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1 Introduction

Consider a smooth, strictly convex hypersurface £ locally parametrized by
F(x) € R""!. The affine normal is a vector field £ = £, transverse to £ and
invariant under volume-preserving affine transformations of R"*!. The affine
normal flow evolves such a hypersurface in time ¢ by

O F(x,t) = E(x,t), F(z,0) = F(x).

In [7], Ben Chow proved that every smooth, strictly convex hypersurface
in R"*! converges in finite time under the affine normal flow to a point. In [1],
Ben Andrews proved that the rescaled limit of the contracting hypersurface
around the final point converges to an ellipsoid. Later, Andrews [2] also
studied the case in which the initial hypersurface is compact and convex
with no regularity assumed. In this case, the affine normal flow, unlike the
Gauss curvature flow, is instantaneously smoothing. In other words, such
an initial hypersurface under the affine normal flow will evolve to be smooth
and strictly convex at any positive time before the extinction time.

In the present work, we develop the affine normal flow for any noncompact
convex hypersurface £ in R**! whose convex hull £ contains no lines (if £
contains a line, the affine normal flow does not move it at all). As in [2] we
define the flow by treating the £ as a limit of a nested sequence of smooth,
compact, strictly convex hypersurfaces £¢. Our main new result is to classify
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ancient solutions—solutions defined for time (—oo, T')—for the affine normal
flow.

Theorem 1.1. Any ancient solution to the affine normal flow must be be
either an elliptic paraboloid (which is a translating soliton) or an ellipsoid
(which is a shrinking soliton).

The proof of Theorem 1.1 relies on a decay estimate of Andrews for the
cubic form Cjk of a compact hypersurface under the affine normal flow [1]. In
particular, the norm squared |C|? of the cubic form with respect to the affine
metric decays like 1/t from the initial time. For an ancient solution then,
we may shift the initial time as far back as we like, and thus the cubic form

“. s identically zero. Then a classical theorem of Berwald shows that the
hypersurface must be a hyperquadric, and the paraboloid and ellipsoid are
the only hyperquadrics which form ancient solutions to the affine normal flow
(the hyperboloid, an expanding soliton, is not part of an ancient solution).

In order to apply this estimate in our case, we need local regularity esti-
mates to ensure that for all positive time ¢, the evolving hypersurfaces £(t)
converge locally in the C* topology to L£(t). Thus Andrews’s pointwise
bound on the cubic form survives in the limit. We work in terms of the sup-
port function. The C? estimates are provided by a speed bound of Andrews
2] and a Pogorelov-type Hessian bound similar similar to one in Gutiérrez-
Huang [15]. These estimates provide uniform local parabolicity, and then
Krylov’s theory and standard bootstrapping provide local estimates to any
order.

Another key ingredient is the use of barriers. Here the invariance of
the affine normal flow under volume-preserving affine transformations is im-
portant. The main barriers we use are ellipsoids and a particular expanding
soliton (a hyperbolic affine sphere) due to Calabi [4]. In particular, Gutiérrez-
Huang’s estimate can only be applied to solutions of PDEs which move in
time by some definite amount. Calabi’s example is a crucial element in con-
structing a barrier to guarantee the solution does not remain constant in
time.

Solitons of the affine normal flow have been very well studied [4, 6]. They
are precisely the affine spheres. The shrinking solitons of the affine normal
flow are the elliptic affine spheres, and Cheng-Yau proved that any properly
embedded elliptic affine sphere must be an ellipsoid [6]. Translating solitons
are parabolic affine spheres, and again Cheng-Yau showed that any properly
embedded parabolic affine sphere must be an elliptic paraboloid [6].
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Expanding solitons are hyperbolic affine spheres, which behave quite dif-
ferently. Cheng-Yau proved that every convex cone in R"*! which contains no
lines admits a unique (up to scaling) hyperbolic affine sphere which is asymp-
totic to the boundary of the cone [5, 6]. (For example, the hyperboloid is
the hyperbolic affine sphere asymptotic to the standard round cone.) The
converse is also true: every properly embedded hyperbolic affine sphere in
R is asymptotic to the boundary of a convex cone containing no lines [6].
Our definition of the affine normal flow immediately provides an expanding
soliton which is a weak (viscosity) solution, and our local regularity estimates
show that this solution is smooth.

We should note that Cheng-Yau [6] proved results for hyperbolic affine
sphere based on the affine metric. In particular, a hyperbolic affine sphere has
complete affine metric if and only if it is properly embedded in R"*! if and
only if it is asymptotic to the boundary of a convex cone in R"*! containing
no lines. Our methods do not yet yield any insight into the affine metric of
evolving hypersurfaces. If the initial hypersurface of the affine normal flow
is the boundary of a convex cone containing no lines, then at any positive
time, the solution is the homothetically expanding hyperbolic affine sphere
asymptotic to the cone. Cheng-Yau’s result implies the affine metric in this
case is complete at any positive time ¢. It will be interesting to determine
whether, under the affine normal flow, the affine metric is complete at any
positive time for any noncompact properly embedded initial hypersurface.
Presumably a parabolic version of the affine geometric gradient estimate of
Cheng-Yau is needed, as suggested by Yau [25].

When restricted to an affine hyperplane, the support function of a hyper-
surface evolving under the affine normal flow satisfies

1

Os = —(det@fjs)_n_ﬂ. (1.1)

Gutiérrez and Huang [15] have studied a similar parabolic Monge-Ampere
equation
Ops = —(det 87;5) .

They prove that any ancient entire solution to this equation which a prior:
satisfies bounds on the ellipticity must be an evolving quadratic polynomial.
Our Theorem 1.1 reduces to an similar result for (1.1): The ellipsoid and
paraboloid solitons provide ancient solutions to (1.1) which can be repre-



sented, up to possible affine coordinate changes, by

n+2
2 2 2n+2 2
s:(— nt t) V1+|yl?, s:%—t

n+ 2

respectively. Our result doesn’t require any a priori bounds on the ellipticity.
We do not require our solutions to be entire, but they do solve a Dirichlet
boundary condition. See Section 14 below.

We also mention a related theorem due to Jorgens [17] for n = 2, Calabi
[3] for n < 5, and independently to Pogorelov [21] and Cheng-Yau [6] for all
dimensions:

Theorem 1.2. Any entire convex solution to
det 82-2ju =c>0
18 an quadratic polynomial.

The graph of each such u is a parabolic affine sphere, and Cheng-Yau’s
classification provides the result. Our techniques do not yet yield an inde-
pendent proof of this classical theorem: We do not yet know if the affine
normal flow is unique for a given initial convex noncompact hypersurface.
Even though any parabolic affine sphere may naturally be thought of as a
translating soliton under the affine normal flow, the flow we define, with the
parabolic affine sphere as initial condition, may not a priori be the same flow
as the soliton solution, and thus may not come from an ancient solution in
our sense.

It is also interesting to compare our noncompact affine normal flow with
other geometric flows on noncompact hypersurfaces. In particular, Ecker-
Huisken and Ecker have studied mean-curvature flow of entire graphs in
Euclidean space [12] [13] and of spacelike hypersurfaces in Lorentzian mani-
folds [9] [10] [11]. In [13], Ecker-Huisken prove that under any entire graph
of a locally Lipschitz function moves under the mean curvature flow in Eu-
clidean space to be smooth at any positive time, and the solution exists for
all time. Ecker proves long-time existence for any initial spacelike hyper-
surface in Minkowski space under the mean curvature flow [10] and proves
instantaneous smoothing for some weakly spacelike hypersurfaces in [11].

In the present work, we prove instantaneous smoothing and long-time
existence for the affine normal flow on noncompact hypersurfaces for any



initial convex noncompact properly embedded hypersurface £ C R"*! which
contains no lines. In this case, the evolving hypersurface L£(t) under the
affine normal flow exists for all time ¢ > 0 (Theorem 8.2) and is smooth
for all £ > 0 (Theorem 13.1). Moreover, the following maximum principle at
infinity is satisfied: If £! and £ are convex properly embedded hypersurfaces
Whose convex hulls satisfy £ic £2 then for all ¢ > 0, the convex hulls satisfy

El( ) C £2( ). This sort of maximum principle at infinity does not hold for
all evolution equations of noncompact hypersurfaces. In particular, there is
an example due to Ecker [10], of two soliton solutions to the mean curvature
flow in Minkowski space, for which this fails.

The affine normal flow is equivalent (up to a diffeomorphism) to the
hypersurface flow by K o2 v, where K is the Gauss curvature and v is the
inward unit normal. The techniques we use (the definitions and ellipticity
estimates) should apply to flows of noncompact convex hypersurfaces by
other power of the Gauss curvature. Andrews [2] addresses many aspects of
the compact case of flow by powers of Gauss curvature. In particular, he
verifies that for « < 1/n, any convex compact hypersurface in R"™! evolves
under the flow by K“v to be smooth and strictly convex at any positive
time ¢. In essence, we verify this in the noncompact case for « = 1/(n + 2)
(see Theorem 13.1 below). We expect the same result to be true in the
noncompact case for all a < 1/n. We should note that for « > 1/n, flat
sides of any initial hypersurface remain non-strictly convex for some positive
time. We note that in the case of the Gauss curvature flow in R? (a =
1), Daskalopoulos-Hamilton [8] study how the boundary of such a flat side
evolves over time.

Our treatment of the affine normal flow is largely self-contained. In Sec-
tions 2 and 3, we recall the definition of the affine normal and the basic
affine structure equations. We develop the computations necessary by using
notation similar to that of e.g. Zhu [26]: let F': U — R™"! represent a local
embedding of a hypersurface for U C R” a domain. Then we derive the struc-
ture equations based on derivatives of F'. Using this notation, we develop the
affine normal flow of the basic quantities associated with the hypersurface
in Sections 4, 5 and 6. The main estimate we need on the cubic form is
found in Section 5. These evolution equations are all due to Andrews [1],
and we include derivations of them for the reader’s convenience. In Section
7, we introduce the support function and some basic results we will need.
We define our affine normal flow on a noncompact convex hypersurface £ in



Section 8, basically as a limit of compact convex hypersurfaces approaching
L from the inside, and we verify that the soliton solutions behave properly
under our definition in Section 9.

In Section 10, we turn to the estimates that are the technical heart of
the paper. We prove an estimate of Andrews on the speed of the support
function evolving under affine normal flow [2]. In particular, we verify that
this estimate survives in the limit to our noncompact hypersurface. In Section
11, we prove a version of a Pogorelov-type estimate due to Gutiérrez-Huang
[15], which bounds the Hessian of the evolving support function, and in
Section 12, we construct barriers to ensure that Gutiérrez-Huang’s estimate
applies. Krylov’s estimates then ensure the support function is smooth for
all time t > 0. In Section 13, we verify that the evolving hypersurface is
smooth as well, and relate the noncompact affine normal flow to a Dirichlet
problem for the support function in Section 14. The main results are proved
in Section 15.

Our treatment of noncompact hypersurfaces as limits of compact hyper-
surfaces is a bit different from the usual analysis on noncompact manifolds.
Typically noncompact manifolds are exhausted by compact domains with
boundary (e.g. geodesic balls on complete Riemannian manifolds or sublevel
sets of a proper height function on a hypersurface considered as a Euclidean
graph), and then a version of the maximum principle is shown to hold in
the limit of the exhaustion. Our limiting process is extrinsic, on the other
hand: We apply the maximum principle to |C|? to derive Andrews’s pointwise
bound on compact hypersurfaces without boundary, which in turn survives
in the limiting noncompact hypersurface. It is still desirable to implement an
approach by intrinsically exhausting the hypersurface, to be able to use the
maximum principle more directly on the evolving noncompact hypersurface.
Perhaps the description in Section 14 of the affine normal flow in terms of a
Dirichlet problem for the support function will be of some use.

