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Abstract or the sender, is the same as that of the AWGN channel.
_ This result was presented by Kennedy [4] and by Gallager
We have previously presented the exponent for an up-[5 g8 6] for the case of Rayleigh fading, and most recently

per bound on the error probability of a “peaky” signaling by Telatar and Tse [3] for general multipath fading.
scheme that achieves the capacity of the Rayleigh fading

channel under an average power constraintin the limitofin-  1herefore, if the bandwidth is large enough, then
finite bandwidth. In the present work, we complement this SPreading energy over that band in an even manner that
result with a lower bound. We find that the exponents of K€€pS the fourth moment constrained, for example with
the upper and lower bounds coincide in the wideband limit direct-sequence or related spread spectrum techniques, is
and therefore yield the reliability function of the Rayleigh MOt advisable. In addition, peaky signaling should yield
fading channel using peaky signaling. We illustrate the be- 900d performance. The bandwidth at which spreading be-
havior of the reliability function and the upper and lower 9ins to become detrimental, however, is not entirely clear

error probability bounds with some numerical examples. ~ (though the issue is partially addressed in [6]) nor is the
bandwidth at which peaky signaling begins to become ad-

vantageous. We address the latter issue in the case where

1. Introduction the fading process is modeled as Rayleigh.

Interest in the study of fading channels with very We have previously derived the exponent for an upper
large bandwidths has been spurred in recent times withbound on the error probability of this scheme that vanishes
the emergence of proposals for ultra-wideband (UWB) ra- with increasing bandwidth [7]. This is similar to the ran-
dio and wideband CDMA systems. The use of such dom coding exponent obtained by Gallager{s.6,§7] for
spread-spectrum signaling schemes in the very large bandeiscrete-time memoryless channels, which is the exponent
width regime, however, contradicts established information- at which an upper bound on the error probability of ran-
theoretic results. Indeed, it is known that direct-sequencedom block coding vanishes with increasing block length.
spread-spectrum signals perform poorly in this regime in And, just as the random coding exponent brings out the
terms of mutual information. More precisely, assuming that relationship among the error probability, data rate, block
the channel exhibits time and frequency decorrelation andlength, and channel behavior, the exponent that we derive
has no specular component and that the signal scales inbrings out the relationship among the error probability, data
versely with bandwidth in an appropriate manner (which rate, bandwidth, “peakiness”, and fading parameters such as
induces a constraint on the fourth moment) the mutual in- the coherence time. The relationships drawn are, however,
formation approaches zero with increasing bandwidth. This based only upon upper bounds on the error probability. In
result has been shown with several variations in the channekhe case of random block coding over discrete memoryless
model and the assumptions on the properties of the inputchannels, Gallager [35.8] has found exponents for lower
signal [1, 2, 3]. bounds, namely the sphere-packing and straight-line expo-

Rather, given an infinite band, capacity can be reachednents, to better determine the true exponential behavior of
using “peaky” signaling, i.e. transmitting with a low-duty- the error probability. Likewise, we obtain in the present
cycle frequency-shift keying scheme. Such signaling is de-work, a lower bound in the case of peaky signaling over
scribed as peaky because transmission energy is concerRayleigh fading channels and use it to determine the tight-
trated into narrow regions of time (owing to the low duty cy- ness of the upper bound. We shall see that the exponent of
cle) and frequency (owing to the employment of frequency- the upper bound represents the true exponential dependence
shift keying). The capacity reached by this scheme, which of the error probability in the wideband limit and is hence
assumes no channel state information at either the receivetherédiability function.



