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Abstract— The problem of establishing minimum-cost mul-
ticast connections in coded networks can be viewed as an
optimization problem, and decentralized algorithms were pro-
posed by Lun et. al. to compute the optimal subgraph using
the subgradient method on the dual problem. However, the
convergence rate problem for these algorithms remains open.
In general, there are results available for the convergence rate
of the subgradient method on the dual problem, but it is hard
to find the convergence rate of the primal solutions. In this
paper, we analyze the convergence rates of the min-cost subgraph
algorithms for both the dual and the primal sides. We show that
using the incremental subgradient method on the dual problem
with appropriately chosen step sizes yields linear convergence
rate to a neighborhood of the optimal solution. Also, if we
use constant step sizes in the subgradient method and simple
averaging for primal recovery, the primal solutions recovered
from the dual iterations converge to a neighborhood of the
optimal solution with rate O(1/n).

I. I NTRODUCTION

When network coding is used to perform multicast, the
problem of establishing minimum-cost multicast connection
is equivalent to two effectively decoupled problems [1]: one
of determining the subgraph to code over, and the other of
determining the code to use over that subgraph. The latter
problem has been studied in [2], [3], [4], [5], and a variety of
methods have been proposed, which include employing simple
random linear coding at every node. Such random linear
coding schemes are completely decentralized, requiring no
coordination between nodes, and can operate under dynamic
conditions [6].

The former problem has been studied in [7], [8], and
[9]. While [7] looked at centralized solutions, [8] proposed
approaches to find minimum-cost multicast subgraphs for both
linear and strictly convex cost functions in a decentralized
manner. Reference [9] took a closer look at the decentralized
algorithm in [8], and proposed different variations of it to
improve the convergence performance. In addition, simulation
results are presented in [8] showing the performance of these
algorithms in both static and dynamic wireless networks.

However, the convergence rate problem for these algorithms
remain open, and it needs to be studied before any algorithm
can be implemented with confidence. Although simulation

results in [8] show that the distributed algorithms producesig-
nificant reductions in multicast cost as compared to centralized
routing algorithms just after a few iterations, and it is robust
to changes in the network, it is desirable to have theoretical
bounds on the performance, and this is what we aim to solve
in this paper. For simplicity, we focus on the problem of single
multicast session in wireline networks in this paper, but the
proofs can be easily modified to work for the wireless case.

In general, the subgradient method used on the dual problem
has been extensively studied, and convergence results are
available under various step size rules. However, in practice,
the interest is in solving the primal problem, and recovering,
from the dual iterations, feasible or near-feasible primalso-
lutions that converge to the optimal solution as the number
of iterations goes to infinity. There are special cases where
the primal solutions computed as the by-product of the dual
iterations are feasible, such as in [14], but this is not the case
in general. There are only a few papers studying this aspect
of the problem, for example [15] and [16], and even fewer
studying the convergence rate of the primal solutions. In this
paper, we provide theoretical bounds on the convergence rate
of both the dual and the primal problems for the subgraph
optimization algorithms.

The remaining part of this paper is organized as follows.
Section II describes the network model used and reviews
the formulation of the subgraph optimization problem and
the decentralized algorithm. In Section III, we analyze con-
vergence rate performance of the dual problem using the
incremental subgradient method studied in [12], and these
results can help us in the study of convergence rate of the
primal problem, which is of main interest here. The results
for primal convergence analysis are presented in Section IV,
and finally, we conclude in Section V.

II. D ISTRIBUTED ALGORITHM FOR MIN-COST SUBGRAPH

OPTIMIZATION

In this section, we give an overview of the distributed
algorithm proposed in [8], and introduce the notations that
will be used throughout this paper. We focus on the problem of
single multicast in wireline networks, and model the network
with a directed graphG = (N,A), whereN is the set of



nodes andA is the set of links in the network. Each link(i, j),
i ∈ N, j ∈ N , (i, j) ∈ A, is associated with a non-negative
numberaij , which is the cost per unit flow on this link. We
assume that the total cost of using a link is proportional to the
flow, zij , on it. For the multicast, suppose we have a source
nodes ∈ N producing data at a positive rateR that it wishes
to transmit to a non-empty set of terminal nodesT in N .