Acknowledgements. We would like to thank S.T. Yau for introducing us
to the beautiful theory of affine differential geometry, Richard Hamilton for
many inspiring lectures on geometric evolution equations, and D.H. Phong
for his constant encouragement.

Notation: Subscripts after a comma are used to denote covariant deriva-
tives with respect to the affine metric. So the second covariant derivative of
H is H ;;, for example. Of course the first covariant derivative of a function
is just ordinary differentiation, which commutes with the time derivative 0;.
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0; will denote an ordinary space derivative. We use Einstein’s summation
convention that any paired indices, one up and one down, are to be summed
from 1 to n. Unless otherwise noted, we raise and lower indices using the
affine metric g;;.

2 The affine normal

Here we define the affine normal to a hypersurface in a similar way to Nomizu-
Sasaki [20], but using notation adapted to our purposes.

Let F' = F(z',...,2") be a local embedding of a smooth, strictly convex
hypersurface in R*™!. Let F': Q — R"" where Q is a domain in R”. Let
é be a smooth transverse vector field to F. Now we may differentiate to
determine

OFF = gyl +ThoLF, (2.1)
06 = 7€ — AlO,F. (2.2)

It is straightforward to check that g;; is a symmetric tensor, ff] is a torsion
free connection, 7; is a one-form, and flf is an endomorphism of the tangent
bundle. With respect to &, gij is called the second fundamental form and fl{
is the shape operator.

Proposition 2.1. There is a unique transverse vector field &, called the affine
normal, which satisfies

1. & points inward. In other words, & and the hypersurface F(Q) are on
the same side of the tangent plane.

2. TZ'ZO.

3. det g;; = det(O01F,...,0,F,&)* The determinant on the left is that of
an n X n matriz, while the determinant on the right is that on R*.

Note we have dropped the tildes in quantities defined by the affine normal
(the connection term is an exception: see the next section). Condition 1
implies that the second fundamental form g;; is positive definite, and thus
we say g¢;; is the affine metric. Condition 2 is called that £ is equiaffine.
Condition 3 is that the volume form on the hypersurface induced by ¢ and



the volume form on R"*! is the same as the volume form induced by the
affine metric.

The following proof of Proposition 2.1 will be instructive in computing
the affine normal later on.

Proof. Given an arbitrary inward-pointing transverse vector filed €, any other
may be written as £ = ¢& + Z9;F, where ¢ is a positive scalar function and
Z'0;F is a tangent vector field.

Condition 3 determines ¢ in terms of & Plug & = ¢€ + Z0;F into (2.1),
and the terms in the span of £ give

gi; = ¢ Gij- (2.3)
Now Condition 3 shows that
¢—n det gij = det gij = det(@lF, ce ,(‘9nF, 5)2 = ¢2 det(alF, ce ,8nF, 5)2,

and so )

det g;; nt2
¢:( S E— ) . (2.4)
det(O4F,...,0,F,&)?
Finally, we use the equiaffine condition to determine Z': Plug in for ¢,
set 7; = 0, and consider the terms in the span of £ to find

—AlO;F = 0,(¢€ + Z70,F)
= 00+ 00+ 0,7) O;F + 7V O F
= 0i0&+ ¢(H€ — AlO;F) + 0,27 0;F + Z7(§;;€ + TL,0,F),
0 = 06+07i+ 2y,
77 = —g"0,0+¢7), (2.5)

where % is the inverse matrix of g;;. O

Corollary 2.1. The affine normal is invariant under volume-preserving affine
automorphisms of R"*1. In other words, if ® is such an affine map, and € is
the affine normal filed to a hypersurface F(Q2), then ®.& is the affine normal
to (o F)(Q).

Proof. The defining conditions in the proposition are invariant under affine
volume-preserving maps on R O



3 Affine structure equations

Consider a smooth, strictly convex hypersurface in R"*! given by the image
of an embedding F' = F(z',...,z"). The affine normal is an inward-pointing
transverse vector field to the hypersurface, and we have the following struc-
ture equations:

BF = gy&+ (Tf +CE)Fy, (3.1)

£ = —AlF; (3.2)

Here g;; is the affine metric, which is positive definite. Ffj are the Christoffel
symbols of the metric. Since Ffj + ij is a connection, then ij is a tensor

called the cubic form. AF is the affine curvature, or affine shape operator.
Equation (3.1) shows immediately that

k _ ik

Now consider the second covariant derivatives with respect to the affine
metric

Fij = O0,F —T5F,

)

= 9§+ C5F), (3:3)
ij = —AiFr— AiFy
= A} F— A& — AFCLFy
Since £ ;; = & j;, we have
Aij = Ay

and the following Codazzi equation for the affine curvature:
¢ ¢
Afl — Aij = AiCZ— — AjCZ, (3.4)
Ajri = Aji + AﬁCz]‘k — Aé'clz‘k-
Finally, consider the third covariant derivative of F

Eijk = gijg,k + ij7kF£ + Cf;Egk
= —giALF o+ C i Fo+ Cijnl + ClCr Fo



Recall the conventions for commuting covariant derivatives of tensors by

using the Riemannian curvature Rfjk:

h

h _ ph .k _ _ph
v — vy = R0t and wy i — wigy = —Riwn.

Therefore,

= —gaAF,+ Cj  Fo+ Cug + CirCr

ik,j mj—

+ 9 AL = CljaFe = Cipnk = CCLFy

)

From the part of this equation in the span of £, we see
Cirj = Cij,

and so the cubic form is totally symmetric in all three indices. Lower the

index Rjpe = R;?}Cigmg and compute 2Ry = Rjrei — Rjkie to find

Ririi = 39ikAje — 39ij Akt — 59k Aji + 390 Aki — i Crmje + C Crae, (3.5)
RS = 2(gaAS — 9134y — 0k Aji + 85 Aw) — CRCh + CR Ol
and the Ricci curvature of the affine metric
Ry = ¢/ Rjre = 39aH + "2 Agi + CI Crue.

Note here that H = A? is the affine mean curvature.
On the other hand we may compute 0 = R;i¢+ Rjie to find the following
Codazzi equation for the cubic form:

Cijor — Civej = 39i5Ake — 59iAje + 3905 Ari — 590nAji. (3.6)

Thus far, we have only used equations (3.1) and (3.2) to derive the struc-
ture equations. The only constraint is that the transversal vector field & be
equiaffine. The position vector and the Euclidean normal are also equiaffine.
Another important property of the affine normal is the following apolarity
condition

Ci; =0, (3.7)
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which follows from taking the first covariant derivative of Condition 3 in
Proposition 2.1:

0 = 9;det(Fyq,...,F,,8)
= det(Flyj,...,Fn, &)+ +det(Fq, ..., Fpnj, &) +det(Fy,..., F,, &)
Clidet(Fy, ..., Fp &)+ -+ Cpidet(Fy, ..., Fp, &) +0
= (Cf)det(Fy, ..., Fn,&).

The apolarity condition and (3.3) imply the following formula for the
affine normal in terms of the metric:

4 Evolution of g;;, g;; and K

Let M™ be an n-dimensional smooth manifold and let F(-,¢) : M™ — R
be a one-parameter family of smooth hypersurface immersions in R"**. We
say that it is a solution of the affine normal flow if

OF (z,t)
ot

where ¢ is affine normal flow on F(-,t).

In alocal coordinate system {z;}, 1 < i < n. The Euclidean inner product
(-,-) on R"™™ induces the metric g;; and the Euclidean second fundamental
form h;; on F(-,t). These can be computed as follows

OF = —¢, zeM™, t>0 (4.1)

gij = <81F, (%F)

and
hz’j = (8f]F, V),

where v is the unit inward normal on F(-,t). The Gaussian curvature is

. det hij

N det gij .
By (2.3) and (2.4), the affine metric is

hij
Gij = #, where ¢ = K+,

11



(Note that det g;; = det(d,F,...,0,F,v)?.) Proposition 2.1 shows that the
affine normal is
= —h" 0,0 OF + v = —g" 0;(In ¢) O F + ¢v. (4.2)
(Note that v is equiaffine.) Also recall the affine curvature {A¥} is defined
by
9,6 = —AV O, F. (4.3)
As we’ll see below in Section 7, the support function of a smooth convex
hypersurface is defined by

s =—(F,v).
Proposition 4.1. Under the affine normal flow,
OF;, = —AFy,
ov = 0,
ov = —hﬂglmEm,
Ogi; = —(Afgey + Afgki),
ag? = Agt+ Alg",
Oydet g;; = —2H det g,
iy = —0A.
Oydet hy; = —H deth,
0K HK,
00 = =0
Ahgij = _ni—kQ 9ij — Aijy
s = —o.

Proof. We interchange partial derivatives and use equation (4.1) to get
OF; =0%F = 0,6 = —AFF,..

Note we have also used the definition of affine curvature in equation (4.3).
Since 0yv is a tangent vector,

O = (0w, F)g"F,;
= _<V7 82F>§ZJEJ
= —(v,—A[F)g"F;
= 0.
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Qv = (Opv, F,Z‘)!?UFJ
— PG,
- _hpigijF,j'

0:gi; = O(O:F,0;F)

(0LF,0;F) + (0;F,0};F)
(—AFOLF,0;F) + (0;F, — ALOF)
= —Afgy _Aj‘:gki-

Oydet gi; = (det gim)g" 0:i;
(det Gim) g7 (— AL gy — Algis)

8thij = &((’J?Z%F, V>
= ((9ng, v) + <8i2jF, o)
= (056v)
= —Abhy.

8t det hij = (det hlm)hijﬁthij
= (det hlm>hw(—A§hzk>
= —(det hlm)H

Recall the formulas for the Gaussian curvature K, the affine metric g;;
and ¢:

N det gij ,



Thus, lowering the index on A¥ by the affine metric,
Ouhij = — Abhy; = —Gh" Ayhyy = —6A.

atK _ at (det hU)

det gz‘j
_ (815 det hl]) det gij — det hz‘j (at det gl])
(det gij)2
= HK.
and 1
0 = Ho.
9 n+2 ¢
Thus

hi;
Agij = O (j)

¢
1\ hy [ 1
- ”>(5>_¢_2](n+2 ¢>
H
= _n+2.gz] Azg

5 Evolution of the cubic form

We use the structure equation (3.1) to compute the evolution of the cubic
form. First, we need to find the evolution of the affine normal ¢ and of the
Christoffel symbols.

Proposition 5.1. Under the affine normal flow,

1 H
0 = — U P+
S ntod ’]+n+2€
1 2 4 .
= A H AMCH R,
n+2 ern+2 ern+2 i ZmTok
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Proof. Recall £ = —g*(In¢) ;F). + ¢v. First note

H
n+2

atgzq = _gw(atgém)gmq = _ng (_ 9em — Afm) gmq = —glq + A",

n+2
(5.1)
Then compute using Proposition 4.1

0 = 0 (—gki(ln ¢)iFy+ ¢V)
= —(0,9"(n¢);Fi— ¢" (0, In ) ) Fr — " (In9) ;(0,F ) + (90)v + 0

H o w( H
= (gt AR ) (Ing)Fy— gt (—— ) F
(n+29 + >(n¢), k=g (n+2 ) &

+ gki(ln QS)’iAiEg + ov

n -+ 2

1 H
= ——— ¢IH,F;+ —¢
nrad Halla T 0me

From equation (3.3), we have
A = gijf,z‘j = gij(_AijEk_Aijf_AfcﬁjFﬂ = —H§+gij(—AijEk—AfCﬁng).
Now
gAY Fr = g7 9" Au i Fi = 97 9" (Aijut AT Crotj— Al Conig) Fie = g™ H F i+ A7 ClV F .

