GSO2n(F ) differed by the
outer automorphism.

For GU2n, let E/F be a quadratic field extension and we consider the group GUp,q(F )
with p+ q = 2n (if F is p-adic we require p ∈ {n, n± 1}). The conjugacy class of Up,q(F ) is
given by (Section 1.3 of [Wal])

(Fi, F±i, xi, ci)i∈I
where

• F±i is a finite extension of degree di with
∑

i∈I di = n, and Fi = F±i ⊗F E.
• ci ∈ (ker(trFi/F±i) ∩ F×i )/Im(NFi/F±i) and xi ∈ Ker(NFi/F±i).
• The Hermitian form associated to (Fi, F±i, ci)i∈I (defined in Section 1.3 of [Wal])

defines the unitary group Up,q.

The conjugacy classes of GUp,q(F ) are very similar to Up,q(F ), the only difference is that
(ci)i∈I needs to belong to a quotient of Πi∈I(ker(trFi/F±i)∩F×i )/Im(NFi/F±i). To be specific,
we say two elements (ci)i∈I and (c′i)i∈I in Πi∈I(ker(trFi/F±i)∩F×i )/Im(NFi/F±i) are equivalent
if they are differed by an element of F×. We use Πi∈I(ker(trFi/F±i) ∩ F×i )/Im(NFi/F±i)/ ∼
to denote the quotient under this equivalence. Then the conjugacy classes of GUp,q(F ) are
given by

(Fi, F±i, xi, ci)i∈I
where
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• F±i is a finite extension of degree di with
∑

i∈I di = n, and Fi = F±i ⊗F E.
• xi ∈ F×i and (ci)i∈I ∈ Πi∈I(ker(trFi/F±i)∩F×i )/Im(NFi/F±i)/ ∼ such thatNFi/F±i(xi) =
NFj/F±j(xj) ∈ F× for all i, j ∈ I.
• The Hermitian form associated to (Fi, F±i, ci)i∈I defines the unitary group Up,q.

Remark 2.3. The stable semisimple conjugacy classes for all the cases above are given by
(Fi, F±i, xi), i.e. the only difference between rational conjugacy classes and stable conjugacy
classes is the extra ci for rational conjugacy classes.

Next we discuss the extended elliptic endoscopic triple (G′, s′, Lη) for these groups. For
GSp2n, the group G′ is of the form G(Sp2n1

× SO2n2) with n = n1 + n2, n2 6= 1, and SO2n2

is the split even special orthogonal group. The projection of the element s′ ∈ GSpin2n+1(C)
to SO2n+1(C) is conjugate to the matrix diag(I2n1+1,−I2n2). For GSO2n, the group G′ is
of the form G(SO2n1 × SO2n2) with n = n1 + n2, n1, n2 6= 1, and SO2n1 (resp. SO2n2) is
the split even special orthogonal group. The projection of the element s′ ∈ GSpin2n(C) to
SO2n(C) is conjugate to the matrix diag(I2n1 ,−I2n2). For GUp,q, the group G′ is of the form
G(Un1,n1×Un2,n2) with n = n1 +n2 and the projection of the element s′ ∈ GL2n(C)×GL1(C)
to GL2n(C) is conjugate to the matrix diag(I2n1 ,−I2n2). In all these cases we choose Lη to
be the natural embedding from LG′ into LG.

Finally we recall the definition of the transfer factor. Let (G′, s′, Lη) be an elliptic extended
endoscopic triple for G = GSp2n (resp. GSO2n, GUp,q) with G′ = G(Sp2n1

× SO2n2) (resp.
G(SO2n1 × SO2n2), G(GUn1,n1 × GUn2,n2)). Let y = (y+, y−) be a stable conjugacy class of
G′(F ) corresponding to

(I+, (F ′i , F
′
±i, yi)i∈I+), (I−, (F ′i , F

′
±i, yi)i∈I−)

where y+ is a stable conjugacy class of GSp2n1
(resp. GSO2n1 , GUn1,n1) corresponding to

(I+, (F ′i , F
′
±i, yi)i∈I+) and y− is a stable conjugacy class of GSO2n2 (resp. GSO2n2 , GUn2,n2)

corresponding to (I−, (F ′i , F
′
±i, yi)i∈I−). Let x be a conjugacy class of G(F ) corresponding

to (Fi, F±i, xi, ci)i∈I . If G is not the even special orthogonal group, we say x and y are
associated to each other if

I = I+ ∪ I−, (Fi, F±i, xi) = (F ′i , F
′
±i, yi), ∀i ∈ I.

If G is the even special orthogonal group, then we still need the above relation holds. In
addition, there are 2 conjugacy classes of G associated to (Fi, F±i, xi, ci)i∈I and there are
four stable conjugacy classes of G′ associated to (I+, (F ′i , F

′
±i, yi)i∈I+)∪(I−, (F ′i , F

′
±i, yi)i∈I−).

Each conjugacy class of G corresponds to two stable conjugacy classes of G′.
The transfer factor ∆(y, x) is nonzero only if x and y are associated to each other. If this

is the case, then the transfer factor is given by (Section 1.10 of [Wal])

∆G′,G(y, x) = Πi∈I−ηFi/F±i(ci · ∗)
where ∗ only depends on the stable conjugacy class of x. In this paper, we do not need the
explicit formula of ∗. Instead, we only need to know whether the transfer factors are trivial
or non-trivial. Hence we will not define ∗ here and we refer the reader to Section 1.10 of
[Wal] for details.

2.5. The epsilon factor. Let (G,H, χ) be one of the models in Table 1, φ : W ′
F → LG/ZG,H

be a tempered Langlands parameter of G, Πφ be the associated tempered L-packet, Zφ
be the centralizer of the parameter and Sφ be the component group. We fix an additive
character ψ of F and we use V to denote the underlying space of the representation ρX (i.e.
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ρX : LG→ GL(V )). For s ∈ Sφ, we can find an element in the component sZ◦φ (denoted by

s′) such that s′ appears in an elliptic extended endoscopic triple (G′, s′, Lη). For the model
(GL4 × GL2,GL2 × GL2), we require the lifting s′ to be of the form ±(I4, I2). Let Vs′,− be
the −1 eigenspace of V with respect to the operator ρX(s′). Since s′ commutes with Im(φ),
the space Vs′,− is stable under ρX(Im(φ)), this gives us a representation ρX,φ,s′ of W ′

F on
Vs′,−, i.e. ρX,φ,s′ : W ′

F → GL(Vs′,−). If the model is not the two models in Table 1 related to
unitary groups, we define

ωφ,H(s) = ε(
1

2
, ρX,φ,s′ , ψ).

For the two models related to unitary groups, we refer the reader to Sections 2.5.2 and 2.5.3
for its definition. The goal of this section is to prove the following proposition.

Proposition 2.4. The function ωφ,H is independent of the choice of the character ψ and
takes values in {±1}.

We will prove this proposition by a case-by-case argument. We will explicitly describe
the representation ρX,φ,s′ for each case. From the description we know that ρX,φ,s′ is always
self-dual of symplectic type. Hence the epsilon factor is always taking values in {±1} and it
is independent of the choice of ψ. For the rest of this paper, we will skip ψ in the expression
of the epsilon factor. In later sections we will also show that the definition of ωφ,H(s) is
independent of the choice of s′ and ωφ,H is a quadratic character of Sφ.

2.5.1. The general linear group case. We first consider the two models for general linear
groups. For the model (GL4 × GL2,GL2 × GL2), the dual group of G/ZG,H is (GL4(C) ×
GL2(C))1 := {(g1, g2) ∈ GL4(C) × GL2(C) | det(g1) = det(g2)−1}. In this case, the compo-
nent group Sφ is either the trivial group or Z/2Z. If Sφ = Z/2Z then −(I4, I2) belongs to
the non-neutral component component of Zφ. Recall that in this case we require the lifting
of the element in Sφ to Zφ to be of the form ±(I4, I2). We have ωφ,H(s) = 1 if s′ = (I4, I2)
and ωφ,H(s) = ε(1/2,Πφ, ρX) ∈ {±1} if s′ = −(I4, I2). This proves Proposition 2.4.

For the model (GL6,GL2 n U), the dual group of G/ZG,H is SL6(C). The component
group Sφ is Z/6Z, Z/3Z, Z/2Z or the trivial group. In this case, the lifting s′ ∈ Zφ is of
the form s′ = aI6 with a6 = 1. We have ωφ,H(s) = 1 if a has order 1 or 3, and ωφ,H(s) =
ε(1/2,Πφ, ρX) ∈ {±1} if a has order 2 or 6. This proves Proposition 2.4.

2.5.2. The model (GU4×GU2, (GU2×GU2)◦). Next we consider the model (GU4×GU2, (GU2×
GU2)◦). In this case the dual group of G/ZG,H is (GL4(C) × GL2(C))1 × GL1(C) and the
L-group is ((GL4(C)×GL2(C))1 ×GL1(C)) o {1, σ} where σ acts by (g, h, a) ∈ (GL4(C)×
GL2(C))1 ×GL1(C) 7→ (J4

tg−1J−1
4 , J2

th−1J−1
2 , a det(g)).

The representation ρX = ρ1 ⊕ ρ2 where ρ1 is the tensor product of the exterior square
representation of GL4(C) with the standard representation of GL2(C) and ρ2 is the standard
representation of GL4(C) plus its dual. In particular, we have dim(ρ1) = 12 and dim(ρ2) = 8.
We refer the reader to Section 6.4 of [WZ2] and Section 3.1 of [Z] for the σ-action on these
spaces.

In this case the lifting s′ is of the form s′ = (s1, s2, a) with s1 ∈ GL4(C) either equal to
±I4 or conjugate to diag(I2,−I2), s2 = ±I2, and a ∈ C×.

If s1 = ±I4, then

ε(
1

2
, ρX,φ,s′) = 1 if s1 = I4, s2 = I2, ε(

1

2
, ρX,φ,s′) = ε(

1

2
,Πφ, ρ1) ∈ {±1} if s1 = I4, s2 = −I2,
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ε(
1

2
, ρX,φ,s′) = ε(

1

2
,Πφ, ρ2) ∈ {±1} if s1 = −I4, s2 = I2,

ε(
1

2
, ρX,φ,s′) = ε(

1

2
,Πφ, ρX) ∈ {±1} if s1 = −I4, s2 = −I2.

Let ηE/F be the quadratic character of F× and let χφ be the central character of the
L-packet of GU4 induced by Πφ. We define

ωφ,H(s) = 1 if s1 = I4, s2 = I2, ωφ,H(s) = ηE/F (−1)χφ(−1)ε(
1

2
,Πφ, ρ1) ∈ {±1} if s1 = I4, s2 = −I2,

ωφ,H(s) = χφ(−1)ε(
1

2
,Πφ, ρ2) ∈ {±1} if s1 = −I4, s2 = I2,

ωφ,H(s) = ηE/F (−1)ε(
1

2
,Πφ, ρX) ∈ {±1} if s1 = −I4, s2 = −I2.

If s1 does not belong to the center, let W be the 4 dimensional standard representation
of GL4(C) and we can decompose W = Ws1,+ ⊕ Ws1,− where Ws1,+ (resp. Ws1,−) is the
+1 (resp. −1) eigenspace of s1 and dim(Ws1,+) = dim(Ws1,−) = 2. We can decompose
ρ1 ◦ φ as ρ1,s′,φ ⊕ ρ′1,s′,φ where the underlying vector space of ρ1,s′,φ is the tensor product
representation of GL2(C) × GL2(C) × GL2(C) (the first and second copy of GL2(C) comes
from the decomposition W = Ws1,+ ⊕Ws1,−) and the underlying vector space of ρ′1,s′,φ is
the tensor product of the standard representation of the third GL2(C) copy with the direct
product of the the exterior square representation of the first two GL2(C) copy. We can also
decompose ρ2 ◦ φ as ρ2,s′,φ,+ ⊕ ρ2,s′,φ,− where the underlying vector space of ρ2,s′,φ,+ (resp.
ρ2,s′,φ,−) is the standard representation of GL2(C) associated to Ws1,+ (resp. Ws1,−) plus its
dual. All of these four representations are self-dual of symplectic type. We have

ε(
1

2
, ρX,φ,s′) = ε(

1

2
, ρ1,s′,φ ⊕ ρ2,s′,φ,−) ∈ {±1} if s2 = I2,

ε(
1

2
, ρX,φ,s′) = ε(

1

2
, ρ′1,s′,φ ⊕ ρ2,s′,φ,−) ∈ {±1} if s2 = −I2.

In this case, the parameter φ factors through the L-group of G′ = G(U2 × U2)×GU2 where
the first two copies of U2 correspond to the decomposition W = Ws1,+⊕Ws1,−. We let Πφ(G′)
be the associated L-packet and let χφ,s′,1 (resp. χφ,s′,2, χφ,s′,3) be the central character of the
L-packet of U2 obtained by restricting the L-packet Πφ(G′) to the first (resp. second, third)
U2 copy in G′. Then we have

χφ,s′,1χφ,s′,2χφ,s′,3 = 1, χφ,s′,1(−1)χφ,s′,2(−1) = χφ(−1).

We define

ωφ,H(s) = ηE/F (−1)χφ,s′,2(−1)ε(
1

2
, ρ1,s′,φ ⊕ ρ2,s′,φ,−) ∈ {±1} if s2 = I2,

ωφ,H(s) = χφ,s′,1(−1)ε(
1

2
, ρ′1,s′,φ ⊕ ρ2,s′,φ,−) ∈ {±1} if s2 = −I2.

This proves Proposition 2.4.
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2.5.3. The model (GU6,GU2 n U). Next we consider the model (GU6,GU2 n U). In this
case the dual group of G/ZG,H is SL6(C), and the L-group is SL6(C) o {1, σ} where σ acts
by g ∈ SL6(C) 7→ J6

tg−1J−1
6 . The representation ρX is the exterior cube representation of

SL6(C) and we refer the reader to Section 3.1 of [Z] for the σ-action on this space. Let W be
the 6-dimensional standard representation of SL6(C). In this case the lifting s′ is conjugate
to one of the following 4 matrices: diag(±I2,±I4).

If s′ = ±I6, then ε(1
2
, ρX,φ,s′) = 1 if s′ = I6 and ε(1

2
, ρX,φ,s′) = ε(1/2,Πφ, ρX , ψ) ∈ {±1} if

s′ = −I6. In this case we define ωφ,H(s) = 1 if s′ = I6 and ωφ,H(s) = ηE/F (−1)ε(1/2,Πφ, ρX , ψ) ∈
{±1} if s′ = −I6.

If s′ does not belong to the center of the dual group, we can decompose W = Ws′,+⊕Ws′,−
where Ws′,+ (resp. Ws′,−) is the +1 (resp. −1) eigenspace of s′ and dim(Ws′,+) ∈ {2, 4}.
In this case we can also decompose ρX ◦ φ as ρ1,φ,s′ ⊕ ρ2,φ,s′ where the underlying vector
space of ρ1,φ,s′ is the tensor product of the exterior square representation of GL4(C) with
the standard representation of GL2(C), and the underlying vector space of ρ2,φ,s′ is the
direct sum of the exterior cube representation of GL4(C) and the tensor product of the
standard representation of GL4(C) with the exterior square representation of GL2(C). If
dim(Ws′,+) = 2 (resp. dim(Ws′,+) = 4), we have ε(1

2
, ρX,φ,s′) = ε(1/2, ρ2,φ,s′) ∈ {±1} (resp.

ε(1
2
, ρX,φ,s′) = ε(1/2, ρ1,φ,s′) ∈ {±1}).

In this case the parameter φ factors through the L-group of G′ = G(U4 × U2). Let
Πφ(G′) be the associated L-packet and let χφ,s′ be the central character of the L-packet of
U4 induced by Πφ(G′). We define ωφ,H(s) = χφ,s′(−1)ε(1/2, ρ2,φ,s′) ∈ {±1} (resp. ωφ,H(s) =
ηE/F (−1)χφ,s′(−1)ε(1/2, ρ1,φ,s′) ∈ {±1}) if dim(Ws′,+) = 2 (resp. dim(Ws′,+) = 4). This
proves Proposition 2.4.

2.5.4. The model (GSp6×GL2,GL2nU). Next we consider the model (GSp6×GL2,GL2nU).
The dual group of G/ZG,H is (GSpin7(C) × GL2(C))1 = {(g1, g2) ∈ GSpin7(C) × GL2(C) |
l(g1)−1 = det(g2)}. The center of the dual group is isomorphic to GL1(C) × Z/2Z. Let W
be the 7 dimensional standard representation of GSpin7(C). In this case, up to multiplying
the lifting by some element belonging to the neutral component of the center, the lifting
s′ is of the form s′ = (s1, I2) with s1 ∈ Spin7(C) such that s1 induces a decomposition
W = Ws1,+ ⊕Ws1,− where Ws1,+ (resp. Ws1,−) is the +1 (resp. −1) eigenspace of s and
dim(Ws1,−) ∈ {0, 4, 6}.

If s′ belongs to the center of the dual group ( ⇐⇒ dim(Ws1,−) = 0), then ωφ,H(s) = 1
if s′ belongs to the neutral component of the center of of the dual group and ωφ,H(s) =
ε(1/2,Πφ, ρX) ∈ {±1} if s′ does not belong to the neutral component of the center of of
the dual group. If s′ does not belong to the center of the dual group and if the order of s′

is 4, then dim(Ws1,−) = 6 and it is easy to see that the space Vs′,− is empty and we have
ωφ,H(s) = 1. In this case we can decompose ρX ◦ φ as ρφ ⊕ ρ∨φ where the underlying vector
space of ρφ is the tensor product of the standard representation of GL2(C) with a Half-Spin
representation of the even Spin group associated to Ws1,−. This implies that ε(1

2
,Πφ, ρX) = 1.

If s′ does not belong to the center of the dual group and the order of s′ is 2, then
dim(Ws1,−) = 4. Moreover, in this case, we can decompose the representation ρX ◦ φ as
ρs′,φ,+ ⊕ ρs′,φ,− where the underlying vector space of ρs′,φ,+ (resp. ρs′,φ,−) is the tensor prod-
uct of the Spin representation of the odd Spin group associated to Ws1,+ with a Half-Spin
representation of the even Spin group associated to Ws1,− and the standard representation
of GL2(C), and it is the +1 (resp. −1) eigenspace of ρX(s′). Both of them are self-dual of
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symplectic type and hence we have ωφ,H(s) = ε(1
2
, ρs′,φ,−) ∈ {±1}. This proves Proposition

2.4.

Remark 2.5. For each decomposition W = W+ ⊕W− of the space W with dim(W−) = 4,
there are exactly two elements s′ = (s1, I2), s′′ = (s′1, I2) ∈ (GSpin7(C)× GL2(C))◦ (differed
by the nontrivial element in center of Spin7(C)) such that W+ = Ws1,+ = Ws′1,+

and W− =
Ws1,− = Ws′1,−. The +1 (resp. −1) eigenspace of ρX(s′) is equal to the −1 (resp. +1)
eigenspace of ρX(s′′). A similar version of this remark also applies to all the other models
related to GSp and GSO.

2.5.5. The model (GSp10,GL2 n U). Next we consider the model (GSp10,GL2 n U). The
dual group of G/ZG,H is Spin11(C). Let W be the 11 dimensional standard representation
of Spin11(C). In this case, the lifting s′ induces a decomposition W = Ws′,+ ⊕Ws′,− where
Ws′,+ (resp. Ws′,−) is the +1 (resp. −1) eigenspace of s′ and dim(Ws′,−) ∈ {0, 4, 6, 8, 10}.

If s′ belongs to the center of the dual group ( ⇐⇒ dim(Ws′,−) = 0), then ωφ,H(s) = 1 if
s′ = 1 and ωφ,H(s) = ε(1/2,Πφ, ρX) ∈ {±1} if s′ 6= 1. If s′ does not belong to the center
of the dual group and if the order of s′ is 4, then dim(Ws′,−) ∈ {6, 10} and it is easy to
see that the space Vs′,− is empty and we have ωφ,H(s) = 1. In this case we can decompose
ρX ◦ φ as ρφ ⊕ ρ∨φ where the underlying vector space of ρφ is the tensor product of the Spin
representation of the odd Spin group associated to Ws′,+ with a Half-Spin representation of
the even Spin group associated to Ws′,−. This implies that ε(1

2
,Πφ, ρX) = 1.

If s′ does not belong to the center of the dual group and the order of s is 2, then
dim(Ws′,−) ∈ {4, 8}. Moreover, in this case, we can decompose the representation ρX ◦ φ
as ρs′,φ,+ ⊕ ρs′,φ,− where the underlying vector space of ρs′,φ,+ (resp. ρs′,φ,−) is the tensor
product of the Spin representation of the odd Spin group associated to Ws′,+ with a Half-
Spin representation of the even Spin group associated to Ws′,− and it is the +1 (resp. −1)
eigenspace of ρX(s′). Both of them are self-dual of symplectic type and hence we have
ωφ,H(s) = ε(1

2
, ρs′,φ,−) ∈ {±1}. This proves Proposition 2.4.

2.5.6. The model (GSp6×GSp4, G(Sp4×Sp2)). Next we consider the model (GSp6×GSp4, G(Sp4×
Sp2)). The dual group of G/ZG,H is (GSpin7(C) × GSpin5(C))1 = {(g1, g2) ∈ GSpin7(C) ×
GSpin5(C) | l(g1)l(g2) = 1}. The center of the dual group is isomorphic to GL1(C)× Z/2Z.
Let V1 (resp. V2) be the 7 (resp. 5) dimensional standard representation of GSpin7(C)
(resp. GSpin5(C)). In this case, up to multiplying the lifting by some element belong-
ing to the neutral component of the center, the lifting s′ is of the form s′ = (s1, s2)
with s1 ∈ Spin7(C) × Spin5(C). It induces the decomposition V1 = V1,s1,+ ⊕ V1,s1,− and
V2 = V2,s2,+ ⊕ V2,s2,− where

• V1,s1,+ (resp. V1,s1,−) is the +1 (resp. −1) eigenspace of s1 and dim(V1,s1,−) ∈ {0, 4, 6}.
• V2,s2,+ (resp. V2,s2,−) is the +1 (resp. −1) eigenspace of s2 and dim(V2,s2,−) ∈ {0, 4}.

If s′ belongs to the center of the dual group (⇐⇒ dim(V1,s1,−) = dim(V2,s2,−) = 0), then
ωφ,H(s) = 1 if s′ belongs to the neutral component of the center of of the dual group and
ωφ,H(s) = ε(1/2,Πφ, ρX) ∈ {±1} if s′ does not belong to the neutral component of the center
of the dual group.

Then we consider the case when s does not belong to the center of the dual group. If
the order of s′ is 4 ( ⇐⇒ dim(V1,s1,−) = 6), it is easy to see that ρX(s′) does not have −1
eigenspace and we have ωφ,H(s) = 1. Moreover we can decompose ρX ◦φ as ρφ⊕ρ∨φ where the
underlying vector space of ρφ is the tensor product of a Half Spin representation of the even
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Spin group associated to V1,s1,− with the Spin representation of the Spin group associated
to V2. This implies that ε(1

2
,Πφ, ρX) = 1.

If the order of s′ is 2, there are three cases. The first case is when dim(V1,s1,−) = 4 and
dim(V2,s2,−) = 0 (in particular, s2 belongs to the center of GSpin5(C)). We can decompose
the representation ρX ◦φ as ρs′,φ,+⊕ρs′,φ,− where the underlying vector space of ρs′,φ,+ (resp.
ρs′,φ,−) is the +1 (resp. −1) eigenspace of ρX(s′), and it is the tensor product of the Spin
representation of GSpin5(C) with the Spin representation of the odd Spin group associated
to V1,s1,+ and a Half-Spin representation of the even Spin group associated to V1,s1,−. Both
representations are self-dual of symplectic type. We have ωφ,H(s) = ε(1

2
, ρs′,φ,−) ∈ {±1}.

The second case is when dim(V1,s1,−) = 0 and dim(V2,s2,−) = 4 (in particular, s1 belongs
to the center of GSpin7(C)). We can decompose the representation ρX ◦ φ as ρs′,φ,+ ⊕ ρs′,φ,−
where the underlying vector space of ρs′,φ,+ (resp. ρs′,φ,−) is the +1 (resp. −1) eigenspace
of ρX(s′), and it is tensor product of the Spin representation of GSpin7(C) with a Half-Spin
representation of the even Spin group associated to V2,s2,−. Both representations are self-dual
of symplectic type. We have ωφ,H(s) = ε(1

2
, ρs′,φ,−) ∈ {±1}.

The last case is when dim(V1,s1,−) = dim(V2,s2,−) = 4. We can decompose the representa-
tion ρX ◦ φ as

ρs′,φ,++ ⊕ ρs′,φ,+− ⊕ ρs′,φ,−+ ⊕ ρs′,φ,−−
where the underlying vector space of each of the four representations is the tensor product
of a Half-Spin representation of the even Spin group associated to V2,s2,− with the Spin
representation of the odd Spin group associated to V1,s,+ and a Half-Spin representation of
the even Spin group associated to V1,s,−. Moreover ρs′,φ,++⊕ρs′,φ,−− (resp. ρs′,φ,+−⊕ρs′,φ,−+)
is the +1 (resp. −1) eigenspace of ρX(s′). All of the four representations in the decomposition
are self-dual of symplectic type. Hence ωφ,H(s) is equal to

ε(
1

2
, ρs′,φ,+− ⊕ ρs′,φ,−+) ∈ {±1}.

This proves Proposition 2.4.

2.5.7. The model (GSO8×GL2,GL2nU). Next we consider the model (GSO8×GL2,GL2n
U). The dual group of G/ZG,H is (GSpin8(C)×GL2(C))1 = {(g1, g2) ∈ GSpin8(C)×GL2(C) |
l(g1)−1 = det(g2)}. The center of the dual group is isomorphic to C× ×Z/2Z×Z/2Z where
C× and the first copy of Z/2Z act trivially under the Half-Spin representation ρX , and the
second copy of Z/2Z acts via the sign character.

Let W be the 8 dimensional standard representation of GSpin8(C). In this case, up to
multiplying the lifting by an element belongs to the neutral component of the center, the
lifting s′ is of the form s′ = (s1, I2) with s1 ∈ Spin8(C) and s1 induces a decomposition
W = Ws1,+ ⊕Ws1,− where Ws1,+ (resp. Ws1,−) is the +1 (resp. −1) eigenspace of s1 and
dim(Ws1,−) ∈ {0, 4, 8}.

If s′ belongs to the center of the dual group (⇐⇒ dim(Ws1,−) ∈ {0, 8}), then ωφ,H(s) = 1
if s′ belongs to C× × Z/2Z × {1} and ωφ,H(s) = ε(1/2,Πφ, ρX) ∈ {±1} if s′ belongs to
C× × Z/2Z× {−1}.

If s′ does not belong to the center of the dual group, then dim(Ws1,−) = 4. We can
decompose the representation ρX ◦ φ as ρs′,φ,+ ⊕ ρs′,φ,− where the underlying vector space
of ρs′,φ,+ (resp. ρs′,φ,−) is the tensor product of a Half-Spin representation of the even
Spin group associated to Ws1,+ with a Half-Spin representation of the even Spin group
associated to Ws1,− and the standard representation of GL2(C), and it is the +1 (resp. −1)
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eigenspace of ρX(s′). Both representations are self-dual of symplectic type and hence we
have ωφ,H(s) = ε(1

2
, ρs′,φ,−) ∈ {±1}. This proves Proposition 2.4.

2.5.8. The model (GSO12,GL2 n U). Next we consider the model (GSO12,GL2 n U). The
dual group of G/ZG,H is Spin12(C). The center of the dual group is (Z/2Z)2 and we will
denote it by {1, z, z′, zz′} where z belongs to the kernel of the map Spin12(C) → SO12(C)
and z′ is the unique nontrivial element in the center that acts trivially on the Half-Spin
representation ρX .

Let W be the 12 dimensional standard representation of Spin12(C). The lifting s′ induces a
decomposition W = Ws′,+⊕Ws′,− where Ws′,+ (resp. Ws′,−) is the +1 (resp. −1) eigenspace
of s′ and dim(Ws′,−) ∈ {0, 4, 6, 8, 12}.

If s′ belongs to the center of the dual group (⇐⇒ dim(Ws′,−) ∈ {0, 12}), then ωφ,H(s) = 1
if s′ ∈ {1, z′} and ωφ,H(s) = ε(1/2,Πφ, ρX) ∈ {±1} if s′ ∈ {z, zz′}.