It is shown in [10] that a subgraphz is capable of supporting
a multicast connection of rateR from sources to T if and only
if the min-cut froms to any t ∈ T is greater than or equal to
R. Hence, the problem of finding the min-cost subgraph can
be formulated into the following LP problem [1]:

minimize
∑

(i,j)∈A

aijzij

subject to zij ≥ x
(t)
ij , ∀(i, j) ∈ A, t ∈ T,

∑

{j|(i,j)∈A}

x
(t)
ij −

∑

{j|(j,i)∈A}

x
(t)
ji = δ

(t)
i

∀i ∈ N, t ∈ T,

x
(t)
ij ≥ 0, ∀(i, j) ∈ A, t ∈ T,

(1)

where

δ
(t)
i =







R, if i = s,
−R, if i = t,
0 otherwise.

We use the distributed algorithm proposed in [8] to solve the
above LP problem. This algorithm is completely decentralized
and each node only has to know the cost of its incoming and
outgoing links, and exchange information with neighboring
nodes. It employs the subgradient method on the Lagrangian
dual of (1), which is given by:

maximize
∑

t∈T

q(t)(p(t))

subject to
∑

t∈T

p
(t)
ij = aij , ∀(i, j) ∈ A,

p
(t)
ij ≥ 0, ∀(i, j) ∈ A, t ∈ T,

(2)
where

q(t)(p(t)) = min
x(t)∈F (t)

∑

(i,j)∈A

p
(t)
ij x

(t)
ij , ∀t ∈ T, (3)

andF (t) is the bounded polyhedron of pointsx(t) satisfying
the conservation of flow constraints

∑

{j|(i,j)∈A}

x
(t)
ij −

∑

{j|(j,i)∈A}

x
(t)
ji = δ

(t)
i , ∀i ∈ N,

x
(t)
ij ≥ 0, ∀(i, j) ∈ A.

Note that the subproblem (3) is a standard shortest path
problem with link costsp(t)

ij , which can be solved using a
multitude of distributed algorithms (e.g., distributed Bellman-
Ford).

The distributed algorithm for finding the min-cost subgraph
based on (1) and (2) is summarized below. For details of this
algorithm and related proofs, please refer to [8].

1) Before the first iteration, each node initializesp[0].
2) In the nth iteration, usep[n] as link costs, and run a

distributed shortest path algorithm to determinex[n].
3) Updatep[n+1] using subgradient obtained throughx[n]

values.
g
(t)
ij [n] = x

(t)
ij [n],

p[n+ 1] :=

[

p[n] + θ[n]
∑

t∈T

g(t)[n]

]+

P

,

whereg[n] is the subgradient forp[n], and θ[n] is the
step size for thenth iteration.

4) At the end of each iteration, nodes recover a primal
solution, x̃[n], based on the dual computations. More
details on the recovery of primal solutions are presented
in Section IV.

5) Each node computes thẽzij [n] values from thex̃ij [n]
values.

6) Steps (2) to (5) are repeated until the primal solution
has converged.

Since the intermediate{z̃[n], x̃[n]} values after each itera-
tion are always feasible solutions to the primal problem, we
do not have to wait till the primal solution converges to start
the multicast. Instead, the multicast can be started after the
first iteration, and we can shift the flows gradually through
the iterations to operate on a more cost effective subgraph.

In the following sections, we theoretically analyze the con-
vergence rate of this algorithm. The convergence rate results
on the dual problem is presented in Section III, and those for
the primal problem are presented in Section IV.