Hence ‘
A =—HE— g"H, Fy — 2ATCFE,

and

1 2 A ,
Oy — Alé=—"—" _HE+ — A"C*F,.
<t n+2 )5 n+2 ngn+2 @ m ek

We also compute
atl"fj = 8t%gkl(8,-gjg + 0j9i¢ — 0u9i5)

Note @F% is a tensor; therefore, we may choose normal coordinates so that
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Ogij = I'}; = 0 at time ¢ = 0. In these coordinates,

H H
k ke
oLy, = 39 [&- (_n o9t T Ajﬁ) + 0; (—mgiﬁ - AiZ)

H
— O (_mgij - Aij):|

1
= g gy (DI + (OH)0F — ¢ (0 ) g
- %(&A? + ain‘c - gkeafAij)
1
- —m(}]ﬁf + H ;68 — g*H 1g:5) — %(Afz + Afij — g™ Ay

Now compute the evolution of F;;

OF; = 005F — (0T Fy —T},0,Fy,
= (OF) 5 — (@FZ)F,k

= Lijt g H ;6% + H ;67 — g™ H 49:) Fi

1
(n+2) (
+ %(Afz + A?,j — 9" Aij0) Fi
= AN Fy — A€ — ACHFy + 5(AY, + AL — ¢ Ay ) F,
1

+ m(Hﬂ(Sf + H’jdf — ngH’ggij)F:k

On the other hand,
OF;; = 5’15(92‘3‘5 + CZFk)

H 1 H
= | ———g;; — Ay i | ——— " H ,F _
( n+2g] J>§+g]< n+29 N4 ,k+n+2§)

+ (0, CE)Fy — CLAVF
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Therefore,
0CYh = —AY; = ALCE + 5(AS + AL — g% Ay

1
+ W(H,ﬁf + H,jfsf - gkengij)

1
+ ij €+n+2g]g N4
= —JAIC — LACE — 39M Ay
1

+ m(Hﬂ(Sf + H7j5£c - ngngij)

1
¢ Ak Kkt
+ CijAE + —n T 292-]-9 Hl

The second line follows from the first by the Codazzi equation (3.4) for A¥.
Furthermore,

atCijm = at (gkmq];)

H

n+2

b (Higy+ H Hongis) + C A + —— g H
2(n+2) i9im Jim ;mYij ij4im n+2g” m
H

nt i +2(n+2)( i9jm + H jgim + Hmgi;)

— YAy — AL Cuij) — LALCyj — %Aﬁc&lm — 1AL Cu

Note the first term in the last line is totally symmetric by the Codazzi equa-
tion (3.4) for A¥.

Now we compute the Laplacian of the cubic form. We use apolarity
(3.7), the Codazzi equations (3.4) and (3.6) for A and C' respectively, and
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the curvature equation (3.5).

0 = ¢*Cijrim
= ¢ (Citkjm + 595 Akt — 59itAjkm + 59k Atim — 39keAjim)
= ¢ Citjsm + Y Aitm — 295H i + 31 Avim — 3 Avim
= ¢ (Citjmi — kaiPCZ‘ = BimepCij = RrmjpCie) — %WH m %nAh-,m
= ¢ Citjomr — 19iH 1 + InAui
k T T
- Cf [%(gzkAmp - gzmAkp - gpk:Amz + gpmAk:z> - ikarp + Cimckrp]
- Ofk[%(gkamp - gEmAkp - gpkAmK + gpmAkﬁ) - Cgkarp + CZkarp]
_ ngCMp[%(gjkAmp — GimAkp = GpkAmj + GpmArj) — ;kcmrp + C;mcjrp]
= gjkcijﬁ,mk - %ngH,m + %nAZi,m
+ %gzmAzOIIfe - %Azcméj +2 Zkoﬁwoﬁé - O:mcl]c)rczlff + %gemAgcz]fz
- lAkng — Cp Ck — lTLAp C il lHOmig - C" Cj Op
2 mi Im™~"kr~'pi 2 m~'p 2 im~rp~il
- g]kowm,jk + %Amf,i - %gzmA]Zk + %Ami,é - %gémAﬁk - %giEH,m + %nAEi,m
+ 59im AR Cry — 547 Ot + 2C5,Ch Oy — C3, CF C + 59em ARGy
— %AMC’S% — Cng’,frC’k — %TLA%CPM — %HCmg — ]’”m(]ﬂp(]ﬁ

pt

Now the Codazzi equation (3.4) for A¥ and the apolarity condition (3.7)
imply
Af = AL+ ALCL — AlCy, = H; + ATCY.

Apply this identity and the Codazzi equation (3.4) for A¥ to the first two

occurrences of the covariant derivatives of A to find

ACium = ¢ Cimjr = 29imHe+ 29mH; + $gi0H o + 3(n + 2) (AL, Crie — Avin)
- 2C},CP Ck, + C;, CY CF, + C, CP ¥ 4 CF, CLCY + SHC g

i

Together with the evolution equation of C', compute

1 3H 2
KCi = 1758k~ 5y Cin 555G Cen Gy
1 m m ™m

1
- Q(Afcejk + Aﬁcm + AL Cuij)
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To compute 9;|C|?, use (5.1) to show
8t|0|2 - at(cijkgiqgjrgkscqrs)
= BC’Uk(ﬁtglq)Cgs —+ 2(8tC’ijk)C'ijk
3H 3H

, 2 .
2 T Al k ijk 2
= — —+ r AW + —AC.. J
n 2 |C| 3 ik qu n 2 kao n 2 |C|

4 g 6 g G
—— O ey CLC — ——CmCy O CR — 34" Ok
+n+2 il n+2 ik Lk ]

km~'pj Im~"pj
2 g 4 g 6
= AC;;C*  —_cme? .ok — ——|pJ?
T s A w1
for P; = C},C%,.. Finally compute A|C|* = 2AC;;,C% + 2|VC|? to find
1 2 4 g 6
%CI1? = —A|C|]? = ——|VC|* + ——Cme? ¢tk — ——| P
Now if yijkl = C{?Cklm — C{}:lem, we find

1 -
0< SV = P[P = CCE, O,

km™~'pj

and so
2 1 2 2 2
KOl < —=A[C — ——|PI" <
n+2

2 o
n -+ 2 —n4+2

n(n + 2)
since |C|*> = P! and thus Cauchy-Schwartz applied to the eigenvalues of P

(2
implies |P|> > 1|C|*. We note this estimate of Andrews [1] is a parabolic
version of an estimate of Calabi [4] on the cubic form on affine spheres, and
is related to Calabi’s earlier interior C*® estimates of solutions to the Monge-
Ampére equation [3].
The maximum principle implies the following estimate for |C|? then: If £
is any compact smooth strictly convex hypersurface evolving as £(t) under

the affine normal flow, then

AlCI* -

Y

1
sup|CJ? < _ .
L(t) (sup£(o) [C1) ™! + ity t

Thus we get the following bound independent of initial data:

Proposition 5.2 (Andrews [1]). Let L be any compact smooth strictly
convex hypersurface evolving under the affine normal flow. Then
2
sup |C[2 < M
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6 Evolution of the affine curvature

In this section, we treat the evolution of the affine curvature A, as computed
by Andrews [1], and also the evolution of the affine conormal vector U. At
each point, U is defined by

U, =1, (UF)=0, i=1,...n (6.1)

(It should be clear that in this case, we are using the Euclidean inner product
(-,+) only for notational convenience. As its name suggests, the conormal

vector U is more naturally a vector in the dual space to R"!, not a vector
in R"*1 itself.)

Proposition 6.1. Under the affine normal flow,

H 1
U = — U= AU
‘ n+ 2 n+2°
gk = wahy gy L og e o Mg
. D n+2 T g2t
1 1
t44ij T2 g T nt 2 49 jk
1 1
OH = — AH+ AP+ ——H
n-+2 n+2
1 1
0Ay = —5 Ay = — (247 CpuiCf + 247 Criya + A Coi O

+ Ol Ciym AT = 24 Coni O™ = g3 AL, AT+ AT A )

Proof. Compute 0;U by differentiating its defining equation (6.1):

g H H
= — =—(——=g9g"H,F,+ ——¢)=— .
O = ~(0.08) = (g HaFy + ) ==L
<8tU, EZ> = —<U, atF,z> = _<U7 _AfF,k) =0,
H
U = —
! n+ 2
Similarly, covariantly differentiate in space to find
(Ui€) = —(U.&)=—(U—~AiF) =0,
(Ui Fj) = —(U Fy) =—(U, g6 + CZFk:> = —Yij»
<U7,]7€> = <Ul > _<U,i7 _A2E1> = _ngAé - _Aij7
(Uijs Fre) = —(Uj, Fij) = —(Us, gij€ + Ch;Fu) = gaCh; = Cigi.
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Now for AU = ¢"U;, we have (¢“U,;,&) = —H, (U, Fx) = g"Cijr = 0
by the apolarity of the cubic form. So AU = —HU and
1

atU:n+2

AU.

To compute 9; A%, we use the defining equation for A: £; = —A¥F.. Take
(9t to find

1 H '
(_n +2 o9 Fat n+ 25) . = 0,; = —O0(ATFy) = —(0A]) Fp+ AT ALF .

So we have

. 1 H
OLANE, = AAF, — | ————H,¢%F, + ——

, 1
= A'AF. — — [~ Hug™F, — H,¢"Fy
i ALE n+2[ iy Fp— Hg" Fy

+ H;§ — HAJFy)

. 1 1 , H
— [ 4iak Hug* + ——H, g"Ck + —— A ) F,.
( Tt Ty e T )

Here we have used the structure equation (3.1).