If s′ does not belong to the center of the dual group and if the order of s′ is 4, then
dim(Ws′,−) = 6 and it is easy to see that the space Vs′,− is empty. This implies that
ωφ,H(s) = 1. In this case we can decompose ρX ◦ φ as ρφ ⊕ ρ∨φ where the underlying vector
space of ρφ is the tensor product of a Half-Spin representation of the even Spin group
associated to Ws′,+ with a Half-Spin representation of the even Spin group associated to
Ws′,−. This implies that ε(1

2
,Πφ, ρX) = 1.

If s′ does not belong to the center of the dual group and the order of s′ is 2, then
dim(Ws′,−) ∈ {4, 8}. Moreover, in this case, we can decompose the representation ρX ◦ φ
as ρs′,φ,+ ⊕ ρs′,φ,− where the underlying vector space of ρs′,φ,+ (resp. ρs′,φ,−) is the tensor
product of a Half-Spin representation of the even Spin group associated to Ws′,+ with a
Half-Spin representation of the even Spin group associated to Ws′,− and it is the +1 (resp.
−1) eigenspace of ρX(s′). Both of them are self-dual of symplectic type and hence we have
ωφ,H(s) = ε(1

2
, ρs′,φ,−) ∈ {±1}. This proves Proposition 2.4.

2.5.9. The E7 case. The last case is the model (E7,PGL2nU). The dual group is the simply
connected form E7,sc(C). We have five cases for the lifting s′.

The first case is when s′ belongs to the center of the dual group (which is isomorphic to
Z/2Z). In this case, we have ωφ,H(s) = 1 if s′ = 1 and ωφ,H(s) = ε(1/2,Πφ, ρX) ∈ {±1} if
s′ 6= 1.

The second case is when Ĝs′ ' Spin12(C)× SL2(C)/(Z/2Z). Up to conjugation there are
two such elements differed by the nontrivial element in the center, and both of them has order
2. In this case the restriction of the representation ρX to the centralizer Ĝs′ decomposes as
ρ1 ⊕ ρ2 where ρ1 is a Half-Spin representation of Spin12(C) and ρ2 is the tensor product of
the standard representation of Spin12(C) with the standard representation of SL2(C). Both
representations are self-dual of symplectic type. We can decompose the representation ρX ◦φ
as ρs′,φ,+ ⊕ ρs′,φ,− where the underlying vector space of ρs′,φ,+ (resp. ρs′,φ,−) is the +1 (resp.
−1) eigenspace of ρX(s′). Moreover, we know that the underlying vector space of ρs′,φ,+
(resp. ρs′,φ,−) is either the space of ρ1 (resp. ρ2) or the space of ρ2 (resp. ρ1) depending on
whether ρX(s′) acts identically on the space of ρ1 or on the space of ρ2. In both cases we
have ωφ,H(s) = ε(1

2
, ρs′,φ,−) ∈ {±1}.

The third case is when Ĝs′ ' SL6(C) × SL3(C)/(Z/3Z). Up to conjugation there are
two such elements differed by the nontrivial element in the center, one has order 6 and the
other one has order 3. In this case the restriction of the representation ρX to the centralizer
Ĝs′ decomposes as ρ1 ⊕ ρ2 ⊕ (ρ2)∨ where ρ1 is the exterior cube representation of SL6(C)
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and ρ2 is the tensor product of the standard representation of SL6(C) with the standard
representation of SL3(C). We can decompose ρX ◦ φ as ρs′,φ ⊕ ρ′s′,φ where the underlying
vector space of ρs′,φ (resp. ρ′s′,φ) is ρ1 (resp. ρ2 ⊕ (ρ2)∨). In particular, we have

ε(1/2,Πφ, ρX) = ε(1/2, ρs′,φ).

If the order of s′ is 3, then ρX(s′) does not have −1 eigenspace and we have ωφ,H(s) = 1.
If the order of s′ is 6, then the −1 eigenspace of ρX(s′) is the space of ρ1 and we have
ωφ,H(s) = ε(1

2
, ρs′,φ) ∈ {±1}.

The fourth case is when Ĝs′ ' SL4(C) × SL4(C) × SL2(C)/(Z/4Z). Such an element
is unique up to conjugation. In this case the restriction of the representation ρX to the
centralizer Ĝs′ decomposes as ρ1⊕ρ2⊕ρ3⊕ (ρ3)∨ where ρ1 (resp. ρ2) is the tensor product of
the exterior square representation of the first (resp. second) SL4(C) copy with the standard
representation of SL2(C), and ρ2 is the tensor product of the standard representation of the
first SL4(C) copy with the dual of the standard representation of the second SL4(C) copy.
We can decompose ρX ◦φ as ρs′,φ,1⊕ ρs′,φ,2⊕ρ′s′,φ where the underlying vector space of ρs′,φ,1
(resp. ρs′,φ,2, ρ′s′,φ) is the space of ρ1 (resp. ρ2, ρ3 ⊕ (ρ3)∨). In particular, we have

ε(1/2,Πφ, ρX) = ε(1/2, ρs′,φ,1 ⊕ ρs′,φ,2).

If s′ is of the form (I4,±iI4, I2) (resp. (I4,±iI4,−I2)), the −1 eigenspace of ρX(s′) is
the space of ρ2 (resp. ρ1), and we have ωφ,H(s) = ε(1

2
, ρs′,φ,2) ∈ {±1} (resp. ωφ,H(s) =

ε(1
2
, ρs′,φ,1) ∈ {±1}).

The last case is when Ĝs′ = SL8(C)/Z2. Such an element is unique up to conjugation.

In this case the restriction of the representation ρX to the centralizer Ĝs′ decomposes as
ρ1 ⊕ (ρ1)∨ where ρ1 is the exterior square representation of SL8(C). It is easy to see that
the −1 eigenspace of ρX(s′) is empty and hence ωφ,H(s) = 1. Moreover, We can decompose
ρX ◦ φ as ρs′,φ ⊕ ρ∨s′,φ where the underlying vector space of ρs′,φ (resp. ρ∨s′,φ) is the space of
ρ1 (resp. (ρ1)∨) and we have

ε(1/2,Πφ, ρX) = 1.

This finishes the proof of Proposition 2.4.

3. The strategy of the proof

In this section we will explain the strategy of the proof of Theorem 1.9. Roughly speaking,
the idea is to use the multiplicity formula m(π) = mgeom(π) of the model (G,H) to study
the behaviors of the multiplicity under parabolic induction and endoscopic transfer (note
that our assumption of the L-packet in Theorem 1.9 implies that the L-packet is either of
endoscopic type or the parabolic induction of a L-packet of some Levi subgroup). Then we
can reduce the problem to some models that are smaller than (G,H), for which we can use
the assumption in Theorem 1.9.

We first explain the strategy for all the models (G,H) in Table 1 except the model
(GU4 × GU2, (GU2 × GU2)0). The model (G,H) has a unique pure inner form (GD, HD)
corresponding to the unique quaternion algebra D over F . We have the multiplicity formulas

m(π) = mgeom(π), m(πD) = mgeom(πD)

for these models. We will recall the definition of the geometric multiplicities mgeom(π) and
mgeom(πD) in later sections. Now let Πφ = Πφ(G) ∪ Πφ(GD) be a tempered L-packet. We
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first consider the case when Πφ is not discrete with |Πφ(G)| = 1. In this case, one of the two
statements is correct.

(1) The L-packet Πφ is the parabolic induction of a L-packet Πφ,M of a proper parabolic
subgroup M of G.

(2) There exists a proper elliptic extended endoscopic triple (G′, s′, Lη) of G such that
the Langlands parameter φ factors through the L-group of G′, i.e. the L-packet is of
endoscopic type.

If the L-packet is the parabolic induction of a L-packet of a proper Levi subgroup (we may
assume that the Levi subgroup is a maximal Levi subgroup), by studying the behavior of the
geometric multiplicity mgeom(π) under parabolic induction, we only need to consider certain
model associated to the Levi subgroup (denoted by (M,MH)). If there is an analogue of the
Levi subgroup M in the pure inner form GD (denoted by MD), then we can also study the
behavior of mgeom(πD) under parabolic induction and hence we only need to consider certain
model associated to the Levi subgroup (denoted by (MD,MH,D)). For all the cases in Table
1, the models (M,MH) and (MD,MH,D) are either models that are smaller than (G,H), or
they have been considered in previous works. On the other hand, if there is no analogue
of the Levi subgroup M in the pure inner form GD, we will show in later sections that the
model (M,MH) is just the Whittaker model which is well understood. Combining with our
assumption in Theorem 1.9, we can prove the weak conjecture for this L-packet.

For example, for the model (G,H) = (GSp6×GSp4, (GSp4×GSp2)0), if the Levi subgroup
is GSp6 × (GL2 × GL1) (resp. (GSp2 × GL2 × GL1) × GSp4), we can reduce to the model
(M,MH) = (GSp6 ×GL2,GL2 nU) (resp. (M,MH) = (GSp4 ×GL2 ×GL2, (GL2 ×GL2)0))
which is smaller than (G,H). All the other maximal Levi subgroups do not have analogue
in the pure inner form GD(F ) = GSp3(D) × GSp2(D) and the model (M,MH) is just the
Whittaker model.

If the L-packet is of endoscopic type, by studying the behaviors of the geometric multiplic-
ity mgeom(π) (resp. mgeom(πD)) under the endoscopic transfer from G′ to G (resp. GD), we
only need to consider certain model associated to G′. For all the cases in Table 1, the model
associated to G′ is either smaller than (G,H) or has been considered in previous works.
Combining with our assumption in Theorem 1.9, we can prove the weak conjecture for this
L-packet.

For example, for the model (G,H) = (GSp6 × GSp4, (GSp4 × GSp2)0), if the endoscopic
group is GSp6 × GSO4 (resp. G(Sp2 × SO4) × GSp4), then we can reduce to the model
(GSp6 × GL2,GL2 n U) (resp. (GSp4 × GL2 × GL2, (GL2 × GL2)0)) which is smaller than
(G,H). If the endoscopic group is GSO6 ×GSp4, we get the Whittaker model.

In both cases above, once we have proved the weak conjecture for the L-packet, we get a
formula of the epsilon factor ε(1/2,Πφ, ρX) in terms of the Harish-Chandra character of the
L-packet. We also have analogies of the formulas for smaller models by our assumption in
Theorem 1.9. Combining the formulas of epsilon factors with the formula of the geometric
multiplicity under endoscopy and the definition of ωφ,H , we can prove Theorem 1.9.

To be specific, we let ωφ be the character of Sφ corresponding to the unique distinguished
element in the packet and we can view it as a character of the centralizer Zφ. For s ∈ Sφ,
let s′ be a lifting of s to Zφ as in Section 2.3. We just need to show that ωφ,H(s) = ωφ(s′).
In fact, this will imply that our definition of ωφ,H is independent of the choice of the lifting
s′ (i.e. it is a well defined function on Sφ) and it is a character of Sφ. Combining with the
fact that Im(ωφ,H) ∈ {±1}, we know that ωφ = ωφ,H is a quadratic character of Sφ.
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To prove the identity ωφ,H(s) = ωφ(s′), there are two cases. If s′ belongs to the center of
the dual group, then the identity follows from the definition of ωφ,H , the multiplicity formula,
and the formula of the epsilon factor ε(1/2,Πφ, ρX). If s′ does not belong to the center of
the dual group, then it is part of a proper elliptic extended endoscopic triple (G′, s′, Lη).
The identity follows from the behavior of the geometric multiplicity under endoscopy, the
definition of ωφ,H , and the formula of some epsilon factor associated to G′ (obtained from
the weak conjecture).

Remark 3.1. In general it is not enough to compute the multiplicities by studying the en-
doscopic relations because one also needs to compute the summations of the multiplicities∑

π∈Πφ(G) m(π) and
∑

πD∈Πφ(GD)m(πD). But for all the cases in Table 1, we have already

proved the multiplicity one on the L-packet:∑
π∈Πφ(G)

m(π) +
∑

πD∈Πφ(GD)

m(πD) = 1.

The endoscopic relation will tell us the parity of the summations
∑

π∈Πφ(G) m(π) and
∑

πD∈Πφ(GD) m(πD).

This allows us to compute these two summations (i.e. if the summation is odd then it must
be 1, and if it is even then it must be 0).

The remaining case is when the packet is discrete with only one element. In this case,
the packet is not of endoscopic type or parabolic type. Moreover, the epsilon dichotomy
conjecture and the weak conjecture are equivalent in this case. If we want to prove Conjecture
1.3, we still need to prove a formula of the epsilon factor ε(1/2,Πφ, ρX) in terms of the
Harish-Chandra character of the L-packet. However, the epsilon factors ε(1/2,Πφ, ρX) in
Table 1 are more complicated than the Gan–Gross–Prasad models case and we are not able
to prove such a formula at this moment (one of the key obstacles is that the Langlands
functoriality from G/ZG,H to GLdim(ρX) induced by ρX is not known and this functoriality
is not of twisted endoscopic type as in the Gan–Gross–Prasad model cases). This is why
we exclude this case for Models 3–10 of Table 1 in our main theorem. For the remaining
two models (GL4 × GL2,GL2 × GL2) and (GU4 × GU2, (GU2 × GU2)0), we can prove the
conjecture when the central character is trivial. Under this assumption, we can replace
the groups GL4,GL2,GU4,GU2 by PGL4,PGL2,PGU4,PGU2. Then using some lower rank
isomorphisms together with the multiplicity formulas, we can reduce to the cases of the
Gan–Gross–Prasad models (SO6 × SO3, SO3 n U) and (U4 × U1, U1 n U) which have been
studied in [Wal3] and [Beu1].

Finally, we consider the model (G,H) = (GU4 ×GU2, (GU2 ×GU2)0), which is the most
difficult model in Table 1. The reason is that it has more than 1 pure inner form. In the
p-adic case (resp. real case), it has 3 (resp. 4) pure inner forms which will be denoted by
(Gi, Hi) for 1 ≤ i ≤ 3 (resp. 1 ≤ i ≤ 4). We refer the reader to Section 5 for details. If
the packet is the parabolic induction of some packet of a Levi subgroup, we can prove the
conjecture by the same argument as in all the other cases. On the other hand, if the packet
is of endoscopic type, this will be more difficult than all the other cases.

To be specific, the group G has a unique elliptic endoscopic group that is G′ = G(U2 ×
U2) × GU2. Like in all the other cases, we want to study the behavior of the geometric
multiplicities mgeom(π) and mgeom(πi) (where 1 ≤ i ≤ 3 in the p-adic case and 1 ≤ i ≤ 4 in
the Archimedean case) under the endoscopic transfer. However, unlike all the other cases,
these will not be related to the multiplicities of some models associated to G′. The reason is
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that some terms in the geometric multiplicities can not be eliminated under the endoscopic
transfer (to be specific, the terms correspond to the regular elliptic conjugacy classes of H(F )
and Hi(F )), which is largely due to the fact that there are more than 1 pure inner form.
To solve this issue, instead of considering the behavior of each geometric multiplicity under
the endoscopic transfer, we will consider some combinations of them. More specifically,
we will consider mgeom(π) − mgeom(π1) (or mgeom(π) − mgeom(π1) − mgeom(π4) in the real
case) and mgeom(π2)−mgeom(π3). By considering these combinations, we can eliminate the
terms corresponding to the regular elliptic conjugacy classes of H(F ) and Hi(F ). Then the
endoscopic transfer of these combinations can be related to some models of G′. We refer the
reader to Section 5 for details.

4. The models (GL4 ×GL2,GL2 ×GL2) and (GL6,GL2 n U)

4.1. The models and the conjectures. In this subsection, we recall the definitions of the
models (GL4×GL2,GL2×GL2) and (GL6,GL2nU). We will also state Conjecture 1.3 more
explicitly for these models (note that for these two models Conjecture 1.3 and Conjecture
1.6 are equivalent).

We start with the model (GL4×GL2,GL2×GL2). Let G = GL4×GL2 and H = GL2×GL2

embedded into G via the map (a, b) 7→ (diag(a, b), b). For the pure inner form, let D/F be
the quaternion algebra, GD = GL2(D) × GL1(D) and HD = GL1(D) × GL1(D) embedded
into GD via the map (a, b) 7→ (diag(a, b), b). In this case, ρX = ρ1 ⊕ ρ2 with ρ1 = ∧2 ⊗ std2

and ρ2 = std4 ⊕ std∨4 . Moreover, the local L-packet contains at most one element for each
group and we have

ε(1/2, π, ρX) = ε(1/2, π, ρ1) · ε(1/2, π, ρ2) = ε(1/2, π, ρ1) · ωπ1(−1)

for all irreducible representations π = π1 ⊗ π2 of G(F ). Here ωπi is the central character
of πi and we have ωπ1(−1) = ωπ2(−1). As a result, Conjecture 1.3 becomes the following
conjecture.

Conjecture 4.1. Let π = π1 ⊗ π2 be an irreducible tempered representation of G(F ) whose
central character is trivial on ZG,H(F ). Let πD be the Jacquet-Langlands correspondence of
π from G(F ) to GD(F ) if it exists; otherwise let πD = 0. Then (note that χ = 1 in this case)

m(π) = 1 ⇐⇒ ε(1/2, π, ρX) = 1, m(π) = 0 ⇐⇒ ε(1/2, π, ρX) = −1.

For the model (GL6,GL2 n U), let G = GL6, H = H0 n U with

H0 = {diag(h, h, h) | h ∈ GL2}, U = {u(X, Y, Z) =
(
I2 X Z
0 I2 Y
0 0 I2

)
| X, Y, Z ∈Mat2×2}.

The generic character on U(F ) is defined to be ξ(u(X, Y, Z)) = ψ(tr(X) + tr(Y )). This
extends to a character χ of H(F ) that is trivial on H0(F ). Similarly, we can define its pure
inner form (GD, HD, χD) with GD = GL3(D) and H0,D = GL1(D).

In this case, ρX = ∧3 and the local L-packet contains at most one element for each group.
Conjecture 1.3 becomes the following conjecture.

Conjecture 4.2. Let π be an irreducible tempered representation of G(F ) with trivial central
character. Let πD be the Jacquet-Langlands correspondence of π from G(F ) to GD(F ) if it
exists; otherwise let πD = 0. Then

m(π) = 1 ⇐⇒ ε(1/2, π, ρX) = 1, m(π) = 0 ⇐⇒ ε(1/2, π, ρX) = −1.
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To end this subsection, we discuss the multiplicity formula of these two models. For each
of these two models, there is a canonical embedding from GL2 into H0 and hence into G (in
the first case, this is the diagonally embedding), denoted by ν. Similarly, there is a canonical
embedding from GL1(D) to H0,D(F ) and hence into GD(F ), denoted by νD. Let θ (resp.
θD) be a quasi character of G(F ) (resp. GD(F )), and define the geometric multiplicity to be

mgeom(θ) = cθ(1) +
∑

T∈Tell(GL2)

|W (GL2, T )|−1

∫
T (F )/ZGL2

(F )

DH(ν(t))cθ(ν(t))dt,

mgeom(θD) =
∑

T∈Tell(GL1(D))

|W (GL1(D), T )|−1

∫
T (F )/ZGL1(D)(F )

DHD(νD(t))cθD(νD(t))dt.

We have the multiplicity formulas ([Wan15], [Wan16], [PWZ19])

m(π) = mgeom(θπ), m(πD) = mgeom(θπD)

for all tempered representations π (resp. πD) of G(F ) (resp. GD(F )).
By the multiplicity formula, we know that for these two models, Conjecture 1.3 is equiv-

alent to the following conjecture which expresses the epsilon factor in terms of the Harish-
Chandra character.

Conjecture 4.3. Let π be an irreducible tempered representation of G(F ) whose central
character is trivial on ZG,H(F ). Then

mgeom(θπ) =
ε(1/2, π, ρX) + 1

2
.

Remark 4.4. The multiplicity formula implies the strongly multiplicity one on the L-packet,
i.e. m(π) +m(πD) = 1 where π and πD are as in Conjecture 4.1 and Conjecture 4.2.

4.2. The proof of Theorem 1.9 for (GL4 ×GL2,GL2 ×GL2) and (GL6,GL2 n U). For
the model (GL6,GL2 n U), when F is Archimedean, or when π is not a discrete series of
GL6(F ) or the parabolic induction of a discrete series of GL4(F )×GL2(F ), Conjecture 4.2
has already been proved in Theorem 1.4 of [Wan16]. The same argument can be applied to
the (GL4 × GL2,GL2 × GL2) model case to prove Conjecture 4.1 when π is not a discrete
series.

To prove the remaining parts of the theorem, we consider another model (GL4×GL2,GL2n
U) defined in Appendix A.3 of [Wan16]. This model is essentially the Gan–Gross–Prasad
model (SO6×SO3, SO3nU) because of the isomorphisms PGL4 ' PGSO6 and PGL2 ' SO3.
The geometric multiplicities for the models (GL4×GL2,GL2×GL2) and (GL4×GL2,GL2nU)
are the same (Appendix A.3 of [Wan16] and Section 9.5 of [PWZ19]). This implies that these
two models have the same multiplicity.

We first consider the model (GL4 × GL2,GL2 × GL2). The only case remaining is when
π has trivial central character. If this is the case, π can be identified with a tempered
representation of GSO6 × SO3 and we have ε(1/2, π, ρX) = ε(1/2, π, ρ1). By restriction we
get a tempered L-packet of SO6 × SO3 (denoted by Π = Π1 ⊗Π2). Moreover, the geometric
multiplicity of the model (GL4 ×GL2,GL2 nU) in Appendix A.3 of [Wan16] is the same as
the geometric multiplicity of the Gan–Gross–Prasad model (SO6×SO3, SO3 nU) in Section
13.1 of [Wal1]. Hence the multiplicity formulas imply that m(π) is equal to the multiplicity
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of the L-packet Π for the Gan–Gross–Prasad model (SO6× SO3, SO3 nU). Combining with
Theorem 4.3 of [Wal3], we know that

m(π) = 1 ⇐⇒ ε(1/2,Π1 × Π2) = 1, m(π) = 0 ⇐⇒ ε(1/2,Π1 × Π2) = −1.

Then Conjecture 4.1 follows from the fact that ε(s, π, ρ1) = ε(s,Π1 × Π2). This finishes the
proof of Theorem 1.9 for the model (GL4 ×GL2,GL2 ×GL2).

For the model (GL6,GL2 n U), it remains to prove the case when π is the parabolic
induction of a discrete series π′ = π1 ⊗ π2 of GL4(F ) × GL2(F ) under the assumption that
Conjecture 1.6 holds for the model (GL4 × GL2,GL2 × GL2) ( ⇐⇒ Conjecture 4.1 holds).
In this case, Corollary 5.15 of [Wan16] implies that the multiplicity of π is equal to the
multiplicity of π′ for the model (GL4 × GL2,GL2 n U), which is equal to the multiplicity
of π′ for the model (GL4 × GL2,GL2 × GL2) by the above discussion. Together with the
assumption that Conjecture 4.1 holds, we have

m(π) = 1 ⇐⇒ ε(1/2, π′, ρ1 ⊕ ρ2) = 1, m(π) = 0 ⇐⇒ ε(1/2, π′, ρ1 ⊕ ρ2) = −1.

Then Conjecture 4.1 follows from the fact that

ε(1/2, π, ρX) =ε(1/2, π′, ρ1)ε(1/2, π∨1 ⊗ ωπ1)ε(1/2, π1 ⊗ ω−1
π1

)

=ωπ1(−1) · ε(1/2, π′, ρ1) = ε(1/2, π′, ρ1 ⊕ ρ2),

where ωπ1 is the central character of π1. This finishes the proof of Theorem 1.9 for the model
(GL6,GL2 n U).

Remark 4.5. The discussion above also shows that if Conjecture 4.2 holds for all irreducible
representations π induced from GL4(F )×GL2(F ), then Conjecture 4.1 holds.

We can also slightly generalize the conjecture for the model (GL6,GL2nU). To be specific,
let χ′ be a character of H(F ) defined by

χ′(diag(h, h, h)u(X, Y, Z)) = α(det(h))ξ(u(X, Y, Z))

where α is any character of F× (in particular if α = 1 then we recover the character χ).
Let π be an irreducible representation of G(F ) with central character α2 and we can define
the multiplicity m(π, χ′). Similarly we can also define the character χ′D of HD(F ) and the
multiplicity m(πD, χ

′
D). Let φα be the character of W ′

F corresponding to α. Then the
following conjecture is a generalization of Conjecture 4.2.

Conjecture 4.6. Let π be an irreducible tempered representation of G(F ) with central char-
acter α2 and let φπ be the Langlands parameter of π. Let πD be the Jacquet-Langlands
correspondence of π from G(F ) to GD(F ) if it exists; otherwise let πD = 0. Then

m(π, χ′) = 1 ⇐⇒ ε(1/2, (ρX◦φπ)⊗φ−1
α ) = 1, m(π, χ′) = 0 ⇐⇒ ε(1/2, (ρX◦φπ)⊗φ−1

α ) = −1.

By the same argument as in the case when α = 1, we can prove the above conjecture when
π is not a discrete series by assuming Conjecture 4.1 holds.

Remark 4.7. For the rest models in Table 1, we can also put some nontrivial algebraic
characters on the reductive part of H(F ) and we can still formulate the epsilon dichotomy
conjecture. However, by twisting the representation of G(F ) by some suitable characters we
can easily reduce the conjecture to the case when the character is trivial on the reductive part
of H(F ). For example, for the model (GSO12,GL2 n U), when we put a character α ◦ det
on the GL2(F )-part, by twisting the representation of GSO12(F ) by the character α−1 ◦ l we
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can reduce to the case when α is trivial. Hence for the rest models we will only consider the
case when the character is trivial on the reductive part of H(F ).

5. The models (GU4 ×GU2, (GU2 ×GU2)0) and (GU6,GU2 n U)

In this section we will consider the models (GU4×GU2, (GU2×GU2)0) and (GU6,GU2nU).
In Section 5.1, we define the model (GU4×GU2, (GU2×GU2)0) and study the behaviors of
the geometric multiplicities under parabolic induction and endoscopic transfer. This is the
most complicated case of this paper. In Section 5.2, we will define and study the smaller
model (GU4,GU2nU), which will be used in our proof. In Section 5.3, we will prove Theorem
1.9 for (GU4 × GU2, (GU2 × GU2)0). Finally, in Section 5.4, we will prove Theorem 1.9 for
(GU6,GU2 n U). Throughout this section, let E = F (

√
ε) be a quadratic extension of F ,

ηE/F be the quadratic character associated to E, NE/F (resp. trE/F ) be the norm map (resp.
trace map), and x→ x̄ be the Galois action on E.

5.1. The model (GU4×GU2, (GU2×GU2)0). For the model (GU4×GU2, (GU2×GU2)0), let
G = GU2,2 ×GU1,1 and H = (GU1,1 ×GU1,1)0 = {(h1, h2) ∈ GU1,1 ×GU1,1 | l(h1) = l(h2)}.
We can embed H into G via the map

(h1, h2) ∈ H 7→ (
(
a 0 b
0 h1 0
c 0 d

)
, h1) ∈ G, h2 = ( a bc d ) .

The pure inner forms are

(G1, H1) = (GU2,2×GU2,0, (GU2,0×GU0,2)◦), (G2, H2) = (GU3,1×GU1,1, (GU1,1×GU2,0)◦),

(G3, H3) = (GU3,1×GU2,0, (GU2,0×GU1,1)◦), (G4, H4) = (GU4,0×GU2,0, (GU2,0×GU2,0)◦)

where the last pair (G4, H4) only appears in the Archimedean case.
Now we formulate the analogy of Conjecture 1.6 for this case. Let Πφ = Πφ(G)∪(∪iΠφ(Gi))

be a tempered L-packet whose central character is trivial on ZG,H(F ). Recall that we have
defined the epsilon factors ε(1

2
,Πφ, ρ1), ε(1

2
,Πφ, ρ2) and the central character χφ in Section 2.

Conjecture 5.1. The unique distinguished element belongs to Πφ(G) if and only if

χφ(−1)ηE/F (−1)ε(
1

2
,Πφ, ρ1) = χφ(−1)ε(

1

2
,Πφ, ρ2) = 1.

The unique distinguished element belongs to Πφ(G1) ∪ Πφ(G4) if and only if

−χφ(−1)ηE/F (−1)ε(
1

2
,Πφ, ρ1) = χφ(−1)ε(

1

2
,Πφ, ρ2) = 1.

The unique distinguished element belongs to Πφ(G2) if and only if

χφ(−1)ηE/F (−1)ε(
1

2
,Πφ, ρ1) = −χφ(−1)ε(

1

2
,Πφ, ρ2) = 1.

The unique distinguished element belongs to Πφ(G3) if and only if

χφ(−1)ηE/F (−1)ε(
1

2
,Πφ, ρ1) = χφ(−1)ε(

1

2
,Πφ, ρ2) = −1.