III. C ONVERGENCE RATE ANALYSIS FOR THE DUAL

PROBLEM

With properly chosen step sizes, the standard subgradient
method proposed in the previous section converges to dual
optimal solutions eventually [11], but it is hard to analyze
the convergence rate of the standard method. To this end,
we consider the incremental subgradient method studied in
[12]. The incremental subgradient method can be used here
because the objective function in (2) is the sum of|T | convex
component functions, and the constraint set is non-empty,
closed and convex (see Chapter 2 of [12]). At each iteration,
p is changed incrementally through a sequence of|T | steps.
Each step is a subgradient iteration for a single component
functionq(t). Thus, an iteration can be viewed as a cycle of|T |
subiterations. Denote the terminal nodes by{1, 2, . . . , NT },
whereNT = |T |. The vectorp[n + 1] is obtained fromp[n]
as follows.

ψ0[n] := p[n],

ψi[n] :=
[

ψi−1[n] + θ[n]g(i)[n]
]+

P
,

p[n+ 1] := ψNT
[n].

We first prove two propositions that are useful for the
convergence rate analysis.



Proposition 1: Problem (2) satisfies the subgradient bound-
edness property, which means there exists a positive scalarC
such that

||g|| ≤ C, ∀g ∈ ∂q(t)(p[n]) ∪ ∂q(t)(ψi−1,n),

∀i = 1, ..., NT , ∀n.
Proof: This is true becauseq(t) is the pointwise minimum

of a finite number of affine functions, and in this case, for every
p, the set of subgradients∂q(t)(p) is the convex hull of a finite
number of vectors. Thus, the subgradients are bounded.

Proposition 2: Let the optimal solution set beP ∗, there
exists a positive scalarµ such that

q∗ − q(p) ≥ µ(dist(p, P ∗))2, ∀p ∈ P.
Proof: Problem (2) can be reformulated into a linear

programming problem as follows.

maximize q′(v) =
∑

t∈T

q(t)

subject to q(t) ≤
∑

(i,j)∈A

p
(t)
ij x̂

(t)
ij , ∀ t ∈ T,

∑

t∈T

p
(t)
ij = aij , ∀ (i, j) ∈ A,

p
(t)
ij ≥ 0, ∀ (i, j) ∈ A, t ∈ T,

x̂(t) ∈ F (t), ∀ t ∈ T.
(4)

The decision vector,v, is a concatenation of vectorsq, p, and
x, and we denote the feasible set byV . For any feasiblep ∈ P
from (2), there is a correspondingv in (4) with the samep-
component andq′(v) = q(p). Furthermore, for any feasible
v ∈ V , we can extract ap vector from it that gives the same
total cost in (2). Therefore, the two formulations (2) and (4)
have the same optimal values, i.e.,q∗ = q′∗.

Since the set of solutions for a linear programming problem
is a set of weak sharp minima [13], there exists a positiveα
such that

q′∗ − q′(v) ≥ α(dist(v, V ∗)), ∀v ∈ V.

So for anyp ∈ P in (2), we have

q∗ − q(p) = q′∗ − q′(v) ≥ α(dist(v, V ∗)) ≥ α(dist(p, P ∗)).

The last inequality comes from the fact thatp/P ∗ is the
projection of v/V ∗ on P , and the projection operation is
non-expansive. SinceP is a bounded polyhedron, the distance
between any two points inP is bounded, i.e.,dist(p, p′) ≤ B
for all p, p′ ∈ P for some positiveB. Therefore,

q∗ − q(p) ≥
α

B
(dist(p, P ∗))2.

Let µ = α/B, and the proposition is proved.
With these propositions, we have the following result for

constant step size.
Proposition 3: For the sequence{p[n]} generated by the

incremental subgradient method with the step sizeθ[n] fixed
to some positive constantθ, whereθ ≤ 1

2µ
, we have

(dist(p[n+ 1], P ∗))2 ≤ (1 − 2θµ)n+1(dist(p[0], P ∗))2

+
θ|T |2C2

2µ , ∀n.

Proof: The proof for this proposition follows from
Proposition 1.2 and the proof of Proposition 2.3 in [12].