OAim = Oi(grmAL)

. 1 1 . H
= g | AVAR - Hug%*+ —— H,g%Ck + Ak
Ik ( R A LI e

H
Jkm — Akm)

AF [ —

* l( n+2
- L L (6.2)
T opo T g ’

Finally,
OH = 0A!
o 1 . 1 gy H .
= AA +—H,¢"+— g R |
2j+n+2 b9+ 090G+ i

n+ 2 n -+ 2
2

1 H
= ——AH+ |A|2 +
n+ 2 n -+ 2

by the apolarity condition C%; = 0. O
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AAij = gklAij,kl = gklAji,kl
= (AT Crij + Ajii — A7 Crje),
= gkl(Amk,lCZ‘L + AL Crija + Ajkit — Amzl — A"Crji)

Ajra = Ajpu + Ry Amk + R Ajm
= Awjsi — [é(—gqu-” + 9 Al + 01" Aij — 07" Ayj) + C G — G pl} mi
— [Bgw AT + g AT + 57 A — 57 Au) + ChCpr — ChCo ] Au,

Ajii = Anji + (A" Crji — A;‘ncmlk)i
A ji + (AmiiClp + A" Cnri — AmgiClip — AT Cragei)

gklAjk’il = H’Z’j + Aml’ile + AmC}n] F %gZJAmAfn —+ %ATAmJ
— Z-C’;’;AfnvL C Al + C%, Cck Am

pm=7J

APCL = AT Chupg

= A" Cik.
A™E [Crnjike + %(gmk:Aji + gikAmi — 9miAjk — 9jiAmk)]
= A™Cpijr + SHA;; — %gijAmkAmk

G Apa = Hij+ A icml + A" Crin + SHA;; — 29ij Ay A™ — Lgi AT AL
+ 2A" Ay — CLOR AL + CLCR AL + CL.Ch AT
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AA;; kl(Amk,ng‘L + AL Crija + Ajkit — A?flcmjk — A7 Crjik)

g
gkl(Amk,ng‘L + AL Criju + Ajkit — A?flc'mjk — A7 Crjik)

By the Codazzi equations (3.4) and (3.6),

G A O = H WO + APC O,
GUANC ik = 9" A i O+ ATCry O — A Ci O
1 1
gklAgnOmij = §(HAZ] + A;ﬂAmJ — AznAm] — nA;nAm]) = i(HA” — TLA;nAmJ)

Hence

AAij = gkl(Amk,lCZL + A?Cmij,l + Ajk,il — AZ;ijk — Az;ﬂcmjk,l)
= HpCfl + AP Copi O + A™ Criji + H i + A iC7 + AT Crpi i
+ %HAij - %gijAmkAmk — %gijAgnAfn + 5AT Ay — C{’J.C;ZA%
+ CLCN A, + CRCy AT — A O — S(HA;; — nAT Apyj)

= Hjj+ H,Cl 4 2475 C O + 2A™ Clrijy + AVClpi CM + AT Cipn CFF

By the evolution equation (6.2) of A;;,

1 1

+ CF Cipm AT — 247 Copri O — g1 A, AT + nAé”Amj)-

7 The support function

In this section, we recall some standard facts about the support function of
a convex body in R™*!, derive the equation satisfied by the support function
under the affine normal flow, and use convexity to prove local C° and C* es-
timates for support functions of a family of smooth bounded convex domains
exhausting a general convex domain.

Below we will consider the following situation: Let K = [J2, K* be a
convex domain in R"*! exhausted by bounded convex domains K. Our
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initial hypersurface £ = 0K will then be considered as a limit of the more
regular hypersurfaces £' = OK'. Let £'(t) and L(t) denote the affine normal
flow with initial hypersurface £! and £ respectively.

Then, for an initial convex hypersurface £ = 9K = 9 (;=, K') , we want
local uniform estimates of the affine normal flow £(t) as L£'(t) — L(t). In
this section, we recall some standard facts about the support function and
use convexity to prove C° and C! estimates locally in D°(sx).

Recall for £ = 0K, the support function is defined for Y € R**! by

s(Y') = sup(zx,Y).

ek

Here are some important properties of the support function (see Rock-
afellar [22]). First of all, recall equation (7.2) that in the case £ is smooth
and strictly convex, the total derivative of the support function ds = F' the
embedding. In our case, £ may not be smooth and strictly convex; but we
may still recover the convex domain I from the support function. Take the
Legendre transform of s : For x € R"*!, let

d(z) = sup (x,Y) —s(Y).

YeRnt1

Then § is the indicator function of the closed convex set K. In other words,

5(90):{ 0 forzek

+o0o forz ¢ K.

Let D(s) = s7(—o0, +00) C R"*! be the domain of the support function
s, and let D°(s) denote the interior of the domain. The support function
of a convex domain K is always a convex, lower-semicontinuous function
s: R — (—o0,+00] of homogeneity one. Moreover, any convex lower-
semicontinuous function s: R"™! — (—oo,+00] of homogeneity one is the
support function of a closed convex set so long as s is not identically +o0.
The support function, since it is convex, is continuous on D°(s) but may not
be continuous on all of D(s).

The following lemma follows from the description above of the Legendre
transform of the support function:

Lemma 7.1. If Q, and Q. are closed convex subsets of R", then Qi C Qs
if and only if the support functions sg, < sq, on all R™*1.
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All of our estimates will be uniform on compact subsets of D°(s) x (0,7
for some positive time T'. So we need the following lemma to start

Lemma 7.2. If K is a convex domain in R which contains no lines, then
for the support function si, D°(sx) # 0.

Proof. We prove the lemma by contradiction. If D°(sx) = @, then then since
D(sx) is a convex collection of rays, D(sx) must be contained in a hyperplane
H ={Y : (Y,v) = 0}. Since si|y is a convex function of homogeneity one
on H, there is a linear function (Y, w) which is < s on H. Now consider the
line L = {w + 7v : 7 € R}, whose support function is

+oo for (Y,v) #0
sp(Y) = { (Y, w) for <Y,v>> = 0.

By construction, s;, < sg on R™! and so L C K by Lemma 7.1. The convex
hull of L and any open ball in IC then contains another line contained in the
open set K, and this provides a contradiction. O

Proposition 7.1. Let
K=JK
i=1

be convex bodies so that K C K*'. Then the support functions s = si,
S; = Sy satisfy s;11 > s; and s; — s everywhere, and the convergence is
uniform on compact subsets of D°(s). If, in addition, each K' is bounded
with smooth, strictly convex boundary, then the C' norm of s; is uniformly
bounded on each compact subset of D°(s).

Proof. First of all, it is clear from the definition of s that s;;; > s;, and
s(Y)=1lim; o s(Y) forall Y € R, 11:

s(Y) =sup(z,Y) = sup (z,Y) =supsup(z,Y) = sup sc:(Y) = lim s;(V)

zek zelJ K* i zekt { o

since {s;(Y)} is an increasing sequence for all Y.
Let C C D° be a compact subset. Choose a compact C' C D° which
contains a neighborhood of C'. Note that on all of D°, for all 4,

s1 < s; < s.
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Thus for Y € 9C', we have

ds:(Y)] < maxycr |$| — minge |$1|

=" dist (9C",0C)

(Proof: For every direction v, consider s; restricted to the line L through Y
with direction v. Then the directional derivative of s; at Y is bounded above
by the slope of the secant line of the graph of s; through Y and a point in
LnocC")

Since each s; is convex, the same estimate is true on all of C'. Therefore,
the C! norm of all the s; is bounded on C, and since we have pointwise
convergence, Ascoli-Arzela implies uniform convergence of s; — s on C. [

Now we recall the standard formulas for the support function of a domain
with smooth and strictly convex boundary, in particular, relating it to the
Gauss curvature. We also derive the parabolic Monge-Ampere equation the
support function satisfies under the affine normal flow.

Recall above that Oys = —¢p = —K 72, We now derive some standard
formulas relating the Gauss curvature K to the support function s.

Recall s(Y) is a convex function on R"™! which is homogeneous of de-
gree one. Let F(z) denote a local embedding of a smooth, strictly convex
hypersurface £ = OK. Then at any F(x) € £ at which s(Y) = (F(x),Y),
Y is perpendicular to the tangent space Tr;)L. By restricting to Y on the
unit sphere S” in R, we have a natural parametrization of £, which is
given by the inverse of the Gauss map —v. For F(z) € L, let Y = —v(z)
be the outward normal. Then since L is strictly convex, x — Y is a local
diffeomorphism for Y € S, and we can consider F' = F(Y') for Y € S". We
extend F' to be homogeneous of order zero:

F:R"\ {0} — R™ FY)=F (%) :
Then s(Y) = —(F,v) and thus
s(Y)=(FY) (7.1)

for all Y € R™1\ {0}.

It is useful to consider the support function restricted to an affine hy-
perplane of distance 1 to the origin in R"™!. We may choose coordinates so
that

Y = (y7 _1) = (y17 s ’yn’ _1)
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By projecting from this hyperplane to S™, we still have a local parametriza-
tion of our hypersurface £, and (7.1) still holds. Now differentiate (7.1) to
find fori=1,...,n

0s B 8_F
oyt \ Oy’

since Y is normal to £. Moreover, we use Euler’s formula

n+1 ZaF
Zy Iy =0

i=1

Y>—|—F":Fi

to show
oF 1 < ;0F < ,0F
oyt oyt Zly oyt E;y Ay’
Os OF il
Oynti - <ayn+1 ’ Y> +
- (v vy e
= o
— FnJrl

since Y is normal to the image of F. Thus at any Y € R*™!\ {0}, the total
derivative

ds = (F',...,F"™) =F. (7.2)
Now differentiate (25, V) = 0 to find for i,5 = 1,...,n,

8_y“
0 /OF
! 3yﬂ<3y” >

— a2F Y _|_8_F1j
 \Oyioy’ oy’

0%s OFJI B 0*F v
dyidy Oyt Oyioyl’

0*F
= —— v|Y
<8y18?ﬂ’y| |>
O*F
= /1 2 —
= hij\/ 1 + |y|2
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Moreover, we compute for 7,5 =1,...,n

_ JOF OF
Y= Noy oy
% OF* OF*
oyt Oy’
8F”+1 P&
Ayt Oyi Z W@yk 3yﬂ ay
OF OF i
8yn+1 ayn—l—l ayzayk ayj ay

[ OF OF7 g
B (,; ay+? ) ( Ay y) Z 3y’8y’“ 5y38y
_ " 9% v ey O0%s

S G R )
9?5 \?
= (1 ) det S
(Ll et (57
So the Gaussian curvature

det h;; . 2 \ !
K= =P (dn i)

1 1 2 otz
¢ = Kwz=(1+y%) (det 0 ) .
Y

In order to address the evolution of s, we note a priori that there are
two natural parametrizations F' of our hypersurface. First, the affine nor-
mal flow defines a particular parametrization at time ¢t > 0 given an initial
parametrization at time ¢ = 0. On the other hand, for any hypersurface
F(y,t), there is a natural parametrization in terms of the inverse of the
Gauss map —v. These two parametrizations are compatible in the following

sense:
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Proposition 7.2. Given a hypersurface L C R™™ parametrized by the in-
verse of its Gauss map F:S" — L, under the affine normal flow, F(y,t) is
still a parametrization by the inverse of the Gauss map.

Proof. The two parametrizations are related by the Gauss map —v. Under
the affine normal flow, v satisfies 9, = 0 by Proposition 4.1. O

Thus if we assume the initial parametrization is via the inverse of the
Gauss map, the formulas developed in this section are still valid under the
affine normal flow (and in any case the two parametrization merely differ by
a diffeomorphism).

Denote by s(y)

s() = sy’ oy =) = VI[P s (%>

for Y/|Y] € S". Thus we find under the affine normal flow

Y o2 -t
8u5(y) = VI o Qs (W) o JTH P z—(det : ) |

oytoyd

where we have used 0;s = —¢ from Proposition 4.1.
We record this as

Proposition 7.3. For any smooth solution to the affine normal flow, the
support function s(y) as defined above satisfies

0? e
Os(y) = — (det 0yi88yj> . (7.3)

8 The flow

There is no question about the definition of affine normal flow beginning at
a smooth strictly convex compact hypersurface in R"*! (this is true for any
convex compact hypersurface by Andrews [2]). It is convenient to define the
affine normal flow for an open convex domain in R"*! by performing affine
normal flow on the boundary of the domain. In this way we let ¥,J = J(t)
denote the affine normal flow of J a bounded domain with smooth strictly
convex boundary in R"*!. For t larger than the extinction time, define

v.J=J(t) =0.
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Note to pass from a convex embedded hypersurface £ to a domain J
with £ = 87, set J to be the interior of the convex hull (£)°.