2. Channel model The message is repeated ovérdisjoint time intervals

) ] ] to obtain time diversity. Hence far < k£ < M andl <
The channel is modeled as a Rayleigh fading channel,, < x we have

with block fading in time. For a given input wavefornt),

o BT
the output waveforny(t) is given by Rion = SimGor | o2 4 Wi, 5)
5 \ oN,
y(t) = Zal(t)x(t —di(t)) + 2(1), (1) where {G,} and {W;,} are sets of ii.d. circularly-
=1 symmetric complex Gaussian random variables of unit vari-

) ) ance. We construct the decision variables
whereL is the number of paths, (¢) andd; (¢) are the gain

and delay on théth path at timet respectively, and:(t) 1 9

is white Gaussian noise with power spectral denaigy 2. Sk = N Z | Bren (6)
The total effect of the paths is consistent with Rayleigh fad- n=t

ing. LetT, andTy be the coherence time and delay spread and use a threshold decoding rule: Let

of the fading channel respectively. We assume that the pro-

!/
cesseqq(t)} and{d;(t)} are constant and i.i.d. over time A=1+(1—¢) PT, (7)
intervals of T,, and that the channel is underspread (i.e. ONo
Ty < Tp). (wheree € (0, 1) is an arbitrary parameter) be the threshold.
If S, exceedsA for one value oft only, then we estimate
3. Capacity_achie/ing scheme m = k}, otherwise we declare an error.

We transmit using the above scheme only for a fraction

A full description of the capacity-achieving scheme can of time §. Hence the average power /& Note that the
be found in [3]. We briefly summarize it below. scheme transmits: M nats inNT;/6 seconds, so the rate

Suppose that the average power constraifit,iand let  is R = 0 In(M)/(NT).

0 € (0,1]. Suppose further that we have a code-book of
size M. Th.emthl code wor_d is represented at basebqnd asa  Upper bound on the error probability
complex sinusoid of amplitudg/ P/ at frequencyf,,, i.e.
Owing to symmetry, we can assume without loss of gen-
P/Oexp(j2mfmt) 0<t < Ty, erality thatm = 1. An error occurs ifS; < Aorif S, > A
T (t) = {0 otherwise 2 forsome2 < k < M. Let B; be the even; < A and let
By, be the evens, > A for2 < k < M. Then, denoting

where the time duration of the signal is taken to be the  the error probability by., we have
coherence tim&.. The frequencyf,, is an integer multiple
of 1/T7, whereT, = T, — 2T,.

Let us consider the channel output over the interval
[Ty, Ts — T4 (the time axis at the receiver is shifted by
the shortest path delay). During this intervgdy(t)} and ~ For notational convenience, we define
{d;(t)} are constant owing to the assumptions of the model, 1) a 2) &
and we denote their values Hy; } and{d;} respectively. pe!) £ Pr(By}, p? & Pr{Ba}. ©)
So by (1), the received signal when messagis sent is

M
pe=Pr { U Bk} < Pr{B,} + MPr{By}. (8)

k=1

In [7], we obtain exponential upper boundsﬂﬁé) and

@) e :
y(t) =G /_P/é) exp(j27 fnt) + 2(t) Q) pe ’ using the Chernoff bound, viz.
(1) < exp(=N[A" —1 —1In(4")]), 10
where G = Zle apexp(—j2n fd;) is a circularly- pe(2)_ p( [ (A) (10)
symmetric complex Gaussian random variable since the pe’ < exp(—N[A—1—1In(A4)]); (11)

fading process is Rayleigh. We define signal power in the where
conventional sense as the received signal power, and thus

normalize the channel gain so tHaliG|?] = 1. r— # (12)
At the receiver, we form the correlator outputs 1+ PT}/(6No)
1 Ty —Ty Thus
Ry = ——= exp(—j2m fit)y(t)dt  (4)
VN TS U, pe < exp(—N[A"—1—1n(A"))])

for1 <k < M. +exp(—N[A—1—-1n(4) — RT,/0]). (13)



Sincee is a characteristic of the decision rule with no impli- Since(N A")* /k! and(N A)* /k! are both positive for alk,
cation on physical quantities of interest, we minimize over we have the inequalities

e and get
DPe S QQXP(* IH(M)E(R, 9)) (14)
where
0 (RT,Ny 6N PT!
E = 1 1 5 - 1
(1.0 = 7, { Pr; " PI " ( T ON,
RT.Ny 6Ny PT{
—ln< PI7 + P In <1 + AN, (15)
for

T/P 9 PT/
< s _ s ).
0<R< N 2 In (1 + 9]\70) (16)

The error exponenE (R, 0) is positive over its domain of

definition, so recalling thaf; = T, we see that there exists

6 € (0,1] such thatp, vanishes as/ — oo as long as
R does not exceedl — 27,/T.)P/Ny. Therefore, since

the channel is underspread, rates very close to the infinite

bandwidth AWGN capacity of' = P/N, can be achieved.