In summary, we have shown that the convergence rate for
the incremental subgradient method on (2) is linear for a
sufficiently small step size. However, only convergence to a
neighborhood of the optimal solution set can be guaranteed.

IV. CONVERGENCE RATE ANALYSIS FOR THE PRIMAL

PROBLEM

With the above results on the dual convergence rate, we can
now move on to analyze the primal convergence rate, which is
of main interest here. We first present some more details on the
recovery of primal solutions from the dual iterations, which
is Step (4) in the distributed algorithm described in Section
II. Let {µl[n]}l=1,...,n be a sequence of convex combination
weights for each non-negative integern, i.e.,

∑n
l=1 µl[n] = 1

andµl[n] ≥ 0 for all l = 1, ..., n. Further, let us define

γln =
µl[n]

θ[l]
, l = 1, ...n, n = 0, 1, ...,

and

∆γmax
n = max

l=2,...n
{γln − γ(l−1)n}.

According to [16], if the step sizes{θ[n]} and the convex
combination weights{µl[n]} are chosen such that

1) γln ≥ γ(l−1)n for all l = 2, ...n, andn = 0, 1, ...,
2) ∆γmax

n → 0 asn→ ∞, and
3) γ1n → 0 asn → ∞ and γnn ≤ δ for all n = 0, 1, ...,

for someδ > 0,

then we obtain an optimal solution to the primal problem (1)
from any accumulation point of the sequence of primal iterates
{x̃[n]} given by

x̃
(t)
ij [n] =

n
∑

l=1

µl[n]x
(t)
ij [l], n = 0, 1, ...

The flow on each link,̃zij [n], is then computed based on the
recovered̃x(t)

ij [n] values.
We consider the scenario where on the dual side, simple

constant step size is used in the subgradient method, i.e.,
θ[n] = θ for all n, and on the primal side, the convex
combination weights{µl[n]} are given byµl[n] = 1/n for
all l = 1, ...n, andn = 0, 1, .... The convergence rate of the
primal solutions under this scenario is given in the following
proposition.

Proposition 4: If constant step size is used in the dual
subgradient method and simple averaging is used in primal
solution recovery, the primal cost of thenth iteration converges
to a neighborhood of the optimal solution with rateO(1/n).

We use two different methods to prove this proposition, and
the first one is shown below.

Proof: The first proof for this proposition makes use of
Proposition 2 in [15]. We first show that the following two
conditions are satisfied by our optimization problem.



1) The Slater condition, i.e., there exist a vector{z̄, x̄},
{z̄, x̄} ∈ F such that

zij > x
(t)
ij ∀(i, j) ∈ A, t ∈ T.,

whereF is the feasible set for the conservation of flow
constraints.
This condition clearly holds in our primal problem (1),
because the variableszij do not appear in the constraints
of F , and we can always findzij values that make the
inequality constraints,zij ≥ x

(t)
ij , strict for any set of

feasiblex values.
2) Bounded subgradients, i.e., there exists a scalarL > 0

such that
‖g[n]‖ ≤ L ∀n > 0.

This follows directly from Proposition 1 in the previous
section.

With these two conditions satisfied, Proposition 2 in [15]
shows that an upper bound on the primal cost ofz̃[n] is given
by

f(z̃[n]) ≤ f∗ +
‖p[0]‖2

2nθ
+
θL2

2
.

The above bound shows that, when constant step size is used,
the primal solution converges to a neighborhood of the optimal
solution with rateO(1/n). The size of this neighborhood
depends on the step sizeθ. In fact, there is a compromise
between the rate of convergence and how close we get to the
optimal solution. The smaller the value ofθ, the closer we get
to the optimal solution, but with a slower rate.

One thing we want to point out is that Proposition 2 in [15]
also gives a bound on the amount of constraint violation of the
primal solution recovered after each iterations. However,in our
case, the constraint violation is always 0, i.e., after eachitera-
tion we recover a feasible primal solution. This is because the
primal variablesxij obtained in the dual subgradient methods
always satisfy the flow conservation constraints,x(t) ∈ F (t),
and thezij values are recovered purely base on these feasible
x values (they are not part of the dual computation). This
makes sure that we always recover a feasible primal solution,
and do not have to worry about constraint violations.