Consider an open convex region K C R"*! which contains no lines. Then
the boundary 9K is a properly embedded convex hypersurface in R"*!. We
define the affine normal flow on the hypersurface OIC by its action on the
interior of its convex hull IC. Now we define the affine normal flow on the

hypersurface K and on the region K by

Kty =J gw, (8.1)

JckK

where each J in (8.1) is a bounded domain with smooth strictly convex
boundary.

Lemma 8.1. If £ is a compact convex hypersurface in R", then our defi-
nition of the affine normal flow L(t) corresponds with the usual one.

Proof. 1t L is strictly convex and smooth, then this follows at once from the
maximum principle. Otherwise, Andrews [2] shows that there is a viscosity
solution f(t) to the affine normal flow which is unique provided that the
Hausdorff distance from £(t) to £ goes to zero as t — 0. Moreover L(t) is
smooth and strictly convex for positive ¢ less than the extinction time.

Our definition £(t) is clearly a viscosity solution, and the Hausdorff con-
vergence property is satisfied by Lemma 8.3 below. Therefore, Andrews’s
uniqueness result implies £(t) = £(t), and so our definition coincides with
the standard one in the compact case. O

Remark 8.1. We recall (see e.g. [2]) that a viscosity solution to a hyper-
surface flow problem is a family of hypersurfaces L(t) with initial condition
L(0) = L so that: 1) If J is a smooth hypersurface contained in L, then the
evolving hypersurface J (t) is contained in L(t) for allt € [0,T], and 2) If T
is a smooth hypersurface containing L, then the evolving hypersurface J (t)
contains L(t) for all t € [0,T]. In short, a viscosity solution L(t) is one for
which the maximum principle always works, even if L(t) does not have C*
reqularity.

The following proposition depends on estimates proved by Ben Andrews
in the case of compact hypersurfaces [2]. Below, we prove local versions of
the estimates needed.
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Proposition 8.1. Let K and K be open convex bodies containing no lines
so that

K=JK, K cKkt
=1
Then for all t > 0,
K(t)=JK't).
=1

Proof. Let J C K be a bounded domain with smooth, strictly convex bound-
ary. Then

Jg=UJg, J=9nkK.
i=1
Then we claim that

J(t) = U T (8.2)

To prove the claim (8.2), we recall estimates of Andrews [2, Section §]
for compact convex hypersurfaces (we prove local versions of these estimates
below).

By exhausting J* = (J;Z, Z; by nested domains Z} with smooth, strictly
convex boundary, the affine normal flow J*(¢) is defined as a limit as j — oo
of the affine normal flow Z(t). The support functions Szi = Sgi uniformly on

compact subsets of R"*! as j — oo. The resulting C? estimates automatically
entail parabolic C*! estimates for positive ¢ (see below), and then Krylov’s
theory implies parabolic C?*®1*2 estimates. These estimates ensure that
the limit sz () of the ST (t) exists and is smooth for t > 0. Andrews shows
this solution is unique by applying barriers and the maximum principle.

The key point is that C° estimates on the support function of convex
bounded regions imply local parabolic C?T*!*% estimates of the affine normal
flow for all times ¢t > 0. Since J = Uil J?, we have that szi — sz locally in
C". Therefore, under the affine normal flow, s:(t) converges to a limit s(t)
locally in parabolic C2**!*3 for ¢ > 0. Since J = [J2, J', the limit s(t)
converges uniformly on convex sets to s7(0) as t — 0. Andrews’s uniqueness
argument then shows that s(t) = s7(¢) and the claim (8.2) is proved.

Now use (8.2) to compute

k= agn=U (U j%t)) c U (UIC’(t)) = JKi(t).
JcK JCK \i=1 JCK \i=1 =1
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(J of course represents bounded domains with smooth, strictly convex bound-
aries.) On the other hand,

ko= Joso= U gvolJ ( U J(t)) = Uzci@.

JCK JcUz, K i=1 \gcKi
This completes the proof of Proposition 8.1. 0
The following corollary ensures convexity
Corollary 8.1. K(t) is convex for all t > 0 before the extinction time.

Proof. Choose each K in the previous proposition to be a bounded domain
with strictly convex smooth boundary. Then /C(t) is an increasing union of
convex sets. 0

We verify that our definition satisfies the semigroup property:
Lemma 8.2. V, U K = U, .

Proof. We work in terms of the support functions. Let si(Y,t) denote the
support function of the domain W,K. We claim

SK(Y,t + 8) = S\psK(Y, t). (83)

To prove the claim, write K = J;2, K, where each K’ is a bounded
domain with smooth strictly convex boundary and K C X! for all i. Since
the semigroup property holds for each K¢, we have

U K =000 = sV t+s) = sgxi(Y,1)

forallt,s > 0and Y € R""!. Now let i — oo. Propositions 7.1 and 8.1 then
prove the claim (8.3).
The lemma follows from (8.3) because any open convex domain can be

recovered from its support function by taking the Legendre transform [22].
O

We also have a lemma on the continuity of the flow:

Lemma 8.3. For any 7 > 0, and K a convex body in R™*! containing no
lines,

K(r) = JK®.

t>T1
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Proof. By the semigroup property, we may assume 7 = (0. Consider any
point p € K. Since K is open, there is a small ball around p contained in
IC. This ball acts as a barrier under the affine normal flow, and p € K(¢) for
t > 0 the extinction time of the affine normal flow of this ball. O

By means of outer barriers, we show our definition actually corresponds
to the usual definition of affine normal flow for a smooth, strictly convex
hypersurface. Let Aff(n+1) denote the special affine group SL(n+1) x R™!.

Proposition 8.2. Let £ C R"™! be a properly embedded convex hypersurface
which contains no lines. Assume in a neighborhood of a point p € L that L
is C? and strictly convex. Then

%—f(p) =&, mod T,(L(t)).

Remark 8.2. This proposition should also follow from the estimates proved
below (what is still needed in addition is a local version of Andrews’s speed

bound).

Proof. Note that of course the derivative %—f(p) is defined only when L(t)
is locally parametrized. This parametrization defines the derivative, but
different parametrizations may cause it to vary by an element of the the
tangent space T,(L(t)).

Since W, is a semigroup, we may assume t = 0.

To proceed with the proof, we need a lemma on choosing nice coordinates.

Lemma 8.4. Let p € L C R*™, and let £ be a C? strictly convex hyper-
surface near p. Then there is an element ® € SL(n + 1,R) x R"* so that
p+— 0 and the tmage locally s

(L) = {a = Tjaf + o(lal®) } (8.4)

forx = (2, -+ 2"), v > 0.

Proof. This amounts to using Aff(n+1) to choose coordinates. Use a rotation
to set the inward-pointing normal to be e, 1, and translate so that p is at
the origin. We can still move the tangent plane {z"*! = 0} by an action of
SL(n,R). Since L is strictly convex, we have

L= {m”“ = Zaijmixj + 0(|x|2)}
i7j
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for (a;j) a positive definite symmetric matrix. Use the action of SL(n,R) to
send the ellipsoid aijmixj < (' to a sphere of the same volume. This amounts
to setting a;; = %6“ for a positive constant ~. O

Locally we write £(t) = {z"™' = f(t,z)} for f(0,z) = f(x) given in (8.4).
Modulo a tangential piece, the affine normal to £ at 0 is £ = (det fij)%ﬁenﬂ
(see e.g. Nomizu-Sasaki, page 48). Thus we want to show that

of

In other words, we want to show

timsup LD =00 e r 97 < timing LE0 =00

t—0+ t t—0+ t

(8.5)

The left-hand inequality in (8.5) is equivalent to showing that for each
smooth strictly convex hypersurface H C ﬁ, p € H, the affine normal of 'H
at p is < (det f”)ﬁ2 This is true by the definition. Consider H a compact,
strictly convex, C? hypersurface so that H C £ and H coincides with £ in
a neighborhood of the point p. Then the definition gives £(t) D H(t) for all
small positive t. Therefore, the left-hand inequality in (8.5) is proved.

To show the right-hand inequality in (8.5), we find specific hyperboloid
barriers whose e, 11 component of the affine normal at p approaches (det f”)#?

So choose € > 0. Then consider hyperboloids of the form

{201 = G(2) = Valz? + 5 — V/5}

for @, 3 > 0. Then compute the Hessian matrix G;;(0) = (8 éaéij. Fix «
and 3 so that 5_504 = — € so that

G(x) = Go(x) = \/VB(r — el + 5 — /B,

Then for  in a small ball B near 0, Gy(z) < f(z) by (8.4). Now since L is
convex, £\ B lies above the graph of a function c|z| for ¢ a positive constant.
Gpg(xr) — 0as f — 07, and moreover 0G/08 > 0. So we may choose (3 close
to zero so that Gz(z) < f(z) on B and also Gg(z) < c¢|z|. Therefore, L lies
above the graph of G(x), and the graph of G is a barrier to all compact
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hypersurfaces contained in £. The e,,; component of the affine normal of
the graph of Gz at 0 is given by

02Gy O\ .
(det S D) (0)) = (v —¢)m2.

Therefore, by our definition of affine normal flow, we have

t—0t t
for all ¢ > 0. Now let ¢ — 0 and Proposition 8.2 is proved. 0

An important and easy consequence of our definition is the following

Theorem 8.1 (Maximum principle at infinity). Consider two convex
domains KK' C K. Then for all positive t, K*(t) C K*(t).

Remark 8.3. There are other natural flows for which such a global maximum
principal fails. For example, there is an example in Ecker [10] in which two
spacelike soliton solutions to the mean curvature flow in Minkowski space
cross at infinity in finite time.

Theorem 8.2 (Long Time Existence). Let K be an unbounded convex
domain in R™™! which contains no lines. Then for all t > 0, K(t) # 0.

Proof. 1t is well known that such a K contains an infinite half-cylinder in
R™*1. Therefore, K contains ellipsoids of unbounded volume, which in turn
have unbounded extinction times (the ellipsoids are equivalent under the
action of Aff(n + 1) to spheres of unbounded volume; these have unbounded
extinction times, as in Example 1). The maximum principle then completes
the proof. O

Proposition 8.3. If K is a convexr domain in R"' which contains a line,
then the affine normal flow leaves K unchanged.

Proof. Let p € K and recall IC is open. Then K contains a round cylinder
centered at p. This cylinder contains ellipsoids of arbitrarily large volume
centered at p, which act as barriers to the affine normal flow. These barriers
ensure that p is always in K(t). Thus K(¢) = K for all ¢ > 0. O
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9 Soliton solutions

It is well-known that solitons of the affine normal flow are the convex properly
embedded affine spheres—see Proposition 9.1 below. These were classified
by Cheng and Yau [6].

Proposition 9.1. Under the affine normal flow, an expanding soliton is a
hyperbolic affine sphere, a translating soliton is a parabolic affine sphere, and
a shrinking soliton is an elliptic affine sphere.

Proof. This is a simple local calculation. F' = F(z) is a local embedding of
an expanding soliton which expands away from a central point P at a given
point in time if and only if

OF =¢=MNF —P)+ Z'F,

for A a positive constant and Z°F; a tangent vector field.
The equiaffine condition of the affine normal (as in Proposition 2.1), states
that & ; is contained in the tangent space. Thus we compute
§5=ANFj+ Z'Fij+ Z,F; = (N0 + Z5)Fs + Z'(9i5€ + CF ).
By comparing both sides of the equation in the span of &, we find Z’g;; = 0,
and so the tangential piece Z* = 0. Therefore, £ = A(F — P), which is the

equation for a hyperbolic affine sphere centered at P. The cases of shrinking
and translating solitons are essentially the same. O

So shrinking solitons are elliptic affine spheres, and the only properly
embedded examples are ellipsoids [6], which are images under Aff(n + 1)
of the Euclidean spheres discussed above. Since they are compact, Lemma
8.1 shows our definition corresponds with the classical one. We record the
example of the round sphere.