Next we recall the definition of the geometric multiplicities from Section 9 of [WZ2]. Let
T0 be the unique element in Tell(GU1,1) = Tell(GU2,0) that is isomorphic to E2,◦ := {(a, b) ∈
E× × E× | aā = bb̄} ⊂ E× × E×. For T ∈ Tell(GU1,1) = Tell(GU2,0) with T 6= T0, let
(T ×T )◦ = {(t1, t2) ∈ T ×T | l(t1) = l(t2)}. Up to conjugation, there is a unique embedding
from (T × T )◦ to (GU1,1 × GU1,1)◦ (resp. (GU2,0 × GU0,2)◦). Combining with the diagonal
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embedding from T to (T × T )◦, we get an embedding (denoted by νT ) from T to G (resp.
G1(F )) that factors through H (resp. H1). We will denote this embedding by νT (resp.
ν1,T ).

For T0, in the p-adic case up to conjugation there are two embeddings from (T0 × T0)◦

to (GU1,1 × GU1,1)◦ (resp. (GU2,0 × GU0,2)◦). Combining with the diagonal embedding
from T0 to (T0 × T0)◦, we get two embeddings from T0 to G (resp. G1). The centralizer of
the image of one of the embedding is quasi-split, and we will denote this embedding by νT0

(resp. ν1,T0), while the centralizer of the image of the other embedding is not quasi-split. In
the Archimedean case, we can define the embedding νT0 in the same way as in the p-adic
case. On the other hand, up to conjugation there is only one embedding from (T0 × T0)◦ to
(GU2,0×GU0,2)◦ and this defines the embedding ν1,T0 . Note that in this case the centralizer
of the image of ν1,T0 is still quasi-split.

Meanwhile, consider the following two subgroups of (T0×T0)◦ (we identify T0 with E2,◦ :=
{(a, b) ∈ E× × E× | aā = bb̄}):
T ′0 = {(1, 1)× (1, a) ∈ (T0 × T0)◦ | a ∈ E1}, T ′′0 = {(1, a)× (1, b) ∈ (T0 × T0)◦ | a, b ∈ E1}.

The two embeddings from (T0×T0)◦ to (GU1,1×GU1,1)◦ (resp. (GU1,1×GU2,0)◦) induce two
embeddings from T ′0 to G (resp. G2) that are conjugate to each other. Let νT ′0 (resp. ν2,T ′0

)
be one of the embedding. Note that the projection of these embeddings to the GU1,1-factor
is the trivial map. The centralizers of the image of these embeddings are quasi-split.

On the other hand, the two embeddings from (T0 × T0)◦ to (GU1,1 × GU1,1)◦ induce two
embeddings from T ′′0 to G. The centralizer of the image of one of the embedding is quasi-
split (we will denote this embedding by νT ′′0 ) and the centralizer of the image of the other
embedding is not quasi-split. Similarly, we can also define the embeddings νi,T ′′0 from T ′′0 to
Gi for 1 ≤ i ≤ 3.

Now we are ready to define the geometric multiplicity. Let θ (resp. θi) be a quasi-character
on G(F ) (resp. Gi(F )) with trivial central character. For T ∈ Tell(GU1,1) = Tell(GU2,0), we
use T ∗(F ) to denote T (F )/ZGU1,1(F ) = T (F )/ZGU2,0(F ). Define

mgeom(θ) = cθ(1) +
∑

T∈Tell(H)

|W (H,T )|−1

∫
T (F )/ZG,H(F )

DH(t)θ(t)dt+
1

2

∑
T∈Tell(GU1,1)

∫
T ∗(F )

DH(νT (t))cθ(νT (t))dt+

∫
T ′0(F )

DH(νT ′0(t))cθ(νT ′0(t))dt+

∫
T ′′0 (F )

DH(νT ′′0 (t))cθ(νT ′′0 (t))dt,

mgeom(θ1) =
∑

T∈Tell(H1)

|W (H1, T )|−1

∫
T (F )/ZG1,H1

(F )

DH1(t)θ1(t)dt

+
1

2

∑
T∈Tell(GU2,0)

∫
T ∗(F )

DH1(ν1,T (t))cθ1(ν1,T (t))dt+

∫
T ′′0 (F )

DH1(ν1,T ′′0
(t))cθ1(ν1,T ′′0

(t))dt,

mgeom(θ2) =
∑

T∈Tell(H2)

|W (H2, T )|−1

∫
T (F )/ZG2,H2

(F )

DH2(t)θ2(t)dt

+

∫
T ′0(F )

DH2(ν2,T ′0
(t))cθ2(ν2,T ′0

(t))dt+

∫
T ′′0 (F )

DH2(ν2,T ′′0
(t))cθ2(ν2,T ′′0

(t))dt,

mgeom(θ3) =
∑

T∈Tell(H3)

|W (H3, T )|−1

∫
T (F )/ZG3,H3

(F )

DH3(t)θ3(t)dt+

∫
T ′′0 (F )

DH3(ν3,T ′′0
(t))cθ3(ν3,T ′′0

(t))dt.
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If we are in the Archimedean case, we also define

mgeom(θ4) =
∑

T∈Tell(H4)

|W (H4, T )|−1

∫
T (F )/ZG4,H4

(F )

DH4(t)θ4(t)dt.

In our previous paper [WZ2], we have proved the multiplicity formulas

m(π) = mgeom(θπ), m(πi) = mgeom(θπi)

for all tempered representations π (resp. πi) of G(F ) (resp. Gi(F ))

Remark 5.2. The above integrals need to be regularized, i.e. we replace DH(·) (resp. DHi(·))
by DG(·)1/2(DH(·)−2DG(·))s−1/2 (resp. DGi(·)1/2(DHi(·)−2DGi(·))s−1/2) and take the limit
lims→0+. Since this regularization does not affect our later computation, to simplify the
notation, we will not include this regularization in the expression of the multiplicity formula.

Next we study the behavior of the geometric multiplicities under parabolic induction. Let
θ be a quasi-character of G(F ), M = M1 × M2 be a maximal proper Levi subgroup of
G = GU2,2 × GU1,1 and θM be a quasi-character of M(F ). If M2 is a Borel subgroup of
GU1,1 and M1 = GU2,2, the embedding νT ′0 from T ′0 to G factor through M . We then define

mgeom(θM) = cθM (1) +

∫
T ′0(F )

DH(νT ′0(t))cθM (νT ′0(t))dt.

If M1 is the Siegel parabolic subgroup and M2 = GU1,1, up to conjugation we may assume
that the embedding νT factors through M for all T ∈ Tell(GU1,1). Then we let

mgeom(θM) = cθM (1) +
1

2

∑
T∈Tell(GU1,1)

∫
T ∗(F )

DGU1,1(t)cθM (νT (t))dt.

The last case is when M1 ' GU1,1 × ResE/FGL1 and M2 = GU1,1. Let ι (resp. ι′) be
an embedding from E2,◦ into GU1,1(F ) (resp. GU2,0(F )). We define (note that M =
ResE/FGL1 ×GU1,1 ×GU1,1)

mgeom(θM) = cθM (1)+

∫
E1

cθM (1, ι(1, a), I2)+cθM (1, aI2, ι(a, 1))da+

∫
E2,◦

cθM (1, ι(a, b), ι(1, a))dadb.

We also need to discuss the parabolic induction of Gi for 1 ≤ i ≤ 3. Let θi be a quasi-
character of Gi(F ), M i = M i

1 ×M i
2 be a maximal proper Levi subgroup of Gi and θM

i
be

a quasi-character of M i(F ). For (G1, H1), we must have M1
2 = GU2,0. If M1

1 is the Siegel
parabolic subgroup, up to conjugation we may assume that the embedding ν1,T factors
through M1 for all T ∈ Tell(GU2,0). Then we let

mgeom(θM
1

) =
1

2

∑
T∈Tell(GU2,0)

∫
T ∗(F )

DGU2,0(t)cθM1 (ν1,T (t))dt.

If M1
1 ' GU1,1 ×ResE/FGL1, we define (note that M1 = ResE/FGL1 ×GU1,1 ×GU2,0)

mgeom(θM
1

) =

∫
E1

cθM1 (1, aI2, ι
′(a, 1))da+

∫
E2,◦

cθM1 (1, ι(a, b), ι′(1, a))dadb.
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For the model (G2, H2), if M2
2 is a Borel subgroup of GU1,1 and M2

1 = GU3,1, the embed-
ding ν2,T ′0

from T ′0 to G2 factors through M2. We then define

mgeom(θM
2

) =

∫
T ′0(F )

DH2(ν2,T ′0
(t))cθM2 (ν2,T ′0

(t))dt.

The remaining case is when M2
2 = GU1,1 and M2

1 ' GU2,0 × ResE/FGL1. In this case, we
define

mgeom(θM
2

) =

∫
E1

cθM2 (1, ι′(1, a), I2)da+

∫
E2,◦

cθM2 (1, ι′(a, b), ι(1, a))dadb.

For the model (G3, H3), G3 has a unique proper Levi subgroup M3 ' (ResE/FGL1 ×
GU2,0)×GU2,0. We define

mgeom(θM
3

) =

∫
E2,◦

cθM3 (1, ι′(a, b), ι′(1, a))dadb.

The following proposition is a direct consequence of Proposition 2.2.

Proposition 5.3. Let θ (resp. θi) be a quasi-character on G(F ) (resp. Gi(F )). Assume

that θ (resp. θi) is the parabolic induction of a quasi-character θM (resp. θM
i
) of a proper

maximal Levi subgroup M(F ) of G(F ) (resp. M i(F ) of Gi(F )). We have

mgeom(θ) = mgeom(θM), mgeom(θi) = mgeom(θM
i

).

Next we study the behavior of the geometric multiplicities under endoscopic transfer. The
group G has a unique proper elliptic endoscopic group G′ = G(U1,1 × U1,1) × GU1,1. Let
(G, s′, Lη) be a proper elliptic extended endoscopic triple with G′ = G(U1,1 × U1,1)×GU1,1,

s′ = (diag(I2,−I2), 1,−I2, 1) ∈ Ĝ = GL4(C) × GL1(C) × GL2(C) × GL1(C), and Lη is the
natural embedding. This model is different from all the other cases considered in this paper,
mainly because it has more than one pure inner forms. For all the other cases, we only need
to compute mgeom(θ) when θ is the endoscopic transfer of some stable character of G′(F ),
which will give us the geometric multiplicity of a model associated to G′. But for the current
model, if we only compute mgeom(θ) (resp. mgeom(θi) for 1 ≤ i ≤ 4), the expression we get
does not correspond to the geometric multiplicity of a model associated to G′. This is due
to the term in mgeom(θ) (resp. mgeom(θi)) associated to T ∈ Tell(H) (resp. T ∈ Tell(Hi)).
Instead, we will consider the behavior of some combinations of mgeom(θ) and mgeom(θi). By
doing this, we can eliminate the terms corresponding to T ∈ Tell(H) and T ∈ Tell(Hi).

Let θ′ be a quasi-character on G′(F ). We fix an embedding ι from E2.◦ into GU1,1 as
before. We define

mgeom,1(θ′) = cθ′(1) +

∫
E1

cθ′((I2, ι(a, 1), I2)) + cθ′((ι(a, 1), I2, I2)) + 2cθ′(aI2, I2, ι(a, 1))da

+2

∫
E1×E1

cθ′((ι(a, b), I2, ι(a, 1))) + cθ′((I2, ι(a, b), ι(a, 1)))dadb,

mgeom,2(θ′) =

∫
E1

cθ′((ι(a, 1), I2, I2))− cθ′((I2, ι(a, 1), I2))da

+2

∫
E1×E1

cθ′((ι(a, b), I2, ι(a, 1)))− cθ′((I2, ι(a, b), ι(a, 1)))dadb.
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Proposition 5.4. Let θ (resp. θi) be a quasi-character on G(F ) (resp. Gi(F )). Assume
that θ (resp. θi) is the endoscopic transfer of a quasi-character θ′ of G′(F ) . We have

mgeom(θ)−mgeom(θ1)−mgeom(θ4) = mgeom,1(θ′), mgeom(θ2)−mgeom(θ3) = mgeom,2(θ′).

Proof. We will only prove the first identity, the second identity follows from a similar argu-
ment. Recall that

mgeom(θ) = cθ(1) +
∑

T∈Tell(H)

|W (H,T )|−1

∫
T (F )/ZG,H(F )

DH(t)θ(t)dt+
1

2

∑
T∈Tell(GU1,1)

∫
T ∗(F )

DH(νT (t))cθ(νT (t))dt+

∫
T ′0(F )

DH(νT ′0(t))cθ(νT ′0(t))dt+

∫
T ′′0 (F )

DH(νT ′′0 (t))cθ(νT ′′0 (t))dt,

mgeom(θ1) =
∑

T∈Tell(H1)

|W (H1, T )|−1

∫
T (F )/ZG1,H1

(F )

DH1(t)θ1(t)dt

+
1

2

∑
T∈Tell(GU2,0)

∫
T ∗(F )

DH1(ν1,T (t))cθ1(ν1,T (t))dt+

∫
T ′′0 (F )

DH1(ν1,T ′′0
(t))cθ1(ν1,T ′′0

(t))dt,

mgeom(θ4) =
∑

T∈Tell(H4)

|W (H4, T )|−1

∫
T (F )/ZG4,H4

(F )

DH4(t)θ4(t)dt.

First it is easy to see from Proposition 2.1 and the definition of transfer factors that
cθ(1) = cθ′(1). Next we study the term corresponds to T ′0. For t = (1, 1) × (1, a) ∈ T ′0(F ),
under the notation of Section 2.4, we know that DH(νT ′0(t))cθ(νT ′0(t)) is equal to the limit of

the value of (DG)1/2 · θ at the conjugacy class (note that ci is unique in this case and hence
we will ignore it)

((E ⊕ E,E, (λ1, λ
−1
1 )) ∪ (E,F, a) ∪ (E,F, 1))× ((E ⊕ E,E, (λ2, λ

−1
2 ))

times DGU1,1 (ι(a,1))−1/2

4
as λi ∈ F× → 1. The value of (DG)1/2 · θ at the conjugacy class

((E ⊕ E,E, (λ1, λ
−1
1 )) ∪ (E,F, a) ∪ (E,F, 1))× ((E ⊕ E,E, (λ2, λ

−1
2 ))

is equal to the summation of the values of (DG′)1/2θ′ at

(diag(λ1, λ
−1
1 ), ι(a, 1), diag(λ2, λ

−1
2 )), (ι(a, 1), diag(λ1, λ

−1
1 ), diag(λ2, λ

−1
2 )).

The transfer factor is equal to 1 on (ι(a, 1), diag(λ1, λ
−1
1 ), diag(λ2, λ

−1
2 )) because the quadratic

character ηF⊕F/F is trivial. Combining with the argument in Section 1.11 of [Wal], we know
that the transfer factor is also equal to 1 on (diag(λ1, λ

−1
1 ), ι(a, 1), diag(λ2, λ

−1
2 )). If we take

the limit as λi ∈ F× → 1, we get

4DG′((I2, ι(a, 1), I2))1/2cθ′((I2, ι(a, 1), I2)) + 4DG′((ι(a, 1), I2, I2))1/2cθ′((ι(a, 1), I2, I2)).

Combining with the equations

DG′((I2, ι(a, 1), I2))1/2 = DG′((ι(a, 1), I2, I2))1/2 = DGU1,1(ι(a, 1))1/2,

we know that DH(νT ′0(t))cθ(νT ′0(t)) is equal to

cθ′((I2, ι(a, 1), I2)) + cθ′((ι(a, 1), I2, I2)).

This implies that∫
T ′0(F )

DH(νT ′0(t))cθ(νT ′0(t))dt =

∫
E1

cθ′((I2, ι(a, 1), I2)) + cθ′((ι(a, 1), I2, I2))da.
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Next we study the terms correspond to T ′′0 . For t = (1, a)× (1, b) ∈ T ′0(F ), we know that
DH(νT ′′0 (t))cθ(νT ′′0 (t)) is equal to the limit of the value of (DG)1/2 · θ at the conjugacy class
(note that ci is unique in this case and hence we will ignore it)

((E ⊕ E,E, (λ, λ−1)) ∪ (E,F, a) ∪ (E,F, b))× ((E,F, a) ∪ (E,F, 1))

times DGU1,1 (ι(a,1))−1/2·DGU1,1 (ι(a,b))−1/2

2
as λ ∈ F× → 1. The value of (DG)1/2 ·θ at the conjugacy

class
((F ⊕ F, F, (λ, λ−1)) ∪ (E,F, a) ∪ (E,F, b))× ((E,F, a) ∪ (E,F, 1))

is equal to the summation of the values of (DG′)1/2θ′ at

(diag(λ, λ−1), ι(a, b), ι(a, 1)), (ι(a, b), diag(λ, λ−1), ι(a, 1))).

The transfer factor is equal to 1 on (ι(a, b), diag(λ, λ−1), ι(a, 1))) because the quadratic char-
acter ηF⊕F/F is trivial. Combining with the argument in Section 1.11 of [Wal], we know that
the transfer factor is also equal to 1 on (diag(λ, λ−1), ι(a, b), ι(a, 1)). If we take the limit as
λ ∈ F× → 1, we get

2DG′((I2, ι(a, b), ι(a, 1)))1/2cθ′((I2, ι(a, b), ι(a, 1)))+2DG′((ι(a, b), I2, ι(a, 1)))1/2cθ′((ι(a, b), I2, ι(a, b))).

Combining with the equations

DG′((ι(a, b), I2, ι(a, 1)))1/2 = DG′((I2, ι(a, b), ι(a, 1)))1/2 = DGU1,1(ι(a, 1))1/2DGU1,1(ι(a, b))1/2,

we know that DH(νT ′′0 (t))cθ(νT ′′0 (t)) is equal to

cθ′((I2, ι(a, b), ι(a, 1))) + cθ′((ι(a, b), I2, ι(a, 1))).

Similar, we can show that DH1(ν1,T ′′0
(t))cθ1(ν1,T ′′0

(t)) is equal to (the negative sign comes from
the Kottwitz sign between GU1,1 and GU2,0)

−cθ′((I2, ι(a, b), ι(a, 1)))− cθ′((ι(a, b), I2, ι(a, 1))).

This implies that∫
T ′′0 (F )

DH(νT ′′0 (t))cθ(νT ′′0 (t))dt−
∫
T ′′0 (F )

DH1(ν1,T ′′0
(t))cθ1(ν1,T ′′0

(t))dt

= 2

∫
E1×E1

cθ′((ι(a, b), I2, ι(a, 1))) + cθ′((I2, ι(a, b), ι(a, 1)))dadb.

Next we study the terms correspond to T ∈ Tell(GU1,1) and T ∈ Tell(GU2,0). We know that
there is a natural bijection T ↔ FT between Tell(GU1,1) and the set of quadratic extensions
of F . If FT 6= E, then ET = FT ⊗F E is a quadratic extension of E. For t ∈ T (F ), we
can identify it with an element in E×T (by abusing of notation we still denote it by t), and
DH(νT (t))cθ(νT (t)) is equal to the limit of the value of (DG)1/2 · θ at the conjugacy class (t̄
is the conjugation of t by the nontrivial element in Gal(ET/FT ))

(ET ⊕ ET , ET , λt, λ−1t̄)× (ET , FT , t)

times DGU1,1 (t)
2

as λ → 1. Note that ci is unique in this case and hence we will ignore it. It
is easy to see that the above conjugacy class does not correspond to a conjugacy class of
G′(F ). Hence we know that DH(νT (t))cθ(νT (t)) = 0 and∫

T ∗(F )

DH(νT (t))cθ(νT (t))dt = 0.
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If FT = E, T ∗(F ) is isomorphic to E1. For t ∈ T ∗(F ) corresponding to a ∈ E1,
DH(νT (t))cθ(νT (t)) is equal to the limit of the value of 1

4
(DG)1/2 · θ at the conjugacy class

(note that ci is unique in this case and hence we will ignore it)

((E ⊕ E,E, λa, λ−1a−1) ∪ (E ⊕ E,E, λ, λ−1))× ((E,F, a) ∪ (E,F, 1))

times DGU1,1 (ι(a,1))−1/2

4
as λ→ 1. The value of (DG)1/2 · θ at the conjugacy class

((E ⊕ E,E, λa, λ−1a−1) ∪ (E ⊕ E,E, λ, λ−1))× ((E,F, a) ∪ (E,F, 1))

is equal to the summation of the values of (DG′)1/2θ′ at

(diag(λ, λ−1), diag(aλ, aλ−1), ι(a, 1)), (diag(aλ, aλ−1), diag(λ, λ−1), ι(a, 1)).

The transfer factor is equal to 1 because the quadratic character ηF⊕F/F is trivial. If we take
the limit as λ ∈ F× → 1, we get

4DG′((I2, aI2, ι(a, 1)))1/2cθ′((I2, aI2, ι(a, 1))) + 4DG′((aI2, I2, ι(a, 1)))1/2cθ′((aI2, I2, ι(a, 1))).

Hence DH(νT (t))cθ(νT (t)) is equal to

cθ′((I2, aI2, ι(a, 1))) + cθ′((aI2, I2, ι(a, 1))).

This implies that

1

2

∑
T∈Tell(GU1,1)

∫
T ∗(F )

DH(νT (t))cθ(νT (t))dt =
1

2

∫
E1

cθ′((I2, aI2, ι(a, 1)))+cθ′((aI2, I2, ι(a, 1)))da

=

∫
E1

cθ′((aI2, I2, ι(a, 1)))da.

Similarly, we can show that (the negative sign comes from the Kottwitz sign between GU1,1

and GU2,0)

1

2

∑
T∈Tell(GU2,0)

∫
T ∗(F )

DH1(ν1,T (t))cθ1(ν1,T (t))dt = −
∫
E1

cθ′((aI2, I2, ι(a, 1)))da.

This recovers all the terms in mgeom,1(θ′). It remains to show that the summations of the
terms correspond to Tell(H), Tell(H1) and Tell(H4) are equal to zero. Fix a stable regular el-
liptic conjugacy class tst of H. We use H(tst) (resp. Hi(tst)) to denote the rational conjugacy
classes of H(F ) (resp. Hi(F )) in tst. We only need to show that

(5.1)
∑

t∈H(tst)

θ(t)−
∑

i∈{1,4}, ti∈Hi(tst)

θi(ti) = 0.

We have three cases (the second and third cases only happen in the p-adic case).

• tst = ((E,F, a1)∪(E,F, a2))×((E,F, b1)∪(E,F, b2)) with ai, bi ∈ E× and ηE/F (a1) =
ηE/F (a2) = ηE/F (b1) = ηE/F (b2).
• tst = ((E,F, a1)∪ (E,F, a2))× (E ′, F ′, b) or tst = (E ′, F ′, b)× ((E,F, a1)∪ (E,F, a2))

where F ′ 6= E is a quadratic extension of F , E ′ = F ′ ⊗F E, ai ∈ E× and b ∈ (E ′)×

such that ηE/F (a1) = ηE/F (a2) = ηE′/F ′(b).
• tst = (E ′, F ′, a)× (E ′′, F ′′, b) where F ′ 6= E (resp. F ′′ 6= E) is a quadratic extension

of F , E ′ = F ′ ⊗F E, E ′′ = F ′′ ⊗F E, a ∈ (E ′)× and b ∈ (E ′′)× such that ηE′/F ′(a) =
ηE′′/F ′′(b) ∈ F×.
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We will only consider the first case, the remaining two cases follows from a similar and easier
argument.

From now on, assume that tst = ((E,F, a1) ∪ (E,F, a2)) × ((E,F, b1) ∪ (E,F, b2)) with
ai, bi ∈ E× and ηE/F (a1) = ηE/F (a2) = ηE/F (b1) = ηE/F (b2). Then the sets H(tst) and
H1(tst)∪H4(tst) each contain two elements. As a stable conjugacy class of G = GU2,2×GU1,1,
tst corresponds to

((E,F, a1) ∪ (E,F, a2) ∪ (E,F, b1) ∪ (E,F, b2))× ((E,F, a1) ∪ (E,F, a2)).

Let ε1, ε2 be two elements in ker(trE/F ) ∩ E× that belong to different Im(NE/F )-orbits. If
ηE/F (−1) = 1, then the two elements in H(tst) are of the form (viewed as conjugacy classes
of GU4 ×GU2)
(5.2)
((E,F, a1, ε1) ∪ (E,F, a2, ε1) ∪ (E,F, b1, ε1) ∪ (E,F, b2, ε1))× ((E,F, a1, ε1) ∪ (E,F, a2, ε1)),

(5.3)
((E,F, a1, ε1) ∪ (E,F, a2, ε1) ∪ (E,F, b1, ε2) ∪ (E,F, b2, ε2))× ((E,F, a1, ε1) ∪ (E,F, a2, ε1))

and the two elements in H1(tst) ∪ H4(tst) are of the form (viewed as conjugacy classes of
GU4 ×GU2)
(5.4)
((E,F, a1, ε1) ∪ (E,F, a2, ε2) ∪ (E,F, b1, ε1) ∪ (E,F, b2, ε2))× ((E,F, a1, ε1) ∪ (E,F, a2, ε2)),

(5.5)
((E,F, a1, ε1) ∪ (E,F, a2, ε2) ∪ (E,F, b1, ε2) ∪ (E,F, b2, ε1))× ((E,F, a1, ε1) ∪ (E,F, a2, ε2)).

The stable conjugacy class tst corresponds to 6 stable conjugacy classes of G′(F ):

(5.6) ((E,F, a1) ∪ (E,F, a2))× ((E,F, b1) ∪ (E,F, b2))× ((E,F, a1) ∪ (E,F, a2)),

(5.7) ((E,F, b1) ∪ (E,F, b2))× ((E,F, a1) ∪ (E,F, a2))× ((E,F, a1) ∪ (E,F, a2)),

(5.8) ((E,F, a1) ∪ (E,F, b1))× ((E,F, a2) ∪ (E,F, b2))× ((E,F, a1) ∪ (E,F, a2)),

(5.9) ((E,F, a1) ∪ (E,F, b2))× ((E,F, a2) ∪ (E,F, b1))× ((E,F, a1) ∪ (E,F, a2)),

(5.10) ((E,F, a2) ∪ (E,F, b1))× ((E,F, a1) ∪ (E,F, b2))× ((E,F, a1) ∪ (E,F, a2)),

(5.11) ((E,F, a2) ∪ (E,F, b2))× ((E,F, a1) ∪ (E,F, b1))× ((E,F, a1) ∪ (E,F, a2)).

By our definition of the transfer factor, we know that the transfer factors between the
conjugacy classes (5.2), (5.3), (5.4), (5.5) and the conjugacy class (5.6) are equal to each
other. This implies that the value of θ′ at the conjugacy class (5.6) does not contribute to
the left hand side of (5.1). Similarly we can also show that the value of θ′ at the conjugacy
class (5.7) does not contribute to the left hand side of (5.1).

On the other hand, by our definition of the transfer factor, we know that the transfer
factors between the conjugacy classes (5.2), (5.3) (resp. (5.4), (5.5)) and the conjugacy class
(5.8) are opposite to each other. This implies that the value of θ′ at the conjugacy class
(5.8) does not contribute to the left hand side of (5.1). Similarly we can also show that the
values of θ′ at the conjugacy class (5.9), (5.9) and (5.10) do not contribute to the left hand
side of (5.1). This proves (5.1).
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If ηE/F (−1) = −1, then the two elements in H1(tst) ∪H4(tst) are of the form (viewed as
conjugacy classes of GU4 ×GU2)

((E,F, a1, ε1) ∪ (E,F, a2, ε1) ∪ (E,F, b1, ε1) ∪ (E,F, b2, ε1))× ((E,F, a1, ε1) ∪ (E,F, a2, ε1)),

((E,F, a1, ε1) ∪ (E,F, a2, ε1) ∪ (E,F, b1, ε2) ∪ (E,F, b2, ε2))× ((E,F, a1, ε1) ∪ (E,F, a2, ε1))

and the two elements in H(tst) are of the form (viewed as conjugacy classes of GU4 ×GU2)

((E,F, a1, ε1) ∪ (E,F, a2, ε2) ∪ (E,F, b1, ε1) ∪ (E,F, b2, ε2))× ((E,F, a1, ε1) ∪ (E,F, a2, ε2)),

((E,F, a1, ε1) ∪ (E,F, a2, ε2) ∪ (E,F, b1, ε2) ∪ (E,F, b2, ε1))× ((E,F, a1, ε1) ∪ (E,F, a2, ε2)).

