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Abstract. We propose two families of relative trace formula comparisons in the study of
relative Langlands duality conjectured by Ben-Zvi–Sakellaridis–Venkatesh. This allows us
to incorporate numerous relative trace formula comparisons studied during the last four
decades under the BZSV duality framework. For the proposed relative trace formula com-
parisons associated to some strongly tempered spherical varieties, we will prove the fun-
damental lemma and smooth transfer in the p-adic case. Moreover, inspired by the BZSV
duality conjecture, we propose a conjecture regarding the degenerate Whittaker period,
which generalizes Lapid-Mao’s conjecture of the Whittaker period.
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1. Introduction

1.1. The relative Langlands duality conjecture. In [1], Ben-Zvi, Sakellaridis, and
Venkatesh proposed a beautiful relative Langlands duality for spherical varieties (in this
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paper, we will call it BZSV duality). We will briefly explain their conjecture in this sub-
section. Throughout this paper, k is a global field, A = Ak, F is a local field, and ψ is a
non-trivial additive character of A/k (resp. F ) if we are in the global (resp. local) setting.
The BZSV duality concerns a pair of dual data (∆, ∆̌) where each side contains 4 datum:

∆ = (G,H, ρH , ι) and ∆̂ = (Ĝ, Ĥ ′, ρĤ′ , ι̂′). Here G is a split reductive group; H is a split
reductive subgroup of G; ρH is a symplectic representation of H; and ι is a homomorphism
from SL2 into G whose image commutes with H. The map ι induces a homomorphism
H × SL2 → G, which will still be denoted by ι. This map induces an adjoint action of
H × SL2 on the Lie algebra g of G and we can decompose it as

⊕k∈Iρk ⊗ Symk

where ρk is some representation of H and I is a finite subset of Z≥0. We let Iodd be the subset
of I containing all the odd numbers. There are two main requirements for the quadruple
(G,H, ρH , ι).

(1) The representation ρH,ι = ρH⊕(⊕i∈Ioddρi) is a symplectic anomaly-free representation
(see Section 5 of [1]) of H.

(2) The Hamiltonian space associated to the quadruple (G,H, ρH , ι) (defined in Section
3 of [1]) is hyperspherical (Section 3.5 of [1]). In particular, its generic stabilizer is
connected.

We refer the reader to [1] for more details. Note that under BZSV duality, the group Ĝ

is the Langlands dual group of G and Ĥ ′ = Ĝ∆ can be viewed as the “dual group” of the
quadruple ∆ (note that the groups H and Ĥ’ are not dual to each other in general, and the
nilpotent orbits ι and ι̂′ are also not dual to each other in general). Let (G,H, ρH , ι) and

(Ĝ, Ĥ ′, ρĤ′ , ι̂′) be two quadruples that are dual to each other under the BZSV duality. We
use ρH,ι and ρĤ′,ι̂′ to denote the symplectic anomaly-free representations associated to these
quadruples. As we explained above, the maps ι and ι̂′ induce adjoint actions of H × SL2

(resp. Ĥ ′ × SL2) on g (resp. ĝ) and they can be decomposed as

g = ⊕k∈Iρk ⊗ Symk, ĝ = ⊕k∈Î ρ̂k ⊗ Symk

where ρk (resp. ρ̂k) are representations of H (resp. Ĥ ′). It is clear that the adjoint repre-

sentation of H (resp. Ĥ ′) is a subrepresentation of ρ0 (resp. ρ̂0).

To simplify the notation, we assume that the center of G (resp. Ĝ) is finite 1. Now we
define the period integrals associated to the datum. We have a symplectic representation
ρH,ι : H → Sp(V ). Let Y be a maximal isotropic subspace of V and Ωψ be the Weil

representation of S̃p(V ) on the Schwartz space S(Y (A)). The anomaly free condition on ρH,ι
ensures S̃p(V ) splits over Im(ρH,ι) and Ωψ restricts to a representation of H(A) on S(Y (A)).
We define the theta series

Θφ
ψ(h) =

∑
X∈Y (k)

Ωψ(h)φ(X), h ∈ H(A), φ ∈ S(Y (A)),

and we can define the period integral to be

PH,ι,ρH (ϕ, φ) =
∫
H(k)\H(A)

Pι(ϕ)(h)Θφ
ψ(h)dh.

1otherwise we need to modulo the center in the definition of the period integrals
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Here Pι is the degenerate Whittaker period associated to ι (we refer the reader to equation
(1.1) or (1.2) in §1.2 for its definition). Similarly we can also define the period integral

PĤ′,ι̂′,ρĤ′
(ϕ, φ) on the dual side for automorphic forms ϕ of Ĝ(A) and Schwartz functions φ

of Ŷ ′(A) where Ŷ ′ is a maximal isotropic subspace of the symplectic representation ρĤ′,ι̂′ .
The following conjecture is the main conjecture regarding global periods in BZSV duality.

Conjecture 1.1. (Ben-Zvi–Sakellaridis–Venkatesh, [1])

(1) Let π be an irreducible discrete automorphic representation of G(A) and let ν : π →
L2(G(k)\G(A))π be an embedding. Then the period integral

PH,ι,ρH (ϕ, φ), ϕ ∈ Im(ν), φ ∈ S(Y (A))

is nonzero only if the Arthur parameter of π factors through ι̂′ : Ĥ ′(C) × SL2(C) →
Ĝ(C). If this is the case, π is a lifting of a global tempered Arthur packet Π of H ′(A)
(the Langlands dual group of Ĥ ′). Then we can choose the embedding ν so that

|PH,ι,ρH (ϕ, φ)|2

⟨ϕ, ϕ⟩
“ = ”

L(1/2,Π, ρȞ) · Πk∈ÎL(k/2 + 1,Π, ρ̂k)

L(1,Π, Ad)2
, ϕ ∈ Im(ν), φ ∈ S(Y (A)).

Here ⟨,⟩ is the L2-norm, and “ = ” means the equation holds up to some Dedekind
zeta functions, some global constant determined by the component group of the global
L-packet associated to π, and some finite product over the ramified places (including
all the archimedean places).

(2) Let π be an irreducible discrete automorphic representation of Ĝ(A) and let ν : π →
L2(Ĝ(k)\Ĝ(A))π be an embedding. Then the period integral

PĤ′,ι̂′,ρĤ′
(ϕ, φ), ϕ ∈ Im(ν), φ ∈ S(Ŷ ′(A))

is nonzero only if the Arthur parameter of π factors through ι : H(C) × SL2(C) →
G(C). If this is the case, π is a lifting of a global tempered Arthur packet Π of Ĥ(A)
(the Langlands dual of H). Then we can choose the embedding ν so that

|PĤ′,ι̂′,ρĤ′
(ϕ, φ)|2

⟨ϕ, ϕ⟩
“ = ”

L(1/2,Π, ρH) · Πk∈IL(k/2 + 1,Π, ρk)

L(1,Π, Ad)2
, ϕ ∈ Im(ν), φ ∈ S(Ŷ ′(A)).

Remark 1.2. The above conjecture is usually called the Ichino-Ikeda type conjecture. To
state an explicit identity instead of “ = ”, one needs to make two adjustments on the right
hand side of the equation.

• In the ramified places, instead of using the local L-function, one needs to use the so-
called local relative character defined by the (conjectural) Plancherel decomposition
(see Section 17 of [29] and Section 9 of [1]).

• One also needs to add some Dedekind zeta functions on the right hand side determined
by the groups G and H (in all the known examples, those zeta functions are the L-
function of the dual M∨ to the motive M associated to G,H introduced by Gross in
[7]), as well as some global constant determined by component group of the global
L-packet associated to π (see Section 14.6.4 of [1]).

The main goal of this paper is to propose a relative trace formula approach to establish
many cases of the above conjecture. In §1.3 and §1.4 we propose two families of relative trace
formula comparisons. We explain how the relative trace formula comparisons together with
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a conjecture on the degenerate Whittaker period described in §1.2 imply the equation on the
period in Conjecture 1.1. Some examples of our proposed relative trace formula comparisons
are already established (or conjectured) in [3, 12, 14, 20, 23, 24, 31]. We therefore incor-
porate all these cases under the same framework of BZSV duality. We will provide further
evidence of Conjecture 1.1 by establishing the fundamental lemma and smooth transfers for
the relative trace formula comparisons in all cases of strongly tempered spherical variety
whose dual side is of rank one.

Namely, we consider the following 6 strongly tempered spherical varieties from the previous
paper [30] of the second and third authors (we refer the reader to [30] and Section 2 for the
definition of the unipotent group U of each case). For each of the models in the table

below, one can associate dual data (∆, ∆̂) in BZSV duality as follows: one quadruple ∆ is
(G,H0, 0, ι) where ι is the SL2-embedding associated to the Richardson orbit of U which
will be explicitly defined in section §2 and 0 is just the trivial 0-dimensional symplectic
representation; the dual quadruple ∆̂ is (Ĝ, Ĝ, ρ̂, 1) where 1 denotes the SL2-embedding that
maps all the elements to the identity.

№ G H = H0 ⋉ U Ĝ ρ̂
1 PGL6 PGL2 ⋉ U SL6 ∧3

2 GSO8 ×GL2/GL1 PGL2 ⋉ U S(GSpin8 ×GL2) HSpin8 ⊗ std2

3 PGSO12 PGL2 ⋉ U Spin12 HSpin12

4 E7,ad PGL2 ⋉ U E7,sc ω7

5 PGSp10 PGL2 ⋉ U Spin11 Spin11

6 GSp6 ×GL2/GL1 PGL2 ⋉ U S(GSpin7 ×GL2) Spin7 ⊗ std2

Table 1

Here S(GSpinn × GL2) = {(g1, g2) ∈ GSpinn × GL2| l(g1) det(g2) = 1} where l is the
similitude character and ω7 is the 56-dimensional standard representation of E7. These are
the only models in [30] where the reductive part H0 is of rank 1. In other words, the dual

group of the quadruple ∆̂ is of rank 1 and hence is easy to study.
For each of the models in the table, we will write down Conjecture 1.1 more explicitly.

Indeed, a more explicit version of Part (1) Conjecture 1.1 in these cases is stated in [30,
Conjecture 1.7]. In this paper, we will concentrate on the dual side, propose a relative
trace formula comparison for the dual side, and prove the fundamental lemma and smooth
transfer, therefore providing strong evidence for part (2) of Conjecture 1.1 in the cases of
these strongly tempered spherical varieties.

Remark 1.3. Here we only the cases when G,H are split. When the groups G,H are not
split, the situation is more complicated (see Section 4.8 of [1]). To our knowledge, there
are only two cases of duality considered in the non-split case. One is the Galois model case
considered by Prasad in [25]. The other one is for the model (ResK/FGL2,GL2) considered
by the first author and Rallis in [22] where K/F is a cubic extension.

1.2. A conjecture for degenerate Whittaker period. Motivated by the BZSV con-
jecture, we make a general conjecture about the degenerate Whittaker coefficient in this
subsection. Let ι be a map from SL2 into a split reductive group G and let Oι be the
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nilpotent orbit of g associated to it. Let

U = {g ∈ G| lim
t→0

ι(diag(t, t−1))gι(diag(t, t−1))−1 = 1}.

If the nilpotent orbit Oι is even in the sense of Section 2.3 of [5], ψ induces a generic character
ξ of U(k)\U(A) (see Section 2.3.1 of [5]) and we define the degenerate Whittaker coefficient
to be

(1.1) Pι(ϕ) =
∫
U(k)\U(A)

ϕ(u)ξ(u)du.