Example 1. For a sphere of radius r in R, the affine normal € is r~ =
times the unit inward normal vector. So then, the affine normal flow O, F = &
becomes the ODE dr/dt = —r~»+2, and so the radius at time t satisfies

n+2
2 In 42 )\ 2
r(t):(r°+2_n+2t> '
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The extinction time of a sphere with initial radius ¢y is

n+2 22
2n + 2 ’

To

Note that if the initial radius (or the initial enclosed volume) of a family of
spheres tends to 0o, then the extinction time goes to oo.

Translating solitons are parabolic affine spheres, and the only properly
embedded examples are elliptic paraboloids. Expanding solitons are hyper-
bolic affine spheres, and for every convex cone in R"! containing no lines,
there is a homothetic family of hyperbolic affine spheres asymptotic to the
cone (for the standard round cone, these are simply hyperboloids). In the
next few examples, we verify that our definition of affine normal flow leads
to the correct behavior for these solitons.

Example 2. We consider the paraboloid L = {z"™' = |z|*}. Our affine
normal flow W, is invariant under the action of Aff(n+1). Consider a point
P = (z',...,2"") on the paraboloid. Then the following map in Aff(n + 1)
preserves the paraboloid:

n
(', ... 2" 2" - (a:l +at a4 2 E x’a?’) .
i=1

This map sends the origin to P, and also sends
0,...,0,¢) — P+(0,...,0,c¢).

Since Uy is invariant under such transformations, each V,.L = L(t) must be
a paraboloid x™ ' = |z|*> + c(t), and since Uy is the usual affine normal flow

pointwise, L(t) is the standard translating soliton.

Example 3. Let C be a convex cone in R™™! which contains no lines and has
the origin as vertexr. Then C is invariant under scaling by positive constants.
Of course, such homothetic scalings are not in Aff(n + 1) in general, but we
can still use the scaling properties of the usual affine normal flow to determine
how W,C = C(t) scales in time.

It is straightforward to check that for each compact convex region K and
scale parameter A > 0,

U (AK) = AV, —2nr2) /() K.

37



Because

KclC < M CZ(,
and by our definition of Uy, then

U (C) = U (AC) = AV, —2nt2)/(ni2) C
for all A > 0. Thus for all t > 0, we have
\IJtC - t;n—f“IJlC

Thus the hypersurface evolving from any such cone C scales as a hyperbolic
affine sphere under the affine normal flow. Indeed, this expanding soliton
is (homothetic scalings of) Cheng-Yau’s hyperbolic affine sphere. The local
reqularity results below will prove that this viscosity solution is the same as
Cheng-Yau’s smooth solution.

If the cone C is homogeneous, then we can use the full affine symmetry
group to conclude much more. Below we analyze the affine normal flow of
Calabi’s example [4]. The case of the hyperboloid is similar (the symmetry
group being the Lorentz group in this case).

Example 4. Let C = C(0) be the boundary of the first orthant. Then since
C is invariant under multiplying all the coordinates by positive scalars, and
the flow is invariant under Aff(in + 1), C(t) is invariant under the group

G:{(Alaa)\n+1)/\z>07H>\Z:1}

acting by
(. ") = (gt g™,

At time €, Calabi’s example does move (consider a hyperboloid containing the
first orthant with vertex at the origin). By group invariance, C(t) must be of

the form
{H z' = const., 2* > O} ,

which is an orbit of G. Proposition 8.2 shows that at time t > 0, our flow
is the affine normal flow pointwise. The radial graph of V,C must solve an
ODE in t, and so it must be the standard solution

Clt)={(z',...,a"") eR" 2t > 0,[[2' = cut' 2}
n+2

for ¢, = (n+ 1)%(7%2)7
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10 Andrews’s Speed Estimate

The following proposition is essentially found in Andrews [2], following work
of Tso [24], although the statement of the proposition in [2] is slightly incor-
rect.

Proposition 10.1. Let s be the support function of a smooth strictly convex
compact hypersurface evolving under affine normal flow. If s(Y,t) > r >0
for allY € S™ and t € [0,T], then

|0s| < (C’ + C”tf%nﬁ> s

on S" x [0, T], where C and C" are constants only depending on r and n.

Proof. Consider the function

—8,53
s—r/2

q:

We apply the maximum principle to logq = log|0;s| — log(s — r/2). In
particular, at a fixed time ¢ € [0, 7], consider a point Y € S™ at which ¢ at-
tains its maximum. By changing coordinates, we may assume that this point
Y = (0,...,0,—1) is the south pole. Then, as in Tso, consider the coordi-
nates y = (y',...,y") for s restricted to the hyperplane {(y',...,y", —1)}.
At y=0, we have fori=1,...,n

Sti Si
logq)i = — = 10.1
(o) =0 = ot (10.1)
The condition for (logq)|s» to have a maximum at the south pole is
(log q)i; + (l0g @)n41655 < 0 (10.2)

as a symmetric matrix. Here we use subscripts to denote ordinary differen-
tiation f; = 0, f and f; = 0, f.

To compute the second term in (10.2), use Euler’s identities

n+1 n+1

i i
E Y St = St, E Yys;=s
i=1 i=1
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at the point Y = (0,...,0, —1) to conclude $4,+1 = —S8;, Spy1 = —8, and

r/2
1 nil = .
(log @)n+1 p—
For the first term in (10.2), compute
Stij  StiStj Sij 5iSj
logq)y; = S0 _ i_ j j
W8ty = 5 TN TSR G
_ Stg S
s s—r/2

at y = 0 by (10.1). Thus (10.2) becomes at y = 0

T/2 Stij Si_j

———0;; — <0. 10.3
s—r/27 s s—1r/2 " (10:3)

Now, we compute using the flow equation (7.3)

(logq): = 0ilog|0;s| — O, log(s —r/2)

1 St
= - Oy log det(s;;) — ————
n+2t0ge(53) s—r/2
1 id St

_ Jg.. — ot
nt2” ot s—r/2

for s the inverse matrix of s;;. Then (10.3) implies that

r/2 Sy . 2n S¢
1 < . 8,89 — .
(logg)e < n+2 s—r/2 T T2 s—1/2
r/2 y 2n
w2 % T
/2 5. 0 2n
< - 55" + —— .
s R +n—|—2q

Now if we let p; be the eigenvalues of 5%, or equivalently the reciprocals of
the eigenvalues of s;;, then we see

1 n
n n+2 n n+2 _n_
_ 1 1 1 i n+2
|5 = (det s;) "2 = (J! Mi) < (5 ;1 Mi) = (ﬁ 0;j8 J)
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by the arithmetic-geometric mean inequality. Therefore,

n+2 n+2

887 > nls,| T =ng™ (s —r/2)" >ng" (r/2)" %

since s > r. And so finally, at ¥y = 0, and thus at any maximum point of
CI‘S%

2n+2
n(r/2)7n"  ans2 2n
———q " —q°. 10.4
n+2 1 i n+2 1 ( )

Now define Q(t) = maxyegn q(Y,t). Then (10.4) implies that

G <

Qi< @ (™ Q" )

for constants ¢, ¢/, depending only on n. Therefore,

2n+2

Q < max {cnrfm, c%r_ltf%nﬁ} (10.5)

for ¢, ¢, new constants depending only on n. The result easily follows.

Remark 10.1. Q) may not be differentiable as a function of t, but the above
estimate (10.5) still holds—see e.g. Hamilton [16, Section 3.

O

11 Gutiérrez-Huang’s Second Derivative Es-
timate

In this section, we follow Gutiérrez-Huang [15] to find an upper bound of the
Hessian of solutions to the equation satisfied by the support function under

the affine normal flow
1
925 \ ne2
O0ys = — | det ——— )
* ( ‘ 83/1831])

This is a parabolic version of an estimate of Pogorelov for elliptic Monge-
Ampere equations. We will treat the slightly more general case

Pu \
ou = —p(y) (det 8yi8yj) : (11.1)
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for p(y) a smooth positive function on R™ and « a positive constant. Gutiérrez
and Huang considered the case p(y) = a = 1. The reason we introduce p(y)
is that the evolution of the support function of a hypersurface by a power of
the Gauss curvature involves a term p(y) which is a power of 1 + |y|%. The
calculations are essentially the same as those in [15].

First we define a bowl-shaped domain in spacetime and its parabolic bound-
ary. A set 2 C R™ x R is bowl-shaped if there are constants ¢y < T so that

Q= |J Qx{t},

to<t<T

where each €, is convex and €, C €, whenever ¢; < t,. The parabolic
boundary of €2 is then 02\ (Qr x {T'}).

Proposition 11.1. Let u be a smooth solution to (11.1) which is convez in
y, and let 2 be a bowl-shaped domain in space-time R™ x R so that u =0 on
the parabolic boundary of Q2. Let B be any unit direction in space.

Then at the mazimum point P of the function

w = |u] Pgu €2,

w is bounded by a constant depending on only «, p, u(P), Vu(P) and n.

Proof. Choose coordinates so that § = (1,0,...,0) and so that at a max-
imum point P of w, u;; = % is diagonal (in order to bound all second
derivatives ugg, it suffices to tocus only on the eigendirections of the Hessian
of u).

Since w is positive in €2 and 0 on the parabolic boundary, there is a point
P outside the parabolic boundary of 2 at which w assumes its maximum
value. We work with logw instead of w. Then at P,

(logw); =0, (logw); > 0, (logw);; <O0.

Here we use i, j,t subscripts for partial derivatives in 3¢, ¥/ and ¢, and the
last inequality is as a symmetric matrix. These equations become, at P,

U; UL
=+ ==t uuy; =0, (11.2)
u U111
U U
=+ = uguy >0, (11.3)
u U111
Uij  UUy;  Urli;  U11iU115
v Z2J + ij 12 J —|—u1ju1¢ —i—uluw < 0. (114)
u u ull ull
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To use (11.3), we compute

uy = [—p(detu;)™],
= (det Uz‘j)_a(—pl + ap uijuiﬂ),
U1t = (det uij)*o‘

L 9 ) 9 _ .
X [204p1 U”Um —Q P(U”Uijl) — P11 — ap '’ U1 Uij1 + QP U”Uijll} )

where 1 is the inverse matrix of the Hessian u;;. Now plug into (11.3) and
divide out by (det w;;)~® to find

ij 2 ij 2 ik, jl ij
u— [206P1 U Juz’jl -« P(U ]Uijl) — P11 —apu u Up1 U1 + apu ]Uijll}
11
p

— a + ul(—pl + apuijuijl) >0 (115)

The last term of the first line of (11.5) leads us to contract (11.4) with
the positive-definite matrix u% so that at P:

i [ Wij Uity U114 Ur15UL14
0 Z u¥ - _ 2] + 1 2 J +U1jU1i +U1U1ij
u u U111 Uiy
_ ﬁ _ QUJUZ"LLJ' 4 UJUHZ‘J' _ u]uiululj o ujujuluh»
U u? U1g U U
ij, 2 ij ij
—Uu ]ululiulj +u Juljuli +u ]ululij (by (112))
n  2u¥uu;  uYugy; o 202 g
= - - T+ L — L —wfugy + uay + uPugug
2 1 J
u u U1 u
(since w;; is diagonal at P)
2
n  2uuu 2u g P1U1
2 - i u2u11 + Uy + u”uluu- +— +
2 1 J
U U U au ap
y 2p1uug;y a(uugg)? uFu g g
j1 ijl P11 El1Ug51
— ulu”uiﬂ — + + +
pPUI1 Uil apul Uiy
(by (11.5))
1 n 2 2
n-+ = Uu; 2u P1U1
> 0—25 T — — — — ujuy +ug +
U — Ul
1=