Next, we look at our second proof for Proposition 4.
Proof: In this method, we examine the complementary

slackness between the primal the dual solutions after each
iteration. In the following computations, we make use of some
of the results presented in the proof of Theorem 1 in [16]. The
complementary slackness after thenth iteration is bounded by

(x̃[n] − z̃[n])′ · p[n] ≤ γnn(p[n+ 1] − p∗)′ · p[n]
+ γ1n(p∗ − p[1])′ · p[n]

+ (
n

∑

j=2

(γjn − γ(j−1)n)(p∗ − pj))
′

·p[n].
(5)

Next, we take a close look at each of the three terms on the
right hand side.

In the first term, bothγnn and ‖p[n]‖ are bounded. In
the previous section, we have shown that using constant
step size in the incremental subgradient method gives linear
convergences rate on the dual side to a neighborhood of the
optimal solution. Thus,‖p[n+1]−p∗‖ decreases to a non-zero
term linearly withn, and the magnitude of the non-zero term
depends on the size of the neighborhood on the dual side.
Therefore, the first term decreases to some positive number
linearly asn goes to infinity.

For the second term,(p∗−p[1]) is a constant with respect to
n, and‖p[n]‖ is bounded. If we use constant step size in the
subgradient method and simple averaging in primal recovery,
we have

γ1n =
µ1[n]

θ[1]
=

1/n

θ
=

1

nθ
,

and clearly, this term diminishes with rateO(1/n) asn goes
to inifinity.

Finally, we look at the third term. For anyj in {2, ..., n},
we have

γjn − γ(j−1)n =
µj [n]

θ[j]
−
µj−1[n]

θ[j − 1]
=

1

nθ
−

1

nθ
= 0.

Therefore, the last term is always equal to 0.
Summing the three terms up, we can see that the value of

(x̃[n] − z̃[n])′p[n] decrease to a non-zero constant with rate
O(1/n) with n. Since, for a linear programming problem,ǫ-
complementary slackness gives us a bound on the duality gap
between the primal and dual solutions (see Theorem 4.5 in
[17]), i.e.,

f(z̃[n]) − q(p[n]) < ǫ,

and this gap is diminishing with rateO(1/n), as shown above,
the primal solution converges to a neighborhood of optimal
one with rateO(1/n).

From the above proof, we can see that if more complicated
step sizes and convex combination coefficients are used, such
that the dual solution converges to the optimal (rather thanto
a neighborhood of the optimal) with rateO(1/n) , then the
first term in (5) also diminishes whenn goes to infinity and
the overall convergence rate would beO(1/n) to the optimal
solution.

In addition, the second proof gives us a relationship between
the closeness of the dual solution to its optimal to the quality
of the primal solution recovered. Assume there is some inac-
curacy in the link cost information,aij , and the real optimal
cost, f∗real, is not very far from thef∗ computed with the
wrong aij values. From the above proof, we can see that
after sufficient number of iterations, the dual solutions and
the corresponding recovered primal solutions are going to be
pretty close tof∗, due toǫ-complementary slackness. And by
the triangle inequality, the resulting primal cost is closeto the
real optimalf∗real. Therefore, even with slight inaccuracy in
the link cost information, the dual or the primal solutions will
not be very far from the optimal solution after some iterations.



V. CONCLUSIONS

In this paper, we look at the decentralized algorithm pro-
posed in [8] for subgraph minimization for coded networks,
and study the convergence rate of both the dual and the
primal solutions. On the dual side, it is shown that using
incremental subgradient method, the solutions can converge
linearly to a neighborhood of the optimal solution. As for the
primal solutions, with constant step size and averaging primal
recovery method, the convergence rate isO(1/n).
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