If Oι is not even, then ψ induces a Weil representation Ω′
ψ of U(A) on the space of Schwartz

functions of some vector space Z(A) (see Section 2.3.2 of [5]). For φ ∈ S(Z(A)), we can
define the theta series

Θφ
U,ψ(u) =

∑
X∈Z(k)

Ω′
ψ(u)φ(X)

and we define the degenerate Whittaker coefficient to be

(1.2) Pι(ϕ, φ) =
∫
U(k)\U(A)

ϕ(u)Θφ
U,ψ(u)du.

To simplify the notation, we will skip φ and still use Pι(ϕ) to denote the degenerate Whittaker
coefficient. When Oι is even (resp. non-even), Pι is also called the Bessel period (resp. the
Fourier-Jacobi period).

Given a nilpotent orbit Ôι of ĝ, by the duality introduced in the appendix of [2], it induces

a nilpotent orbitOι ofG that is special (Definition 1.10 of [2]). The nilpotent orbit Ôι induces

a homomorphism ι̂ : SL2 → Ĝ. Let Ĥι̂ be the neutral component of the centralizer of Im(ι̂)

in Ĝ. We get a homomorphism Ĥι̂ × SL2 → Ĝ which will still be denoted by ι̂. This map
induces an adjoint action of Ĥι̂ × SL2 on ĝ and we can decompose it as

⊕k∈Î ρ̂k ⊗ Symk

where ρ̂k is some representation of Ĥι̂ and Î is a finite subset of Z≥0.
Since the adjoint representation is of orthogonal type, we know that ρ̂k is of symplectic

type when k is odd. We can decompose the symplectic representation ⊕k∈Îodd ρ̂k (here Îodd is
again the subset of odd integers) as

(1.3) ⊕k∈Îodd ρ̂k = (⊕jτj ⊕ τ∨j )⊕ (⊕iσi)

where σi are distinct self-dual irreducible representations of Ĥ of symplectic type. In partic-
ular, σi are those irreducible symplectic representations that appear odd times in ⊕k∈Îodd ρ̂k.
We then define

(1.4) ρ̂ι̂ = ⊕iσi.

Let π be an irreducible discrete automorphic representation of G(A) and let ν : π →
L2(G(k)\G(A))π be an embedding. We assume that the Arthur parameter of π factors
through ι̂ (i.e. π is a lifting of a global tempered Arthur packet Π of Hι̂(A) where Hι̂ is the

dual group of Ĥι̂).

Conjecture 1.4. With the notation above, one can choose the embedding ν so that

|Pι(ϕ)|2

⟨ϕ, ϕ⟩
“ = ”

L(1/2,Π, ρ̂ι̂)

Πk∈ÎL(k/2 + 1,Π, ρ̂k)
, ϕ ∈ ν(π).
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Remark 1.5. As in Conjecture 1.1, here “ = ” means the equation holds up to some
Dedekind zeta functions, some global constant determined by the component group of the
global L-packet associated to π and some finite product over the ramified places (including all
the archimedean places). As we mentioned in Remark 1.2, to state an explicit identity, we
need to replace the local L-function with the relative character at the ramified places, and we
also need to add some Dedekind zeta functions as well as some global constant determined
by the component group of the global L-packet associated to Π, i.e.

|Pι(ϕ)|2

⟨ϕ, ϕ⟩
= ∗ · c(Π) · Πv∈Sl(ϕv) ·

L(1/2,Π, ρ̂ι̂)

Πk∈ÎL(k/2 + 1,Π, ρ̂k)

where ∗ is some special values of the Dedekind zeta function, c(Π) is a constant depends on
the global L-packet associated to Π, S is the ramified places of Π and l(ϕv) should be the local
relative character. In particular, if we are in the function field case and Π is everywhere
unramified, then the identity becomes

|Pι(ϕ)|2

⟨ϕ, ϕ⟩
= ∗ · c(Π) · L(1/2,Π, ρ̂ι̂)

Πk∈ÎL(k/2 + 1,Π, ρ̂k)

However, in the case when Oι is not the regular nilpotent orbit, it is not clear to us how
to define the local relative character l(ϕv) at this moment. The reason is that when Oι is
not regular, the degenerate Whittaker model is not unique, and one can not define the local
relative character using the Plancherel decomposition as in Section 17 of [29] and Section
9 of [1]. In the regular case, the local relative character was defined by Lapid-Mao in [17],
which allows them to formulate the Ichino-Ikeda type conjecture for the Whittaker period.

When Ôι is the zero nilpotent orbit, Conjecture 1.4 is compatible with the conjecture of
Lapid-Mao for Whittaker period in [17].

When G = GL2n (resp. SO2n, Sp4n), Q̂ = L̂N̂ is the parabolic subgroup of Ĝ with

L = GLn×GLn (resp. GLn, GL2n) and Ôι is the principal orbit of L̂, the above conjecture is
compatible with the unramified computation of the local intertwining operator in Proposition
4 of [18].

In addition to the above examples, we have some other evidence for the above conjecture
from the relative trace formula comparisons we propose below. If the relative trace formula
comparisons hold, then Conjecture 1.4 is compatible with Conjecture 1.1. We have much
evidence for the proposed relative trace formulas through the prior works in [3, 12, 14, 20,
23, 24, 31], as well as the comparisons proved in this paper.

In all examples relevant to the evidence mentioned above, the nilpotent orbits Ôι are
principal in some Levi subgroups of Ĝ. On the other hand, we do have examples when Ôι is
not special, and we also have examples where the set {τj ⊕ τ∨j } in the decomposition (1.3)
is not empty. We will describe two such examples in §6.

1.3. A conjectural relative trace formula comparison for quadruples not related
to central values. Let (G,H, ρH , ι) and (Ĝ, Ĥ ′, ρĤ′ , ι̂′) be two quadruples that are dual
to each other under the BZSV duality. We use ρH,ι and ρĤ′,ι̂′ to denote the symplectic
anomaly-free representations associated to these quadruples. As we explained above, the
map ι̂′ induces adjoint actions of Ĥ ′ × SL2 on ĝ and it can be decomposed as

ĝ = ⊕k∈Î ρ̂k ⊗ Symk
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where ρ̂k are representations of Ĥ ′. We let Oι′ be the nilpotent orbit of g that is dual to ι̂′.
In the previous two subsections we have defined the period integrals PH,ι,ρH and Pι′ . In this
subsection we make the following assumption.

Assumption 1.6. The symplectic representations ρĤ′ and ρ̂ι̂′ (define in (1.4)) are zero
dimensional.

Remark 1.7. Basically the above assumption means that both PH,ι,ρH and Pι′ are not related
to the central value of some automorphic L-functions.

Combining the above assumption with Conjecture 1.1 and 1.4, we expect the following
conjecture.

Conjecture 1.8. Assume Assumption 1.6 holds. Let π be an irreducible discrete automor-
phic representation of G(A) and let ν : π → L2(G(k)\G(A))π be an embedding. Assume that

the Arthur parameter of π factors through ι̂′ : Ĥ ′(C) × SL2(C) → Ĝ(C) (i.e. π is a lifting

of a global tempered Arthur packet Π of H ′(A) where H ′ is the Langlands dual group of Ĥ ′).
Then we can choose the embedding ν so that

PH,ι,ρH (ϕ, φ) · Pι′(ϕ)
⟨ϕ, ϕ⟩

“ = ”
1

L(1,Π, Ad)
, ϕ ∈ Im(ν), φ ∈ S(Y (A)).

For the rest of this subsection, motivated by the above conjecture, we will propose a
relative trace formula comparison to study the period integrals PH,ι,ρH and Pι′ . One side
of the relative trace formula is just the Kuznetsov trace formula for H ′(A). To be specific,
let N ′ be a maximal unipotent subgroup of H ′, ξ′ be a generic character of N ′(k)\N ′(A),
f ′ be a Schwartz function on H ′(A) and Kf ′(x, y) be the usual kernel function. Then the
Kuznetsov relative trace formula is given by

J(f ′) =

∫
N ′(k)\N ′(A)

∫
N ′(k)\N ′(A)

Kf ′(n1, n2)ξ
′(n−1

1 n2) dn1 dn2.

Spectrally, the discrete part of J(f ′) is of the form

Jdisc(f
′) =

∑
Π

JΠ(f
′)

where Π runs over all the global discrete generic Arthur packet of H ′(A) and

JΠ(f
′) =

∑
ϕ

∫
N ′(k)\N ′(A)

Π(f)ϕ(n)ξ′(n)−1 dn

∫
N ′(k)\N ′(A)

ϕ(n)ξ′(n)−1 dn.

Here ϕ runs over an orthonormal basis of Π. According to Lapid-Mao’s conjecture for the
Whittaker period [17],

JΠ(f
′)“ = ”

1

L(1,Π, Ad)
.

Hence the discrete part of J(f ′) is of the form

(1.5) Jdisc(f
′)“ = ”

∑
Π

1

L(1,Π, Ad)
.

For the other side of the relative trace formula, let f be a Schwartz function of G(A) and
Kf (x, y) be the usual kernel function. Then the other side of the relative trace formula is
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given by taking the period integral PH,ι,ρH on the first variable of Kf (x, y) and taking the
period integral Pι′ on the second variable, i.e. we define

I(f) = Pι′(PH,ι,ρH ,1(Kf )), where PH,ι,ρH ,1(Kf )(y) := PH,ι,ρH ,1(Kf (·, y)).
Note that we made an abuse of notation here: the distribution denoted I(f) above may

also depend on the Schwartz functions used in the definition of the periods PH,ι,ρH ,1 and Pι′ .
By Conjecture 1.8, the discrete part of this relative trace formula should also have the

spectral expansion (1.5). Thus we expect the following conjectural comparison between these
two relative trace formulas.

Conjecture 1.9. There should be a comparison between the above two relative trace formulas
I(f) and J(f ′), i.e. for every f ∈ S(G(A)) (resp. f ′ ∈ S(H ′(A))), there exists f ′ ∈ S(H ′(A))
(resp. f ∈ S(G(A))) such that I(f) = J(f ′).

The notion of a comparison between two relative trace formulas was introduced by Jacquet;
we refer to [11, 13] for some examples of comparisons of relative trace formulas. In most
cases, the comparison was proved by unfolding I(f) and J(f ′) into a summation of orbital
integrals, and then proving the matching of orbital integral (i.e. fundamental lemma and
smooth transfer).

In this paper, we provide some evidence for the above conjecture. More specifically,
the comparisons of relative trace formulas in Section 3-5 of this paper are special cases of
Conjecture 1.9 when (G,H, ρH , ι) is the dual of the models in Table 1. In all the cases, H ′

is the Langlands dual of H0 = PGL2, therefore H
′ = SL2.

Theorem 1.10. (Theorem 4.3 and 5.4) When (G,H, ρH , ι) is the dual of the models in Table
1, the fundamental lemma and smooth transfer for the comparison between I(f) and J(f ′)
hold in the p-adic case.

When (G,H, ρH , ι) is the Shalika model of G = GL2n (H = {diag(h, h)| h ∈ GLn},

ι(

(
1 1
0 1

)
) =

(
In In
0 In

)
and ρH = 0), the relative trace formula comparison in Conjecture

1.9 recovers the one in [3], where H ′ = SO2n+1. In case n = 2, the fundamental lemma for
this relative trace formula is proved in [3, 21].

When (G,H, ρH , ι) corresponding to the symmetric spaces of skew-symmetric matrices
(with G = GL2n, H = Sp2n, ρH = 0 and ι = 1), we have H ′ = GLn and the relative trace
formula comparison is established in [12].

When (G,H, ρH , ι) = (GLn,GLn−1, 0, 1) with n > 2, we have H ′ = GL2 and the relative
trace formula in Conjecture 1.9 recovers the one in (2.34) of [23]. One can prove the compar-
ison following the same ideas in [23]. We will consider this case and provide more examples
of Conjecture 1.9 in a future paper.