2 n u2
P i P11 n Z i1
Ozp2u11 apuly Py} U1 U5

7
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by collecting terms, completing the square, and since u;; is diagonal at P.
Continue computing

1 n 2 2
n-+ = U3 2u p1U
1 2 1u1
0 = Q—QE 21 ———U1U11—|—U11—|—
u U U4
=1
2 2 2
P P11 U U7y
o 21 + 4 1311 19 2111
1 2 2
n—+ = 2u 2u p1U
1 1 2 11
= a 5 ———UIU11+U11+
u U U111 u
2 2 2
P P11 U 2u
-4 + —— + — +ufuy
ap uyr  apuir Unu u

by (11.2) and since w;; is diagonal at P. Finally, collect terms so that

n+ + U 1 u? 2
02u11+( o 4 21 1)+—(——;—p—12+@>
U ap Uiy U ap ap

and multiply each side of the inequality by u2u;ie®t to find a quadratic
inequality
w? +aw+b <0

for w = |uuyez™d at P the point in Q at which the maximum of w is
achieved. The coefficients a and b involve only n, a, p, u(P) and u;(P), and
so there is an upper bound of w on €2 depending on only these quantities. [J

This bounds 8%-3 away from infinity, which, together with Andrews’s
speed estimate, shows that the ellipticity is locally uniformly controlled in
the interior of appropriate bowl-shaped domains. In the next section, we use
barriers constructed from Calabi’s example to find appropriate bowl-shaped
domains.

12 Applying Gutiérrez-Huang’s Estimate

In this section, we find bowl-shaped domains which are uniformly large on
any compact subset of D°(s) for s = s(-,t) the support function of ().
Upper barriers will be produced from Calabi’s example to achieve this.
First, we give an outline of our approach: Given a sequence of smooth
solutions s to dys = —(det sij)_ﬁ?, and a point yo in D°(sg), modify s by
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adding a linear function so that s|;—o has its minimum at . Adding a linear
function does not affect the flow. Then, if s(yp,0) = p, the sublevel set
{(y,t) : s(y,t) < p,0 <t < T} is a bowl-shaped domain with (yo,0) at its
vertex. In order to apply Gutiérrez-Huang’s estimate, we must ensure that
these bowl-shaped domains are uniformly large. This amounts to showing
that s must decrease by a definite amount in a neighborhood of (yo, 0).

We achieve this by using barriers made out of Calabi’s Example 4. For
each of the n + 1 faces in Calabi’s initial orthant C = C(0), consider the
outward normal directions Y?, i = 1,...,n+ 1. Under the affine normal flow
of Calabi’s example, the support function s¢(Y?,¢) remains constant in ¢ for
each 7 =1,...,n+ 1. Thus Calabi’s example, in and of itself, is inadequate
as a barrier to move the support function in directions normal to these faces.

For our initial convex domain K, we will obtain estimates only for those
Y € D°(sk) the interior of the domain of the support function. For such a
Y, there is a supporting hyperplane to IC with Y as its outer normal which
intersects the hypersurface 0K in a compact set W. Then an appropriate

barrier can be constructed as the intersection
n+1

xX=\C
=1

of n + 1 affine images C* of Calabi’s example so that the boundary of X
has one bounded face which contains W and is normal to Y, and n + 1
unbounded faces (for example, a U-shaped well in R? is the intersection of
two affine images of the first quadrant). Under the affine normal flow, X (¢)
must remain inside each C’(¢), and the explicit solution to Calabi’s example
then shows that the support function sx(Y) must move as t increases away
from 0. The discussion below proves this geometric sketch by working with
the support functions instead of the hypersurfaces involved.

Here are the details of the construction. Recall Calabi’s Example 4 from

above:
C(t)={(a',....a"") e R 12" > O,Ha:i = et}
1 n+2

for ¢, = (n+1)2(5%5)"2 and t > 0. Compute the support function for ¢ > 0
and Y = (y',...,y""):
+00 if any y* > 0

se(Y,t) = " N\ . 12.1
e —%n+1)Q%f?[ﬂjﬂyD ifallyt <0 (12.1)
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In our analysis, we restrict the homogeneity-one function s¢ to an affine
hyperplane ~ R™ so that s¢(0) = 0 on a simplex in R™ and is +o00 elsewhere.

Now consider the action of the affine group on the support function. If
K is a convex body and Y € R™™ recall s(Y) = sup,cxc(z,Y). Then for
any matrix A and vector b,

SAIC+b(Y) = S/C<Y)<ATY) + <b, Y> (122)

Therefore, for any simplex S in R" and any linear function ¢(y) on R",
there is an affine image of C(0) whose support function restricted to an affine
R" C R is equal to £(y) on its domain S.

We will use n + 1 of these copies of Calabi’s example to construct our
barrier. Consider a regular (n + 1)-simplex in R"*! with one vertex at the
origin and so that the face opposite this vertex is in a hyperplane y"*!' = ¢ > 0
and intersects the positive y™ ™! axis. Then the n + 1 remaining faces of this
simplex form the graph of a piecewise-linear convex function P whose domain
is a simplex §,, in R™ centered at the origin. Extend this function to be +o0
outside S,,. We refer to P as a polyhedral pencil function, after the shape of
the region above its graph.

Now consider our convex body K = U_ K’ and let si(y) denote the
support function of K restricted to an affine slice of R*™!. Let N be a
compact subset the interior of the domain of si(y) (i.e. N is the intersection
of the affine hyperplane R"™ with a compact subset of D°(sx)). Then we
know that scm = s, — s = s uniformly on N and that |ds,,| is uniformly
bounded on A. This bound on the first derivatives of s,, means that there
is a uniform A > 1 so that by replacing P(y) by A"P(\y), we have

Pluy=)+ Y SR~ )+ snl@) Znly) (123

forallg e N, y € R"™.

So the polyhedral pencil function P provides an initial barrier at each
point § € N. We do not have an explicit solution for the evolution of P,
but we can conclude enough to apply Gutiérrez-Huang’s estimates. Since
P can be extended to be a convex, lower-semicontinuous function of ho-
mogeneity one on R™"! there is a corresponding convex body Kp whose
support function is P. The affine normal flow on Kp induces a natural flow
on P: P(Y,0) = P(Y) for all Y € R""' and P(Y,t) is the support func-
tion of Kp(t). Assume that the affine hyperplane R” C R""! is given by
{y"*! = —1}, and then we have
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Lemma 12.1. P(0,...,0,—1,t) <0 for all t > 0.

Note that in the notation Y = (y,—1), P(0,...,0,—1,%) is just P(y,t)
for y = 0. (So the Lemma may be restated as P(0,t) < 0 for all ¢ > 0.) We
use this notation for the proof.

Proof. Note P(0,0) = 0.

As a function of y, the domain of P(y,0) consists of n + 1 simplices in
R" and P(y,0) is the restriction of a linear function on each one. P(y,0)
is then the minimum of n 4 1 copies Cy,...C,1 of Calabi’s initial example,
each properly modified by an affine transformation. Each of C;(¢),...Cp1(t)
is an upper barrier for the evolution of P. C(0,t) = 0 for all ¢ > 0, however.

To show that P(0,t) < 0, we use the fact that P(y,t) is always convex
and less than each Cy(y, t). The explicit formula (12.1), together with (12.2),
shows that each Ci(y,t) < 0 for y near zero on a ray Ry, leaving the origin—
this is because, near the origin, the — (]| |y1|)%+1 term in (12.1) will dominate
any linear term coming from (12.2). Since P(y,t) is convex in y and is less
than each C(y,t), the graph of P(y,t) must be below the convex hull of
the graphs of {Cx(y,t)}7f]. Since 0 is in the convex hull of the rays { R }}5;
(because P was constructed using a regular (n+1)-simplex in R™!) and since
Cr(y,t) <0 for y € Ry, near 0, we conclude P(0,t) < 0 for each ¢t > 0. O

For each §y € N, and for m = 1,2, 3, ..., consider

5l0) = Sm1) = 50() — 3 TG = 5

Then at t = 0, 3,,(y,0) has its minimum value of 0 at y = §. As time goes
forward, for each 7" > 0, the sublevel set {(y,t) : t € (0,7, 3m(y,t) < 0} is
a bowl-shaped domain. This bowl-shaped domain must contain the sublevel
set

B:{(yvt> te (07T]7 P(:y_g) <0}7

which contains {0} x (0,7] by Lemma 12.1. Note that B is (except for
translation) independent of m and § € A. There is an increasing, positive
function of ¢ > 0 €(t) so that for each § € N, Gutiérrez-Huang’s estimates
can be applied uniformly on the ball B /2(9) x {t} to §,,—since 3, satisfies
the same flow equation (7.3) as s,.

Since the second derivatives of s, are the same as those of s,,, Gutiérrez-
Huang’s estimate Proposition 11.1, Andrews’s speed bound Proposition 10.1
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and the convexity of s, imply uniform C? estimates on s, on each compact
subset of D°(s) x (0, 7], where T is chosen so that each s, > r on [0, 7] (this
is possible for some T by choosing coordinates so that an evolving sphere
centered at the origin as a uniform inner barrier.)

Proposition 12.1. If T is chosen so that each s,, > r on S"x [0, T, then on
each compact subset of D°(s) x (0,T] there are uniform spatial C* estimates
for sp, and the Hessian of s,, is uniformly bounded away from zero.

Recall that sgm — sk everywhere on R"*1 x [0, T'] by Propositions 8.1 and
7.1. The estimates will give greater regularity to this pointwise convergence.

Note that the locally uniform spatial C? estimates in Proposition 12.1 im-
ply, by the evolution equation (7.3), locally uniform parabolic C*! estimates
(i.e. two derivatives in spatial coordinates and 1 in t). Then, since the loga-
rithm of the Monge-Ampere operator is concave, Krylov’s interior parabolic
C?e1+3 estimates [18] are available. Ascoli-Arzeld then shows that the con-
vergence must be in C*! on each compact subset of D°(s) x (0, T]. Indeed, sk
is a C***!+2 solution on D°(s) x (0, T, and further bootstrapping shows s
is smooth. See e.g. Gutiérrez-Huang [15] for details on defining the C2+®1+3%
norm and on applying Krylov’s estimates in the present case.

A remaining issue is long-time regularity. Since long-time existence is al-
ready guaranteed, we need only apply the estimates again starting at ¢t =T
The only possible sticking point is that we still need to make sure that the
same r satisfying sgm > r still works (in order to apply Andrews’s speed
estimate Proposition 10.1). This can be assured by an affine change of coor-
dinates. As in the proof of Theorem 8.2, K contains ellipsoids of arbitrarily
large volume. We can change the affine coordinates so that an appropriate
ellipsoid becomes a sphere centered at the origin which is large enough to
guarantee that si(Y,t) > 2r for all Y € S" and ¢t € [T, 27]. This is certainly
enough to ensure that we can choose new exhausting domains K™ satisfy
sem(Y,t) >rforall Y € S” and t € [T, 27).