We can prove (5.1) by a similar argument. This finishes the proof of the proposition. �

5.2. Some preparation. Let Πφ(G) be a tempered local L-packet of G(F ) whose central
character is trivial on ZG,H(F ) and θΠφ(G) =

∑
π∈Πφ(G) θπ be the distribution character

of Πφ(G). Recall the ρX = ρ1 ⊕ ρ2 with ρ1 = ∧2 ⊗ std2 and ρ2 = std4 ⊕ std∨4 . We
consider another model associated to G. Let Q = LU be a parabolic subgroup of G with
L ' (GL2(E) × GL1(F )) × GU1,1. Up to conjugation there are two generic characters of
U(F ) corresponding to two Hermitian forms of dimension 2. Let ψ+ be the character whose
centralizer in L(F ) is isomorphic to GU1,1(F )×GU1,1(F ). We can diagonally embed GU1,1

into this centralizer and we will denote its image by H ′0. The model (G,H ′ = H ′0 n U, ψ+)
is essentially the Gan–Gross–Prasad model (SO6 × SO3, SO3 n U) and it is an analogy of
the model (GL4×GL2,GL2 nU) of the previous section for unitary similitude groups. This
model has a unique pure inner form (GD, H

′
D = H ′0,DnU, ψ−) with GD = G1 = GU2,2×GU2,0

and H ′0,D ' GU2,0. One can easily prove the multiplicity formulas

m(π)′ = cπ(1) +
1

2

∑
T∈Tell(H′0)

∫
T (F )/ZH′0

(F )

DH′(t)cπ,OT,+(t)dt,

m(πD)′ =
1

2

∑
T∈Tell(H′0,D)

∫
T (F )/ZH′

0,D
(F )

DH′D(t)cπD,OT,−(t)dt

for these models by the same arguments as in the orthogonal Gan–Gross–Prasad models case
in [Wal1] and [Wal2]. Here for t ∈ Treg(F ), OT,+ (resp. OT,−) is the regular nilpotent orbit
in gt(F ) (resp. (gD)t(F )) corresponding to the character ψ+ (resp. ψ−). We will denote this
model by (GU4 ×GU2,GU2 n U).

The above multiplicity formulas imply that∑
π∈Πφ(G)

m(π)′+
∑

πD∈Πφ(GD)

m(πD)′ = cθΠφ(G)
(1)+

1

2

∑
T∈Tell(H′0)

∫
T (F )/ZH′0

(F )

DH′(t)cθΠφ(G),OT,+(t)dt

+
1

2

∑
T∈Tell(H′0,D)

∫
T (F )/ZH′

0,D
(F )

DH′D(t)cθΠφ(GD),OT,−(t)dt = cθΠφ(G)
(1) = 1,

i.e. the summation of the multiplicities is equal to 1 over every tempered local L-packet. In
particular, we know that for an irreducible tempered representation of G(F ), the expression

1

2

∑
T∈Tell(H′0)

∫
T (F )/ZH′0

(F )

DH′(t)cπ,OT,+(t)dt

is equal to 0 or −1.
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The goal of this section is to prove the following lemma (recall the χφ is the central
character of the L-packet of GU4 obtained from Πφ(G)).

Lemma 5.5. We have

(1) ∫
T ′0(F )

DH(νT ′0(t))cθΠφ(G)
(νT ′0(t))dt =

χφ(−1)ε(1
2
,Πφ, ρ2)− 1

2
.

(2) If Πφ(G) is not a discrete L-packet with only one element, or if the central character
of Πφ(G) is trivial, then

1

2

∑
T∈Tell(H′0)

∫
T (F )/ZH′0

(F )

DH′(t)cθΠφ(G)
(t)dt =

χφ(−1)ηE/F (−1)ε(1
2
,Πφ, ρ1)− 1

2
.

(3) If Πφ(G) is not a discrete L-packet with only one element, or if the central character
of Πφ(G) is trivial, then

1

2

∑
T∈Tell(H′0)

∫
T (F )/ZH′0

(F )

DH′(t)cθΠφ(G),OT,+(t)dt =
χφ(−1)ηE/F (−1)ε(1

2
,Πφ, ρ1)− 1

2
.

Proof. The first part follows from the multiplicity formulas and the epsilon dichotomy for
the Gan–Gross–Prasad model (U4 × U1, U1 n U) proved in [Beu1], [Beu3], [Xue] (we just
need to first restrict the L-packet to GU2,2, then further restrict to U2,2). Note that
χφ(−1)ε(1

2
,Πφ, ρ2) is equal to the epsilon factor of the base change of the packet to GL4(E).

The second part is equivalent to the third part since cθΠφ(G),OT,+(t) = cθΠφ(G)
(t) (this is

because the character θΠφ(G) is stable). We first consider the case when the packet is induced
from a maximal Levi subgroup M . In this case we will prove the second part of the lemma.
We use Πφ(M) to denote the corresponding L-packet of M such that the packet Πφ(G) is
induced from the packet Πφ(M). If M(F ) is equal to GU2,2(F ) × (GL1(E) × GL1(F )), by
Proposition 2.2, we have

1

2

∑
T∈Tell(H′0)

∫
T (F )/ZH′0

(F )

DH′(t)cθΠφ(G)
(t)dt = 0 =

χφ(−1)ηE/F (−1)ε(1
2
,Πφ, ρ1)− 1

2
.

Note that in this case we can decompose ρ1 ◦ φ as the direct sum of a 6-dimensional repre-
sentation with its dual and the determinant of the 6-dimensional representation is equal to
χφ(−1)ηE/F (−1) at −1. This implies that χφ(−1)ηE/F (−1)ε(1

2
,Πφ, ρ1) = 1.

If M(F ) is isomorphic to GL2(E)×GL1(F )×GU1,1(F ), we may assume that M = L. By
Proposition 2.2, we have

1

2

∑
T∈Tell(H′0)

∫
T (F )/ZH′0

(F )

DH′(t)cθΠφ(G)
(t)dt =

1

2

∑
T∈Tell(H′0)

∫
T (F )/ZH′0

(F )

DH′0(t)θΠφ(M)(t)dt.

Meanwhile, the epsilon factor χφ(−1)ε(1
2
,Πφ, ρ1) is equal to the tensor product epsilon factor

of GL2(E)×GL2(F )×GL1(F ) as in Theorem D of [P92]. To be specific, we can decompose ρ1◦
φ as the direct sum of a 8-dimensional representation with two 2-dimensional representations
that are dual to each other and whose determinant is equal to χφ(−1) at −1. The epsilon
factor corresponds to the 8-dimensional representation is equal to the tensor product epsilon
factor of GL2(E)×GL2(F )×GL1(F ) while the epsilon factor of the remaining 4-dimensional
representation is equal to χφ(−1). Then the second part follows from the epsilon dichotomy
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(Theorem D of [P92]) and the multiplicity formula (Section 4.5 of [WZ1]) for the generalized
trilinear model (GL2(E)×GL2(F ),GL2(F )). Note that Section 4.5 of [WZ1] and Theorem D
of [P92] only considered the p-adic case, but the multiplicity formula in the Archimedean case
follows from a very similar argument as in the p-adic case, while the epsilon dichotomy in the
Archimedean case follows from the epsilon dichotomy of the Waldspurger model (because all
tempered representations of GL2(C) are principal series).

If M(F ) is isomorphic to GU1,1(F )×GL1(E)×GU1,1(F ), by Proposition 2.2, we have (ι
is an embedding from E2,◦ to GU1,1(F ))

1

2

∑
T∈Tell(H′0)

∫
T (F )/ZH′0

(F )

DH′(t)cθΠφ(G)
(t)dt =

∫
E1

θΠφ(M)(I2, a, ι(a, 1))da.

By first restricting the packet to the second and third components of M(F ) and then further
restricting to U1(F )×U1,1(F ) we get an L-packet of U1(F )×U1,1(F ) and we let Π be its base
change to GL1(E)×GL2(E). We can decompose ρ1 ◦φ as the direct sum of a 4-dimensional
representation with two 4-dimensional representations that are dual to each other and whose
determinant is equal to 1 at −1. The epsilon factor corresponding to the first 4-dimensional
representation is equal to the tensor product epsilon factor of Π times ηE/F (−1)χφ(−1).
Hence χφ(−1)ηE/F (−1)ε(1

2
,Πφ, ρ1) is equal to the tensor product epsilon factor of Π. Then

the second part follows from the epsilon dichotomy and the multiplicity formula for the
Gan–Gross–Prasad model (U2, U1).

It remains to prove the third part for the remaining cases (i.e. when the packet is discrete).
We just need to show that if χφ(−1)ηE/F (−1)ε(1

2
,Πφ, ρ) = 1 (resp. χφ(−1)ηE/F (−1)ε(1

2
,Πφ, ρ) =

−1) then the distinguished element for the model (GU4 ×GU2,GU2 nU) belongs to Πφ(G)
(resp. Πφ(GD)).

If the packet is discrete with one element, then F must be p-adic and by assumption
we know the central character is trivial. In this case under the lower rank isomorphisms
PGU2,2 ' PGSO6 and PGU1,1 ' SO3, Πφ(G) induces an L-packet of SO6 × SO3 (here SO3

is the split odd special orthogonal group of rank 1 and SO6 is a quasi-split but not split
even special orthogonal group of rank 3). Then the second part follows from the multiplicity
formulas and the epsilon dichotomy for the Gan–Gross–Prasad model (SO6×SO3, SO3 nU)
([Wal1], [Wal2], [Wal3]).

The last case is when Πφ(G) is discrete and contains more than one element. In this case,
the centralizer Zφ contains element that does not belong to the center. Let (G′, s′, Lη) be a
proper elliptic extended endoscopic triple with G′ = G(U1,1×U1,1)×GU1,1, s′ = (s1, 1, I2, 1) ∈
Zφ, s1 is conjugate to diag(I2,−I2) and Lη is the natural embedding. We use Πφ(G′) to denote
the associated L-packet of G′. We know that the character

∑
π∈Πφ(G) χπ(s′)θπ of G(F ) is the

transfer of the stable character θΠφ(G′) =
∑

τ∈Πφ(G′) θτ of G′(F ).

By the same argument as in the orthogonal Gan–Gross–Prasad model case in Section 3.3
of [Wal3], we can prove the endoscopic relation∑

π∈Πφ(G)

χπ(s′) · (cθπ(1) +
1

2

∑
T∈Tell(H′0)

∫
T (F )/ZH′0

(F )

DH′(t)cπ,OT,+(t)dt)

=cθΠφ(G′)
(1) +

∫
E1

cθΠφ(G′)
(aI2, I2, ι(a, 1))da+

1

2

∑
T∈Tell(GU1,1)

∫
T ∗(F )

DGU1,1(t)θΠφ(G′)(t, t, t)dt.
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Recall that T ∗(F ) = T (F )/ZGU1,1(F ) = T (F )/ZGU2,0(F ). Meanwhile, as in Section 2.5,
we can decompose ρ1 ◦ φ as ρ1,s′,φ ⊕ ρ′1,s′,φ. The packet Πφ(G′) induces a packet of U1,1 by
restricting to the third copy of G′. By the epsilon dichotomy and the multiplicity formulas
for the Gan–Gross–Prasad model (U2, U1), we have∫

E1

cθΠφ(G′)
(aI2, I2, ι(a, 1))da =

χφ(−1)ηE/F (−1)ε(1
2
, ρ′1,s′,φ)− 1

2
.

On the other hand, by Theorem 8.1 of [La], the packet Πφ(G′) is the restriction of an
irreducible tempered representation Π′ of GU1,1(F ) × GU1,1(F ) × GU1,1(F ) to G′(F ) (the
choice of Π′ is not unique) and Π′ induces an irreducible tempered representation Π of
GL2(F ) × GL2(F ) × GL2(F ). By the epsilon dichotomy ([P90], [L01]) and the multiplicity
formulas ([Wan16]) for the trilinear GL2 model (GL2 ×GL2 ×GL2,GL2) , we have

1

2

∑
T∈Tell(GU1,1)

∫
T ∗(F )

DGU1,1(t)θΠφ(G′)(t, t, t)dt =
ε(1

2
, ρ1,s′,φ)− 1

2
.

This implies that

∑
π∈Πφ(G)

χπ(s′)m′(π) =
ε(1

2
, ρ1,s′,φ) + χφ(−1)ηE/F (−1)ε(1

2
, ρ′1,s′,φ)

2
.

If χφ(−1)ηE/F (−1)ε(1
2
,Πφ, ρ1) = 1, then

ε(1
2
, ρ1,s′,φ) + χφ(−1)ηE/F (−1)ε(1

2
, ρ′1,s′,φ)

2
= ε(

1

2
, ρ1,s′,φ) 6= 0

and hence the unique distinguished element belongs to Πφ(G). If χφ(−1)ηE/F (−1)ε(1
2
,Πφ, ρ1) =

−1, then

ε(1
2
, ρ1,s′,φ) + χφ(−1)ηE/F (−1)ε(1

2
, ρ′1,s′,φ)

2
= 0

and hence the unique distinguished element belongs to Πφ(GD). This proves the lemma. �

It is clear that for a tempered L-packet Πφ(G) of G(F ) whose central character is trivial
on ZG,H(F ), the identity

1

2

∑
T∈Tell(H′0)

∫
T (F )/ZH′0

(F )

DH′(t)cθΠφ(G)
(t)dt =

χφ(−1)ηE/F (−1)ε(1
2
,Πφ, ρ1)− 1

2

is equivalent to the following conjecture which is an analogy of Conjecture 1.6 for the model
(G,H0 n U) = (GU4,GU2 n U).

Conjecture 5.6. The unique distinguished element for the model (GU4 × GU2,GU2 n U)
belongs to Πφ(G) (resp. Πφ(GD)) if and only if χφ(−1)ηE/F (−1)ε(1

2
,Πφ, ρ1) = 1 (resp.

χφ(−1)ηE/F (−1)ε(1
2
,Πφ, ρ1) = −1).
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5.3. The proof of Theorem 1.9 for (GU4 ×GU2, (GU2 ×GU2)0). In this subsection we
will prove Theorem 1.9 for (GU4 × GU2, (GU2 × GU2)0). Let Πφ = Πφ(G) ∪ Πφ(Gi) be a
tempered L-packet of G/ZG,H and let θΠφ(G) (resp. θΠφ(Gi)) be the distribution character
of the packet Πφ(G) (resp. Πφ(Gi)). Then we know that θΠφ(G) is the transfer of aiθΠφ(Gi)

where a3 = 1 and a1 = a2 = a4 = −1. Combining with the multiplicity formula, we have
(note that cθΠφ(G)

(1) = 1 since there is a unique generic element in the packet)

mgeom(θΠφ(G)) +mgeom(θΠφ(G1)) +mgeom(θΠφ(G4)) = 1 +

∫
T ′0(F )

DH(νT ′0(t))cθΠφ(G)
(νT ′0(t))dt,

mgeom(θΠφ(G)) +mgeom(θΠφ(G2)) = 1 +
1

2

∑
T∈Tell(GU1,1)

∫
T ∗(F )

DH(νT (t))cθΠφ(G)
(νT (t))dt,

mgeom(θΠφ(G3))+mgeom(θΠφ(G1))+mgeom(θΠφ(G4)) = −1

2

∑
T∈Tell(GU1,1)

∫
T ∗(F )

DH(νT (t))cθΠφ(G)
(νT (t))dt,

mgeom(θΠφ(G3)) +mgeom(θΠφ(G2)) = −
∫
T ′0(F )

DH(νT ′0(t))cθΠφ(G)
(νT ′0(t))dt.

From now on, assume that |Πφ(G)| > 1 or the central character of Πφ(G) is trivial.
Combine the above equations with Lemma 5.5, we have

(5.12) mgeom(θΠφ(G)) = 1 ⇐⇒ χφ(−1)ηE/F (−1)ε(
1

2
,Πφ, ρ1) = χφ(−1)ε(

1

2
,Πφ, ρ2) = 1,

mgeom(θΠφ(G1))+mgeom(θΠφ(G4)) = 1 ⇐⇒ −χφ(−1)ηE/F (−1)ε(
1

2
,Πφ, ρ1) = χφ(−1)ε(

1

2
,Πφ, ρ2) = 1,

mgeom(θΠφ(G2)) = 1 ⇐⇒ χφ(−1)ηE/F (−1)ε(
1

2
,Πφ, ρ1) = −χφ(−1)ε(

1

2
,Πφ, ρ2) = 1,

mgeom(θΠφ(G3)) = 1 ⇐⇒ χφ(−1)ηE/F (−1)ε(
1

2
,Πφ, ρ1) = χφ(−1)ε(

1

2
,Πφ, ρ2) = −1.

This proves Conjecture 5.1 for the packet Πφ.
Let ωφ be the character of Sφ corresponding to the unique distinguished element of the

L-packet and we also view it as a character of Zφ. Fix s ∈ Sφ and let (G′, s′, Lη) be an
elliptic extended endoscopic triple of G/ZG,H such that s′ ∈ Zφ is a lifting of s. We need to
show that ωφ,H(s) = ωφ(s′). By the above relation and the definition of ωφ,H we know that
ωφ,H(s) = χφ(s′) if s′ belongs to the center of the dual group. Then we consider the case
when s′ does not belong to the center of the dual group. We will only study the case when

s′ = (s1, I2, 1) ∈ Ĝ/ZG,H = GL4(C) × GL2(C) × GL1(C), the case when s′ = (s1,−I2, 1)
follows from a similar argument (recall that s1 is an element in GL4(C) which is conjugate
to diag(I2,−I2)).

We first consider the case when the distinguished element belongs to Πφ(G) ∪ Πφ(G1) ∪
Πφ(G4). This implies that

χφ(−1)ηE/F (−1)ε(
1

2
,Πφ, ρ1) ∈ {±1}, χφ(−1)ε(

1

2
,Πφ, ρ2) = 1.

As in Section 2.5 we have decomposition (we refer the reader to Section 2.5 for various
notation)

ρ1 ◦ φ = ρ1,s′,φ ⊕ ρ′1,s′,φ, ρ2 ◦ φ = ρ2,s′,φ,+ ⊕ ρ2,s′,φ,−
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and the equation

ωφ,H(s) = ηE/F (−1)χφ,s′,2(−1)ε(
1

2
, ρ1,s′,φ ⊕ ρ2,s′,φ,−).

The Langlands parameter φ induces a parameter φ of G′′ = G(U1,1 × U1,1) × GU1,1 and we
let Πφ(G′′) be the corresponding L-packet.

By the formula of endoscopy in Proposition 5.4 together with the epsilon dichotomy and
the multiplicity formula for the Gan–Gross–Prasad model (U2, U1), we have∑

π∈Πφ(G)

χπ(s′)m(π)−
∑

π1∈Πφ(G1)

χπ1(s′)m(π1)−
∑

π4∈Πφ(G4)

χπ4(s′)m(π4)

= 1 +
ηE/F (−1)χφ,s′,1(−1)ε(1

2
, ρ2,s′,φ,+)− 1

2

+
ηE/F (−1)χφ,s′,2(−1)ε(1

2
, ρ2,s′,φ,−)− 1

2
+ (ηE/F (−1)χφ(−1)ε(

1

2
, ρ′1,s′,φ)− 1)

+
(ηE/F (−1)χφ(−1)ε(1

2
, ρ′1,s′,φ)− 1)(ηE/F (−1)χφ,s′,1(−1)ε(1

2
, ρ2,s′,φ,+)− 1)

2

+
(ηE/F (−1)χφ(−1)ε(1

2
, ρ′1,s′,φ)− 1)(ηE/F (−1)χφ,s′,2(−1)ε(1

2
, ρ2,s′,φ,−)− 1)

2

=
χφ(−1)ε(1

2
, ρ′1,s′,φ) · (χφ,s′,1(−1)ε(1

2
, ρ2,s′,φ,+) + χφ,s′,2(−1)ε(1

2
, ρ2,s′,φ,−))

2
.

Since χφ(−1)ε(1
2
,Πφ, ρ2) = 1, we have

χφ,s′,1(−1)ε(
1

2
, ρ2,s′,φ,+) = χφ,s′,2(−1)ε(

1

2
, ρ2,s′,φ,−)

which implies that∑
π∈Πφ(G)

χπ(s′)m(π)−
∑

π1∈Πφ(G1)

χπ1(s′)m(π1)−
∑

π4∈Πφ(G4)

χπ4(s′)m(π4)

= χφ(−1)ε(
1

2
, ρ′1,s′,φ) · χφ,s′,2(−1)ε(

1

2
, ρ2,s′,φ,−).

If χφ(−1)ηE/F (−1)ε(1
2
,Πφ, ρ1) = 1, the distinguished element belongs to Πφ(G) and we

have χφ(−1)ε(1
2
, ρ′1,s′,φ) = ηE/F (−1)ε(1

2
, ρ1,s′,φ). This implies that

ωφ(s′) =
∑

π∈Πφ(G)

χπ(s′)m(π)−
∑

π1∈Πφ(G1)

χπ1(s′)m(π1)−
∑

π4∈Πφ(G4)

χπ4(s′)m(π4)

= χφ,s′,2(−1)ηE/F (−1)ε(
1

2
, ρ1,s′,φ) · ε(1

2
, ρ2,s′,φ,−) = ωφ,H(s).

If χφ(−1)ηE/F (−1)ε(1
2
,Πφ, ρ1) = −1, the distinguished element belongs to Πφ(G1)∪Πφ(G4)

and we have χφ(−1)ε(1
2
, ρ′1,s′,φ) = −ηE/F (−1)ε(1

2
, ρ1,s′,φ). This implies that

ωφ(s′) = −(
∑

π∈Πφ(G)

χπ(s′)m(π)−
∑

π1∈Πφ(G1)

χπ1(s′)m(π1)−
∑

π4∈Πφ(G4)

χπ4(s′)m(π4))

= χφ,s′,2(−1)ηE/F (−1)ε(
1

2
, ρ1,s′,φ) · ε(1

2
, ρ2,s′,φ,−) = ωφ,H(s).
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This proves the identity ωφ(s′) = ωφ,H(s) when the distinguished element belongs to Πφ(G)∪
Πφ(G1) ∪ Πφ(G4). The argument for the case when the distinguished element belongs to
Πφ(G2) ∪ Πφ(G3) is similar (we just need use the second equation in Proposition 5.4) and
we will skip it here. This finishes the proof of the theorem.

5.4. The proof of Theorem 1.9 for (GU6,GU2 n U). In this subsection we will prove
Theorem 1.9 for the model (GU6,GU2 nU). We first recall the definition of the model. Let
G = GU3,3, and P = LU be the standard parabolic subgroup of G with

L(F ) ={m(g, h) =
( g

h
l(h)g∗

)
| g ∈ GL2(E), g∗ = w2

tḡ−1w2, h ∈ GU1,1(F )},

Let ξ be a generic character of U(F ) given by

ξ(u(X, Y )) = ψ(λ(u(X, Y ))), λ(u(X, Y )) = trE/F (tr(X)).

Then the stabilizer of ξ under the adjoint action of L(F ) is

H0(F ) := {m(h, h) | h ∈ GU1,1(F )} = {diag(h, h, h) | h ∈ GU1,1(F )}.

Let H = H0 n U and we extend the character ξ to H(F ) by making it trivial on H0(F ).
The model (G,H, ξ) is the analogue of the Ginzburg–Rallis model. We can also define
the quaternion (non quasi-split) version of this model by letting GD = GU4,2 be the non
quasi-split unitary similitude group. In this case, we have H0,D = GU2,0.

For a quasi-character θ (resp. θD) of G(F ) (resp. GD(F )), define the geometric multiplic-
ities

mgeom(θ) = cθ(1) +
∑

T∈Tell(H0)

|W (H0, T )|−1

∫
T (F )/ZG,H(F )

DH(t)cθ(t)dt,

mgeom(θD) =
∑

TD∈Tell(H0,D)

|W (H0,D, TD)|−1

∫
TD(F )/ZGD,HD (F )

DHD(t)cθD(t)dt.

In our previous paper [WZ1], we have proved the multiplicity formulas

m(π) = mgeom(θπ), m(πD) = mgeom(θπD)

for all tempered representations π (resp. πD) of G(F ) (resp. GD(F )) in the p-adic case.
For the rest of this section we will assume that the multiplicity formulas hold for both the
p-adic case and the real case. Now we study the behaviors of the geometric multiplicities
under endoscopy and under parabolic induction. We first define the geometric multiplicities
associated to parabolic subgroups and elliptic endoscopic groups.

Let M be a proper maximal Levi subgroup of G and θM be a quasi-character on M(F ). If
M is the Siegel Levi subgroup of G, define mgeom(θM) = cθM (1). Otherwise, M corresponds

to a proper Levi subgroup MD of GD. Let θMD
D be a quasi-character on MD(F ). If M = L

(and hence MD = LD), define

mgeom(θM) = cθM (1) +
∑

T∈Tell(H0)

|W (H0, T )|−1

∫
T (F )/ZG,H(F )

DH0(t)θM(t)dt,

mgeom(θMD
D ) =

∑
TD∈Tell(H0,D)

|W (H0,D, TD)|−1

∫
TD(F )/ZGD,HD (F )

DH0,D(t)θMD
D (t)dt.
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If M(F ) ' GU2,2(F )×GL1(E), let T0(F ) ' E2,◦ be a maximal elliptic torus of GU1,1(F )
and we fix an isomorphism T0(F ) ' E2,◦. We embed it into M(F ) via the map:

ν(t) = diag(a, b, t, b, a), t ∈ T0(F ) corresponds to (a, b) ∈ E2,◦.

Note that the image of the embedding is contained in the Levi subgroup GU1,1(F )×GL1(E)×
GL1(E). Similarly we can also define an embedding from a maximal elliptic torus T0,D(F ) '
E2,◦ of GU2,0(F ) into MD(F ) which is denoted by νD. Define

mgeom(θM) = cθM (1) +

∫
T0(F )/ZGU1,1

(F )

DGU1,1(t)cθM (ν(t))dt,

mgeom(θMD
D ) =

∫
T0,D(F )/ZGU2,0

(F )

DGU2,0(t)c
θ
MD
D

(νD(t))dt.

The following proposition is a direct consequence of Proposition 2.2.

Proposition 5.7. Let θ (resp. θD) be a quasi-character on G(F ) (resp. GD(F )). Assume
that θ (resp. θD) is the parabolic induction of a quasi-character θM (resp. θMD

D ) of a proper
maximal Levi subgroup M of G (resp. MD of GD). We have

mgeom(θ) = mgeom(θM), mgeom(θD) = mgeom(θMD
D ).

Next we study the behavior of the geometric multiplicities under endoscopic transfer.
Let (G′, s′, Lη) be a proper extended endoscopic triple with G′ = G(U1,1 × U2,2), s′ =

(diag(I2,−I4), 1) ∈ Ĝ = GL6(C) × GL1(C) and Lη be the natural embedding. Let θ′ be
a quasi-character on G′(F ). Using the diagonal embedding from GU1,1 to GU2,2 in the
previous case we get a diagonal embedding from GU1,1 to G′ (denoted by ν ′). Like in
the previous case, we have an embedding, denoted by ν, from E1 into G′(F ) given by
a 7→ diag(1, ι(a, 1), 1)× aI2. We define

mgeom(θ′) = cθ′(1)+
∑

T∈Tell(GU1,1)

1

2

∫
T ∗(F )

DGU1,1(t)2cθ′(ν
′(t))dt+

∫
E1

DGU1,1(ι(a, 1))cθ′(ν(a))da,

mgeom,D(θ′) =
∑

T∈Tell(GU1,1)

1

2

∫
T ∗(F )

DGU1,1(t)2cθ′(ν
′(t))dt−

∫
E1

DGU1,1(ι(a, 1))cθ′(ν(a))da.

Proposition 5.8. Let θ (resp. θD) be a quasi-character on G(F ) (resp. GD(F )). Assume
that θ (resp. θD) is the endoscopic transfer of a quasi-character θ′ of G′(F ) . We have

mgeom(θ) = mgeom(θ′), mgeom(θD) = mgeom,D(θ′).

Proof. We will only prove the quasi-split case, the quaternion case follows from a similar
argument. Recall that

mgeom(θ) = cθ(1) +
∑

T∈Tell(H0)

|W (H0, T )|−1

∫
T (F )/ZG,H(F )

DH(t)cθ(t)dt.