Lastly, we would like to emphasize that if one can prove the relative trace formula com-
parison in Conjecture 1.9 for some specific quadruples (G,H, ρH , ι) and (Ĝ, Ĥ ′, ρĤ′ , ι̂′), it
will be strong evidence for Conjecture 1.4 of the degenerate Whittaker period Pι′ (this also
applies to the comparison in Conjecture 1.13).

1.4. A relative trace formula for rank 1 spherical varieties. In this subsection we
propose a relative trace formula comparison for all the rank 1 spherical varieties. Let
(G,H, ρH , ι) and (Ĝ, Ĥ ′, ρĤ′ , ι̂′) be two quadruples that are dual to each other under the
BZSV duality. We make the following assumption.
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Assumption 1.11. ι is trivial, ρH is zero-dimensional, and G/H is a rank 1 spherical
variety (Table (3) of [27]).

We use the same notation as in the previous subsection. In particular, we still have the
decomposition

ĝ = ⊕k∈Î ρ̂k ⊗ Symk

and we still want to study the period integrals PH,ι,ρH and Pι′ . According to Table (3) of

[27], under Assumption 1.11, we have Ĥ ′ = PGL2 or SL2. Moreover, it also implies that
under Assumption 1.11, the quadruple (G,H, ρH , ι) satisfies Assumption 1.6 if and only if
ρĤ′ = 0. In particular, for the models in Table (3) of [27], only the following four models of
(G,H) do not satisfy Assumption 1.6:

(1.6) (PGL2,GL1), (SO2n+1, SO2n), (Sp4, Sp2 × Sp2), (G2, SL3)
2.

If the quadruple also satisfies Assumption 1.6, we can just use the relative trace formula
comparison in Conjecture 1.9 to study the period integrals PH,ι,ρH and Pι′ , i.e., there should
be a comparison between the relative trace formula of the period integrals PH,ι,ρH and Pι′
with the Kuznetsov relative trace formula for H ′(A).

For the rest of this subsection, we consider the case when Assumption 1.6 fails, i.e., the
four models in (1.6). In this case, Ĥ ′ = SL2 and H

′ = PGL2. As in the previous subsection,
one side of our relative trace formula is still

I(f) = Pι′(PH,ι,ρH ,1(Kf )), PH,ι,ρH ,1(Kf )(y) := PH,ι,ρH ,1(Kf (·, y)).
In this case, by Table (3) of [27], Conjecture 1.1 and 1.4, we expect the following conjecture.

Conjecture 1.12. Let π be an irreducible discrete automorphic representation of G(A) and
let ν : π → L2(G(k)\G(A))π be an embedding. Assume that the Arthur parameter of π

factors through ι̂′ : Ĥ ′(C) × SL2(C) → Ĝ(C) (i.e. π is a lifting of a global tempered Arthur
packet Π of H ′(A) = PGL2(A)). Then we can choose the embedding ν so that

PH,ι,ρH (ϕ, φ) · Pι′(ϕ)
⟨ϕ, ϕ⟩

“ = ”
L(1/2,Π)

L(1,Π, Ad)
, ϕ ∈ Im(ν), φ ∈ S(Y (A)).

Based on the above conjecture, as in the previous subsection, the discrete part of the
spectral expansion of I(f) should be of the form

(1.7) Idisc(f)“ = ”
∑
Π

L(1/2,Π)

L(1,Π, Ad)
.

where Π runs over all the global discrete generic Arthur packet of H ′(A) = PGL2(A).
For the other side of the relative trace formula, let f ′ be a Schwartz function of H ′(A) =

PGL2(A) and let Kf ′(x, y) be the kernel function. Let T = {diag(a, 1)} ⊂ H ′, N ′ be a
maximal unipotent subgroup of H ′, and ξ′ be a generic character of N ′(k)\N ′(A). Then the
other side of the relative trace formula is given by

J(f ′) =

∫
N ′(k)\N(A)

∫
T (k)\T (A)

Kf ′(x, y)ξ
′(x)−1dydx

i.e., we take the Whittaker period on the first variable and the Hecke period on the second
variable. This relative trace formula was first considered by Jacquet in [11]. It is well known

2Note that as a variety, G/H in all these four cases are isomorphic to some SO2n+1/SO2n: PGL2/GL1 ≃
SO3/SO2, Sp4/Sp2 × Sp2 ≃ SO5/SO4, G2/SL3 ≃ SO7/SO6.
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that the discrete part of the spectral expansion of this relative trace formula is also equal to
(1.7). This leads to the following conjectural comparison between these two relative trace
formulas.

Conjecture 1.13. There should be a comparison between the above two relative trace for-
mulas I(f) and J(f ′), i.e. for every f ∈ S(G(A)) (resp. f ′ ∈ S(H ′(A))), there exists
f ′ ∈ S(H ′(A)) (resp. f ∈ S(G(A))) such that I(f) = J(f ′).

The above conjecture is an analog of comparing rank 1 spherical varieties in [27]. Thanks
to our conjecture of degenerate Whittaker model in Conjecture 1.4, we expect the comparison
in Conjecture 1.13 to be a point-to-point comparison instead of the beyond endoscopic type
comparison in [27], also the test functions in this comparison are the standard Schwartz
functions instead of some generalized Schwartz functions as in [27]. We will prove this
comparison in a future paper.

Remark 1.14. Among the four models in (1.6), Conjecture 1.13 is trivial when (G,H) =
(PGL2,GL1). When (G,H) = (Sp4, Sp2 × Sp2), we will explain in Section 6 that Conjecture
1.13 essentially follows from the result in [24]. The remaining models (SO2n+1, SO2n) and
(G2, SL3) will be considered in a future paper. We note that the fundamental lemma in the
(SO5, SO4) case is already established in [31].

1.5. Organization of the paper. In Section 2, we will explicitly state the BZSV conjecture
for models in Table 1. In Sections 3-5, we will consider the relative trace formula for the dual
side of these models. More specifically, in Section 3, we will recall the Kuznetsov relative
trace formula for SL2; in Section 4 (resp. Section 5), we will consider the relative trace
formula for Model 1-4 (resp. Model 5-6), and we will prove the fundamental lemma and
smooth transfer. In Section 6, we will provide more examples of Conjecture 1.4.

1.6. Acknowledgement. We thank Yiannis Sakellaridis and Akshay Venkatesh for explain-
ing the BZSV duality to us and for the helpful comments on earlier drafts of this paper.
We thank Wee Teck Gan for helpful discussions. The work of the first author is partially
supported by the Simons Collaboration Grant. The second author’s work is partially sup-
ported by the NSF grant DMS-2000192 and DMS-2103720. The work of the third author
is partially supported by AcRF Tier 1 grants A-0004274-00-00 and A-0004279-00-00 of the
National University of Singapore.

2. BSV conjecture for the models in Table 1

In this section, we will explicitly write down the BZSV conjectures for the models in Table
1. We first recall the table.

All the models in the table are the Whittaker induction of the trilinear GL2-model. In
each case, G has a parabolic subgroup P =MU whose Levi factorM is of Type A1×A1×A1.
We can define a generic character ξ of U(F ) (or U(k)\U(A) globally) such that the stabilizer
of ξ in M (under the adjoint action) is just H0. If we fix an additive character ψ of F (or
A/k in the global case), then there exists an element Ξ ∈ ū(F ) (or ū(k); here P̄ = MŪ is
the opposite parabolic subgroup and ū is the Lie algebra of Ū) such that

ξ(exp(X)) = ψ(⟨Ξ, X⟩)), X ∈ u(F ) (or u(A))

where ⟨,⟩ is the Killing form on the Lie algebra.
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№ G H = H0 ⋉ U Ĝ ρ̂
1 PGL6 PGL2 ⋉ U SL6 ∧3

2 GSO8 ×GL2/GL1 PGL2 ⋉ U S(GSpin8 ×GL2) HSpin8 ⊗ std2

3 PGSO12 PGL2 ⋉ U Spin12 HSpin12

4 E7,ad PGL2 ⋉ U E7,sc ω7

5 PGSp10 PGL2 ⋉ U Spin11 Spin11

6 GSp6 ×GL2/GL1 PGL2 ⋉ U S(GSpin7 ×GL2) Spin7 ⊗ std2

Table 2

In the first case, if we use αi = ei − ei+1 (1 ≤ i ≤ n) to denote the simple roots of Type
An, then P is the standard parabolic subgroup associated to the simple roots α1, α3, α5 and
Ξ = X−α1−α2 + X−α2−α3 + X−α3−α4 + X−α4−α5 where Xβ is a non-zero element in the root
space of β.

In the second case, if we use αi = ei − ei+1 (1 ≤ i ≤ n− 1) and αn = en−1 + en to denote
the simple roots of Type Bn, then P is the product of GL2 with the standard parabolic
subgroup of GSO8 associated to the simple roots α1, α3 and Ξ = X−α1−α2 +X−α2−α3 +X−α4 .

In the third case, P is the standard parabolic subgroup of GSO12 associated to the simple
roots α1, α3, α5 and Ξ = X−α1−α2 +X−α2−α3 +X−α3−α4 +X−α4−α5 +X−α6 .
In the fourth case, consider the following Dynkin diagram for E7: P is the standard

α1 α3 α4 α5 α6 α7

α2

parabolic subgroup of E7 associated to the simple roots α2, α5, α7 and Ξ = X−α2−α4 +
X−α4−α5 +X−α5−α6 +X−α6−α7 +X−α1 +X−α3 .
In the fifth case, if we use αi = ei − ei+1 (1 ≤ i ≤ n − 1) and αn = 2en to denote the

simple roots of Type Cn, then P is the standard parabolic subgroup of GSp10 associated to
the simple roots α1, α3, α5 and Ξ = X−α1−α2 +X−α2−α3 +X−α3−α4 +X−α4−α5 .
In the last case, P is the product of GL2 with the standard parabolic subgroup of GSp6

associated to the simple roots α1, α3 and Ξ = X−α1−α2 +X−α2−α3 .

In each case, Ξ induces an embedding (denoted by ι) from SL2 into G that maps

(
1 0
1 1

)
to exp(Ξ). Let TSL2 be the diagonal torus of SL2. Then it is easy to see that the centralizer
of Im(ι(T )) in G is just M and H0 commutes with Im(ι). This gives us an embedding
ι : H0 × SL2 → G.
For each of the models in Table 3, in terms of the language of BZSV duality, one of the

quadruple is just
(G,H0, 0, ι).

The other quadruple is

(Ĝ, Ĝ, ρ̂, 1)

where ρ̂ is given in Table 3 and 1 is the map from SL2 to Ĝ which sends all the elements to
identity.

Next we discuss the sets I, Î and the representations ρk, ρ̂k. Since the SL2-embedding in
the dual side is trivial, we have Î = {0} and ρ̂0 is the adjoint representation of Ĝ. The set I
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and the representations ρk are given by the following table (here we use std2 to denote the
standard representation of H0 = PGL2).

№ I ρk
1 {0, 2, 4} ρ0 = ρ2 = ρ4 = std2
2 {0, 4} ρ0 = std2 ⊕ std2, ρ4 = std2
3 {0, 4, 8} ρ0 = ρ4 = ρ8 = std2
4 {0, 8, 16} ρ0 = ρ8 = ρ16 = std2
5 {0, 4, 8} ρ0 = ρ4 = ρ8 = std2
6 {0, 4} ρ0 = std2 ⊕ std2, ρ4 = std2

Table 3

From the table above, we can see that the quadruple (Ĝ, Ĝ, ρ̂, 1) satisfies Assumption 1.6
in Section 1.3. In Sections 3-5, we will prove the fundamental lemma and smooth transfer of
the relative trace formula in Conjecture 1.9 for these 6 cases. Now, we can state the BZSV
duality for these 6 models explicitly. We start from the (G,H)-side.