Theorem 12.1. If K is an unbounded convex domain in R™™ which con-
tains no lines, then, under the affine normal flow, the support function s =
s(Y,t) is smooth and spatially locally strictly convex on D°(sk) x (0, 00).
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13 Regularity of the hypersurface

We’ve seen in the previous sections that under the affine normal flow, if IC
is an unbounded convex domain in R™*! containing no lines, the support
function s evolves to be smooth and strictly convex for all positive time for
all Y € D°(sk). In this section, we verify that, for t > 0, every support-
ing hyperplane of the evolving hypersurface 0KC(t) has its normal vector in
De(sx). Therefore, since the smoothness and convexity of the hypersurface
are determined by the regularity of the support function, the hypersurface
OKC(t) is smooth and strictly convex for all ¢ > 0.

Theorem 13.1. Let K be an unbounded convex domain in R which con-
tains no lines. Then, under the affine normal flow, the hypersurface OK(t)
1s smooth and strictly convez for all t > 0.

Moreover, if

’C:UKz’ K C’CiJrl,

where each K is bounded and have smooth, strictly convex boundary, then
for all t > 0, each p € OK(t) has a neighborhood on which the sequence of
hypersurfaces OK'(t) converges to OK(t) in the C™ topology.

The proof will depend on finding appropriate initial barriers. We begin
with some easy results on the support function.

Lemma 13.1. If K is an unbounded convex domain in R"Y, then for every
nonzero Yy € 8p(s;c), there is a ray R perpendicular to Yy which is contained
in the closure K.

Proof. We work in terms of support functions. The support function sg is a
homogeneity-one, convex, lower-semicontinuous function on R**! with values
in (—oo, +00]. Since K is unbounded, sx must assume the value +oo, and
the convexity of s implies sx is infinite on an open half-space of R*.

R C K if and only if sz < s on all of R"*!. For the ray

(Y, w) for (Y,v) <0

R={w+r1v:7 >0}, SR(Y):{ too for (Y1) > 0.

Thus, given s and Yy € 0D(sk), we seek an R so that R L Y, and sp < sk.
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Since D(sx) is a convex cone in R™ with vertex at the origin, if Y, €
0D(sk), then D(sk) is contained in a closed half-space with Y} in its bound-
ary. Thus there is a nonzero vector v so that

D(sc) C {Y : (Y,v) <0}, (Yo,v) = 0.

In order to find R, we also need a vector w so that (Y, w) < si(Y) for all
Y € D(sk). Thisis easy: (Y, w) is the support function of the convex set {w}.
So for any w € K, (Y, w) < si(Y) forall Y € R*™ and R = {v+7w : 7 > 0}
is the ray to be constructed. O

Lemma 13.2. If K is an unbounded conver domain in R"', 'Y € 9D(sk),
and R is any ray contained in IC, there is a half-cylinder Q pointing in the
direction of R which is contained in the open set K.

Proof. Let B be an open ball contained in K. Then the convex hull of R and
B contains such a half-cylinder. O

We are now ready to prove Theorem 13.1.

Proof of Theorem 13.1. We show that for all ¢ > 0, every supporting hyper-
plane of K(t) must have outward normal vector Yy lying in D°(sk). Then
the smoothness and strict convexity of the support function sk imply that
the hypersurface 9K (t) is also smooth and strictly convex.

First we rule out the case Yy ¢ D(sk). In this case, there is a closed
half-space of R""! containing D(sx) but excluding Y. In other words, there
is a nonzero vector v so that

D(sk) Cc {Y : (Y,v) <0}, (Yo, v) > 0.

Then, as in Lemmas 13.1 and 13.2 above, there is a half-cylinder Q in the
direction of v contained in IC. Since there are ellipsoids of arbitrarily large
volume inside Q to act as barriers, Q always intersects K(¢). Since Q is in
the direction of v and (Yj,v) > 0, this shows that siq)(Yy) = +o0 for all
t > 0. Since K(t) is convex, this shows it has no supporting hyperplane with
outward normal Yy ¢ D(si).

Finally, we show that if Yy € 0D(sk) is a nonzero vector, then there is
no supporting hyperplane to 9KC(t) with outward normal Y. By Proposition
13.1 below, sk (Yo) = sk(Yo) for all ¢ > 0. Thus, we simply need to ensure

that the hyperplane P = {z : (Yo, 2) = sx(Yo)} does not intersect KC(t) for
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t > 0. To achieve this, we choose an affine image Z of Calabi’s example as
an initial outer barrier. In particular, one of the faces of Z can be chosen to
be contained in the hyperplane P. (Proof: The support function of Z is a
linear function on a cone over a simplex and is +oco elsewhere. To find such a
function to be an upper barrier to sx at Yj, note that for any closed simplex
contained in D(sx ), the support function sk is continuous on this simplex by
Theorem 10.2 in [22]. So for any cone C over a closed n-simplex containing
Yy and contained in D(sx), we may find a linear function as an upper barrier
to s at Yy. Then extend this function to be 400 outside C.) The explicit
solution to Calabi’s example proves that P does not intersect Z(t) D K(t)
for all t > 0.

Thus all the supporting hyperplanes of 0K (t) have outward normal in
D°(sx), and Theorem 13.1 is proved. O

Proposition 13.1. If K is a convex unbounded domain in R™™ which does

not contain any lines, then under the affine normal flow, the support function
sk (Yo) = s(Yo) for allt > 0 and Yy € 0D(sk).

Proof. It is obvious that sk()(Ys) < sk(Yp) since the effect of the affine
normal flow on support functions is to decrease them. We need only show
sk (Yo) > sk (Yo) for Yy € 0D(sk).

We achieve this by using ellipsoids as inner barriers. Assume that si(Yp) <
+o0o and let € > 0. Then there is an x € K so that

(x,Yy) > si(Yo) — €.

Lemmas 13.1 and 13.2 ensure that there is a half-cylinder @ C K which
points in a direction v perpendicular to Y. Then, inside the convex hull
of Q@ and {z}, there is another half-cylinder Q" C K which points in the
direction of v and whose central ray contains a point z’ satisfying

(2", Yy) > sk(Yo) — 2e.

Now there are ellipsoids of arbitrarily large volume contained in @', and these
inner barriers show that for all ¢ > 0, there is a point z” on the central ray
of @ which is contained in K(¢). Now since 2" — 2’ is perpendicular to Yj,

sk (Yo) = (2", Yo) = (2, Yo) > sic(Yo) — 2e.

Thus sk (Yo) > s (Yo) so long as sk (Yy) < +oo. The case si(Yy) = 400 is
essentially the same. O
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14 A Dirichlet Problem

Proposition 13.1 above shows that the affine normal flow on noncompact
domains can be recast as a Dirichlet boundary problem for the support func-
tion, although discontinuous and infinite boundary values are allowed. In
the interior D°(sx), the support function evolves by the affine normal flow
equation, while the value of the support function on the boundary 0D(sx) is
fixed. At each positive time ¢, sx(;) is lower-semicontinuous.

In terms of PDEs, we can take an affine slice of the domain of the support
function. Consider first the case when D(sx) contains no lines (this is true
if and only if K contains a nonempty open convex cone). In this case, we
can choose coordinates so that Q@ = {y € R" : (y, —1) € D°(sx)} is bounded.
The support function, when restricted to this hyperplane, then satisfies the
Dirichlet boundary problem for the flow equation

R
ot Ayt oyd

with initial condition given by si. If D°(sx) does contain a line, then we must
consider more than one affine hyperplane slice. Since sx has homogeneity
one, this amounts to considering sx as a section of the tautological bundle
over projective sphere S% = (R™™ \ {0})/R", where R" acts on R"*! by
homothetic scaling.

Alternately, we can consider s = s restricted to the Euclidean sphere
S™. Define a subset of S™ to be convex if it is the intersection of S™ with
a convex cone in R"™! with vertex at the origin. Then T = S" N D°(s) is
a convex domain in S", and s evolves under the affine normal flow via a
Dirichlet problem on T with equation, as in [2], for s = s|gn

s = — [det (5.5 + 50a)] 72 .

Here s.4, denotes second covariant derivative of s with respect to the standard
connection on S™ and the subscripts a, b indicate an orthonormal frame.

It is an interesting question to study under what condition this Dirichlet
problem admits a unique solution. We plan to study this problem in detail
later. We remark now that in the case that when s is continuous when
restricted to the boundary dD(s), then s must be continuous on the closure
D(s) (see Lemma 14.1 below). Thus in the case s is continuous and finite
when restricted to dD(s), the Dirichlet problem has a unique solution by the
maximum principle.
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Lemma 14.1. Let s be a convezx, lower semicontinuous function from R™ to
(—o00,00|. If s is continuous when restricted to 0D(s), then it is continuous

on the closure of its domain D(s).

Proof. Let x; € D°(s), ©; — = € ID(s). Let z € D°(s) and let y; be the
intersection of dD(s) and the ray from z to z;. y; — = and so s(y;) — s(z).
Moreover, s is convex restricted to each such ray, and so

() — s(z) = BTy o(2))

Thus, since |y; — x;|/|z; — 2| — 0,
limsup s(z;) < lims(y;) = s(x).

Lower semicontinuity then shows lim s(z;) = s(x). O

15 Proofs of Theorems

Here we restate Theorem 1.1 a bit more precisely:

Theorem 15.1. Let L(t) be a solution to the affine normal flow defined for

all t € (—00,0). Assume that at some ty € (—00,0), the convex hull L(ty)
contains no lines. Then L(t) must be a paraboloid translating in time or an
ellipsoid shrinking in time.

Proof. Consider £'(t) defined for ¢ € [,0) so that £'(7) is smooth, compact,
and strictly convex. Then Proposition 5.2 and the semigroup property show

that the cubic form .
Cla, < —
Ol < 72

for all t € [r,0) for ¢, a constant depending only on the dimension.

Theorem 13.1 then shows that L(t), for ¢t € [,0), is locally a C* limit of
such £'(t). Thus |C’|%(t) < ¢,/(t — 7) also. Since L(t) is an ancient solution
we may let 7 — —o0. So Cj;; = 0 identically on L£(¢) for all ¢.

A well-known classical theorem of Berwald (see e.g. Cheng-Yau [6] or
Nomizu-Sasaki [20]) shows that £(¢) must be a hyperquadric: an ellipsoid,
a paraboloid, or a hyperboloid. Only the ellipsoid (a shrinking soliton) and
the paraboloid (a translating soliton) are part of an ancient solution. O
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We can also prove the following existence result on hyperbolic affine
spheres which is essentially due to Cheng-Yau [5]. The essential step, due to
Cheng-Yau, is to solve the Monge-Ampere equation

1
n+2
dozo=(-3)" om0 >0

on a convex bounded domain €2 C R". The radial graph of —% over () is
then a hyperbolic affine sphere asymptotic to the boundary of the cone over
2. We note that the proper embeddedness of the hyperbolic affine sphere
is contained in Gigena [14] and Sasaki [23]. See [19] for a more complete
discussion.

Theorem 15.2. For every open convezx cone C in R™ which contains no
lines, there is a properly embedded hyperbolic affine sphere in R** asymptotic
to the boundary of C.

Proof. Example 3 ensures that under the affine normal flow, the boundary
JC evolves as an expanding soliton dC(t). The regularity result Theorem 13.1
ensures that for ¢ > 0 the hypersurface 0C(t) is smooth and strictly convex.
Thus, for each ¢ > 0, OC(t) is a hyperbolic affine sphere by Proposition 9.1.
The discussion in Section 14 shows that OC(t) is asymptotic to the boundary
of the cone C. 0
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