5. Lower bound on the error probability

Conditioned upomn = 1, we have

N 2
1 PT!
S; = ﬁ”il Gn\/m-f-whn (17)
and
1 N
_ } : 2
SQ = N s |W27TL| . (18)

Recall that{G,,} and{W},,} are sets of i.i.d. circularly-

symmetric complex Gaussian random variables of unit vari-

ance, saS; and S, conditioned uponm = 1 are bothy?

random variables witB N degrees of freedom, amﬂl) and

p£2) can in fact be exactly evaluated using the cdfféran-

oo NA' k NA' N
kz;v( k!) 2( N!) ’ (1)
N-1
(NAR _ (NAHWN=D
R TG ] (22)

by taking only one of the summation terms. Therefore,

NN
pél) > exp {—NA' +In [(N;é') ] } (23)
NA)N-L
(2) > — (7
Pt exp{ NA+n [ N1 ]} (24)
Applying Stirling’s formula, we then obtain
P > exp{=N(4' =1 —In(4') + 01(N))},  (25)
P > exp{—N(A—1—1n(4) +02(N))};  (26)

whereo; (V) andos (V) are quantities that go to zero with
increasingV that are given by

1 1
01(N) = IN In(2rN) + BN (27)
1 1

Thus the upper and lower boundsgiﬁ) andpg) are expo-
nentially tight, i.e. the error exponents are arbitrarily close
for N, or equivalentlyin(M ), sufficiently large.

We now observe that

pe > Pr{By}—> Pr{B;n B}

k=1 ik

29

— )+ (M = 1)p® — (M — 1)@ @9
(M =DM =2) e
2 e

dom variables with an even number of degrees of freedomAfter substituting the upper and lower boundsgh and

[8,82.1.4]:
N 2
PT!
1 — [Z 1s
De —Pr{z G, N, + Wi <NA}
n=t (19)
_ NN (VA
=exp(—NA") Z u
k=N
and similarly,
N—-1 k
pl¥) = exp(—NA) (Nk‘?) : (20)

£
I
=

pg") and applying I'Hbpital’s rule, we obtain

: B ln(pe)
R

<min(A" —1—1In(A"), A—1—1n(A) — RT,/6) (30)

for RTs/0 < A—1—1n(A). The reverse inequality follows
straightforwardly from (13). Thus (30) holds with equality.
ForRT,/0 > A—1—1In(A), we use

M
pe=1—Pr { N Bg} >1—(1—p®HM=b  (31)
k=1



5 required to achieve higher rates, though the optifrialr a

l given rate is not immediately apparent. Suppose we impose
a peak power constraint @t/6 < 250, which is rather rea-
ah sonable. It follows tha# must be at least x 10~3. Given

' this restriction or¢, we find, using numerical methods, that
the optimal reliability function is achieved for all rates un-
der capacity by taking = 4 x 10~3. With this choice of
\ parameters, the behavior of the upper and lower error prob-
R ability bounds as functions af; /N, for bandwidths of 1

0.2 0.4 0.8 0.8 1 GHz and 10 GHz is shown in Figure 2.

Figure 1: Reliability functionE(R, #) as a function ofR 7. Conclusion

for 6 = 1072 (solid), 6 = 10~° (dashed), and = 10~ We presented a lower bound on the probability of error
(dotted). of a capacity-achieving scheme for the infinite-bandwidth

1 0g10(p_e) Rayleigh fading channel. This result complements the up-
16 5-P/N0 (48) per bound that we previously presented in [7]. We used the
lower bound to show that the exponent of the upper bound
is the true exponential dependence of the error probability
in the wideband limit and is thus the reliability function of
the Rayleigh fading channel using peaky signaling.
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