Conjecture 2.1. Let π be a generic cuspidal automorphic representation of G(A). We can
find an embedding ν : π → Acusp(G(A))π such that

|PH0,ι,0(ϕ)|2

⟨ϕ, ϕ⟩
“ = ”

L(1
2
, π, ρ̂)

L(1, π, Ad)
, ϕ ∈ ν(π).

Remark 2.2. In this case, the period integral PH0,ι,0(ϕ) is given by

PH0,ι,0(ϕ) =

∫
H0(k)\H0(A)

∫
U(k)\U(A)

ϕ(uh0)ξ(u)dudh0.

We refer the reader to Conjecture 1.7 of [30] for a more explicit version of Conjecture 2.1
(i.e., the one that includes the local relative character, all the Dedekind zeta functions, and
all the constants). Next we state the conjecture on the dual side. Recall that we have a

symplectic representation ρ̂ : Ĝ→ Sp(V ). Let Y be a maximal isotropic subspace of V and

Ωψ be the Weil representation of S̃p(V ) on the Schwartz space S(Y (A)). It is easy to see

that S̃p(V ) splits over Im(ρ̂) and hence Ωψ restricts to a representation of Ĝ(A) on S(Y (A)).
We define the theta series

Θφ
ψ(g) =

∑
X∈Y (k)

Ωψ(g)φ(X), g ∈ G(A), φ ∈ S(Y (A)).

Conjecture 2.3. Let π be an irreducible discrete automorphic representation of Ĝ(A) with
trivial central character and let ν : π → L2(Ĝ(k)\Ĝ(A)/ZĜ(A))π be an embedding. Then the
period integral

PĜ,1,ρ̂(ϕ, φ) =
∫
Ĝ(k)ZĜ(A)\Ĝ(A)

ϕ(g)Θφ
ψ(g) dg, ϕ ∈ ν(π), φ ∈ S(Y (A))

is nonzero only if the Arthur parameter of π factors through ι : H0(C) × SL2(C) → G(C).
If this is the case, then π is a lifting of a global tempered Arthur packet Π of SL2(A) (recall



BZSV DUALITY 13

that H0 = PGL2) and we can choose the embedding ν so that

|PĜ,1,ρ̂(ϕ, φ)|2

⟨ϕ, ϕ⟩
“ = ”

Πk∈IL(k/2 + 1,Π, ρk)

L(1,Π, Ad)2
.

In the following three sections, we will study the relative trace formula comparison in
Conjecture 1.9 for the quadruple (Ĝ, Ĝ, ρ, 1) where (Ĝ, ρ̂) runs over models in Talbe 3, and
we will prove the fundamental lemma and smooth transfer in the p-adic case. This serves as
strong evidence for Conjecture 2.3.

Remark 2.4. The functorial lifting from SL2 to Ĝ where G runs over the groups in Table 1
can also be proved using theta correspondence method based on the minimal representations
constructed by Kazhdan-Savin ([15], [8], [19]).

3. The relative trace formula on SL2

As we explained in Section 1.3 when we consider the relative trace formula for quadruples
(Ĝ, Ĝ, ρ̂, 1) defined in the previous section, one side of the relative trace formula is just the
Kuznetsov trace formula for H ′ = SL2. To be specific, let G′ = H ′ = SL2 and N ′ be the
upper triangular unipotent subgroup of G′ and we define the character ξ′ on N ′(k)\N ′(A)

to be ξ′(

(
1 x
0 1

)
) = ψ(x). For f ′ ∈ S(G′(A)), let

Kf ′(x, y) =
∑

γ∈G′(k)

f(x−1γy)

be the kernel function and define

J(f ′) =

∫
N ′(k)\N ′(A)

∫
N ′(k)\N ′(A)

Kf ′(n1, n2)ψ(n1)
−1ψ(n2) dn1 dn2.

Here we can identify N ′(A) with A, and the measure on it comes from the ψ-self dual Haar
measure on A (thus the total volume of A/k equal to 1).
If f ′ = ⊗v∈|k|f

′
v, for a ∈ k×v , define

Jv(a, f
′
v) =

∫
kv

∫
kv

f ′
v(

(
1 x
0 1

)(
0 −a−1

a 0

)(
1 y
0 1

)
)ψ(x+ y) dx dy,

J+
v (f

′
v) =

∫
kv

f ′
v(

(
1 x
0 1

)
)ψ(x) dx, J−

v (f
′
v) =

∫
kv

f ′
v(

(
−1 −x
0 −1

)
)ψ(x) dx.

A standard unfolding process (see [13]) gives the identity

(3.1) J(f ′) = Πv∈k×J
+
v (f

′
v) + Πv∈k×J

−
v (f

′
v) +

∑
a∈k×

Πv∈k×Jv(av, f
′
v).

For the rest of this section, we recall the properties of the orbital integral Jv(av, f
′
v) in the

p-adic case. To simplify the notation, we will use F to replace the local field kv, and we
will get rid of all the subscript v. We also assume that F is non-archimedean. Let OF be
the ring of integers, ϖ be a uniformizer, p be the residue characteristic and q = |ϖ|−1. We
also fix an additive character ψ of F . We say ψ is unramified if it is trivial on OF but not
trivial on ϖ−1OF . We choose the self-dual Haar measure da on F (with respect to ψ). If ψ
is unramified, then the volume of OF under da equals 1.
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Definition 3.1. For c ∈ C, define C∞
OI(F

×, c+, c−) to be the space of locally constant complex
valued functions f on F× such that

(1) The support of f is bounded on F .
(2) There exists a neighborhood ω of 0 in F such that

f(a) = c+ ·
∫
1+ϖmOF

ψ(
x+ x−1

a
) dx+ c− ·

∫
−1+ϖmOF

ψ(
x+ x−1

a
) dx, ∀a ∈ ω − {0}.

Here we choose m > 0 large enough so that |2| > |ϖm| (note that the two integrals are
independent of the choice of m when a is close to 0). We let C∞

OI(F
×) = ∪ci∈CC∞

OI(F
×, c1, c2).

Remark 3.2. Here OI stands for orbital integral. This space is the same as the one in [27]
for the orbital integrals of rank one spherical varieties. Also when c1 = c2 = 0, the space
C∞
OI(F

×, c1, c2) is just C
∞
c (F×).

The following proposition about the orbital integrals of the Kuznetsov relative trace for-
mula for SL2 is well known.

Proposition 3.3. (1) For F ∈ C∞
c (F×), there exists f ′ ∈ C∞

c (G′(F )) such that

J(a, f ′) = F (a), ∀a ∈ F×.

(2) If f ′ is the characteristic function of G′(OF ) and ψ is unramified, then J+(f ′) =
J−(f ′) = 1 and

J(a, f ′) = 0 if |a| > 1; J(a, f ′) = 1 if |a| = 1; J(a, f ′) = |a|−1 ·
∫
O×

F

ψ(
x+ x−1

a
) dx if |a| < 1.

(3) For f ′ ∈ C∞
c (G′(F )), the function

a ∈ F× 7→ |a| · J(a, f ′)

belongs to the space C∞
OI(F

×, c+, c−) for c+ = J+(f ′) and c− = J−(f ′).

4. The relative trace formula for Model 1-4

In this section, we will write down the other side of the relative trace formula for Models 1-
4. We will also unfold the relative trace formula and formulate the conjecture of fundamental
lemma and smooth transfer. Then we will prove the fundamental lemma as well as the
smooth transfer in the p-adic case.

4.1. The relative trace formula. In this case, the relative trace formula in Section 1.3 has
already been formulated in a previous paper of the first author and S. Rallis [20] for Models
1, 3, and 4. The trace formula for Model 2 is similar. Let’s recall the relative trace formula
from [20]. We first need to specify a parabolic subgroup Q = LN of Ĝ. For Model 1 (resp.
Model 3, Model 4), Q is the standard maximal parabolic subgroup whose Levi factor does
not contain the simple root α3 (resp. α6, α7). For Model 2, Q is the product of the standard
Borel subgroup of GL2 with the standard maximal parabolic subgroup of GSO8 whose Levi
factor does not contain the simple root α4.

Remark 4.1. The Richardson nilpotent orbit associated to Q is just the dual of the nilpotent
orbit Oι of g.
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In all four cases, N can be identified with a Jordan algebra J of degree 3. More specifically,
for Model 1 (resp. Model 2, Model 3, Model 4), J is Mat3×3 (resp. Asym4×4 ⊕Mat1×1,
Asym6×6, 3× 3 self-adjoint octonionic matrices). Here we use Matn×n (resp. Asymn×n) to
denote the n× n matrices (resp. n× n skew symmetric matrices).

In all these cases, we can define the trace map and norm map on J (denoted by tr and
NJ ). As in [20], for A ∈ J we can also define A·A, A×A ∈ J such that (A×A)·A = NJ (A).
We define the generic character on N(k)\N(A) to be

ξN(A) = ψ(tr(A)), A ∈ J .

For f ∈ S(Ĝ(A)/ZĜ(A)), let Kf (x, y) be the kernel function as in the previous section.
For φ ∈ S(Y (A)), we define

I(f, φ) =

∫
N(k)\N(A)

∫
Ĝ(k)ZĜ(A)\Ĝ(A)

Kf (g, n)Θ
φ
ψ(g)ξN(n) dg dn.

Here we can identify N(A) with An with n = dim(N) and the measure of A induces a Haar
measure of N(A) with vol(N(k)\N(A)) = 1. This is the other side of the relative trace
formula in Conjecture 1.8 for the current case.

As in [20], we can identify the maximal isotropic space Y with Y =Mat1×1 ⊕J . In [20],
they proved the unfolding process of I(f, φ) for Models 1, 3, and 4. A similar argument also
works for the case for Model 2, and we will skip the details here. We have

I(f, φ) = Πv∈|k|I
+
v (fv ∗ φv) + Πv∈|k|I

+
v (fv ∗ φv) +

∑
a∈k×

Iv(fv ∗ φv), f = ⊗fv, φ = ⊗φv

where (I is the identity element in the Jordan algebra)

fv ∗ φv =
∫
Ĝ(kv)/ZĜ(kv)

fv(g
−1)Ωψ(g)φv dg, I

±
v (fv ∗ φv) = fv ∗ φv(0,±I),

Iv(a, fv ∗ φv) =
∫
J (kv)

fv ∗ φv(a,A)ψ(
tr(A)−NJ (A)

a
) dA.

Now, we can state the fundamental lemma and smooth transfer in this case.

Conjecture 4.2. With the notation above, let n = dim(J ). The following holds.

(1) (Fundamental lemma) Assume that v is non-archimedean and ψv is unramified over v.
Let Ov be the ring of integers of kv and let f ′

0,v (resp. f0,v, φ0,v) be the characteristic

function of G′(Ov) (resp. Ĝ(Ov)ZĜ(F ), Y (Ov)). Then (note that f0,v ∗ φ0,v = φ0,v)

I+v (φ0,v) = J+
v (f

′
0,v), I

−
v (φ0,v) = J−

v (f
′
0,v), Iv(a, φ0,v) = |a|(n+1)/2Jv(a, f

′
0,v), ∀a ∈ k×v .

(2) (Smooth transfer) For any f ′
v ∈ S(G′(kv)) (resp. fv ∈ S(Ĝ(kv)/ZĜ(kv)) and φv ∈

S(Y (kv))), there exists fv ∈ S(Ĝ(kv)/ZĜ(kv)) and φv ∈ S(Y (kv)) (resp. f ′
v ∈

S(G′(kv))) such that

I+v (fv ∗ φv) = J+
v (f

′
v), I

−
v (fv ∗ φv) = J−

v (f
′
v), Iv(a, fv ∗ φv) = |a|(n+1)/2Jv(a, f

′
v), ∀a ∈ k×v .
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4.2. The proof of the fundamental lemma and smooth transfer. In this subsection,
we will prove the fundamental lemma and smooth transfer in the p-adic case. To simplify
the notation, we will use F to replace the local field kv and eliminate all the subscript v.
We also assume that F is non-archimedean. By Proposition 3.3, we only need to prove the
following theorem.