The proof of the identity cθ(1) = cθ′(1) is easy and we will skip it here. Now we fix T ∈
Tell(H0) and we will study the term corresponding to T in mgeom(θ). The element t ∈
T (F ) ⊂ G(F ) is of the form diag(t0, t0, t0) with t0 ∈ GU1,1(F ) belongs to the torus that
is isomorphic to T . There is a natural bijection T ↔ FT between Tell(H0) and the set of
quadratic extensions of F .
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If FT 6= E, then ET = FT ⊗F E is a quadratic extension of E and we can identify t0 with
an element in E×T whose norm (with respect to the quadratic extension ET/FT ) belongs to
F×. By Proposition 2.2, we have (assume that t ∈ Treg(F ), i.e. t does not belong to the
center)

DH(t)cθ(t) = DGU1,1(t0)−1/2DG(t)1/2cθ(t)

=
1

2
lim

λ∈F×,λ→1
DGU1,1(t0)−1/2DG(diag(λt0, t0, λ

−1t0))1/2θ(diag(λt0, t0, λ
−1t0)).

Under the notation of Section 2.4, the conjugacy class diag(λt0, t0, λ
−1t0) is of the form (note

that ci is unique in this case and hence we will ignore it)

(ET , FT , t0) ∪ (ET ⊕ ET , ET , (λt0, λ−1t̄0)).

This conjugacy class corresponds to a unique conjugacy class in G′ = G(U1,1 × U2,2) given
by

(ET , FT , t0)× (ET ⊕ ET , ET , (λt0, λ−1t̄0))

and the transfer factor is trivial since the quadratic character ηET⊕ET /ET is trivial. As a
result, we have

DH(t)cθ(t) =
1

2
lim

λ∈F×,λ→1
DGU1,1(t0)−1/2DG(diag(λt0, t0, λ

−1t0))1/2θ(diag(λt0, t0, λ
−1t0))

=
1

2
lim

λ∈F×,λ→1
DGU1,1(t0)−1/2DG′(t0 × diag(λt0, λ

−1t0))1/2θ′(t0 × diag(λt0, λ
−1t0))

= DGU1,1(t0)−1/2DG′(t0 × diag(t0, t0))1/2cθ′(t0 × diag(t0, t0)) = DGU1,1(t0)2cθ′(ν
′(t0))

where the first equation in the third line follows from Proposition 2.2. This implies that the
terms in mgeom(θ) and mgeom(θ′) associated to T are equal to each other.

If ET = E, then we can identify t0 with an element in (a, b) ∈ E2,◦. By Proposition 2.2,
we know that (assume that t ∈ Treg(F )) DH(t)cθ(t) is equal to 1

4
DGU1,1(t0)−1/2 times the

limit of DG(·)1/2cθ(·) at the conjugacy class

(E,F, a) ∪ (E,F, b) ∪ (E ⊕ E,E, (λ1a, λ
−1
1 ā)) ∪ (E ⊕ E,E, (λ2b, λ

−1
2 b̄))

as λi → 1. In this case ci is again unique and we will ignore it. This conjugacy class
corresponds to three conjugacy classes in G′ = G(U1,1 × U2,2) given by

((E,F, a) ∪ (E,F, b))× (E ⊕ E,E, (λ1a, λ
−1
1 ā)) ∪ (E ⊕ E,E, (λ2b, λ

−1
2 b̄)),

(E ⊕ E,E, (λ1a, λ
−1
1 ā)))× ((E,F, a) ∪ (E,F, b) ∪ (E ⊕ E,E, (λ2b, λ

−1
2 b̄)),

(E ⊕ E,E, (λ2b, λ
−1
2 b̄)))× ((E,F, a) ∪ (E,F, b) ∪ (E ⊕ E,E, (λ1a, λ

−1
1 ā)).

The transfer factor for the first conjugacy class is trivial since the quadratic character ηE⊕E/E
is trivial. Moreover, by the same argument as in the previous case, this recovers the term in
mgeom(θ′) associated to T .

For the second and third conjugacy classes, the transfer factor is still trivial by Section
1.11 of [Wal]. The second and third conjugacy classes give us the expression

1

4
lim

λi∈F×,λi→1
DGU1,1(t0)−1/2DG′(diag(aλ1, aλ

−1
1 )× diag(bλ2, t0, λ

−1
2 b))1/2θ′(diag(aλ1, aλ

−1
1 )

×diag(bλ2, t0, λ
−1
2 b))+

1

4
lim

λi∈F×,λi→1
DGU1,1(t0)−1/2DG′(diag(bλ2, bλ

−1
2 )×diag(aλ1, t0, λ

−1
1 a))1/2

θ′(diag(bλ2, bλ
−1
2 )× diag(aλ1, t0, λ

−1
1 a)) = DGU1,1(t0)−1/2DG′(aI2 × diag(b, t0, b))

1/2
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cθ′(aI2 × diag(b, t0, b)) +DGU1,1(t0)−1/2DG′(bI2 × diag(a, t0, a))1/2cθ′(bI2 × diag(a, t0, a))

= DGU1,1(t0)cθ′(aI2 × diag(b, t0, b)) +DGU1,1(t0)cθ′(bI2 × diag(a, t0, a)).

Up to modulo the center, this recovers the term associated to E1 in mgeom(θ′). This finishes
the proof of the proposition. �

Let Πφ = Πφ(G) ∪ Πφ(GD) be a tempered L-packet of G/ZG,H . We assume that Πφ(G)
is not discrete with one element. We first prove that the distinguished element belongs to
Πφ(G) if and only if ηE/F (−1)ε(1

2
,Πφ, ρX) = 1, which is equivalent to the equation

(5.13)
∑

T∈Tell(H0)

|W (H0, T )|−1

∫
T (F )/ZG,H(F )

DH(t)cθΠφ(G)
(t)dt =

ηE/F (−1)ε(1
2
,Πφ, ρX)− 1

2
.

There are two cases. The first case is when the packet is induced from a maximal Levi
subgroup M of G. If M is the Siegel parabolic subgroup, we have∑

T∈Tell(H0)

|W (H0, T )|−1

∫
T (F )/ZG,H(F )

DH(t)cθΠφ(G)
(t)dt = 0 =

ηE/F (−1)ε(1
2
,Πφ, ρX)− 1

2
.

Note that in this case we can decompose the representation ρX ◦ φ into the direct sum of a
10 dimensional representation with its dual such that the determinant of the 10 dimensional
representation is equal to ηE/F (−1) at −1. This implies that ηE/F (−1)ε(1

2
,Πφ, ρX) = 1. If

M ' GU2,2×GL1(E) (resp. M ' GU1,1×GL2(E)), (5.13) follows from Proposition 5.7 and
Lemma 5.5 (1) (resp. Theorem D of [P92]).

Next we consider the case when the packet is discrete. By our assumption the packet Πφ(G)
contains more than one element. Let (G′, s′, Lη) be a proper elliptic extended endoscopic
triple of G with G′ = G(U1,1 × U2,2) and s′ ∈ Zφ. The L-parameter φ of G can be viewed
as a L-parameter (still denoted by φ) of the endoscopic group G′. As in Section 2, we
can decompose ρX ◦ φ as ρ1,φ,s′ ⊕ ρ2,φ,s′ where dim(ρ1,φ,s′) = 12 and dim(ρ2,φ,s′) = 8. By the
endoscopic relation in Proposition 5.8 and Lemma 5.5 (note that since we have assumed that
Conjecture 5.6 holds, the three identities in Lemma 5.5 hold for all tempered L-packets), we
have ∑

π∈Πφ(G)

χπ(s′) · (cπ(1) +
∑

T∈Tell(H0)

|W (H0, T )|−1

∫
T (F )/ZG,H(F )

DH(t)cπ(t)dt)

= cθΠφ(G′)
(1) +

∑
T∈Tell(GU1,1)

1

2

∫
T ∗(F )

DGU1,1(t)2cθ′(ν
′(t))dt+

∫
E1

DGU1,1(ta)cθΠφ(G′)
(ν(a))da

= 1 +
χφ,s′(−1)ηE/F (−1)ε(1

2
, ρ1,φ,s′)− 1

2
+
χφ,s′(−1)ε(1

2
, ρ2,φ,s′)− 1

2

=
χφ,s′(−1)ηE/F (−1)ε(1

2
, ρ1,φ,s′) + χφ,s′(−1)ε(1

2
, ρ2,φ,s′)

2
.

Here χφ,s′ was defined in Section 2.5. Note that by Theorem 8.1 of [La], the packet Πφ(G′)
is the restriction of an L-packet Π′ of GU2,2×GU1,1 which allows us to apply Lemma 5.5. In
particular, we know that the above summation is nonzero (⇐⇒ the distinguished element
belongs to Πφ(G)) if and only if ηE/F (−1)ε(1

2
,Πφ, ρX) = 1. This proves (5.13).

Now we prove Theorem 1.9. Let Πφ = Πφ(G) ∪ Πφ(GD) be as above and let ωφ ∈ Ŝφ
correspond to the unique distinguished element in the packet and we also view ωφ as a
character of Zφ. For s ∈ Sφ, let (G′, s′, Lη) be an elliptic extended endoscopic triple of
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G/ZG,H with s′ ∈ sZ◦φ. We need to show that ωφ(s′) = ωφ,H(s). The above discussion
implies that ωφ(s′) = ωφ,H(s) if s′ belongs to the center. It remains to consider the case
when s′ does not belong to the center. We only consider the case when the −1 eigenspace of
s′ is 4 dimensional. The argument for the case when the −1 eigenspace of s′ is 2 dimensional

is similar (note that s′ ∈ Ĝ/ZG,H = SL6(C)). In this case the L-parameter φ induces a
L-parameter of G′′ = G(U1,1 × U2,2) (still denoted by φ). We still decompose ρX ◦ φ as
ρ1,φ,s′ ⊕ ρ2,φ,s′ where dim(ρ1,φ,s′) = 12 and dim(ρ2,φ,s′) = 8. By our discussion above, we have∑

π∈Πφ(G)

χπ(s′)m(π) =
χφ,s′(−1)ηE/F (−1)ε(1

2
, ρ1,φ,s′) + χφ,s′(−1)ε(1

2
, ρ2,φ,s′)

2
.

Similarly we can also show that∑
πD∈Πφ(GD)

χπD(s′)m(πD) =
−χφ,s′(−1)ηE/F (−1)ε(1

2
, ρ1,φ,s′) + χφ,s′(−1)ε(1

2
, ρ2,φ,s′)

2
.

If the distinguished element belongs to Πφ(G), then ηE/F (−1)ε(1
2
,Πφ, ρX) = 1 and hence

ωφ(s′) =
∑

π∈Πφ(G)

χπ(s′)m(π) =
χφ,s′(−1)ηE/F (−1)ε(1

2
, ρ1,φ,s′) + χφ,s′(−1)ε(1

2
, ρ2,φ,s′)

2

= χφ,s′(−1)ε(
1

2
, ρ2,φ,s′) = ωφ,H(s).

If the distinguished element belongs to Πφ(GD), then ηE/F (−1)ε(1
2
,Πφ, ρX) = −1 and

hence

ωφ(s′) =
∑

πD∈Πφ(GD)

χπD(s′)m(πD) =
−χφ,s′(−1)ηE/F (−1)ε(1

2
, ρ1,φ,s′) + χφ,s′(−1)ε(1

2
, ρ2,φ,s′)

2

= χφ,s′(−1)ε(
1

2
, ρ2,φ,s′) = ωφ,H(s).

This completes the proof of Theorem 1.9 for the model (GU6,GU2 n U).

6. The models (GSO8×GL2,GL2 nU), (GSO12,GL2 nU), (GSp6×GL2,GL2 nU) and
(GSp10,GL2 n U)

In this section, we consider the models (GSO8×GL2,GL2nU), (GSO12,GL2nU), (GSp6×
GL2,GL2 n U) and (GSp10,GL2 n U). In Section 6.1, we will define the models and the
multiplicity formulas. In Sections 6.2 and 6.3, we will prove the main theorem for these
models. The proofs for these four models are very similar to each other.

Each of the two models associated to even special orthogonal groups has two versions
(corresponding to the two Siegel parabolic subgroups) and they are differed by the outer
automorphism of even special orthogonal groups. We will only consider one of them, the
other one can be studied by the same argument.
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6.1. The models and the multiplicity formulas. We start with the model (GSO8 ×

GL2,GL2 n U). Let J ′2 =

(
0 −1
1 0

)
and J ′2n =

(
0 J ′2n−2

J2 0

)
. Set L4 =

(
0 J ′2
−J ′2 0

)
and

L4n =

(
0 0 J ′2
0 L4n−4 0
−J ′2 0 0

)
. Define

GSO4n = {g ∈ GL4n | gtL4ng = l(g)L4n, det(g) = l(g)2n},

GSO2n(D) = {g ∈ GL2n(D) | tḡJ ′2ng = l(g)J ′2n}.
Let G = GSO8 ×GL2, H = H0 n U with

H0 = {diag(h, h, h, h)× h | h ∈ GL2}
and U be the unipotent radical of the standard parabolic subgroup P = LU of G = GSO8×
GL2 where

L = {diag(h1, h2, th
∗
2, th

∗
1)× h3 | hi ∈ GL2, t ∈ GL1}, h∗ = J ′2

th−1(J ′2)−1.

We define a generic character ξ on U(F ) to be ξ(u) = ψ(λ(u)) where

λ(u) = tr(X) + tr(Y ), u =

( I2 X ∗ ∗
0 I2 Y ∗
0 0 I2 ∗
0 0 0 I2

)
.

Similarly we can also define the quaternion algebra version of this model (GD, HD) with
GD = GSO4(D)×GL1(D) and H0,D = GL1(D).

For the model (GSO12,GL2 n U), let G = GSO12, H = H0 n U with

H0 = {diag(h, h, h, h, h, h) | h ∈ GL2}
and U is the unipotent radical of the standard parabolic subgroup P = LU of G where

L = {diag(h1, h2, h3, th
∗
3, th

∗
2, th

∗
1) | hi ∈ GL2, t ∈ GL1}.

We define a generic character ξ on U(F ) to be ξ(u) = ψ(λ(u)) where

λ(u) = tr(X) + tr(Y ) + tr(Z), u =

 I2 X ∗ ∗ ∗ ∗
0 I2 Y ∗ ∗ ∗
0 0 I2 Z ∗ ∗
0 0 0 I2 ∗ ∗
0 0 0 0 I2 ∗
0 0 0 0 0 I2

 .

Similarly we can also define the quaternion algebra version of this model (GD, HD) with
GD = GSO6(D) and H0,D = GL1(D).

For the model (GSp6 ×GL2,GL2 n U), define

GSp2n = {g ∈ GL2n | tgJ ′2ng = l(g)J ′2n}, GSpn(D) = {g ∈ GLn(D) | ḡtwng = l(g)wn}
where wn is the longest Weyl element of GLn. Let G = GSp6 ×GL2, H = H0 n U with

H0 = {diag(h, h, h)× h | h ∈ GL2}
and the unipotent radical U of the standard parabolic subgroup P = LU of G = GSp6×GL2

where

L = {(h1, h2, det(h2)h∗1)× h3 | hi ∈ GL2}.
We define a generic character ξ on U(F ) to be ξ(u) = ψ(λ(u)) where

λ(u) = tr(X), u =
(
I2 X ∗
0 I2 ∗
0 0 I2

)
.



MULTIPLICITIES FOR STRONGLY TEMPERED SPHERICAL VARIETIES 47

Similarly we can also define the quaternion algebra version of this model (GD, HD) with
GD = GSp3(D)×GL1(D) and H0,D = GL1(D).

For the model (GSp10,GL2 n U), let G = GSp10, H = H0 n U with

H0 = {diag(h, h, h, h, h) | h ∈ GL2, h
∗ = J ′2

th−1(J ′2)−1}
and the unipotent radical U of the standard parabolic subgroup P = LU of G where

L = {diag(h1, h2, h3, det(h3)h∗2, det(h3)h∗1) | hi ∈ GL2}.
We define a generic character ξ on U(F ) to be ξ(u) = ψ(λ(u)) where

λ(u) = tr(X) + tr(Y ), u =

( I2 X ∗ ∗ ∗
0 I2 Y ∗ ∗
0 0 I2 ∗ ∗
0 0 0 I2 ∗
0 0 0 0 I2

)
.

Similarly we can also define the quaternion algebra version of this model (GD, HD) with
GD = GSp5(D) and H0,D = GL1(D).

Let (G,H) be one of the four models above. For a quasi-character θ (resp. θD) of G(F )
(resp. GD(F )), define the geometric multiplicities

mgeom(θ) = cθ(1) +
∑

T∈Tell(H0)

|W (H0, T )|−1

∫
T (F )/ZG,H(F )

DH(t)cθ(t)dt,

mgeom(θD) =
∑

TD∈Tell(H0,D)

|W (H0,D, TD)|−1

∫
TD(F )/ZGD,HD (F )

DHD(t)cθD(t)dt.

In our previous paper [WZ2], we have proved the multiplicity formulas

m(π) = mgeom(θπ), m(πD) = mgeom(θπD)

for all tempered representations π (resp. πD) of G(F ) (resp. GD(F )) in the p-adic case. For
the rest of this section we will assume that the multiplicity formulas hold for both the p-adic
case and the real case.

To end this subsection, we will discuss the behavior of the geometric multiplicities under
parabolic induction. Let M be a proper Levi subgroup of G and θM be a quasi-character on
M(F ). If M does not contain the Levi subgroup L up to conjugation, define mgeom(θM) =
cθM (1). Otherwise, M corresponds to a proper Levi subgroup MD of GD. Moreover, up to
conjugation we may assume that L ⊂ M and LD ⊂ MD. Let θMD

D be a quasi-character on
MD(F ). Define

mgeom(θM) = cθM (1) +
∑

T∈Tell(H0)

|W (H0, T )|−1

∫
T (F )/ZG,H(F )

DM(t)1/2(t)DH0(t)−1/2cθM (t)dt,

mgeom(θMD
D ) =

∑
TD∈Tell(H0,D)

|W (H0,D, TD)|−1

∫
TD(F )/ZGD,HD (F )

DMD(t)1/2DH0,D(t)−1/2c
θ
MD
D

(t)dt.

The following proposition is a direct consequence of Proposition 2.2 (one just needs to use
the fact that DH(t) = DG(t)1/2DH0(t)−1/2 for t ∈ H0(F )).

Proposition 6.1. Let θ (resp. θD) be a quasi-character on G(F ) (resp. GD(F )). Assume
that θ (resp. θD) is the parabolic induction of a quasi-character θM (resp. θMD

D ) of a proper
Levi subgroup M of G (resp. MD of GD). We have

mgeom(θ) = mgeom(θM), mgeom(θD) = mgeom(θMD
D ).
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6.2. The proof of Theorem 1.9 for (GSO12,GL2 n U) and (GSO8 ×GL2,GL2 n U). In
this subsection, we will prove Theorem 1.9 for (GSO12,GL2nU) and (GSO8×GL2,GL2nU).
The proof for the model (GSO8×GL2,GL2 nU) is very similar (and easier) to the proof for
the model (GSO12,GL2 n U). So we will only consider the model (GSO12,GL2 n U).

Let (G,H) be the model (GSO12,GL2 n U) defined in the previous subsection. We will
first study the behaviors of the geometric multiplicities under endoscopic transfer. Then we
will prove Theorem 1.9.

Let (G′, s′, Lη) be a proper extended elliptic endoscopic triple of G/ZG,H . The projection

of s′ ∈ Ĝ/ZG,H = Spin12(C) to SO12(C) is conjugated to diag(I6,−I6), diag(I8,−I4) or
diag(I4,−I8). We will only consider the first two cases, since the third case is very similar
to the second case.

If G′ = G(SO6 × SO6)/GLdiag
1 , we just let mgeom(θ′) = cθ′(1) and mgeom,D(θ′) = 0. If

G′ = G(SO8× SO4)/GLdiag
1 , as explained in Section 2.5, when we restrict the representation

ρX to Ĝ′ = (Ĝ/ZG,H)s′ , we can decompose it as ρs′,+ ⊕ ρs′,− where ρs′,+ (resp. ρs′,−) is the
tensor product of a Half-Spin representation of Spin8(C) with a Half-Spin representation of
Spin4(C) and it is the +1 (resp. −1) eigenspace of ρX(s′).

Up to conjugation the group G′ has 4 Levi subgroups that are isomorphic to GL2×GL2×
GL2 × GL1/GLdiag

1 . There are exactly 2 of these 4 Levi subgroups whose elliptic conjugacy
classes correspond to the elliptic conjugacy classes of L/ZG,H (the elliptic conjugacy classes
of the other 2 Siegel Levi subgroups correspond to the elliptic conjugacy classes of σ(L)
where σ is the outer automorphism of G), we denote them by L1, L2. By switching L1 and
L2 we may assume that the GSO8-component of L1 (resp. L2) corresponds to the Half-Spin
representation of Spin8(C) appeared in ρs′,+ (resp. ρs′,−).

Remark 6.2. For each Levi subgroup of GSO8(C) that is isomorphic to GL2 ×GL2 ×GL1,
we can construct the model (GSO8 ×GL2,GL2 n U) as in the previous subsection. Hence it
corresponds to a Half-Spin representation of Spin8(C). Up to conjugation there are two such
Levi subgroups differed by the outer automorphisms.

We can embed H0/ZG,H ' PGL2 diagonally into Li (denoted by νi). We define

mgeom(θ′) = cθ′(1) +
∑

T∈Tell(H0)

|W (H0, T )|−1

∫
T (F )/ZG,H(F )

2∑
i=1

DH0(t)3cθ′(νi(t))dt,

mgeom,D(θ′) =
∑

T∈Tell(H0)

|W (H0, T )|−1

∫
T (F )/ZG,H(F )

2∑
i=1

(−1)i−1DH0(t)3cθ′(νi(t))dt.

Proposition 6.3. Let θ (resp. θD) be a quasi-character on G/ZG,H(F ). Assume that θ
(resp. θD) is the endoscopic transfer of a quasi-character θ′ of G′(F ) . We have

mgeom(θ) = mgeom(θ′), mgeom(θD) = mgeom,D(θ′).

Proof. We first consider the split case, the proof of cθ(1) = cθ′(1) is straightforward and we
will skip it here. We only need to study the term DH(t)cθ(t) for t = diag(t0, t0, t0, t0, t0, t0)
and t0 ∈ GL2(F )ell,reg. Let E/F be the quadratic extension associated to t0 and we can
identify t0 with an element of E×. By Proposition 2.1, we have DH(t)cθ(t) is equal to

1

48
DGL2(t0)−1/2 · lim

λj∈F×→1
DG(g(t0, λ1, λ2, λ3))1/2θ(g(t0, λ1, λ2, λ3))
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where g(t0, λ1, λ2, λ3) is the conjugacy class of G corresponding to (t̄0 is the conjugation of
t0 under the nontrivial element in Gal(E/F ))

(E ⊕ E,E, (λ1t0, λ
−1
1 t̄0)) ∪ (E ⊕ E,E, (λ2t0, λ

−1
2 t̄0) ∪ (E ⊕ E,E, (λ3t0, λ

−1
3 t̄0)

and has nonempty intersection with L (recall that in the even special orthogonal group case
each data above gives two conjugacy classes differed by the outer automorphism). Here 48
is the cardinality of the Weyl group of the centralizer of t0, which is of type C3. Note that
Πi∈IF

×
±i/Im(NFi/F±i)/ ∼ is trivial for this conjugacy class.

When G′ = G(SO6 × SO6)/GLdiag1 , there is no conjugacy class in G′ corresponding to the
conjugacy class g(t0, λ1, λ2, λ3) of G. This implies that cθ(t) = 0. In particular, we have

mgeom(θ) = cθ(1) = cθ′(1) = mgeom(θ′).

When G′ = G(SO8 × SO4)/GLdiag1 , there are six conjugacy classes in G′ corresponding to
the conjugacy class g(t0, λ1, λ2, λ3) of G:

((E ⊕ E,E, (λ1t0, λ
−1
1 t̄0)) ∪ (E ⊕ E,E, (λ2t0, λ

−1
2 t̄0))× (E ⊕ E,E, (λ3t0, λ

−1
3 t̄0),

((E ⊕ E,E, (λ1t0, λ
−1
1 t̄0)) ∪ (E ⊕ E,E, (λ3t0, λ

−1
3 t̄0))× (E ⊕ E,E, (λ2t0, λ

−1
2 t̄0),

((E ⊕ E,E, (λ2t0, λ
−1
2 t̄0)) ∪ (E ⊕ E,E, (λ3t0, λ

−1
3 t̄0))× (E ⊕ E,E, (λ1t0, λ

−1
1 t̄0).

Note that each data above gives 4 conjugacy classes of G′ and two of them correspond
to the conjugacy class g(t0, λ1, λ2, λ3) of G. The other two correspond to the image of
g(t0, λ1, λ2, λ3) under the outer automorphism. For the two conjugacy classes corresponding
to g(t0, λ1, λ2, λ3), one of them has nonempty intersection with the Levi subgroup L1 and
the other one has nonempty intersection with L2. The transfer factor is trivial in this case
since the character ηE⊕E/E is trivial.

Let g′i(t0, λ1, λ2, λ3) (1 ≤ i ≤ 2) be the two conjugacy classes of G′ associated to one of
the three data above that corresponds to the conjugacy class g(t0, λ1, λ2, λ3) of G and has
nonempty intersection with the Levi subgroup Li. By Proposition 2.1, we have

lim
λj∈F×→1

DG′(g′j(t0, λ1, λ2, λ3))1/2θ′(g′j(t0, λ1, λ2, λ3)) = 16 ·DG′(νi(t0))1/2cθ′(νi(t0))

where 16 comes from the cardinality of the Weyl group, which is of type C2 ×A1. Then the
proposition follows from the fact that DG′(νi(t0))1/2DGL2(t0)−1/2 = DH0(t0)3. This proves
the split case.

For the quaternion case, the proof is exactly the same as the split case with one exception.
The only difference is that the transfer factor between g(t0, λ1, λ2, λ3) and g′i(t0, λ1, λ2, λ3)
is equal to 1 when i = 1 and is equal to −1 when i = 2. This difference comes from the
extra pairing 〈inv[z](δ∗, δ), se〉 in the definition of the transfer factor in Section 2.3 of [K].
With the same notation as in loc. cit., for the conjugacy classes we considered here, both
H1(Γ, S) and π0(ŜΓ) are isomorphic to Z/2Z. Also it is easy to see that inv[z](δ∗, δ) is the
nontrivial element in H1(Γ, S) and the element se belongs to the identity component (resp.

the non-identity component) of ŜΓ when i = 1 (resp. i = 2). In particular the pairing
〈inv[z](δ∗, δ), se〉 is equal to 1 (resp. −1) if i = 1 (resp. i = 2). This finishes the proof of the
proposition. �

Let Πφ = Πφ(G)∪Πφ(GD) be a tempered L-packet with trivial central character. Assume
that Πφ is not discrete with |Πφ(G)| = 1. We first show that the unique distinguished
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element belongs to Πφ(G) if and only if ε(1
2
,Πφ, ρX) = 1, which is equivalent to say that

(6.1)
∑

T∈Tell(H0)

|W (H0, T )|−1

∫
T (F )/ZG,H(F )

DH(t)cθΠφ(G)
(t)dt =

ε(1
2
,Πφ, ρX)− 1

2
.

There are two situations. The first situation is when the packet Πφ(G) induced from
a packet Πφ(M) of a maximal Levi subgroup M(F ) of G(F ). If M = GL6 × GL1 (resp.
M = GSO8 × GL2), (6.1) follows from Proposition 6.1 and Conjecture 1.6 for the model
(GL6,GL2 nU) (resp. (GSO8×GL2,GL2 nU)). To be specific, in this case, Proposition 6.1
implies that the multiplicity of the packet Πφ(G) is equal to the multiplicity of the packet
Πφ(M) with respect to the model (GL6,GL2nU) (resp. (GSO8×GL2,GL2nU)). Meanwhile,
the epsilon factor ε(1

2
,Πφ, ρX) is equal to the epsilon factor of the packet Πφ(M) associated

to the model (GL6,GL2 n U) (resp. (GSO8 ×GL2,GL2 n U)). This proves (6.1) (note that
both the model (GL6,GL2 nU) and the model (GSO8×GL2,GL2 nU) are smaller than the
model (G,H)).

If M = GL4×GSO4 = GL4× (GL2×GL2)/GLanti−diag1 , as in the previous two cases, (6.1)
follows from Proposition 6.1 and Conjecture 1.6 for the model (GL4,GL2×GL2). By Remark
4.5, we know that Conjecture 1.6 for the model (GL4,GL2 × GL2) follows from Conjecture
1.6 for the model (GL6,GL2 n U).

If M = GSO6 × GL3 or GSO10 × GL1, then it is easy to see that both sides of (6.1) are
equal to 0 and this proves the equation.

Remark 6.4. By the above discussion, we know that if the weak conjecture (Conjecture 1.6)
holds for the model (GSO12,GL2 n U), then it also holds for the models (GL6,GL2 n U),
(GSO8×GL2,GL2nU), (GL4×GL2,GL2×GL2). Similarly, if the weak conjecture holds for
the model (GSO8×GL2,GL2 nU), then it also holds for the model (GL4×GL2,GL2×GL2).

The second situation is when the packet Πφ(G) is discrete. By our assumption, we must
have |Πφ(G)| > 1. Let (G′, s′, Lη) be a proper elliptic extended endoscopic triple with
s′ ∈ Zφ. If the order of s′ is equal to 2, let W = Ws,+ ⊕Ws,− be the decomposition of the
12 dimensional quadratic space as in Section 2.5. Up to multiplying s′ by an element in the
center we may assume that dim(Ws′,+) = 8. Then the L-parameter φ of G can be viewed as

an L-parameter (still denoted by φ) of the endoscopic group G′ = G(SO8×SO4)/GLdiag
1 . As

in Section 2.5, we can decompose ρX ◦φ as ρs′,φ,+⊕ρs′,φ,− where the underlying vector space
of ρs′,φ,+ (resp. ρs′,φ,−) is the tensor product of a Half-Spin representation of the even Spin
group associated to Ws′,+ with a Half-Spin representation of the even Spin group associated
to Ws′,− and it is the +1 (resp. −1) eigenspace of ρX(s′).

By our formula of endoscopy in Proposition 6.3, we know that (note that the Kottwitz
sign between G and GD is −1)∑

π∈Πφ(G)

tr(χπ(s′))m(π) = mgeom(θ′),
∑

πD∈Πφ(GD)

tr(χπD(s′))m(πD) = −mgeom,D(θ′)

where θ′ = θΠφ(G′) is the distribution character of the L-packet Πφ(G′). Note that in this
case Sφ is not necessarily abelian.

The L-packet Πφ(G′) induces an L-packet of G(SO8×SO4). By Theorem 8.1 of [La], such
an L-packet is the restriction of an L-packet of the group GSO8 ×GSO4 = GSO8 × (GL2 ×
GL2/GLanti−diag1 ) toG′. This gives an L-packet of the groupG′′ = GSO8×GL2×GL2, denoted
by Πφ(G′′). We use θ′′ to denote the distribution character of this packet. Up to switching
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the two GL2 copies we assume that the Half-Spin representation of Spin4(C) = Spin4(Ws′,−)
appeared in ρs′,φ,+ (resp. ρs′,φ,−) is the 2-dimensional standard representation of the dual
group of the first (resp. second) copy of GL2.

In this case, the embedding ν1 (resp. ν2) of PGL2 into G′ induces a diagonal embedding
of GL2 into GSO8 and the first copy (resp. second copy) of GL2. Note that the restriction
of this two embeddings to GSO8 are differed by the outer automorphism. Combining with
the multiplicity formula and Conjecture 1.6 for the model (GSO8×GL2,GL2 nU), we know
that

mgeom(θ′) =
ε(1

2
, ρs′,φ,+) + ε(1

2
, ρs′,φ,−)

2
, mgeom,D(θ′) =

ε(1
2
, ρs′,φ,+)− ε(1

2
, ρs′,φ,−)

2
.

In particular, this implies that∑
π∈Πφ(G)

tr(χπ(s′))m(π) =
ε(1

2
, ρs′,φ,+) + ε(1

2
, ρs′,φ,−)

2
,

∑
πD∈Πφ(GD)

tr(χπD(s′))m(πD) =
−ε(1

2
, ρs′,φ,+) + ε(1

2
, ρs′,φ,−)

2
.

As a result, we know that the unique distinguished element belongs to Πφ(G) if and only if
ε(1

2
, ρs′,φ,+) = ε(1

2
, ρs′,φ,−) which is equivalent to ε(1

2
,Πφ, ρX) = 1.

If the order of s′ is equal to 4, let W = Ws′,+ ⊕ Ws′,− be the decomposition of the 12
dimensional quadratic space as in Section 2 with dim(Ws′,+) = dim(Ws′,−) = 6. Then the
L-parameter φ of G can be viewed as an L-parameter (still denoted by φ) of the endoscopic

group G′ = G(SO6 × SO6)/GLdiag1 . Let θ′ be the distribution character of Πφ(G′). Then
Proposition 6.3 implies that∑

π∈Πφ(G)

tr(χπ(s′))m(π) = cθ′(1) = 1,
∑

πD∈Πφ(GD)

tr(χπD(s′))m(πD) = 0,

i.e. the unique distinguished element belongs to Πφ(G). In this case, by our discussion in
Section 2.5, we also know that ε(1

2
,Πφ, ρX) = 1. This proves (6.1).

Now we are ready to prove the theorem. Let ωφ ∈ Ŝφ correspond to the unique distin-
guished element in the packet. By Remark 1.4 we know that ωφ is a character and we view
it as a character of Zφ. For s ∈ Sφ, let (G′, s′, Lη) be an elliptic extended endoscopic triple
with s′ ∈ sZ◦φ. We need to show that ωφ(s′) = ωφ,H(s). The above discussion implies that
ωφ(s′) = ωφ,H(s) if s′ belongs to the center of the dual group.

If s′ does not belong to the center of the dual group, there are two cases. If the order
of s′ is equal to 4, by the discussion above we know that the unique distinguished element
belongs to Πφ(G). By the definition of ωφ,H we know that ωφ,H(s) = 1. This implies that

ωφ(s′) = tr(ωφ(s′)) =
∑

π∈Πφ(G)

tr(χπ(s′))m(π) = 1 = ωφ,H(s).

If the order of s′ is equal to 2, let W = Ws′,+ ⊕ Ws′,− be the decomposition of the
12 dimensional quadratic space as in Section 2.5 with dim(Ws′,+) ∈ {4, 8}. We will only
consider the case when dim(Ws′,+) = 8, the other case follows from a similar argument. By
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our discussion above, we have∑
π∈Πφ(G)

tr(χπ(s′))m(π) =
ε(1

2
, ρs′,φ,+) + ε(1

2
, ρs′,φ,−)

2
,

∑
πD∈Πφ(GD)

tr(χπD(s′))m(πD) =
−ε(1

2
, ρs′,φ,+) + ε(1

2
, ρs′,φ,−)

2
.

By the definition in Section 2.5, we have

ωφ,H(s) = ε(
1

2
, ρs′,φ,−).

We have two cases. If the unique distinguished element belongs to Πφ(G), we have

ε(
1

2
,Πφ, ρX) = 1, ε(

1

2
, ρs′,φ,+) = ε(

1

2
, ρs′,φ,−).

This implies that

ωφ(s′) = tr(ωφ(s′)) =
∑

π∈Πφ(G)

tr(χπ(s′))m(π) =
ε(1

2
, ρs′,φ,+) + ε(1

2
, ρs′,φ,−)

2
= ε(

1

2
, ρs′,φ,−).

If the unique distinguished element belongs to Πφ(GD), we have

ε(
1

2
,Πφ, ρX) = −1, ε(

1

2
, ρs′,φ,+) = −ε(1

2
, ρs′,φ,−).

This implies that

ωφ(s′) = tr(ωφ(s′)) =
∑

πD∈Πφ(GD)

tr(χπD(s′))m(πD) =
−ε(1

2
, ρs′,φ,+) + ε(1

2
, ρs′,φ,−)

2
= ε(

1

2
, ρs′,φ,−).

This finishes the proof of Theorem 1.9 for the model (GSO12,GL2 n U).

6.3. The proof of Theorem 1.9 for (GSp10,GL2 n U) and (GSp6 × GL2,GL2 n U). In
this subsection, we will prove Theorem 1.9 for (GSp10,GL2nU) and (GSp6×GL2,GL2nU).
The proof for the model (GSp6×GL2,GL2 nU) is very similar (and easier) to the proof for
the model (GSp10,GL2 n U). So we will only consider the model (GSp10,GL2 n U).

Let (G,H) be the model (GSp10,GL2 n U) defined in Section 6.1. We will first study
the behavior of the geometric multiplicities under endoscopic transfer. Then we will prove
Theorem 1.9.

Let (G′, s′, Lη) be a proper elliptic extended endoscopic triple of G/ZG,H . If G′ = PGSO10

or G(Sp4×SO6)/GLdiag
1 , we just let mgeom(θ′) = cθ′(1) and mgeom,D(θ′) = 0. If G′ = G(Sp6×

SO4)/GLdiag
1 (resp. G′ = G(Sp2 × SO8)/GLdiag

1 ), the projection of s′ ∈ Ĝ/ZG,H = Spin11(C)
to SO11(C) is conjugated to (I7,−I4) (resp. (I3,−I8)). For such s′, as explained in Section

2.5, when we restrict the representation ρX to Ĝ′ = (Ĝ/ZG,H)s′ , we can decompose it as
ρs′,+ ⊕ ρs′,− where ρs′,+ (resp. ρs′,−) is the tensor product of the Spin representation of
Spin7(C) (resp. Spin3(C)) with a Half-Spin representation of Spin4(C) (resp. Spin8(C)).
Moreover the underlying vector space of ρs′,+ (resp. ρs′,−) is the +1 (resp. −1) eigenspace
of ρX(s′).

Up to conjugation the group G′ has 2 Levi subgroups that are are isomorphic to GL2 ×
GL2 ×GL2 ×GL1/GLdiag

1 , we denote them by L1, L2. When G′ = G(Sp6 × SO4)/GLdiag
1 , we
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assume that the Half-Spin representation of Spin4(C) appeared in ρs,+ (ρs,−) corresponds to

the GSO4-component of L1 (resp. L2). When G′ = G(Sp3 × SO8)/GLdiag
1 , we assume that

the Half-Spin representation of Spin8(C) appeared in ρs,+ (resp. ρs,−) corresponds to the
GSO8-component of L1 (resp. L2).

Remark 6.5. We already explained how to relate the Levi subgroup of GSO8 to the Half-
Spin representation in the previous subsection. For the GSO4 case, a Levi subgroup that
is isomorphic to GL2 × GL1 corresponds to a Levi subgroup of its dual group GSpin4(C) =
(GL2(C)×GL2(C))◦ that is isomorphic to GL2(C)×GL1(C). Then it corresponds to the Half-
Spin representation of GSpin4(C) whose restriction to GL2(C) is the standard representation.

Like the orthogonal group cases in the previous subsection, we can embed H0/ZG,H '
PGL2 diagonally into Li (denoted by νi). We define

mgeom(θ′) = cθ′(1) +
∑

T∈Tell(H0)

|W (H0, T )|−1

∫
T (F )/ZG,H(F )

2∑
i=1

DH0(t)3cθ′(νi(t))dt,

mgeom,D(θ′) =
∑

T∈Tell(H0)

|W (H0, T )|−1

∫
T (F )/ZG,H(F )

2∑
i=1

(−1)i−1DH0(t)3cθ′(νi(t))dt.

Proposition 6.6. Let θ (resp. θD) be a quasi-character on G/ZG,H(F ). Assume that θ
(resp. θD) is the endoscopic transfer of a quasi-character θ′ of G′(F ) . We have

mgeom(θ) = mgeom(θ′).

Proof. The proof is very similar to the orthogonal group case in the previous subsection, we
will skip it here. �

Now we are ready to prove Theorem 1.9 for this case. The proof is very similar to the
previous case and we will only give a sketch of it. Let Πφ = Πφ(G)∪Πφ(GD) be a tempered
L-packet with trivial central character. Assume that Πφ(G) is not discrete with |Πφ(G)| =
1. We first show that the unique distinguished element belongs to Πφ(G) if and only if
ε(1

2
,Πφ, ρX) = 1.

There are two situations. The first situation is when the packet Πφ(G) is induced from
a packet Πφ(M) of a maximal Levi subgroup M(F ) of G(F ). If M = GL4 × GL2 (resp.
M = GSp6 × GL2), this follows from Proposition 6.1 and Conjecture 1.6 for the model
(GL4×GL2,GL2×GL2) (resp. (GSp6×GL2,GL2 nU)). The model (GSp6×GL2,GL2 nU)
is smaller than (G,H), by our assumption we know that Conjecture 1.6 holds for (GSp6 ×
GL2,GL2 nU). As for the model (GL4 ×GL2,GL2 ×GL2), by our assumption and the fact
that the model (GSO8×GL2,GL2 nU) is smaller than (G,H), we know that Conjecture 1.6
holds for (GSO8 × GL2,GL2 n U). Combining with Remark 6.4, we know that Conjecture
1.6 holds for (GL4 ×GL2,GL2 ×GL2).

If M = GSp8×GL1 or GSp4×GL3, Proposition 6.1 implies that the unique distinguished
element in the packet belongs to Πφ(G). Also it is easy to see that the epsilon factor
ε(1

2
,Πφ, ρX) is equal to 1 in this case.

Next we consider the case when the packet is discrete. By our assumption we have
|Πφ(G)| > 1. Let (G′, s′, Lη) be a proper elliptic extended endoscopic triple with s′ ∈ Zφ.
By the endoscopic identity in Proposition 6.6 and the same argument as in the orthogonal
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group case, we know that∑
π∈Πφ(G)

tr(χπ(s′))m(π) = cθ′(1) = 1,
∑

πD∈Πφ(GD)

tr(χπD(s′))m(πD) = 0

if the order of s′ is equal to 4, and∑
π∈Πφ(G)

tr(χπ(s′))m(π) =
ε(1

2
, ρs′,φ,+) + ε(1

2
, ρs′,φ,−)

2
,

∑
πD∈Πφ(GD)

tr(χπD(s′))m(πD) =
ε(1

2
, ρs′,φ,−)− ε(1

2
, ρs′,φ,+)

2
,

if the order of s′ is equal to 2. Note that if the order of s′ is equal to 2, as in Section 2.5,
we can decompose ρX ◦ φ into ρs′,φ,+ ⊕ ρs′,φ,−. Here we need to use Conjecture 1.6 for the
models (GSp6×GL2,GL2nU) and (GSO8×GL2,GL2nU) which are smaller than the model
(GSp10,GL2 n U). As a result, we know that the unique distinguished element belongs to
Πφ(G) if and only if ε(1

2
, ρs′,φ,+) = ε(1

2
, ρs′,φ,−) which is equivalent to ε(1

2
,Πφ, ρX) = 1.

Now we prove Theorem 1.9. Let ωφ ∈ Ŝφ correspond to the unique distinguished element
in the packet. By Remark 1.4 we know that ωφ is a character we view it as a character of
Zφ. For s ∈ Sφ, let (G′, s′, Lη) be an elliptic extended endoscopic triple with s′ ∈ sZ◦φ. We
need to show that ωφ(s′) = ωφ,H(s). The above discussion implies that ωφ(s′) = ωφ,H(s) if s′

belongs to the center of the dual group.
If s′ does not belong to the center of the dual group, there are two cases. If the order

of s′ is equal to 4, by the discussion above we know that the unique distinguished element
belongs to Πφ(G). By the definition of ωφ,H we know that ωφ,H(s) = 1. This implies that

ωφ(s′) = tr(ωφ(s′)) =
∑

π∈Πφ(G)

tr(χπ(s′))m(π) = 1 = ωφ,H(s).

If the order of s′ is equal to 2, by our discussion above, we have∑
π∈Πφ(G)

tr(χπ(s′))m(π) =
ε(1

2
, ρs′,φ,+) + ε(1

2
, ρs′,φ,−)

2
,

∑
πD∈Πφ(GD)

tr(χπD(s′))m(πD) =
−ε(1

2
, ρs′,φ,+) + ε(1

2
, ρs′,φ,−)

2
.

By the definition in Section 2.5, we have

ωφ,H(s) = ε(
1

2
, ρs′,φ,−).

We have two cases. If the unique distinguished element belongs to Πφ(G), we have

ε(
1

2
,Πφ, ρX) = 1, ε(

1

2
, ρs′,φ,+) = ε(

1

2
, ρs′,φ,−).

This implies that

ωφ(s′) = tr(ωφ(s′)) =
∑

π∈Πφ(G)

tr(χπ(s′))m(π) =
ε(1

2
, ρs′,φ,+) + ε(1

2
, ρs′,φ,−)

2
= ε(

1

2
, ρs′,φ,−).
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If the unique distinguished element belongs to Πφ(GD), we have

ε(
1

2
,Πφ, ρX) = −1, ε(

1

2
, ρs′,φ,+) = −ε(1

2
, ρs′,φ,−).

This implies that

ωφ(s′) = tr(ωφ(s′)) =
∑

πD∈Πφ(GD)

tr(χπD(s′))m(πD) =
−ε(1

2
, ρs′,φ,+) + ε(1

2
, ρs′,φ,−)

2
= ε(

1

2
, ρs′,φ,−).

This finishes the proof of Theorem 1.9 for the model (GSp10,GL2 n U).

7. The model (GSp6 ×GSp4, (GSp4 ×GSp2)0)

In this section, we consider the model (GSp6 × GSp4, (GSp4 × GSp2)0). In Section 7.1,
we will define the models and the multiplicity formulas. We will also study the behaviors
of the geometric multiplicities under endoscopic transfer and under parabolic induction. In
Section 7.2 we will discuss the smaller model (GSp4×GL2×GL2, (GL2×GL2)◦). In Section
7.3, we will prove the main theorem for this model.

7.1. The models and the multiplicity formulas. Let G = GSp6 × GSp4 and H =
(GSp4 × GSp2)0 = {(g1, g2) ∈ GSp4 × GSp2 | l(g1) = l(g2)}. There is a natural embedding
from the group (GSp4×GSp2)0 into GSp6. Together with the projection map from (GSp4×
GSp2)0 to GSp4, we get an embedding from H to G. Similarly, we can define the model
(GD, HD) with GD = GSp3(D)×GSp2(D) and HD = (GSp2(D)×GL1(D))0.

Next we recall the definition of the geometric multiplicities from Section 9 of [WZ2]. For
T ∈ Tell(GSp2), let

T n,◦ = {(t1, · · · , tn) ∈ T n | det(ti) = det(tj) for all 1 ≤ i, j ≤ n}.

We use ιn to denote the diagonal embedding from T to T n,◦. We can view T n,◦ as a max-
imal elliptic torus of GSp2n. Moreover, up to GSp2n-conjugation, there are 2n−1 distinct
embeddings from T n,◦ to GSp2n.

When n = 2, there are two embeddings ν2, ν
′
2 from T 2,◦ to GSp4 and the centralizer

of the image of ν2 ◦ ι2 (resp. ν ′2 ◦ ι2) in GSp4 is the quasi-split (resp. non quasi-split)
unitary similitude group of two variables. Meanwhile, there are four embeddings from T 3,◦

to (GSp4 × GSp2)0 and there are two of them whose projection to GSp4 coincides with
ν2. Composing with the embedding from (GSp4 ×GSp2)0 to GSp6, we get two embeddings
ν31, ν32 from T 3,◦ to GSp6. We use νT,i = (ν3i ◦ ι3)× (ν2 ◦ ι2) to denote the two embeddings
from T to G (both factor through H). It is easy to see that these two embeddings are
conjugated to each other in H and we will use νT to denote one of it.

Meanwhile, let ι1,2 be the embedding from T 2,◦ to T 3,◦ given by (t1, t2) 7→ (t1, t2, t2).
Among the four embeddings from T 3,◦ to GSp6, there are two of them (denoted by ν3, ν

′
3) such

that the centralizers in GSp6 of the image of ν3◦ι1,2 and ν ′3◦ι1,2 are quasi-split (the centralizer
is the quasi-split unitary similitude group of two variables times an abelian group). Up to
conjugation we may assume that ν3, ν

′
3 factor through (GSp4×GSp2)0 and the projection to

GSp4 of ν3 ◦ ι1,2 (resp. ν ′3 ◦ ι1,2) is equal to ν2 (resp. ν ′2). We use νT 2,◦,1 = (ν3 ◦ ι1,2)× ν2 and
νT 2,◦,2 = (ν ′3 ◦ ι1,2) × ν ′2 to denote the two embeddings from T 2,◦ to G. Both of them factor
through H.



56 CHEN WAN AND LEI ZHANG

Finally, for T1, T2 ∈ Tell(GSp2) with T1 6= T2 (this will not happen in the Archimedean
case), let

(T1 × T2)◦ = {(t1, t2) ∈ T1 × T2 | det(t1) = det(t2)}.
Similarly, we can define (T1×T2×T2)◦. Up to conjugation, there is only one embedding from
(T1 × T2)◦ to GSp4 and there are two embeddings from (T1 × T2 × T2)◦ to GSp6. The two
embeddings induce two embeddings from (T1×T2)◦ to GSp6 (we first map T2 diagonally into
(T2 × T2)◦). We let ν be the embedding such that the centralizer of its image is quasi-split
(the centralizer of the other embedding is not quasi-split). Up to conjugation we may assume
that ν factors through (GSp4×GSp2)0 and its projection to GSp4 is equal to the embedding
from (T1×T2)◦ to GSp4. This gives us an embedding νT1,T2 from (T1×T2)◦ to G that factors
through H.

Let θ be a quasi-character on G(F ). Define the geometric multiplicity to be

mgeom(θ) = cθ(1) +
∑

T∈Tell(H)

|W (H,T )|−1

∫
T (F )/ZG,H(F )

DH(t)θ(t)dt+
1

2

∑
T∈Tell(GSp2)( ∫

T (F )/ZGL2
(F )

DH(νT (t))cθ(νT (t))dt+
∑
i∈{1,2}

∫
T 2,◦(F )/ZGL2

(F )

DH(νT 2,◦,i(t))cθ(νT 2,◦,i(t))dt
)

+
1

4

∑
T1,T2∈Tell(GSp2),T1 6=T2

∫
(T1×T2)◦(F )/ZGL2

(F )diag

DH(νT1,T2(t))cθ(νT1,T2(t))dt.

Similarly, for the quaternion version (GD, HD), we can also define the embeddings νTD ,
νT 2,◦

D ,i, νT1,D,T2,D
for TD, T1,D, T2,D ∈ Tell(GL1(D)) = Tell(GSp2) with T1,D 6= T2,D. Let θD be

a quasi-character on GD(F ). Define the geometric multiplicity to be

mgeom(θD) =
∑

TD∈Tell(HD)

|W (HD, TD)|−1

∫
TD(F )/ZGD,HD (F )

DHD(t)θD(t)dt+
1

2

∑
TD∈Tell(GL1(D))( ∫

TD(F )/ZGL1(D)(F )

DHD(νTD(t))cθD(νTD(t))dt+
∑
i∈{1,2}

∫
T 2,◦
D (F )/ZGL1(D)(F )

DHD(νT 2,◦
D ,i(t))cθD(νT 2,◦

D ,i(t))dt
)

+
1

4

∑
T1,D,T2,D∈Tell(GL1(D)),T1,D 6=T2,D

∫
(T1,D×T2,D)◦(F )/ZGL1(D)(F )diag

DHD(νT1,D,T2,D
(t))cθD(νT1,D,T2,D

(t))dt.

In our previous paper [WZ2], we have proved the multiplicity formulas

m(π) = mgeom(θπ), m(πD) = mgeom(θD)

for all tempered representations.

Remark 7.1. If F = R, the above integrals need to be regularized, i.e. we replace DH(·)
(resp. DHD(·)) by DG(·)1/2(DH(·)−2DG(·))s−1/2 (resp. DGD(·)1/2(DHD(·)−2DGD(·))s−1/2)
and take the limit lims→0+. Since this regularization does not affect our later computa-
tion, to simplify the notation, we will not include this regularization in the expression of the
multiplicity formula.

Next we study the behavior of the geometric multiplicities under parabolic induction. Let
M be a proper Levi subgroup of G and θM be a quasi-character on M(F ). Let L(F ) (resp.
LD(F )) be the standard parabolic subgroup of G(F ) (resp. GD(F )) that is isomorphic to
(GL2(F )×GL2(F ))×(GL2(F )×GL1(F )) (resp. (GL1(D)×GL1(D))×(GL1(D)×GL1(F ))).
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If M does not contain the Levi subgroup L up to conjugation, define mgeom(θM) = cθM (1).
Otherwise, M corresponds to a proper Levi subgroupMD ofGD. Moreover, up to conjugation
we may assume that L ⊂ M and LD ⊂ MD. Let θMD

D be a quasi-character on MD(F ). We
have a natural embedding ι (resp. ιD) of GSp2(F ) (resp. GL1(D)) into L(F ) (resp. LD(F ))
given by h 7→ diag(h, h, h) × diag(h, h). When the Levi subgroup M is not isomorphic to
(GL2(F )×GL2(F ))×GSp4(F ), we define

mgeom(θM) = cθM (1) +
1

2

∑
T∈Tell(GSp2)

∫
T (F )/ZGSp2

(F )

DM(ι(t))1/2DGSp2(t)−1/2cθM (ι(t))dt,

mgeom(θMD
D ) =

1

2

∑
TD∈Tell(GL1(D))

∫
TD(F )/ZGL1(D)(F )

DMD(ιD(t))1/2DGL1(D)(ιD(t))−1/2c
θ
MD
D

(ιD(t))dt.

When M is isomorphic to (GL2(F )× GL2(F ))× GSp4(F ), for T1, T2 ∈ Tell(GSp2) (resp.
T1,D, T2,D ∈ Tell(GL1(D))), there is a natural embedding from (T1×T2)◦ (resp. (T1,D×T2,D)◦)
into the Levi subgroup GL2 × GL2 of GSp6 (resp. GL1(D) × GL1(D) of GSp3(D)) given
by (t1, t2) 7→ diag(t1, t2, t1). When T1 6= T2 (resp. T1,D 6= T2,D), up to conjugation there
is a unique embedding from (T1 × T2)◦ (resp. (T1,D × T2,D)◦) into GSp4 (resp. GSp2(D)).
This gives us an embedding, denoted by ιT1,T2 (resp. ιT1,D,T2,D

), from (T1 × T2)◦ (resp.
(T1,D × T2,D)◦) into M (resp. MD). When T = T1 = T2 (resp. TD = T1,D = T2,D), up to

conjugation there are two embeddings from T 2,◦ = (T1 × T2)◦ (resp. T 2,◦
D = (T1,D × T2,D)◦)

into GSp4 (resp. GSp2(D)). This gives us two embeddings, denoted by ιT 2,i (resp. ιT 2
D,i

)

with 1 ≤ i ≤ 2, from T 2,◦ (resp. T 2,◦
D ) into M (resp. MD). We define

(7.1) mgeom(θM) = cθM (1) +
1

2

∑
T∈Tell(GSp2)

( ∫
T (F )/ZGSp2

(F )

DGSp2(t)2cθM (ι(t))dt

+
2∑
i=1

∫
T 2,◦(F )/ZGSp2

(F )

DGSp2(t1)DGSp2(t2)cθM (ιT 2,◦,i(t1, t2))dt1dt2
)

+
1

4

∑
T1,T2∈Tell(GSp2),T1 6=T2

∫
(T1×T2)◦(F )/ZGSp2

(F )diag
DGSp2(t1)DGSp2(t2)cθM (ιT1,T2(t1, t2))dt1dt2,

(7.2) mgeom(θMD
D ) =

1

2

∑
TD∈Tell(GL1(D))

( ∫
TD(F )/ZGL1(D)(F )

DGL1(D)(ιD(t))2c
θ
MD
D

(ιD(t))dt

+
2∑
i=1

∫
T 2,◦
D (F )/ZGL1(D)(F )

DGL1(D)(t1)DGL1(D)(t2)c
θ
MD
D

(ιT 2,◦
D ,i(t1, t2))dt1dt2

)
+

1

4

∑
T1,D,T2,D∈Tell(GL1(D)),T1,D 6=T2,D∫

(T1,D×T2,D)◦(F )/ZGL1(D)(F )diag
DGL1(D)(t1)DGL1(D)(t2)c

θ
MD
D

(ιT1,D,T2,D
(t1, t2))dt1dt2.

The following proposition is a direct consequence of Proposition 2.2.

Proposition 7.2. Let θ (resp. θD) be a quasi-character on G(F ) (resp. GD(F )). Assume
that θ (resp. θD) is the parabolic induction of a quasi-character θM (resp. θMD

D ) of a proper
Levi subgroup M of G (resp. MD of GD). We have

mgeom(θ) = mgeom(θM), mgeom(θD) = mgeom(θMD
D ).
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Next we study the behavior of the geometric multiplicities under endoscopic transfer. Let
(G′, s′, Lη) be a proper elliptic extended endoscopic triple of G/ZG,H . Up to multiplying s′

by an element in the neutral component of the center of the dual group, we may assume that

s′ = (s1, s2) ∈ Spin7(C)×Spin5(C) ⊂ Ĝ/ZG,H = {(g1, g2) ∈ GSpin7(C)×GSpin5(C) | l(g1)l(g2) = 1}.
We will only consider the case when one of si is the identity element. Under this assumption,
we have G′ = GSO6×GSp4/GLdiag

1 , GSp6×GSO4/GLdiag
1 or G(Sp2× SO4)×GSp4/GLdiag

1 .