Theorem 4.3. (1) For F ∈ C∞
c (F×), there exists φ ∈ C∞

c (Y (F )) such that

I(a, φ) = F (a), ∀a ∈ F×.

(2) If φ is the characteristic function of Y (OF ) and ψ is unramified, then I+(φ) =
I−(φ) = 1 and

I(a, φ) = 0 if |a| > 1; I(a, φ) = 1 if |a| = 1; I(a, φ) = |a|(n−1)/2·
∫
O×

F

ψ(
x+ x−1

a
) dx if |a| < 1.

(3) For φ ∈ C∞
c (Y (F )), the function

a ∈ F× 7→ |a|(1−n)/2I(a, φ)
belongs to the space C∞

OI(F
×, c+, c−) for c+ = I+(φ) and c− = I−(φ).

The first part of the theorem is trivial. For the second part, the cases for Models 1, 3,
and 4 have already been proved in [20]. The exact same argument can prove the case for
Model 2. It remains to verify the last part of the theorem. Without loss of generality, we
may assume that ψ is unramified. If {0} × J does not intersect with the support of φ, it is
clear that I(a, φ) ∈ C∞

c (F×). Hence it is enough to consider the case when φ is the product
of the characteristic function of ϖmOF and the characteristic function of A0 + ϖmJ (OF )
for some A0 ∈ J and m > 0 large.
We first show that if ±I does not belong to the support A0+ϖ

mJ (OF ), then the function
I(a, φ) belongs to C∞

c (F×). In fact, in this case, by choosing m large enough we may assume
that A×A ̸= I for all A ∈ A0 +ϖmJ (OF ). With the same notation as in Section 2 of [20],
we can write A as Πγ∈Π′

0
xγ where Π′

0 is a set of roots defined in [20].
For a fixed γ ∈ Π′

0, we can write tr(A) − NJ (A) as xγPγ(A) + Qγ(A) where Pγ(A) and
Qγ(A) are polynomials in {xγ′| γ′ ̸= γ}. It is easy to see that Pγ(A) is just the γ-coordinate
of A× A− I. Since A× A ̸= I for all A ∈ A0 +ϖmJ (OF ), there exists γ ∈ Π′

0 and C > 0
such that |Pγ(A)| > C for all A ∈ A0+ϖmJ (OF ). This implies that for a small enough, for
any xγ′ ∈ F with γ′ ̸= γ, the integration over the variable xγ will be zero; thus the orbital
integral I(a, φ) is equal to 0. This proves that the function I(a, φ) belongs to C∞

c (F×).
It remains to consider the case when φ is the product of the characteristic function of

ϖmOF and the characteristic function of I +ϖmJ (OF ) or −I +ϖmJ (OF ). The argument
for both cases is the same, so we assume that φ is the product of the characteristic function
of ϖmOF and the characteristic function of I +ϖmJ (OF ). We need an elementary identity
whose proof is trivial.

(4.1)

∫
ϖmOF

∫
ϖmOF

ψ(bxy) dx dy = |b|−1, ∀|b| > q2m.

Then by the same argument as in the proof of [20, Theorem 2] except that we replace the
identity in Lemma 4 of loc. cit. by the identity above 3, we can show that when a is close

3Note that on Page 334 of loc. cit. after the change of variables xγ1 → xγ1 + (1 − C1)/xα+β , xδ1 →
xδ1 + (1−D1)/xα+β the integration domain of xγ1

(resp. xδ1) changes from 1 +ϖmOF to ϖmOF .



BZSV DUALITY 17

to 0, the orbital integral I(a, φ) is equal to

|a|(n−1)/2 ·
∫
1+ϖmOF

ψ(
x+ x−1

a
) dx = |a|(n−1)/2 ·

∫
1+ϖOF

ψ(
x+ x−1

a
) dx.

This finishes the proof of the theorem.

5. The relative trace formula for Model 5 and 6

In this section, we will write down the other side of the relative trace formula for Models
5 and 6. We will also unfold the relative trace formula and formulate the conjecture of
fundamental lemma and smooth transfer. Then we will prove the fundamental lemma as
well as the smooth transfer in the p-adic case. These two cases are slightly more difficult
than the previous four cases because we need to take the Fourier-Jacobi coefficient.

5.1. The relative trace formula. We first define a Fourier-Jacobi coefficient for Spin2n+1.
Let Pn = MnUn be the standard parabolic subgroup of Spin2n+1 whose Levi factor is asso-
ciated to the positive roots ∆ − {e1 − e2, en−1 + en}. The unipotent group Un contains an
abelian subgroup spanned by Uα for α ∈ {e1, ei + ej| 1 ≤ i < j ≤ n} which will be denoted
by U ′

n. For u ∈ U ′
n, we define λ(u) to be the summation of the projection of u into Ue1 , Ue2+e5

and Ue3+e4 and we let U ′′
n to be the kernel of λn. Then it is easy to see that Un/U

′′
n is a

Heisenberg group of dimension 2n + 1, and we get a Weil representation of U/U ′′
n on the

space of Schwartz functions of a vector space Yn of dimension n, which will be denoted by
Ωn,ψ. We define the theta series

Θφ
ψ,n(g) =

∑
X∈Yn(k)

Ωn,ψ(g)φ(X), φ ∈ S(Yn(A)), g ∈ Un(A).

It is a function on Un(k)U
′′
n(A)\Un(A).

For Model 5, Ĝ = Spin11 and we let Q = LN be the parabolic subgroup P5 of Spin11 and

we let Θφ
ψ,N be the theta series Θφ

ψ,5 defined above. For Model 6, Ĝ = S(GSpin7 ×GL2) and
we let Q = LN be the parabolic subgroup whose projection to GSpin7 (resp. GL2) is the
parabolic subgroup P3 (resp. the Borel subgroup). We have defined the theta function Θφ

ψ,3

on the unipotent radical of P3, let Θφ
ψ,N be the product of this function with the additive

character

ξ(

(
1 x
0 1

)
) = ψ(x)

on the unipotent subgroup of GL2. We use Y ′ to denote the space Y5 (resp. Y3) if we are in
the case of Model 5 (resp. Model 6), and we use Ω′

ψ to denote the Weil representation.

For f ∈ S(Ĝ(A)/ZĜ(A)), let Kf (x, y) be the kernel function as in the previous sections.
For φ ∈ S(Y (A)) and φ′ ∈ S(Y ′(A)), we define (the measure on N(A) is the Haar measure
such that vol(N(k)\N(A)) = 1)

I(f, φ, φ′) =

∫
N(k)\N(A)

∫
Ĝ(k)ZĜ(A)\Ĝ(A)

Kf (g, u)Θ
φ
ψ(g)Θ

φ′

ψ,N(u) dg du.

This is the other side of the relative trace formula in Conjecture 1.8 for the current case.
Next, we will unfold the distribution I(f, φ, φ′). We first consider Model 5. As in the

previous cases, we can identify Y with Y = Mat1×1 ⊕ J where J = Asym6×6 is a degree
3 Jordan algebra. Let N0 be the unipotent radical of the Siegel parabolic subgroup (i.e., it
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contains the roots ei, ei+ ej). We can identify J with n0 = Lie(N0)
4. Then the conjugation

action of N on n0 induces an action of N on J (denoted by (u,A) ∈ N × J 7→ u.A). We
fix a basis Xei , Xei+ej of n0 = J . By a similar argument as in [26], we have the following
description of the Weil representation Ωψ which is an analog of Lemma 1 of [20] 5

(5.1)

Ωψ(ue1−ei(t))φ(a,A) = ψ(
NJ (A)−NJ (ue1−ei(t).A)

a
)φ(a, ue1−ei(t).A) = φ(a, ue1−ei(t).A),

(5.2) Ωψ(uei(t))φ(a,A) = ψ(
NJ (A)−NJ (atXei + uei(t).A)

a
)φ(a, atXei + uei(t).A),

(5.3)

Ωψ(uei+ej(t))φ(a,A) = ψ(
NJ (A)−NJ (atXei+ej + uei+ej(t).A)

a
)φ(a, atXei+ej + uei+ej(t).A)

for φ ∈ S(Y (A)) = S(A⊕J (A)) and (a,A) ∈ A⊕J (A) with a ̸= 0. Here for a root α of Ĝ,
we let uα ⊂ ĝ be the root space of α, Uα = exp(uα) and we have a natural homomorphism
uα : gl1 → Uα. This in particular gives an action of N on Y = F⊕J denoted by (n, (a,A)) 7→
n.(a,A). Since the action fix the a-coordinate, we will denoted it by (n, (a,A)) 7→ (a, (n, a).A)
(i.e. it is a GL1 ×N -action on J ).

On the other hand, we can identify Y ′ with ⊕2≤i≤5ue1−ei and we fix a basis Xe1−ei of it.

We can also set the isotropic space dual to Y ′ to be Xei +
(−1)i

2
Xe1−e7−i

. Then it is easy to
see that the Weil representation Ω′

ψ is given by (φ′ ∈ S(Y ′(A)), Y =
∑
YiXe1−ei ∈ Y ′(A))

(5.4)

Ω′
ψ(ue1−ei(t))φ

′(Y ) = φ′(Y+tXe1−ei), Ω
′
ψ(uei(t))φ

′(Y ) = ψ(tYi)φ
′(Y+

(−1)itXe1−e7−i

2
), 2 ≤ i ≤ 5;

(5.5) Ω′
ψ(ue1(t))φ

′(Y ) = Ω′
ψ(ue2+e5(t))φ

′(Y ) = Ω′
ψ(ue3+e4(t))φ

′(Y ) = ψ(t)φ′(Y );

(5.6) Ω′
ψ(uei+ej(t))φ

′(Y ) = φ′(Y ), ei + ej /∈ {e2 + e5, e3 + e4}.
This, in particular, gives an action of N on Y ′ denoted by (n, Y ) 7→ n ⋆ Y . From (5.1)-(5.6)
we know that

(5.7)
∑

A∈J (k),Y ∈Y ′(k)

φ(a,A)φ′(Y ) =
∑

n∈N(k)

Ωψ(n)φ(a, 0)Ω
′
ψ(n)φ

′(0), ∀a ∈ k×.

Moreover, let N = N1N2 where N1 is spanned by Ue1−ei and N2 is spanned by the rest root
spaces. By (5.1)-(5.6) it is easy to see that

(5.8)

∫
N1(A)

Ωψ(u)φ(a, 0)Ω
′
ψ(u)φ

′(0) du =

∫
Y ′(A)

Ωψ(u)φ(a, 0)Ω
′
ψ(u)φ

′(Y ) dY

and

Ωψ(n)φ(a, 0)Ω
′
ψ(n)φ

′(Y ) = ψ(
−NJ ((n, a).0)− ⟨n ⋆ Y, (n, a).0⟩+ tr((n, a).0)

a
− ⟨(n, a).0, (n, a).0⟩

2a2
)

×φ(a, (n, a).0)φ′(n ⋆ Y ), n ∈ N2(A), Y ∈ Y ′(A), a ̸= 0.(5.9)

4In the previous case, as in [20], one can identify J with the Lie algebra of the Siegel unipotent subgroup
of Spin12 which contains the roots ei + ej for 1 ≤ i, j ≤ 6, here we just need to replace the roots ei + e6 of
Spin12 by the roots ei of Spin11.

5Here we only write down the action when a ̸= 0, the case when a = 0 will appear later when we discuss
the singular terms.
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Here for Y =
∑
YiXe1−ei ∈ Y ′ and A =

∑
AiXei + AijXei+ej ∈ J , we define

⟨Y,A⟩ =
∑
2≤i≤5

YiAi, ⟨A,A⟩ = A2A5 + A3A4.