If G′ = GSO6 ×GSp4/GLdiag
1 , we define

mgeom(θ′) = cθ′(1), mgeom,D(θ′) = 0.

If G′ = GSp6 × GSO4/GLdiag
1 , we have s1 = 1 and the projection of s2 ∈ Spin5(C) to

SO5(C) is conjugated to diag(1,−I4). As we explained in Section 2.5, when we restrict

the representation ρX to Ĝ′ = (Ĝ/ZG,H)s′ , we can decompose it as ρs,+ ⊕ ρs,− where ρs,+
(resp. ρs,−) is the tensor product of the Spin representation of Spin7(C) with a Half-Spin
representation of Spin4(C) and it is the +1 (resp. −1) eigenspace of ρX(s′).

We have an embedding from GSp2 = GL2 into GSp6 given by h 7→ diag(h, h, h). On
the other hand, the group GSO4 has two Siegel parabolic subgroups which give us two
embeddings from GL2 into GSO4. Combining these embeddings we get two embeddings
from PGL2 into G′ which will be denoted by ι1 and ι2. We assume that the Half-Spin
representation of Spin4(C) appeared in ρs,+ (resp. ρs,−) corresponds to the Siegel Levi
subgroup of GSO4 associated to ι1 (resp. ι2). We define

mgeom(θ′) = cθ′(1) +
∑

T∈Tell(PGL2)

1

2

∫
T (F )

DGL2(t)3(cθ′(ι1(t)) + cθ′(ι2(t)))dt,

mgeom,D(θ′) =
∑

T∈Tell(PGL2)

1

2

∫
T (F )

DGL2(t)3(cθ′(ι1(t))− cθ′(ι2(t)))dt.

If G′ = G(Sp2× SO4)×GSp4/GLdiag1 , we have s2 = 1 and the projection of s1 ∈ Spin7(C)

to SO7(C) is conjugated to diag(I3,−I4). When we restrict the representation ρX to Ĝ′ =

(Ĝ/ZG,H)s′ , we can decompose it as ρs,+ ⊕ ρs,− where ρs,+ (resp. ρs,−) is the tensor product
of the Spin representation of Spin3(C), a Half-Spin representation of Spin4(C) and the Spin
representation of Spin5(C), and it is the +1 (resp. −1) eigenspace of ρX(s′).

Like in the previous case, we still have two embeddings from PGL2 into G′ which will be
denoted by ι1 and ι2. For T1, T2 ∈ Tell(GL2), up to conjugation there are either one (when
T1 6= T2) or two (when T1 = T2) embeddings from (T1×T2)◦(F ) into GSp4(F ). We fix one of
such embeddings (the choice dose not matter since θ′ is stable). Meanwhile we can embed T1

into GSp2, and there are two ways to embed T2 into GSO4 (again corresponding to the two
Siegel parabolic subgroups). This gives us two embeddings from (T1 × T2)◦(F )/GL1(F )diag

into G′(F ) which will be denoted by νT1,T2,i, 1 ≤ i ≤ 2. We still assume that the Half-Spin
representation of Spin4(C) appeared in ρs,+ (ρs,−) corresponds to the Siegel Levi subgroup
of GSO4 associated to ι1, νT1,T2,1 (resp. ι2, νT1,T2,2). We define

mgeom(θ′) = cθ′(1) +
1

2

∑
T∈Tell(PGL2)

∫
T (F )

DGL2(t)2(cθ′(ι1(t)) + cθ′(ι2(t)))dt+
∑

T1,T2∈Tell(GL2)

d(T1, T2)

∫
(T1×T2)◦(F )/GL1(F )diag

DGL2×GL2(t1, t2)(cθ′(νT1,T2,1(t1, t2)) + cθ′(νT1,T2,2(t1, t2)))dt1dt2,



MULTIPLICITIES FOR STRONGLY TEMPERED SPHERICAL VARIETIES 59

mgeom,D(θ′) =
1

2

∑
T∈Tell(PGL2)

∫
T (F )

DGL2(t)2(cθ′(ι1(t))− cθ′(ι2(t)))dt+
∑

T1,T2∈Tell(GL2)

d(T1, T2)

∫
(T1×T2)◦(F )/GL1(F )diag

DGL2×GL2(t1, t2)(cθ′(νT1,T2,1(t1, t2))− cθ′(νT1,T2,2(t1, t2)))dt1dt2

where d(T1, T2) = 1 if T1 = T2 and d(T1, T2) = 1
4

if T1 6= T2.

Proposition 7.3. Let θ (resp. θD) be a quasi-character on G/ZG,H(F ). Assume that θ
(resp. θD) is the endoscopic transfer of a stable quasi-character θ′ of G′(F ). We have

mgeom(θ) = mgeom(θ′), mgeom(θD) = mgeom,D(θ′).

Proof. We will only prove the split case, and the quaternion case follows from a similar argu-
ment. Like in Proposition 6.3, the only difference between the split case and the quaternion
case is that there is an extra −1 in the transfer factor for certain conjugacy classes.

The identity cθ(1) = cθ′(1) is easy and we will skip the proof. Next we study the terms
corresponding to T ∈ Tell(H) in mgeom(θ). We would like to show that these terms are equal
to zero. To do this, we only need to show that the transfer factor is non-trivial for elements in
T (F ). We first describe the elliptic conjugacy classes in H(F ). We can view H as a subgroup
of GSp6. Then the elliptic conjugacy classes of H(F ) are just the elliptic conjugacy classes
of GSp6 that have non-empty intersection with H(F ). To be specific, GSp6 has three types
of elliptic conjugacy classes corresponding to

(1) (K,K±), K±/F is a cubic extension and K/K± is a quadratic extension.
(2) (E,E±) ∪ (E1, F ), E/E±, E1/F and E±/F are quadratic extensions.
(3) (E1, F ) ∪ (E2, F ) ∪ (E3, F ), Ei/F is a quadratic extension for 1 ≤ i ≤ 3.

The first type has no intersection with H(F ), so we only have Type (2) and Type (3).
For a Type (2) (resp. Type (3)) conjugacy class, if there exists a conjugacy class in

G′ = (G(Sp2 × SO4)×GSp4)/GLdiag1 corresponding to it, then ηE/E± is trivial on F× (resp.
Ei = Ej for some i 6= j). In both cases the group Πi∈I(ker(trFi/F±i) ∩ F×i )/Im(NFi/F±i)/ ∼
is isomorphic to Z/2Z or (Z/2Z)2. Note that (Z/2Z)2 only happens in Type (3) when
E1 = E2 = E3.

On the other hand, for a Type (2) (resp. Type (3)) conjugacy class, if there exists a

conjugacy class in G′ = GSO6 × GSp4/GLdiag1 corresponding to it, then ηE/E± |F× = ηE1/F

(resp. Ei 6= Ej for all i 6= j and E1 is contained in E2 ⊗F E3). In both cases the group
Πi∈I(ker(trFi/F±i) ∩ F×i )/Im(NFi/F±i)/ ∼ is isomorphic to Z/2Z.

By our definition of the transfer factors in Section 2.4, under the endoscopic relation be-
tween GSp6 and GSO6 (resp. G(Sp2×SO4)), the transfer factors associated to the conjugacy
classes of Type (2) and (3) are non-trivial. Moreover, they are equal to a constant times a
non-trivial character on Πi∈I(ker(trFi/F±i) ∩ F×i )/Im(NFi/F±i)/ ∼. This implies that when

G′ = GSO6 × GSp4/GLdiag1 or G(Sp2 × SO4) × GSp4/GLdiag1 , the term corresponding to
T ∈ Tell(H) in mgeom(θ) is equal to 0.

On the other hand, if G′ = GSp6 ×GSO4/GLdiag1 , we need to study the projection of the
above conjugacy classes to GSp4. The projection of Type (2) conjugacy classes to GSp4

corresponds to

(2)’ (E,E±), E/E± and E±/F are quadratic extensions.

The projection of Type (3) conjugacy classes to GSp4 corresponds to

(3)’ (E1, F ) ∪ (E2, F ), Ei/F is a quadratic extension for 1 ≤ i ≤ 2.
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For Type (2)’ (resp. (3)’) conjugacy classes, there exist conjugacy classes in GSO4 corre-
sponding to them if and only if ηE/E± is trivial on F× (resp. E1 = E2). If this is the case,
the group Πi∈I(ker(trFi/F±i) ∩ F×i )/Im(NFi/F±i)/ ∼ is isomorphic to Z/2Z. Moreover, the
transfer factors are non-trivial, and are equal to a constant times the non-trivial character
on Πi∈I(ker(trFi/F±i) ∩ F×i )/Im(NFi/F±i)/ ∼. This shows that the term corresponding to
T ∈ Tell(H) in mgeom(θ) is equal to 0.

Then we need to study the terms correspond to T, T 2,◦ and (T1 × T2)◦ in mgeom(θ) for
T, Ti ∈ Tell(GSp2) with T1 6= T2. First we study the term corresponds to T . Like in the
previous cases, T corresponds a quadratic extension ET of F and we can view t ∈ T (F ) as

an element of E×T . For t ∈ T (F ), the regular germ DH(νT (t))cθ(νT (t)) is equal to DGL2 (t)−1/2

4

times the limits of DG(·)1/2θ(·) at

((ET ⊕ ET , ET , (λt, λ−1t̄)) ∪ (ET , F, t)) × (ET ⊕ ET , ET , (λt, λ−1t̄))

as λ → 1. In this case the group Πi∈I(ker(trFi/F±i) ∩ F×i )/Im(NFi/F±i)/ ∼ is the trivial

group. If G′ = GSO6 × GSp4/GLdiag1 , there is no conjugacy class in G′ corresponding to
the above conjugacy classes of G(F ). As a result, the term corresponding to T in mgeom(θ)

is equal to 0. If G′ = GSp6 × GSO4/GLdiag1 or G(Sp2 × SO4) × GSp4/GLdiag1 , the transfer
factors are trivial since the quadratic character ηET⊕ET /ET is trivial. By the same argument
as in the cases of the previous section, we know that

DH(νT (t))cθ(νT (t)) = DGL2(t)k(cθ′(ι1(t)) + cθ′(ι2(t)))

where k = 2 if G′ = G(Sp2 × SO4)×GSp4/GLdiag1 and k = 3 if G′ = GSp6 ×GSO4/GLdiag1 .
Hence the terms correspond to T in mgeom(θ) and mgeom(θ′) are equal to each other.

For the term corresponding to T 2,◦, the regular germ DH(νT 2,◦,i(t))θ(νT 2,◦,i(t)), 1 ≤ i ≤
2 (here t = (t1, t2) ∈ T 2,◦(F )) is equal to

DH(νT2,◦,i(t))D
G(νT2,◦,i(t))

−1/2

2
times the limit of

DG(·)1/2θ(·) at

((ET ⊕ ET , ET , (λt2, λ−1t̄2)) ∪ (ET , F, t1)) × ((ET , F, t1) ∪ (ET , F, t2), ci)

as λ → 1. In this case the group Πi∈I(ker(trFi/F±i) ∩ F×i )/Im(NFi/F±i)/ ∼ is isomorphic
to Z/2Z. More specifically, the GSp6-component of this group is trivial and the GSp4-
component of this group is Z/2Z. We use ci, 1 ≤ i ≤ 2 to denote the two elements in this

group. If G′ = GSO6 ×GSp4/GLdiag1 , there is no conjugacy class in G′ corresponding to the
above conjugacy classes of G(F ). As a result, the term corresponding to T 2,◦ in mgeom(θ) is

equal to 0. If G′ = GSp6 × GSO4/GLdiag1 , the transfer factors are non-trivial and they are
equal to a constant times the sign character of Πi∈I(ker(trFi/F±i) ∩ F×i )/Im(NFi/F±i)/ ∼.
This implies that the term corresponds to T 2,◦ in mgeom(θ) is equal to 0. If G′ = G(Sp2 ×
SO4)×GSp4/GLdiag1 , the transfer factors are trivial since the quadratic character ηET⊕ET /ET
is trivial. By the same argument as in the cases of the previous section, we know that

DH(νT 2,◦,1(t))cθ(νT 2,◦,1(t)) +DH(νT 2,◦,2(t))cθ(νT 2,◦,2(t))

= 2 ·DGL2×GL2(t1, t2)(cθ′(νT,T,1(t1, t2)) + cθ′(νT,T,2(t1, t2))).

This shows that the terms corresponding to T 2,◦ in mgeom(θ) and mgeom(θ′) are equal to each
other.
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Finally, for the term corresponds to (T1 × T2)◦ (T1 6= T2) in mgeom(θ), the regular germ
DH(νT1,T2(t))θ(νT1,T2(t)) (here t = (t1, t2) ∈ (T1 × T2)◦(F )) is equal to

DH(νT1,T2(t))DG(νT1,T2(t))−1/2

2

times the limit of DG(·)1/2θ(·) at

((ET2 ⊕ ET2 , ET2 , (λt2, λ
−1t̄2)) ∪ (ET1 , F, t1)) × ((ET1 , F, t1) ∪ (ET2 , F, t2))

as λ → 1. In this case the group Πi∈I(ker(trFi/F±i) ∩ F×i )/Im(NFi/F±i)/ ∼ is trivial. If

G′ = GSO6 × GSp4/GLdiag1 or GSp6 × GSO4/GLdiag1 , there is no conjugacy class in G′

corresponding to the above conjugacy classes of G(F ). As a result, the term corresponding

to (T1 × T2)◦ in mgeom(θ) is equal to 0. If G′ = G(Sp2 × SO4) × GSp4/GLdiag1 , the transfer
factors are trivial since the quadratic character ηET2

⊕ET2
/ET2

is trivial. By the same argument
as in the cases of the previous section, we know that

DH(νT1,T2(t))cθ(νT1,T2(t)) = DGL2×GL2(t1, t2)(cθ′(νT1,T2,1(t1, t2)) + cθ′(νT1,T2,2(t1, t2))).

This shows that the terms correspond to (T1 × T2)◦ in mgeom(θ) and mgeom(θ′) are equal to
each other. This finishes the proof of the proposition. �

7.2. The model (GSp4 ×GL2 ×GL2, (GL2 ×GL2)0). In this section we discuss the model
(GSp4×GL2×GL2, (GL2×GL2)0). This model is smaller than (GSp6×GSp4, (GSp4×GSp2)0)
and we need to assume the weak conjecture holds for this model in order to prove Theorem
1.9 for (GSp6 ×GSp4, (GSp4 ×GSp2)0).

Let G = GSp4 × GL2 × GL2, we have an embedding from (GL2 × GL2)0 into GSp4

(resp. GL2 × GL2) which induces a diagonal embedding from this group to G, we will use
H ⊂ G to denote the image. There is also a quaternion version (GD, HD) of this model
with GD = GSp2(D) × GL1(D) × GL1(D) and HD = (GL1(D) × GL1(D))0. The models
(G,H) and (GD, HD) are essentially the Gan–Gross–Prasad model for GSpin5×GSpin4. The
representation ρX in this case is the tensor product of the standard representations of the
two GL2(C) copies with the Spin representation of GSpin5(C).

We can define the character of the component group ωφ,H by the same formula as all the
cases in Table 1. This allows us to formulate the epsilon dichotomy conjecture for this model
as in all the cases in Table 1. We can also formulate the weak form of the conjecture as in
Conjecture 1.6.

Conjecture 7.4. Let Πφ be a tempered L-packet whose central character is trivial on ZG,H(F ).
The unique distinguished element in Πφ for the model (GSp4 × GL2 × GL2, (GL2 × GL2)0)
belongs to Πφ(G) (resp. Πφ(GD)) if and only if ε(1

2
,Πφ, ρX) = 1 (resp. ε(1

2
,Πφ, ρX) = −1).

Lastly we discuss the multiplicity formula of this model. For a quasi-character θ (resp.
θD) of G(F ) (resp. GD(F )), we define the geometric multiplicity by the formula (7.1) (resp.
(7.2)). The multiplicity formulas

m(π) = mgeom(π), m(πD) = mgeom(πD)

for tempered representations can be proved by the same argument as the orthogonal Gan–
Gross–Prasad model case. Moreover, the multiplicity formulas imply that the summation of
the multiplicities is equal to 1 over every tempered local L-packet.
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Remark 7.5. Our argument in this paper can also be applied to the model (GSp4 ×GL2 ×
GL2, (GL2 × GL2)0). It proves the epsilon dichotomy conjecture when the packet is not
discrete with |Πφ(G)| = 1. On the other hand, when the packet is discrete with |Πφ(G)| = 1,
if we assume the packet has trivial central character, then the epsilon dichotomy conjecture
follows from the epsilon dichotomy of the Gan-Gross-Prasad model (SO5×SO4, SO4) proved
in [Wal3].

7.3. The proof of Theorem 1.9 for (GSp6 ×GSp4, (GSp4 ×GSp2)0). In this subsection
we will prove Theorem 1.9 for the model (GSp6 × GSp4, (GSp4 × GSp2)0). The argument
is very similar to the four models in the previous section, we will only give a sketch of the
proof. Let Πφ = Πφ(G) ∪Πφ(GD) be a tempered L-packet whose central character is trivial
on ZG,H(F ). We assume that Πφ is not discrete with |Πφ(G)| = 1.

The first step is still to prove that the unique distinguished element belongs to Πφ(G) if
and only if ε(1

2
,Πφ, ρX) = 1. There are two cases.

The first case is when the packet is induced from a maximal parabolic subgroup M of G. If
M does not contain the Levi subgroup L ofG that is isomorphic to (GL2×GL2)×(GL2×GL1),
Proposition 7.2 implies that the unique distinguished element belongs to Πφ(G). It is also
easy to see that ε(1

2
,Πφ, ρX) = 1 in this case.

If M = GSp6 × (GL2 × GL1) (resp. M = (GL2 × GL2) × GSp4), then the statement
follows from Proposition 7.2 and Conjecture 1.6 for the model (GSp6×GL2,GL2 nU) (resp.
Conjecture 7.4 for the model (GSp4 × GL2 × GL2, (GL2 × GL2)0)). Note that both models
are smaller than (G,H).

The second case is when the packet Πφ(G) is discrete. By our assumption, we must have
|Πφ(G)| > 1. Let (G′, s′, Lη) be a proper elliptic extended endoscopic triple of G/ZG,H with
s′ ∈ Zφ. We may also assume that s′ = (s1, 1) or (1, s2). If the order of s′ is equal to 4, then

G′ = GSO6 ×GSp4/GLdiag
1 and Proposition 7.3 implies that∑

π∈Πφ(G)

tr(χπ(s′))m(π) = cθΠφ(G′)
(1) = 1,

∑
πD∈Πφ(GD)

tr(χπD(s′))m(πD) = 0,

i.e. the unique distinguished element belongs to Πφ(G). In this case, by our discussion in
Section 2.5, we also know that ε(1

2
,Πφ, ρX) = 1.

If G′ = GSp6×GSO4/GLdiag
1 (resp. G(Sp2×SO4)×GSp4/GLdiag

1 ), in Section 2.5, we have
decomposed ρX ◦φ into ρs′,φ,+⊕ρs′,φ,−. By Proposition 7.3 and the same argument as in the
previous section, we have∑

π∈Πφ(G)

tr(χπ(s′))m(π) =
ε(1

2
, ρs′,φ,+) + ε(1

2
, ρs′,φ,+)

2
,

∑
πD∈Πφ(GD)

tr(χπD(s′))m(πD) =
ε(1

2
, ρs′,φ,−)− ε(1

2
, ρs′,φ,+)

2
.

Here we need to use Conjecture 1.6 for the model (GSp6×GL2,GL2 nU) (resp. Conjecture
7.4 for the model (GSp4×GL2×GL2, (GL2×GL2)0)). As a result, we know that the unique
distinguished element belongs to Πφ(G) if and only if ε(1

2
, ρs′,φ,+) = ε(1

2
, ρs′,φ,−) which is

equivalent to ε(1
2
,Πφ, ρX) = 1.

Now we can prove the theorem. Let ωφ ∈ Ŝφ corresponds to the unique distinguished
element in the packet. By Remark 1.4 we know that ωφ is a character and we view it



MULTIPLICITIES FOR STRONGLY TEMPERED SPHERICAL VARIETIES 63

as a character of Zφ. For s ∈ Sφ, let (G′, s′, Lη) be an elliptic extended endoscopic triple
with s′ ∈ sZ◦φ. We need to show that ωφ(s′) = ωφ,H(s). The above discussion implies that
ωφ(s′) = ωφ,H(s) if s′ belongs to the center of the dual group.

For general s′ = (s1, s2) with s1 ∈ Spin7(C) and s2 ∈ Spin5(C), by our definition of ωφ,H
we know that

ωφ,H(s1, s2) = ωφ,H(s1, 1)ωφ,H(1, s2).

Hence it is enough to consider the case when s′ = (s1, 1) or s′ = (1, s2).
If the order of s′ is equal to 4, by the discussion above we know that the unique distin-

guished element belongs to Πφ(G). By the definition of ωφ,H we know that ωφ,H(s) = 1.
This implies that

ωφ(s′) = tr(ωφ(s′)) =
∑

π∈Πφ(G)

tr(χπ(s′))m(π) = 1 = ωφ,H(s).

If the order of s′ is equal to 2, by our discussion above, we have∑
π∈Πφ(G)

tr(χπ(s′))m(π) =
ε(1

2
, ρs′,φ,+) + ε(1

2
, ρs′,φ,−)

2
,

∑
πD∈Πφ(GD)

tr(χπD(s′))m(πD) =
−ε(1

2
, ρs′,φ,+) + ε(1

2
, ρs′,φ,−)

2
.

By the definition in Section 2.5, we have

ωφ,H(s) = ε(
1

2
, ρs′,φ,−).

We have two cases. If the unique distinguished element belongs to Πφ(G), we have

ε(
1

2
,Πφ, ρX) = 1, ε(

1

2
, ρs′,φ,+) = ε(

1

2
, ρs′,φ,−).

This implies that

ωφ(s′) = tr(ωφ(s′)) =
∑

π∈Πφ(G)

tr(χπ(s′))m(π) =
ε(1

2
, ρs′,φ,+) + ε(1

2
, ρs′,φ,−)

2
= ε(

1

2
, ρs′,φ,−).

If the unique distinguished element belongs to Πφ(GD), we have

ε(
1

2
,Πφ, ρX) = −1, ε(

1

2
, ρs′,φ,+) = −ε(1

2
, ρs′,φ,−).

This implies that

ωφ(s′) = tr(ωφ(s′)) =
∑

πD∈Πφ(GD)

tr(χπD(s′))m(πD) =
−ε(1

2
, ρs′,φ,+) + ε(1

2
, ρs′,φ,−)

2
= ε(

1

2
, ρs′,φ,−).

This finishes the proof of Theorem 1.9 for the model (GSp6 ×GSp4, G(Sp4 × Sp2)).
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8. The model (E7,PGL2 n U)

8.1. The model and the multiplicity formula. Let G = E7 be the split adjoint reductive
group of Type E7, and let P = LU be the parabolic subgroup of G of Type A1 × A1 × A1

defined in Section 7 of [WZ2]. Let ξ : U(F ) → C× be the generic character defined in loc.
cit. and let H0 ⊂ L be the stabilizer of ξ which is isomorphic to PGL2. Let H = H0 n U
and we extend the character ξ to H(F ) by making it trivial on H0(F ). We can also define
the quaternion version (GD, HD = H0,D n UD, ξD) where GD is the unique pure inner form
of G (GD has split rank 4) and H0,D(F ) ' PGL1(D). We refer the reader to Section 7 of
[WZ2] for more details of this model. Let π (resp. πD) be an irreducible representation of
G(F ) (resp. GD(F )), we define the multiplicities

m(π) = dim(HomH(F )(π, ξ)), m(πD) = dim(HomHD(F )(πD, ξD)).

For the multiplicity formula, let θ (resp. θD) be a quasi-character of G(F ) (resp. GD(F )).
Define the geometric multiplicities

mgeom(θ) = cθ(1) +
∑

T∈Tell(H0)

|W (H0, T )|−1

∫
T (F )/ZG,H(F )

DH(t)cθ(t)dt,

mgeom(θD) =
∑

TD∈Tell(H0,D)

|W (H0,D, TD)|−1

∫
TD(F )/ZGD,HD (F )

DHD(t)cθD(t)dt.

For the rest of this section we will assume that the multiplicity formulas

m(π) = mgeom(θπ), m(πD) = mgeom(θπD)

hold for all tempered representations π (resp. πD) of G(F ) (resp. GD(F )).
To end this subsection, we will discuss the behavior of the geometric multiplicities under

parabolic induction. Let M be a proper Levi subgroup of G and θM be a quasi-character on
M(F ). If M does not contain the Levi subgroup L up to conjugation, define mgeom(θM) =
cθM (1). Otherwise, M corresponds to a proper Levi subgroup MD of GD. Moreover, up to
conjugation we may assume that L ⊂ M and LD ⊂ MD. Let θMD

D be a quasi-character on
MD(F ). Define

mgeom(θM) = cθM (1) +
∑

T∈Tell(H0)

|W (H0, T )|−1

∫
T (F )/ZG,H(F )

DM(t)1/2(t)DH0(t)−1/2cθM (t)dt,

mgeom(θMD
D ) =

∑
TD∈Tell(H0,D)

|W (H0,D, TD)|−1

∫
TD(F )/ZGD,HD (F )

DMD(t)1/2DH0,D(t)−1/2c
θ
MD
D

(t)dt.

The following proposition is a direct consequence of Proposition 2.2 (one just need to use
the fact that DH(t) = DG(t)1/2DH0(t)−1/2 for t ∈ H0(F )).

Proposition 8.1. Let θ (resp. θD) be a quasi-character on G(F ) (resp. GD(F )). Assume
that θ (resp. θD) is the parabolic induction of a quasi-character θM (resp. θMD

D ) of a proper
Levi subgroup M of G (resp. MD of GD). We have

mgeom(θ) = mgeom(θM), mgeom(θD) = mgeom(θMD
D ).
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8.2. The smaller models. In this subsection we will discuss the models that are smaller
than the model (E7,PGL2nU). There are four smaller models. One of them, (GL6,GL2nU),
already appears in Table 1. The second one is (GSpin10 × GSpin3,GSpin3 n U) which is
an analogy of the Gan–Gross–Prasad model (SO10 × SO3, SO3 n U). To be specific, let
Q = MN be the parabolic subgroup of GSpin10 associated to the simple roots e4±e5

2
. We

can define a generic character ξN of N(F ) similar to the Gan–Gross–Prasad model case
and its stabilizer in M(F ) is isomorphic to GSpin3(F ) = GL2(F ). This defines the model
(GSpin10 ×GSpin3,GSpin3 n U).

To define the other two models, we need to use the group GHSpin4n = GSpin4n/{1, z}
where z is an order 2 element in the center of GSpin4n that does not belong to the connected
component of the center (there are two such elements differed by the outer automorphism).
Note that the map GSpin4n(F ) → GHSpin4n(F ) is not surjective. An example would be
GHSpin4 ' GL2 × PGL2.

The center of the group GHSpin4n is GL1, it has a unique Half-Spin representation, and
it is equipped with a similitude character l : GHSpin4n → GL1. We use GHSpin∨4n to
denote the dual group of GHSpin4n and it is also equipped with a similitude character
l : GHSpin∨4n → GL1(C) whose kernel is Spin4n(C). Moreover, the group GHSpin∨4n has
two Half-Spin representations, one of them has determinant 1 and other one has nontrivial
determinant. We use HSpin+

4n (resp. HSpin−4n) to denote the Half-Spin representation with
determinant 1 (resp. nontrivial determinant.)

The two remaining smaller models of the model (E7,PGL2 n U) are related to the group
GHSpin12. Another way to describe the group GHSpin12 is that it is the Levi subgroup of the
group E7 of Type D6. Similarly, its dual group GHSpin∨12 is the Levi subgroup of the group
E7,sc(C) of Type D6 and we have GHSpin∨12 ' Spin12(C)×GL1(C)/{1, (z,−1)}. Under this
isomorphism, the HSpin+

12 representation is just a Half-Spin representation of Spin12 and
the HSpin−12 representation is a Half-Spin representation of Spin12 tensor with the standard
representation of GL1.

The first one is an analogy of the model (GSO12,GL2 n U) for the group GHSpin12. Let
(G,H = H0 n U, ξ) = (E7,PGL2 n U, ξ) be the model defined in the previous subsection.
Recall that we also have the Levi subgroup P = LU . Let Q = MN be the Levi subgroup of
G = E7 with P ⊂ Q and M ' GHSpin12 and let MH = M ∩H = H0 n (U ∩M). The first
smaller model is just (M,MH , ξ|MH

). We will denote this model by (GHSpin12,PGL2 n U).

Remark 8.2. With the notation above, U ∩M is the unipotent subgroup of the parabolic
subgroup P ∩M = L n (U ∩M) of M . The character ξ|U∩M is a generic character whose
centralizer in L(F ) is H0(F )× ZM(F ) ' PGL2(F )×GL1(F ).

The other one is an analogy of the Gan–Gross–Prasad model (SO12 × SO3, SO3 n U). To
be specific, let Q = MN be the parabolic subgroup of GHSpin12 associated to the simple
roots e5±e6

2
. We can define a generic character ξN of N(F ) similar to the Gan–Gross–

Prasad model case whose stabilizer in M(F ) is isomorphic to GSpin3(F ) = GL2(F ). This
defines the model (GHSpin12 × GSpin3,GSpin3 n N, ξN). We will denote this model by
(GHSpin12 ×GSpin3,GSpin3 n U).

Let (G,H = H0 n U, ξ) be one of the smaller models above. We can also define the
quaternion version of the model in a similar way. We will denote it by (GD, HD = H0,D n
UD, ξD). Let π (resp. πD) be an irreducible representation of G(F ) (resp. GD(F )) whose
central character is trivial on ZG,H(F ) = ZG(F ) ∩ H(F ) (resp. ZGD,HD(F ) = ZGD(F ) ∩
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HD(F )), we define the multiplicities

m(π) = dim(HomH(F )(π, ξ)), m(πD) = dim(HomHD(F )(πD, ξD)).

For the multiplicity formula, let θ (resp. θD) be a quasi-character of G(F ) (resp. GD(F )).
Define the geometric multiplicities

mgeom(θ) = cθ(1) +
∑

T∈Tell(H0)

|W (H0, T )|−1

∫
T (F )/ZG,H(F )

DH(t)cθ(t)dt,

mgeom(θD) =
∑

TD∈Tell(H0,D)

|W (H0,D, TD)|−1

∫
TD(F )/ZGD,HD (F )

DHD(t)cθD(t)dt.

We will assume that the multiplicity formulas

m(π) = mgeom(θπ), m(πD) = mgeom(θπD)

hold for all tempered representations.

Remark 8.3. The multiplicity formula for the models (GHSpin12 × GSpin3,GSpin3 n U)
and (GSpin10×GSpin3,GSpin3nU) can be proved by a similar argument as the Gan–Gross–
Prasad model case. When F is p-adic, the multiplicity formula for the model (GHSpin12,PGL2n
U) can be proved by a similar argument as the model (GSO12,GL2 n U).

Like in all the previous cases, combining the the multiplicity formula and the local Lang-
lands correspondence, we know that each tempered L-packet contains a unique distinguished
element, and the unique distinguished element corresponds to a character of the component
group.

To formulate the weak conjecture for the smaller models, we need to define the represen-
tation ρX of the dual group. If the model is (GSpin10 × GSpin3,GSpin3 n U), we let ρX
be the 30-dimensional tensor product L-function of GSO10(C) × GSp2(C). If the model is
(GHSpin12,PGL2 n U), we let ρX be the representation HSpin+

12 of GHSpin∨12. If the model
is (GHSpin12×GL2,GL2 nU), let ρX be the tensor product of the 12-dimensional standard
representation of GHSpin∨12 with the 2-dimensional standard representation of GL2(C). Let
Πφ = Πφ(G)∪Πφ(GD) be a tempered L-packet whose central character is trivial on ZG,H(F ).
We can formulate the weak conjecture in this case.

Conjecture 8.4. The unique distinguished element in Πφ belongs to Πφ(G) (resp. Πφ(GD))
if and only if ε(1

2
,Πφ, ρX) = 1 (resp. ε(1

2
,Πφ, ρX) = −1).

Remark 8.5. We can also formulate the epsilon dichotomy conjecture for these smaller
models.

8.3. The endoscopic relation. In this subsection we will study the behavior of the geo-
metric multiplicity under endoscopy. Let G = E7 and GD be its pure inner form. Let θ
(resp. θD) be a quasi-character of G(F ) (resp. GD(F )). Recall that we have defined the
geometric multiplicities

mgeom(θ) = cθ(1) +
∑

T∈Tell(H0)

|W (H0, T )|−1

∫
T (F )/ZG,H(F )

DH(t)cθ(t)dt,

mgeom(θD) =
∑

TD∈Tell(H0,D)

|W (H0,D, TD)|−1

∫
TD(F )/ZGD,HD (F )

DHD(t)cθD(t)dt.
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Let (G′, s′, Lη) be a proper elliptic extended endoscopic triple of G, and let θ′ be a stable
quasi-character of G′(F ). Assume that θ (resp. θD) is the endoscopic transfer of θ′. To
define mgeom(θ′) and mgeom,D(θ′), we have 4 situations. Note that like in the previous cases,
we always choose Lη to be the natural embedding from LG′ into LG.

If Ĝ′ = SL8(C)/Z2, we let mgeom(θ′) = cθ′(1) and mgeom,D(θ′) = 0. If Ĝ′ = SL6(C) ×
SL3(C)/Z3 = {(g1, g2) ∈ GL6(C)×GL3(C) | det(g1) = det(g2)4}/{(a2I6, aI3) | a ∈ GL1(C)},
we have

G′ = {(g1, g2) ∈ GL6 ×GL3 | det(g1)2 = det(g2)}/{(aI6, a
4I3) | a ∈ GL1}.

We can embed PGL2 into G via the map h 7→ (diag(h, h, h)× det(h)2I3) and we will denote
this embedding by ν. We define

mgeom(θ′) = cθ′(1) +
∑

T∈Tell(PGL2)

|W (PGL2, T )|−1

∫
T (F )

DPGL2(t)4cθ′(ν(t))dt,

mgeom,D(θ′) = ε(s′)
∑

T∈Tell(PGL2)

|W (PGL2, T )|−1

∫
T (F )

DPGL2(t)4cθ′(ν(t))dt

where ε(s′) is equal to 1 if the order of s′ is 3 and it is equal to −1 if the order of s′ is 6.

If Ĝ′ = SL4(C) × SL4(C) × SL2(C)/Z4 = {(g1, g2, g3) ∈ GL4(C) × GL4(C) × GL2(C) |
det(g1) = det(g2) = det(g3)−1}/{(aI4, aI4, a

−2I2) | a ∈ GL1(C)}, we have

G′ = {(g1, g2, g3) ∈ GL4×GL4×GL2 | det(g1) det(g2) = det(g3)2}/{(aI4, bI4, abI2) | a, b ∈ GL1}.
In this case, s′ is equal to (I4,±iI4,±I2). We have two embeddings ν1, ν2 from PGL2 into
G′ given by

ν1(h) = (diag(h, h), I4, h), ν2(h) = (I4, diag(h, h), h).

We define

mgeom(θ′) = cθ′(1) +
2∑
i=1

∑
T∈Tell(PGL2)

|W (PGL2, T )|−1

∫
T (F )

DPGL2(t)2cθ′(νi(t))dt,

mgeom,D(θ′) = ε(s′)
2∑
i=1

(−1)i
∑

T∈Tell(PGL2)

|W (PGL2, T )|−1

∫
T (F )

DPGL2(t)2cθ′(νi(t))dt

where ε(s′) is equal to −1 if s′ = (I4,±iI4, I2) and it is equal to 1 if s′ = (I4,±iI4,−I2).
The last case is when

Ĝ′ = Spin12(C)× SL2(C)/Z2 = {(g1, a, g2) | (g1, a) ∈ Spin12(C)×GL1(C)/{1, (z,−1)},
g2 ∈ GL2(C), det(g2) = a−2}/{(1, a, aI2) | a ∈ GL1(C)}

= {(g1, g2) ∈ GHSpin∨12 ×GL2(C) | l(g1) = det(g2)−1}/GL1(C)anti−diag.

There are two choices of s′, the −1 eigenspace of ρX(s′) (here ρX is the 56-dimensional
representation of E7,sc(C)) is either 24 dimensional or 32 dimensional depends on the choice
of s′. In this case, we have

G′ = {(g1, g2) ∈ GHSpin12 ×GL2 | l(g1) = det(g2)}/GLdiag
1 .

By our discussion of the smaller model (GHSpin12,PGL2 n U) in the previous subsection,
we have an embedding from PGL2 into GHSpin12 which induces an embedding from PGL2

into G by making it trivial on the GL2-component. We denote this embedding by ν1. By our
discussion of the smaller model (GHSpin12×GL2,GL2 nU), we have a diagonal embedding
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from GL2 into GHSpin12×GL2 which induces an embedding from PGL2 into G. We denote
this embedding by ν2. We define

mgeom(θ′) = cθ′(1)+
2∑
i=1

∑
T∈Tell(PGL2)

|W (PGL2, T )|−1

∫
T (F )

DPGL2(t)−1/2DG′(νi(t))
1/2cθ′(νi(t))dt,

mgeom,D(θ′) = ε(s′)
2∑
i=1

(−1)i
∑

T∈Tell(PGL2)

|W (PGL2, T )|−1

∫
T (F )

DPGL2(t)−1/2DG′(νi(t))
1/2cθ′(νi(t))dt

where ε(s′) is equal to −1 (resp. 1) if the −1 eigenspace of ρX(s′) is 24-dimensional (resp.
32-dimensional).

Proposition 8.6. Let θ (resp. θD) be a quasi-character on G(F ) (resp. GD(F )). Assume
that θ (resp. θD) is the endoscopic transfer of a stable quasi-character θ′ of G′(F ) . We have

mgeom(θ) = mgeom(θ′), mgeom(θD) = mgeom,D(θ′).

Proof. We will only prove the case when Ĝ′ = Spin12(C)× SL2(C)/Z2. The rest case follows
from a similar argument. Like in all the previous cases, the only difference between the split
case and the quaternion case is the extra sign in the transfer factor. Hence we will only
consider the split case.

The proof of the equation cθ(1) = cθ′(1) is easy and we will skip it here. We fix a quadratic
extension E/F and let TE ∈ Tell(PGL2) = Tell(H0) correspond to E (for simplicity we identify
H0 with PGL2). We just need to show that the term corresponding to TE in mgeom(θ) is
equal to the term corresponding to TE in mgeom(θ′).

Let TG be the centralizer of TE in the Levi subgroup L of G, which is a maximal torus of
G. On the other hand, let L1 be the Levi subgroup of G′ which is of Type A1 ×A1 ×A1 on
the GHSpin12-copy and is a maximal torus on the GL2-copy such that it contains ν1(TE).
Let L2 be the Levi subgroup of G′ which is of Type D2 on the GHSpin12-copy and is equal
to GL2 on the GL2-copy such that it contains ν2(TE). Let TG′,i be the centralizer of νi(TE)
in G′, which is a maximal torus of G′.

Let W = W (G, TG) and Wi = W (G′, TG′,i) be the Weyl groups. We have |W | = 9216,
|W1| = 768, |W2| = 1536, and Wi can be naturally identified as a subgroup of W for i = 1, 2.
Note that W (resp. W1, W2) is of Type F4 × (A1)3 (resp. C3 × (A1)4, D4 × (A1)3).

Moreover the W -action stabilizes TE and its action on TE factors through W (PGL2, TE) '
Z/2Z. It is easy to see that there are natural isomorphisms fi : TG(F ) ' Ti(F ) whose
restriction to TE(F ) are the identity map (here by abusing of notation we identify TE with
νi(TE)) and satisfy the following condition:

• for γ ∈ TG(F ) ∩ Greg(F ), there are exactly 18 = 12 + 6 = 9216
768

+ 9216
1536

conjugacy
classes γG′ of G′(F ) with ∆(γ, γG′) 6= 0. Each of them is represented by an element
fi(wγw

−1) for 1 ≤ i ≤ 2 and w ∈ W/Wi.

Next we show that the transfer factor ∆(γ, γG′) is always equal to 1 for any γ ∈ TG(F ) ∩
Greg(F ) and γG′ = fi(wγw

−1). We follow the notation in Section 3 of [LS]. It is easy to

see that in this case s′TG ∈ π0(T̂ Γ
G,ad) is the identity component. This implies that the terms

∆I(γ, γG′) and ∆III1(γ, γG′) are equal to 1. Also for any root α of TG outside G′, we have
F±α = Fα and hence we can choose the χ-data χα to be the trivial character. This implies
that ∆II(γ, γG′) = 1. Lastly, it is easy to see that a ∈ H1(WF , T̂G) is the trivial cocycle
(note that for any regular semisimple element t ∈ TG(F ), the stable conjugacy class of t
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only contains one rational conjugacy class). This implies that ∆III2(γ, γG′) = 1. This proves
that the transfer factor ∆(γ, γG′) is always equal to 1 for any γ ∈ TG(F ) ∩ Greg(F ) and
γG′ = fi(wγw

−1).
For t ∈ TE(F ) ∩H0,reg(F ), we have

DG(t)1/2cθ(t) =
1

1152
lim

t′∈TG(F )∩Greg(F )→t
DG(t′)1/2θ(t′)

where 1152 is the cardinality of the Weyl group of Gt(F ) (which is of Type F4). Similarly,
for t ∈ TE(F ) ∩ PGL2,reg(F ), we have

DG′(ν1(t))1/2cθ′(ν1(t)) =
1

96
lim

t′∈TG′,1(F )∩G′reg(F )→ν1(t)
DG′(t′)1/2θ(t′),

DG′(ν2(t))1/2cθ′(ν2(t)) =
1

192
lim

t′∈TG′,2(F )∩G′reg(F )→ν2(t)
DG′(t′)1/2θ(t′).

Here 96 (resp. 192) is the cardinality of the Weyl group of (G′)ν1(t)(F ) (resp. (G′)ν2(t)(F )),
which is of Type C3 × A1 (resp. D4).

Combining with the above discussion, we have (note that DH(t) = DPGL2(t)−1/2DG(t)1/2)

DH(t)cθ(t) = DPGL2(t)−1/2(DG′(ν1(t))1/2cθ′(ν1(t)) +DG′(ν2(t))1/2cθ′(ν2(t)))

for all t ∈ TE(F ) ∩ H0,reg(F ) = TE(F ) ∩ PGL2,reg(F ). Hence the term corresponding to
TE in mgeom(θ) is equal to the term corresponding to TE in mgeom(θ′). This proves the
proposition. �

8.4. The main result and the proof. In this subsection we are going to state and prove
our main result for the model (E7,PGL2 n U). Let G = E7, φ : WF → Ĝ be a tempered
Langlands parameter, and Πφ = Πφ(G)∪Πφ(GD) be the associated tempered L-packet. Like
in all the other cases, we assume that the local Langlands correspondence holds for G. We
also need to assume that the weaker conjecture holds for smaller models.

Theorem 8.7. Assume that Conjecture 4.6 and Conjecture 8.4 hold. If the packet Πφ is not
discrete with |Πφ(G)| = 1, then Conjecture 1.3 holds for packet Πφ.

Corollary 8.8. Assume that Conjecture 4.6 and Conjecture 8.4 hold. We also assume that
the Conjecture 1.6 holds for the model (E7,PGL2 n U). Then Conjecture 1.3 holds for the
tempered L-packets of G.

By using Propositions 8.1 and 8.6, the proof of Theorem 8.7 is the almost the same as all
the previous cases. We will only give a sketch of the proof.

The first step is to prove Conjecture 1.6 when Πφ is not discrete with |Πφ(G)| = 1.
When Πφ is not discrete, it is induced from a maximal parabolic subgroup M of G. In
this case, if M does not contain L up to conjugation, then Proposition 8.1 implies that the
unique distinguished element belongs to Πφ(G). Also in this case it is easy to see that the
epsilon factor ε(1

2
,Πφ, ρX) is equal to 1. If M is of Type D6 (resp. A5 ×A1, D5 ×A1), then

Conjecture 1.6 follows from Proposition 8.1, Conjecture 8.4 for the model (GHSpin12,PGL2n
U) (resp. Conjecture 4.6, Conjecture 8.4 for the model (GHSpin10 ×GSpin3,GSpin3 n U)),
and the multiplicity formula for the model (GHSpin12,PGL2 n U) (resp. (GL6,GL2 n U),
(GHSpin10×GSpin3,GSpin3nU)). If M is of Type A3×A2×A1, then Conjecture 1.6 follows
from Proposition 8.1, Conjecture 4.1 (which is a consequence of Conjecture 4.6 by Remark
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4.5), and the multiplicity formula for the model (GL4 ×GL2,GL2 ×GL2). The argument is
the same as previous cases except the following three minor differences.

• If M is of Type A5 ×A1, then M̂ = SL2(C)× SL6(C)×GL1(C)/(Z/6Z). We have a
projection map

M̂ = SL2(C)× SL6(C)×GL1(C)/(Z/6Z)→ SL6(C)×GL1(C)/(Z/6Z) = GL6(C).

Hence each Langlands parameter of M induces a Langlands parameter of GL6, this
allows us to apply Conjecture 4.6 for the smaller model (GL6,GL2 n U).

• If M is of Type A1×A2×A3, then M̂ = SL2(C)×SL3(C)×SL4(C)×GL1(C)/(Z/12Z).
We have a projection map

M̂ = SL2(C)× SL3(C)× SL4(C)×GL1(C)/(Z/12Z)→ SL2(C)× SL4(C)/(Z/4Z)

= GL4(C)×GL2(C)/{(aI4, a
2I2) | a ∈ C×}.

Combining with Theorem 8.1 of [La], each Langlands parameter of M induces a
Langlands parameter of GL4 × GL2, this allows us to apply Conjecture 4.1 for the
model (GL4 ×GL2,GL2 ×GL2).

• If M is of Type D5×A1, then M̂ = Spin10(C)× SL2(C)×GL1(C)/(Z/4Z). We have
a projection map

L̂ = Spin10(C)× SL2(C)×GL1(C)/(Z/4Z)→ Spin10(C)× SL2(C)/(Z/4Z)

= SO10(C)× SL2(C)/(Z/2Z) = (GSO10(C)×GL2(C))◦/GL1(C).

Combining with Theorem 8.1 of [La], each Langlands parameter of M induces a
Langlands parameter of GSpin10×GSpin3, this allows us to apply Conjecture 8.4 for
the smaller model (GSpin10 ×GSpin3,GSpin3 n U).

If Πφ(G) is discrete, since |Πφ(G)| > 1, there exists a proper elliptic extended endoscopic

triple (G′, s′, Lη) with s′ ∈ Zφ. We can view φ as a Langlands parameter of G′. If Ĝ′ =
SL8(C)/Z2, Proposition 8.6 implies that∑

π∈Πφ(G)

tr(χπ(s′))m(π) = 1,
∑

π∈Πφ(GD)

tr(χπ(s′))m(π) = 0.

In this case, by the discussion in Section 2.5 we also know that ε(1
2
,Πφ, ρX) = 1. This proves

Conjecture 1.6.
If Ĝ′ = SL6(C)×SL3(C)/Z3 = {(g1, g2) ∈ GL6(C)×GL3(C) | det(g1) = det(g2)4}/{(a2I6, aI3) |

a ∈ GL1(C)}, by Theorem 8.1 of [La], we can lift a Langlands parameter of G′ to a Lang-
lands parameter of GL6×GL3. Then by Proposition 8.6, Conjecture 4.6 and the multiplicity
formula of the model (GL6,GL2 n U), we have (recall that ε(s′) = 1 if the order of s′ is 3
and it is equal to −1 if the order of s′ is 6)∑
π∈Πφ(G)

tr(χπ(s′))m(π) =
1 + ε(1

2
, ρs′,φ)

2
,

∑
π∈Πφ(GD)

tr(χπ(s′))m(π) = −ε(s′) ·
ε(1

2
, ρs′,φ)− 1

2
,

where ρs′,φ is defined in Section 2.5. In particular, we know that the unique element belongs
to the packet Πφ(G) if and only if ε(1

2
, ρs′,φ) = 1. By our discussion in Section 2.5, we have

ε(1
2
, ρs′,φ) = ε(1

2
,Πφ, ρX). This proves Conjecture 1.6.

If Ĝ′ = SL4(C) × SL4(C) × SL2(C)/Z4 = {(g1, g2, g3) ∈ GL4(C) × GL4(C) × GL2(C) |
det(g1) = det(g2) = det(g3)}/{(aI4, aI4, a

2I2) | a ∈ GL1(C)}, by Theorem 8.1 of [La], we can
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lift a Langlands parameter of G′ to a Langlands parameter of GL4 × GL4 × GL2. Then by
Proposition 8.6, Conjecture 4.1 and the multiplicity formula of the model (GL4×GL2,GL2×
GL2), we have (recall that ε(s′) = −1 if s′ = (I4,±iI4, I2) and ε(s′) = 1 if s′ = (I4,±iI4,−I2))∑
π∈Πφ(G)

tr(χπ(s′))m(π) =
ε(1

2
, ρs′,φ,1 ⊕ ρs′,φ,2)

2
,

∑
π∈Πφ(GD)

tr(χπ(s′))m(π) = ε(s′)·
ε(1

2
, ρs′,φ,1)− ε(1

2
, ρs′,φ,2)

2

where ρs′,φ,i is defined in Section 2.5. In particular, we know that the unique element belongs
to the packet Πφ(G) if and only if ε(1

2
, ρs′,φ,1 ⊕ ρs′,φ,2) = 1. By our discussion in Section 2.5,

we have ε(1
2
, ρs′,φ,1 ⊕ ρs′,φ,2) = ε(1

2
,Πφ, ρX). This proves Conjecture 1.6.

If Ĝ′ = Spin12(C) × SL2(C)/Z2 = {(g1, g2) ∈ GHSpin∨12(C) × GL2(C) | l(g1) det(g2) =
1}/GL1(C)anti−diag, by Theorem 8.1 of [La], we can lift a Langlands parameter of G′ to a
Langlands parameter of GHSpin12 ×GL2. Then by Proposition 8.6, Conjecture 8.4 and the
multiplicity formula of the models (GHSpin12,PGL2nU) and (GHSpin12×GSpin3,GSpin3n
U), we have∑
π∈Πφ(G)

tr(χπ(s′))m(π) =
ε(1

2
, ρs′,φ,+ ⊕ ρs′,φ,−)

2
,

∑
π∈Πφ(GD)

tr(χπ(s′))m(π) =
ε(1

2
, ρs′,φ,−)− ε(1

2
, ρs′,φ,+)

2

where ρs′,φ,+ and ρs′,φ,− are defined in Section 2.5. In particular, we know that the unique
element belongs to the packet Πφ(G) if and only if ε(1

2
, ρs′,φ,+ ⊕ ρs′,φ,−) = 1. By our discus-

sion in Section 2.5, we have ε(1
2
, ρs′,φ,+ ⊕ ρs′,φ,−) = ε(1

2
,Πφ, ρX). This finishes the proof of

Conjecture 1.6 when Πφ is not discrete with |Πφ(G)| = 1.

Now we are ready to prove Theorem 8.7. Let ωφ ∈ Ŝφ corresponds to the unique distin-
guished element in the packet. By Remark 1.4 we know that ωφ is a character and we view
it as a character of Zφ. For s ∈ Sφ, let (G′, s′, Lη) be an elliptic extended endoscopic triple
with s′ ∈ sZ◦φ. We need to show that ωφ(s′) = ωφ,H(s). The above discussion implies that
ωφ(s′) = ωφ,H(s) if s′ belongs to the center of the dual group.

If s′ does not belong to the center of the dual group, there are four cases. If Ĝ′ =
SL8(C)/Z2, the above discussion implies that the unique distinguished element belongs to
Πφ(G) and ∑

π∈Πφ(G)

tr(χπ(s′))m(π) = 1.

By the definition of ωφ,H we know that ωφ,H(s) = 1. This implies that

ωφ(s′) = tr(ωφ(s′)) =
∑

π∈Πφ(G)

tr(χπ(s′))m(π) = 1 = ωφ,H(s).

If Ĝ′ = SL6(C)× SL3(C)/Z3, by our discussion above, we have∑
π∈Πφ(G)

tr(χπ(s′))m(π) =
1 + ε(1

2
, ρs′,φ)

2
,

∑
π∈Πφ(GD)

tr(χπ(s′))m(π) = −ε(s′) ·
ε(1

2
, ρs′,φ)− 1

2
.

By the definition in Section 2.5, we have ωφ,H(s) = ε(1
2
, ρs′,φ) if the order of s′ is 6 and

ωφ,H(s) = 1 if the order of s′ is 3. We have two cases. If the unique distinguished element
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belongs to Πφ(G), we have ε(1
2
, ρs′,φ) = 1. This implies that

ωφ(s′) = tr(ωφ(s′)) =
∑

π∈Πφ(G)

tr(χπ(s′))m(π) =
1 + ε(1

2
, ρs′,φ)

2
= ε(

1

2
, ρs′,φ) = 1 = ωφ,H(s).

If the unique distinguished element belongs to Πφ(GD), we have ε(1
2
, ρs′,φ) = −1. This implies

that

ωφ(s′) = tr(ωφ(s′)) =
∑

πD∈Πφ(GD)

tr(χπD(s′))m(πD) = −ε(s′)ε(1

2
, ρs′,φ) = ωφ,H(s).

If Ĝ′ = SL4(C)× SL4(C)× SL2(C)/Z4, by our discussion above, we have∑
π∈Πφ(G)

tr(χπ(s′))m(π) =
ε(1

2
, ρs′,φ,1 ⊕ ρs′,φ,2)

2
,

∑
π∈Πφ(GD)

tr(χπ(s′))m(π) = ε(s′)·
ε(1

2
, ρs′,φ,1)− ε(1

2
, ρs′,φ,2)

2
.

By the definition in Section 2.5, we have ωφ,H(s) = ε(1
2
, ρs′,φ,2) if the s′ = (I4,±iI4, I2)

and ωφ,H(s) = ε(1
2
, ρs′,φ,1) if the s′ = (I4,±iI4,−I2). We have two cases. If the unique

distinguished element belongs to Πφ(G), we have ε(1
2
, ρs′,φ,1) = ε(1

2
, ρs′,φ,2) = ωφ,H(s). This

implies that

ωφ(s′) = tr(ωφ(s′)) =
∑

π∈Πφ(G)

tr(χπ(s′))m(π) =
ε(1

2
, ρs′,φ,1 ⊕ ρs′,φ,2)

2
= ωφ,H(s).

If the unique distinguished element belongs to Πφ(GD), we have ε(1
2
, ρs′,φ,1) = −ε(1

2
, ρs′,φ,2).

This implies that

ωφ(s′) = tr(ωφ(s′)) =
∑

πD∈Πφ(GD)

tr(χπD(s′))m(πD) = ε(s′)·
ε(1

2
, ρs′,φ,1)− ε(1

2
, ρs′,φ,2)

2
= ωφ,H(s).

If Ĝ′ = Spin12(C)× SL2(C)/Z2, by our discussion above, we have∑
π∈Πφ(G)

tr(χπ(s′))m(π) =
ε(1

2
, ρs′,φ,+ ⊕ ρs′,φ,−)

2
,

∑
π∈Πφ(GD)

tr(χπ(s′))m(π) =
ε(1

2
, ρs′,φ,−)− ε(1

2
, ρs′,φ,+)

2
.

By the definition in Section 2.5, we have ωφ,H(s) = ε(1
2
, ρs′,φ,−). We have two cases. If

the unique distinguished element belongs to Πφ(G), we have ε(1
2
, ρs′,φ,+)ε(1

2
, ρs′,φ,−) = 1, i.e.

ε(1
2
, ρs′,φ,+) = ε(1

2
, ρs′,φ,−). This implies that

ωφ(s′) = tr(ωφ(s′)) =
∑

π∈Πφ(G)

tr(χπ(s′))m(π) =
ε(1

2
, ρs′,φ,+ ⊕ ρs′,φ,−)

2
= ε(

1

2
, ρs′,φ,−) = ωφ,H(s).

If the unique distinguished element belongs to Πφ(GD), we have ε(1
2
, ρs′,φ,+)ε(1

2
, ρs′,φ,−) = −1,

i.e. ε(1
2
, ρs′,φ,+) = −ε(1

2
, ρs′,φ,−). This implies that

ωφ(s′) = tr(ωφ(s′)) =
∑

πD∈Πφ(GD)

tr(χπD(s′))m(πD) =
ε(1

2
, ρs′,φ,−)− ε(1

2
, ρs′,φ,+)

2
= ε(

1

2
, ρs′,φ,−) = ωφ,H(s).

This finishes the proof of Theorem 8.7.
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