Let f = ⊗v∈|k|fv, φ = ⊗v∈|k|φv and φ
′ = ⊗v∈|k|φ

′
v. We have

I(f, φ, φ′) =

∫
N(k)\N(A)

∫
Ĝ(k)ZĜ(A)\Ĝ(A)

Kf (g, u)Θ
φ
ψ(g)Θ

φ′

ψ,N(u) dg du

=

∫
N(k)\N(A)

∫
Ĝ(k)ZĜ(A)\Ĝ(A)

∑
γ∈Ĝ/ZĜ(k)

f(g−1γu) ·
∑

X∈Y (k)

Ωψ(g)φ(X) ·
∑

Y ∈Y ′(k)

Ω′
ψ(u)φ

′(Y ) dg du

=

∫
N(k)\N(A)

∫
Ĝ(A)/ZĜ(A)

f(g−1u) ·
∑

X∈Y (k)

Ωψ(g)φ(X) ·
∑

Y ∈Y ′(k)

Ω′
ψ(u)φ

′(Y ) dg du

=

∫
N(k)\N(A)

∑
X∈Y (k)

Ωψ(u)f ∗ φ(X) ·
∑

Y ∈Y ′(k)

Ω′
ψ(u)φ

′(Y ) du

=

∫
N(k)\N(A)

∑
a∈k×,A∈J (k)

Ωψ(u)f ∗ φ(a,A) ·
∑

Y ∈Y ′(k)

Ω′
ψ(u)φ

′(Y ) du

+

∫
N(k)\N(A)

∑
A∈J (k)

Ωψ(u)f ∗ φ(0, A) ·
∑

Y ∈Y ′(k)

Ω′
ψ(u)φ

′(Y ) du

where

f ∗ φ =

∫
Ĝ(A)/ZĜ(A)

f(g−1)Ωψ(g)φ dg.

We first deal with the main term. By (5.7)-(5.9), we have∫
N(k)\N(A)

∑
a∈k×,A∈J (k)

Ωψ(u)f ∗ φ(a,A) ·
∑

Y ∈Y ′(k)

Ω′
ψ(u)φ

′(Y ) du

=

∫
N(k)\N(A)

∑
a∈k×

∑
γ∈N(k)

Ωψ(γu)f ∗ φ(a, 0)Ω′
ψ(γu)φ

′(0) du

=
∑
a∈k×

∫
N(A)

Ωψ(u)f ∗ φ(a, 0)Ω′
ψ(u)φ

′(0) du

=
∑
a∈k×

∫
Y ′(A)

∫
N2(A)

Ωψ(u)f ∗ φ(a, 0)Ω′
ψ(u)φ

′(Y ) du dY

=
∑
a∈k×

∫
Y ′(A)

∫
N2(A)

ψ(
tr((a, u).0)−NJ ((a, u).0)− ⟨u ⋆ Y, (a, u).0⟩

a
− ⟨(n, a).0, (n, a).0⟩

2a2
)

×f ∗ φ(a, (a, u).0)φ′(u ⋆ Y ) du

=
∑
a∈k×

∫
J (A)

∫
Y ′(A)

ψ(
tr(A)−NJ (A)− ⟨Y,A⟩

a
− ⟨Y,A⟩

2a2
)f ∗ φ(a,A)φ′(Y ) dY dA

=
∑
a∈k×

Πv∈|k|Iv(a, fv ∗ φv, φ′
v)
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where

Iv(a, fv∗φv, φ′
v) =

∫
J (kv)

∫
Y ′(kv)

ψv(
tr(A)−NJ (A)− ⟨Y,A⟩

a
−⟨A,A⟩

2a2
)fv∗φv(a,A)φ′

v(Y ) dY dA.

Next, we study the singular term∫
N(k)\N(A)

∑
A∈J (k)

Ωψ(u)f ∗ φ(0, A) ·
∑

Y ∈Y ′(k)

Ω′
ψ(u)φ

′(Y ) du.

As in (5.1)-(5.3), we have the following description of the Weil representation on singular
terms, which is also an analog of Lemma 1 of [20]:

(5.10) Ωψ(uei+ej(t))φ(0, A) = ψ(−tr((tXei+ej) · A× A))φ(0, A),

(5.11) Ωψ(ue1−ei(t))φ(0, A) = φ(0, ue1−ei(t).A),

Ωψ(uei(t))φ(0, A) = ψ(−tr((tXei) · A× A))φ(0, uei(t).A)(5.12)

= ψ(−tr((tXei) · uei(t).A× uei(t).A))φ(0, uei(t).A).

If we write A ∈ J as A =
∑

iAiXei +
∑

i,j AijXei+ej , let J1 be the subset containing those
A ∈ J such that

• Ai = 0 for i > 1;
• Aij = 0 for all i, j > 1 with (i, j) ̸= (3, 4), (2, 5);
• A25 = A34 ̸= 0.

Let J11 be the subset of J1 containing those A ∈ J1 with A1 = A25 = A34 = ±1 and let J2

(resp. J12) be the complement of J1 (resp. J11) in J (resp. J1). We also decompose J11

as J + ∪ J − where J + (resp. J −) contains those elements with A1 = A25 = A34 = 1 (resp.
A1 = A25 = A34 = −1).

Proposition 5.1. The following four identities hold.∫
N(k)\N(A)

∑
A∈J2(k)

Ωψ(u)f ∗ φ(0, A) ·
∑

Y ∈Y ′(k)

Ω′
ψ(u)φ

′(Y ) du = 0,

∫
N(k)\N(A)

∑
A∈J12(k)

Ωψ(u)f ∗ φ(0, A) ·
∑

Y ∈Y ′(k)

Ω′
ψ(u)φ

′(Y ) du = 0,∫
N(k)\N(A)

∑
A∈J+(k)

Ωψ(u)f∗φ(0, A)·
∑

Y ∈Y ′(k)

Ω′
ψ(u)φ

′(Y ) du =

∫
J+(A)

∫
Y ′(A)

f∗φ(0, A)φ′(Y )ψ(2Y ·A) dY dA,

∫
N(k)\N(A)

∑
A∈J−(k)

Ωψ(u)f∗φ(0, A)·
∑

Y ∈Y ′(k)

Ω′
ψ(u)φ

′(Y ) du =

∫
J−(A)

∫
Y ′(A)

f∗φ(0, A)φ′(Y )ψ(2Y ·A) dY dA.

Here Y · A = (A12 − Y5)(A15 − Y2) + (A13 − Y4)(A14 − Y3).

Proof. Let N ′ be the subgroup of N generated by the roots ei + ej and let N ′′ be the
subgroup of N generated by the roots e1, ei + ej. We have defined a character ξ on N ′′(A)
to be ξ(u) = ψ(λ(u)) where λ(u) is summation of the coordinates of the projection of u into
Ue1 , Ue2+e5 and Ue3+e4 . By (5.10)-(5.12), we have (here we identify N ′′ with a subspace of J
via the exponential map as we already identified J with the Lie algebra of N)

Ωψ(u)f ∗ φ(0, A)Ω′
ψ(u)φ

′(Y ) = ξ(u)ξ(−tr(u · A× A)f ∗ φ(0, A)φ′(Y )
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for all A ∈ J (A), Y ∈ Y ′(A) and u ∈ N ′(A). If A ∈ J2(k), it is clear that the character

u ∈ N ′(A) 7→ ξ(u)ξ(−tr(u) · A× A)

of N ′(A) is nontrivial, and this proves the first equation.
For the second equation, for A ∈ J1, by (5.10)-(5.12), we have 6

Ωψ(u)f ∗ φ(0, A)Ω′
ψ(u)φ

′(Y ) = ξ(u)ξ(−tr(u) · A× A)f ∗ φ(0, A)φ′(Y )

for all Y ∈ Y ′(A) and u ∈ N ′′(A). It is clear that the character

u ∈ N ′′(A) → ξ(u)ξ(−tr(u) · A× A)

of N ′′(A) is trivial if and only if A ∈ J11(k). This proves the second equation.
The proof of the remaining two equations is similar, so we will only prove the third one.

From our discussion above, we know that∫
N(k)\N(A)

∑
A∈J+(k)

Ωψ(u)f ∗ φ(0, A) ·
∑

Y ∈Y ′(k)

Ω′
ψ(u)φ

′(Y ) du

=

∫
N(k)N ′′(A)\N(A)

∑
A∈J+(k)

Ωψ(u)f ∗ φ(0, A) ·
∑

Y ∈Y ′(k)

Ω′
ψ(u)φ

′(Y ) du.

By (5.4)-(5.6) and (5.10)-(5.12), we have∑
A∈J+(k)

f ∗ φ(0, A) ·
∑

Y ∈Y ′(k)

φ′(Y ) =
∑

u∈N ′′(k)\N(k)

Ωψ(u)f ∗ φ(0, I) · Ω′
ψ(u)φ

′(0)

and

Ωψ(u)f ∗ φ(0, I) · Ω′
ψ(u)φ

′(0) = f ∗ φ(0, u.I) · φ′(u ⋆ 0)ψ(2u ⋆ 0 · u.I).
Here I = Xe1 + Xe2+e5 + Xe3+e4 is the identity element of the Jordan algebra. Then, the
above expression is equal to∫
N ′′(A)\N(A)

Ωψ(u)f ∗φ(0, I) ·Ω′
ψ(u)φ

′(0) dA =

∫
J+(A)

∫
Y ′(A)

f ∗φ(0, A)φ′(Y )ψ(2Y ·A) dY dA

This proves the proposition. □

The above proposition implies that∫
N(k)\N(A)

∑
A∈J (k)

Ωψ(u)f ∗ φ(0, A) ·
∑

Y ∈Y ′(k)

Ω′
ψ(u)φ

′(Y ) du

=

∫
J+(A)

∫
Y ′(A)

f ∗ φ(0, A)φ′(Y )ψ(2Y · A) dY dA

+

∫
J−(A)

∫
Y ′(A)

f ∗ φ(0, A)φ′(Y )ψ(2Y · A) dY dA

= I+(f ∗ φ, φ′) + I−(f ∗ φ, φ′) = Πv∈|k|I
+
v (fv ∗ φv, φ′

v) + Πv∈|k|I
−
v (fv ∗ φv, φ′

v)

where

Iεv(fv ∗ φv, φ′
v) =

∫
J ε(kv)

∫
Y ′(kv)

fv ∗ φv(0, A)φ′
v(Y )ψ(2Y · A) dY dA, ε ∈ {±}.

6Note that this would not be true if we do not assume A ∈ J1.
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The same argument also applies to the case when Ĝ = S(GSpin7 × GL2). The only
difference is that in this case J is Mat1×1 × Asym4×4 and we can identify it with the Lie
algebra of the Siegel unipotent subgroup, i.e. we identify Mat1×1 with the unipotent of
the Borel subgroup of GL2, and we identify Asym4×4 with the root spaces Xei , Xei+ej for
1 ≤ i ̸= j ≤ 3. Also in this case Y ′ is spanned by the root spaces of e1 − e2 and e1 − e3. To
summarize, we have proved the following proposition.

Proposition 5.2. For f = ⊗v∈|k|fv, φ = ⊗v∈|k|φv and φ′ = ⊗v∈|k|φ
′
v, we have

I(f, φ, φ′) = Πv∈|k|I
+
v (fv ∗ φv, φ′

v) + Πv∈|k|I
−
v (fv ∗ φv, φ′

v) +
∑
a∈k×

Πv∈|k|Iv(a, fv ∗ φv, φ′
v)

where

Iv(a, fv∗φv, φ′
v) =

∫
J (kv)

∫
Y ′(kv)

ψv(
tr(A)−NJ (A)− ⟨Y,A⟩

a
−⟨A,A⟩

2a2
)fv∗φv(a,A)φ′

v(Y ) dY dA

and

Iεv(fv ∗ φv, φ′
v) =

∫
J ε(kv)

∫
Y ′(kv)

fv ∗ φv(0, A)φ′
v(Y )ψ(2Y · A) dY dA, ε ∈ {±}.

Now, we can formulate the fundamental lemma and smooth transfer.

Conjecture 5.3. With the notation above, let n = dim(J ). The following holds.

(1) (Fundamental lemma) Assume that v is non-archimedean, the residue characteristic
is not equal to 2, and ψv is unramified over v. Let Ov be the ring of integers of kv
and let f ′

0,v (resp. f0,v, φ0,v, φ
′
0,v) be the characteristic function of G′(Ov) (resp.

Ĝ(Ov)ZĜ(kv), Y (Ov), Y
′(Ov)). Then (note that f0,v ∗ φ0,v = φ0,v)

I+v (φ0,v, φ
′
0,v) = J+

v (f
′
0,v), I

−
v (φ0,v, φ

′
0,v) = J−

v (f
′
0,v),

Iv(a, φ0,v, φ
′
0,v) = |4| · |a|(n+1)/2Jv(a, f

′
0,v), ∀a ∈ k×v .

(2) (Smooth transfer) For any f ′
v ∈ S(G′(kv)) (resp. fv ∈ S(Ĝ(kv)/ZĜ(kv)), φv ∈

S(Y (kv)) and φ′
v ∈ S(Y ′(kv))), there exists fv ∈ S(Ĝ(kv)/ZĜ(kv)), φv ∈ S(Y (kv))

and φ′
v ∈ S(Y ′(kv)) (resp. f

′
v ∈ S(G′(kv))) such that

I+v (fv∗φv, φ′
v) = J+

v (f
′
v), I

−
v (fv∗φv, φ′

v) = J−
v (f

′
v), Iv(a, fv∗φv, φ′

v) = |4|·|a|(n+1)/2Jv(a, f
′
v), ∀a ∈ k×v .

5.2. The proof of the fundamental lemma and smooth transfer. In this subsection
we will prove the fundamental lemma and smooth transfer in the p-adic case. To simplify
the notation, we will use F to replace the local field kv and eliminate all the subscript v.
We also assume that F is non-archimedean. By Proposition 3.3, we only need to prove the
following theorem.

Theorem 5.4. (1) For F ∈ C∞
c (F×), there exists φ ∈ C∞

c (Y (F )) and φ′ ∈ C∞
c (Y ′(F ))

such that
I(a, φ, φ′) = F (a), ∀a ∈ F×.

(2) If φ (resp. φ′) is the characteristic function of Y (OF ) (resp. Y
′(OF )), ψ is unram-

ified, and the residue characteristic of F is not 2, then I+(φ, φ′) = I−(φ, φ′) = 1
and

I(a, φ, φ′) = 0 if |a| > 1; I(a, φ, φ′) = 1 if |a| = 1; I(a, φ, φ′) = |a|(n−1)/2

∫
O×

F

ψ(
x+ x−1

a
) dx if |a| < 1.
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(3) For φ ∈ C∞
c (Y (F )) and φ′ ∈ C∞

c (Y ′(F )), the function

a ∈ F× 7→ |a|(1−n)/2I(a, φ, φ′)

belongs to the space C∞
OI(F

×, c+, c−) for c+ = |4| · I+(φ, φ′) and c− = |4| · I−(φ, φ′).

We will only consider the case when Ĝ = Spin11, the case when Ĝ = S(GSpin7 × GL2)
follows from a similar and easier argument. In this case n = dim(J ) = 15. The first part is
trivial. For the second part, the identity I+(φ, φ′) = I−(φ, φ′) = 1 is trivial. Also it is clear
that I(a, φ, φ′) = 0 if |a| > 1 and I(a, φ, φ′) = 0 if |a| = 1. So, it remains to show that

I(a, φ, φ′) = |a|(n−1)/2

∫
O×

F

ψ(
x+ x−1

a
) dx

if |a| ≤ 1. With the same notation as in [20], we can write A as ΠΓ0∈Π′
0
xγ. We can also

decompose Π′
0 as {α + β} ∪ Π′ ∪ {γ1, · · · , γr} ∪ {δ1, · · · , δr}. Under our notation above, we

have

xα+β = A1, xγ1 = A25, xγ2 = A24, xγ3 = A23, xδ1 = A34, xδ2 = A35, xδ3 = A45

and {xγ| γ ∈ Π′} is just {Ai, A1i| 2 ≤ i ≤ 5}.
Assume that the residue characteristic of F is not 2. Then we have

I(a, φ, φ′) =

∫
J (OF )

∫
Y ′(OF )

ψ(
tr(A)−NJ (A)− ⟨Y,A⟩

a
− ⟨A,A⟩

2a2
) dY dA

=

∫
J (OF )a

ψ(
tr(A)−NJ (A)

a
− ⟨A,A⟩

2a2
) dA

=

∫
J (OF )a

ψ(
tr(A)−NJ (A)

a
) dY dA

where J (OF )a = {A ∈ OF | Ai ∈ aOF , ∀2 ≤ i ≤ 5}. Then we can use the same argument
as in the proof of Theorem 2 of [20] to finish the proof. The only difference is that in the
last paragraph of Section 4 of [20], instead of using the identity in Lemma 4 of loc. cit., we
use the following identity whose proof is trivial.

(5.13)

∫
ϖmOF

∫
OF

ψ(bxy) dx dy = |b|−1, ∀|b| > qm,m > 0.

It remains to prove the last part. We may assume that ψ is unramified. We only need
to consider the case when φ (resp. φ′) is the product of the characteristic function of
ϖmOF and the characteristic function of A0 +ϖmJ (OF ) (resp. the characteristic function
of Y0 +ϖmY ′(OF )). We first show that

(4) if the support A0 + ϖmJ (OF ) has no intersection with J +(F ) ∪ J −(F ), then the
function a 7→ I(a, φ, φ′) belongs to C∞

c (F×).

In this case, by choosing m large enough we may assume that A × A /∈ J +(F ) for all
A ∈ A0 +ϖmJ (OF ). As in the previous case, for each γ ∈ Π′

0, we can write tr(A)−NJ (A)
as xγPγ(A) + Qγ(A) where Pγ(A) and Qγ(A) are polynomials in {xγ′| γ′ ̸= γ}. Since
A × A /∈ J +(F ) for all A ∈ A0 + ϖmJ (OF ), there exists γ ∈ Π′

0 and C > 0 such that
|Pγ(A)| > C for all A ∈ A0 + ϖmJ (OF ) and xγ ̸= Ai for 2 ≤ i ≤ 5. This implies that for
a small enough, the orbital integral I(a, φ) is equal to 0 (note that ⟨Y,A⟩ and ⟨A,A⟩ only
depends on Yi and Ai for 2 ≤ i ≤ 5). This proves (4).
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Hence, it is enough to consider the case when A0 ∈ J +(F ) or A0 ∈ J −(F ). The arguments
for both cases are the same, so we may just assume that A0 ∈ J +(F ). In this case, we may
write Y0 and A0 as

Y0 =
∑
2≤i≤5

Yi,0Xe1−ei , A0 = 1 +
∑
2≤i≤5

A1i,0Xe1+ei .

Also by (4), we can replace the test function ϖ by its product with the characteristic function
11+ϖ2mOF

(A1) of A1.
By the same argument as in the proof of Theorem 2 of [20] (except that we replace Lemma

4 of loc. cit. by (4.1)), we have the following identity, which is an analog of equation (41) of
loc. cit. 7

I(a, φ, φ′) = |a|3
∫
(ϖmOF )4

∫
Π2≤i≤5A1i,0+ϖmOF

∫
Π2≤i≤5Yi,0+ϖmOF

∫
1+ϖ2mOF

ψ(
x+ 1

x

a
+

∑
2≤i≤5 YiAi

a
−

∑
2≤i≤5A7−iA1i

ax
− A2A5 + A3A4

2a2
) dxΠ2≤i≤5 dYi dA1i dAi.

We can first compute the integral over Yi. We have∫
Π2≤i≤5Yi,0+ϖmOF

ψ(

∑
2≤i≤5 YiAi

a
)Π2≤i≤5 dYi = q−4m·1(aϖ−mOF )4(A2, A3, A4, A5)ψ(

∑
2≤i≤5 Yi,0Ai

a
)

once we let a be small enough with respect to ϖm. This implies that

I(a, φ, φ′) = |a|3q−4m ·
∫
(aϖ−mOF )4

∫
Π2≤i≤5A1i,0+ϖmOF

∫
1+ϖ2mOF

ψ(
x+ 1

x

a
+

∑
2≤i≤5 Yi,0Ai

a
−

∑
2≤i≤5A7−iA1i

ax
− A2A5 + A3A4

2a2
) dxΠ2≤i≤5 dA1i dAi

= |a|7q−4m ·
∫
(ϖ−mOF )4

∫
Π2≤i≤5A1i,0+ϖmOF

∫
1+ϖ2mOF

ψ(
x+ 1

x

a
+

∑
2≤i≤5

Yi,0Ai −
∑

2≤i≤5A7−iA1i

x
− A2A5 + A3A4

2
) dxΠ2≤i≤5 dA1i dAi.

Then we can compute the integral over A1i. We have (note that x ∈ 1 + ϖ2mOF and
Ai ∈ ϖ−mOF )∫

Π2≤i≤5A1i,0+ϖmOF

ψ(−
∑

2≤i≤5A7−iA1i

x
)Π2≤i≤5 dA1i = q−4m · ψ(−

∑
2≤i≤5A7−iA1i,0

x
)

once we choose m large enough with respect to A1i,0. This implies that

I(a, φ, φ′) = |a|7q−8m ·
∫
(ϖ−mOF )4

∫
1+ϖ2mOF

ψ(
x+ 1

x

a
+

∑
2≤i≤5

Yi,0Ai −
∑

2≤i≤5A7−iA1i,0

x
− A2A5 + A3A4

2
) dxΠ2≤i≤5 dAi.

7In our current case, we not only have the character ψ( tr(A)−N(A)
a ) as in [20], but we also have the extra

part ψ(−⟨Y,A⟩
a − ⟨A,A⟩

2a2 ), this is why the argument in loc. cit. can only help us calculate the integrals over

Aij for 2 ≤ i, j ≤ 5.
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Once we choose m large enough (with respect to A1i,0), we know that

ψ(

∑
2≤i≤5A7−iA1i,0

x
) = ψ(

∑
2≤i≤5

A7−iA1i,0)

for all Ai ∈ ϖ−mOF . Hence we have

I(a, φ, φ′) = |a|7q−8m ·
∫
1+ϖ2mOF

ψ(
x+ 1

x

a
) dx

×
∫
(ϖ−mOF )4

ψ(
∑
2≤i≤5

(Yi,0Ai − A7−iA1i,0)−
A2A5 + A3A4

2
)Π2≤i≤5dAi

= |a|7q−8m · ψ(2(Y2,0 − A15,0)(Y5,0 − A12,0) + 2(Y3,0 − A14,0)(Y4,0 − A13,0))

×
∫
1+ϖ2mOF

ψ(
x+ 1

x

a
) dx ·

∫
(ϖ−mOF )4

ψ(−A2A5 + A3A4

2
)Π2≤i≤5 dAi

= |a|7q−8m|4| · ψ(2(Y2,0 − A15,0)(Y5,0 − A12,0) + 2(Y3,0 − A14,0)(Y4,0 − A13,0))

×
∫
1+ϖ2mOF

ψ(
x+ 1

x

a
) dx.

Hence, it remains to show that

I+(φ, φ′) = q−8m · ψ(2(Y2,0 − A15,0)(Y5,0 − A12,0) + 2(Y3,0 − A14,0)(Y4,0 − A13,0)).

From the definition, we know that

I+(φ, φ′) =

∫
Π2≤i≤5A1i,0+ϖmOF

∫
Π2≤i≤5Yi,0+ϖmOF

ψ(2(A12 − Y5)(A15 − Y2) + 2(A13 − Y4)(A14 − Y3))Π2≤i≤5 dYi dA1i.

Once we choose m large enough (with respect to A1i,0, Yi,0), we know that the integrand is
just a constant equal to

ψ(2(Y2,0 − A15,0)(Y5,0 − A12,0) + 2(Y3,0 − A14,0)(Y4,0 − A13,0)).

This finishes the proof of the theorem.

6. More examples of Conjecture 1.4

In this section, we discuss two more examples of Conjecture 1.4. In the first example the
set {τj⊕ τ∨j } in the decomposition 1.3 is not empty; in the second example Ôι is not special.

6.1. An example for GLn. In this subsection we consider the case when G = Ĝ = GLn
(n > 2) and Ôι is the nilpotent of Ĝ with partition (n− 2, 1, 1), i.e. it is a principal orbit in
the Levi subgroup GLn−2×GL1×GL1. In this case its dual nilpotent orbit Oι has partition
(3, 1, 1, 1, · · · , 1) and the degenerate Whittaker period Pι is given by

Pι(ϕ) =
∫
U(k)\U(A)

ϕ(u)µ(u)du

where U and µ are defined in (2.31) of [23]. When n = 3, this is just the Whittaker period.
For the rest of this subsection, we assume that n > 3.
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In this case, the centralizer of Im(ι̂) in Ĝ is Ĥ ′ = GL2 × GL1 and the adjoint action of

Ĝ× SL2 on ĝ can be decomposed as (for simplicity we will ignore the GL1 part of Ĥ)

ĝ = (Ad⊗ ∧2)⊕ (std⊗ Symn−3)⊕ (std∨ ⊗ Symn−3)⊕ (∧2 ⊗ τ)

where τ is some representation of SL2. Since the L-value associated to ∧2 ⊗ τ is just some
zeta factors we will ignore it. In this case, the decomposition (1.3) becomes

⊕k∈Îodd ρ̂k = (std⊕ std∨)

if n is even and

⊕k∈Îodd ρ̂k = 0

if n is odd. In particular, this is an example for which the set {τj⊕ τ∨j } in the decomposition
1.3 is not empty. In both cases we have ρι̂ = 0.

LetH = GLn−1 = {
(
h 0
0 1

)
} be a closed subgroup ofG. By the unramified computation in

[28] and the computation of dual group in [16], the quadruples (G,H, 0, 1) and (Ĝ, Ĥ ′, 0, ι̂) are
dual to each other. Since ρι̂ = 0, we know that the quadruple (G,H, 0, 1) satisfies Assumption
1.6. In this case, the relative trace formula comparison in Conjecture 1.9 recovers the one
in (2.34) of [23]. In principle the ideas of [23] can establish this comparison (and we will do
so in a future paper). This comparison serves as strong evidence of Conjecture 1.4 for the
period Pι.

6.2. An example of Conjecture 1.4 for non-special nilpotent orbit. In this section,
we will provide an example of Conjecture 1.4 in the case when Ôι is not special. The
case we are considering is when G = Sp4n and Ĝ = SO4n+1. Let ei − ej, ei + ej, ek (resp.
ei − ej, ei + ej, 2ek) be the roots of SO4n+1 (resp. Sp2n) with 1 ≤ i, j, k ≤ 2n and i ̸= j.

Let P = MN (resp. P̂ = M̂N̂) be the standard parabolic subgroup of Sp4n (resp. SO4n+1)

associated to the simple roots e2i−1 − e2i for 1 ≤ i ≤ n. In particular we have M ≃ M̂ ≃
(GL2)

n.

Let Ôι be the principal nilpotent orbit of m̂, and we also view it as a nilpotent orbit of
ĝ. It is clear that it is not a special nilpotent orbit of g. The nilpotent orbit Ôι induces a
homomorphism ι̂ : SL2 → Ĝ. Let Ĥ be the neutral component of the centralizer of Im(ι̂)

in Ĝ. It is easy to see that in this case we have Ĥ = Sp2n. We get a homomorphism

Ĥ ′ × SL2 → Ĝ which will still be denoted by ι̂. This map induces an adjoint action of
Ĥ × SL2 on ĝ, and it is easy to see that we can decompose it as

Ad⊗ Sym0 ⊕ std⊗ Sym1 ⊕ ∧2 ⊗ Sym2

where Ad is the adjoint representation of Sp2n, std is the standard representation of Sp2n

and ∧2 is the exterior square representation. In particular, in this case, we have ρι̂ = std.
Let Oι be the dual of Ôι. It is easy to see that Oι is the Richardson nilpotent orbit

associated to parabolic subgroup P of G. Moreover, it induces a character ξ of N(k)\N(A)
and we can define the degenerate Whittaker period to be

Pι(ϕ) =
∫
N(k)\N(A)

ϕ(n)ξ(n)dn.

In this case, Conjecture 1.4 becomes the following conjecture.
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Conjecture 6.1. Let π be an irreducible discrete automorphic representation of Ĝ(A) and let

ν : π → L2(Ĝ(k)\Ĝ(A))π be an embedding. Assume that the Arthur parameter of π factors
through ι̂ (i.e. π is a lifting of a global tempered Arthur packet Π of H(A) = SO2n+1(A)).
Then one can choose the embedding ν so that

|Pι(ϕ)|2

⟨ϕ, ϕ⟩
“ = ”

L(1/2,Π)

L(1,Π, Ad)L(3/2,Π)L(2,Π,∧2)
, ϕ ∈ ν(π).

Next, we define another unipotent period integral on Sp4n. Let B = TU be the standard
upper triangular Borel subgroup of Sp4n, and we define a character ξ′ on U(k)\U(A) to be
(note that this is not a generic character)

ξ′(u) = ψ(u12 + u23 + · · ·+ u2n−1 2n), u = (uij)1≤i,j≤4n.

Then we define the period integral

PU,ξ′(ϕ) =
∫
U(k)\U(A)

ϕ(u)ξ′(u)du.

Lastly, let G′ = Sp2n × Sp2n be a closed subgroup of G and we define the period integral

PG′(ϕ) =

∫
G′(k)\G′(A)

ϕ(h)dh.

By the unramified computation in [28] and the computation of dual group in [16], we know
that the quadruples

(G,G′, 0, 1), (Ĝ, Ĥ, std, ι̂)

are dual to each other under the BZSV duality. Hence, for the period integral PG′ , Conjecture
1.1 becomes the following conjecture.

Conjecture 6.2. Let π be an irreducible discrete automorphic representation of G(A) and
let ν : π → L2(G(k)\G(A))π be an embedding. Then the period integral PG′(ϕ) is nonzero for

some ϕ ∈ Im(ν) only if the Arthur parameter of π factors through ι̂ : Ĥ(C)×SL2(C) → Ĝ(C).
If this is the case, π is a lifting of a global tempered Arthur packet Π of H(A) = SO2n+1(A).
Then we can choose the embedding ν so that

|PG′(ϕ)|2

⟨ϕ, ϕ⟩
“ = ”

L(1/2,Π)L(3/2,Π)L(2,Π,∧2)

L(1,Π, Ad)
, ϕ ∈ Im(ν).

Next, we introduce three relative trace formulas. Let f (resp. f ′) be a Schwartz function
on G(A) (resp. GL2n(A)) and Kf (x, y) (resp. Kf ′(x, y)) be the kernel function. On the
GL2n side, we define

I(f ′) =

∫
GLn×GLn(k)\GLn×GLn(A)/ZGL2n

(A)

∫
NGL2n

(k)\NGL2n
(A)
Kf ′(x, y)ξ

−1
2n (y) dy dx

where NGL2n is a maximal unipotent subgroup of GL2n and ξ2n is a generic character of it.
Here the GLn ×GLn-period is known as the linear period. It has been studied by Friedberg
and Jacquet in [4]. By the result in loc. cit., the discrete part of the spectral expansion of
I(f ′) is of the form

(6.1) Idisc(f
′)“ = ”

∑
Π

L(1/2,Π)

L(1,Π, Ad)
.

where Π runs over all the global discrete generic Arthur packet of SO2n+1(A).
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On the other side, we define

J(f) =

∫
G′(k)\G′(A)

∫
N(k)\N(A)

Kf (x, y)ξ(y)
−1dydx,

J ′(f) =

∫
G′(k)\G′(A)

∫
U(k)\U(A)

Kf (x, y)ξ
′(y)−1dydx.

If we assume Conjecture 6.1 and 6.2 to be true, then the discrete part of the spectral
expansion of J(f) should also be of the form (6.1). As a result, we should expect the
following conjecture.

Conjecture 6.3. There is a comparison between the relative trace formulas I(f ′) and J(f).

Conversely, if we have such a comparison, we should expect Conjecture 6.1 to be true.
In Theorem 2.1 of [24], they proved a comparison between the relative trace formulas

I(f ′) and J ′(f). Together with the following proposition, we should expect the relative trace
formula comparison in Conjecture 6.3 to hold and Conjecture 6.1 to be true. This is an
example of Conjecture 1.4 in the case when the nilpotent orbit is not special.

Proposition 6.4. Let π be an irreducible discrete automorphic representation of Ĝ(A) and
let ν : π → L2(Ĝ(k)\Ĝ(A))π be an embedding. Assume that the period integral PG′ is non-
vanishing on Im(ν). Then

Pι(ϕ)“ = ”PU,ξ′(ϕ), ϕ ∈ Im(ν).

Proof. This follows essentially from [9, Theorem 16] and [10, §5 Theorem 1 and Lemma 2].
The result of [10, §5 Theorem 1] is an equation for Pι(E) (the equation (5.18) in [10]), where
E is a residue of an Eisenstein series. However the proof applies to any automorphic form ϕ
in an irreducible representation with nontrivial Sp2n×Sp2n linear form, as by [9, Theorem 16]
such a ϕ satisfies the key vanishing result [10, (5.2)]. Thus following their argument we get
([10, (5.16)])

Pι(ϕ) =
∫
X0(A)

PU,ξ′(ϕ(·ℓ̄(x)ν0)) dx.

Here ν0 is a Weyl element and ℓ̄(X0) is a subgroup of Sp4n defined in [10, (4.12)]. In particular
Pι(ϕ)“ = ”

∫
X0(A) PU,ξ′(ϕ(·ℓ̄(x)) dx.

In [10, Lemma 2] they proved the non-vanishing of the above integral. To do so they
defined a sequence of subgroups {e} = K2n ⊂ K2n−1 ⊂ · · · ⊂ K1 = ℓ̄(X0) in Sp4n, and
integrals ai(f) =

∫
Ki(A) f(x) dx. Thus Pι(ϕ)“ = ”a1(f) when f(g) = PU,ξ′(ϕ(·g)). Next we

can define a sequence of abelian subgroups Ri ⊂ Sp4n (1 ≤ i ≤ 2n) as in [10, (5.31)]. The
key statement in the proof of [10, Lemma 2] is that if one expands f as

f =
∑
α

∫
Ri(A)

φα(r)fα(·r) dr,

then ai(f) = ai−1(f
′) where

f ′ =
∑
α

∫
Ri(A)

φ̂α(r)fα(·r) dr,

here φ̂α is the Fourier transform of φα. In particular we have ai(f)“ = ”ai−1(f), and
f(1) = a2n(f)“ = ”a1(f). Thus Pι(ϕ)“ = ”PU,ξ′(ϕ). □
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