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Math 135 §1.1, 1.2, 1.3, 1.4, 7.2, Appendix B Midterm Exams

§1.1, 1.2, 1.3, 1.4, 7.2, Appendix B
A1. Find all solutions to the following equation.

2In(z) =In (;fx) —In <2f$>

Solution

The term on the left is equivalent to 2In(x) = In(2?) for z > 0. Then we move all terms to the
left and combine using logarithm rules.

Exponentiating each side gives

— 3
le,whenceB—azzQ—Fﬂ:, andsox:§.

A2. For each part, mark “T” if the statement is true or mark “F” if the statement is false. You do not
have to explain your answers or show any work.

(a) In(3) — In(11) = 11n<3)

n(11)
(b) The domain of f(x) = v/z — 4 is all real numbers.
(c) The lines 92 + y = 1 and © — 9y = 4 are perpendicular to each other.
(d) The equations 21In(z) = 0 and In(z?) = 0 have the same solutions.

(e) [T][F] cos (i;f) _ V3

2

Solution
. . . . 3
(a) False. The correct identity is In(3) —In(11) = In (5%).
(b) True. Every real number has an odd root.

(¢) True. The slope of the line 9x + y = 1 is m; = —9 and the slope of the line is x — 9y = 4
is mo = %. Since mimo = —1, the lines are perpendicular.

(d) False. The equation 2In(z) = 0 has solution = 1. The equation In(z?) = 0 has solutions
r=1and z = —1. (The identity In(z®) = bIn(z) is true only if 2 > 0.)

(e) True. The reference angle for 5% is &, and cos (%) = Y3 Since the angle %’r lies in the

2
second quadrant, its cosine is negative.

A3. The number N of bacteria at time ¢ grows exponentially, so that N(t) = NyeFt. Suppose an initial
population of 100 bacteria grows to 500 after 2 hours. How many hours does it take for an initial
population of 150 bacteria to grow to 3007
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Math 135 §1.1, 1.2, 1.3, 1.4, 7.2, Appendix B Midterm Exams

Solution
We are given that if Ny = 100 then N(2) = 500. Hence 500 = 100e?*, and solving for k gives

k=1 51n(5). Now we want to solve the equation 300 = 150 for t with the known value of k.

— 2ln( )
This gives t = Tn(5) -

3z —6
A4. Solve the inequality 1 > (0. Write your answer using interval notation.
x

Solution
We solve the inequality using the method of sign charts. The cut points for our number line are
x = 2 (obtained by solving 3z — 6 = 0) and = = —4 (obtained by solving = + 4 = 0).

interval  test point sign of 390—46 truth of inequality
(—o0,—4) x=-5 g =@ true
(—4,2) x=0 % =0 false
(2,00) x=3 = =0 true
The inequality is not satisfied at either cut point x = —4 or « = 2. Hence the solution to our

inequality is the set (—oo, —4) U (2, 00).

6

< 0. Write your answer using interval notation.

3
Ab5. Solve the inequality T
r_

Solution
We solve the inequality using the method of sign charts. The cut points for our number line are
x = —2 (obtained by solving 3x + 6 = 0) and = = 4 (obtained by solving x — 4 = 0).

interval  test point sign of % truth of inequality

(—00,-2) x=-3 % =P false
(—2,4) x=0 %:@ true
(4, 00) x=5 £ =00 false
The inequality is not satisfied at either cut point x = —2 or = 4. Hence the solution to our

inequality is the set (—2,4).

In(80 — )

A6. Find the domain of the function f(z) = NG

. Write your answer using interval notation.

Solution

The expression In(80 — x) is defined only for 80 — x > 0, or on the interval (—oo,80). The
expression /x is defined only for x > 0, or on the interval [0,00). Both expressions are thus
defined on the intersection of these two intervals: [0,80). Finally, we must exclude any values of
x for which \/x —5 =0, so just z = 25. Hence the domain of f is [0,25) U (25, 80).
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Math 135 §1.1, 1.2, 1.3, 1.4, 7.2, Appendix B Midterm Exams

fl+ h})L — /(@) with A # 0. In your work,

1
AT. Let f(x) =8— - Fully simplify the difference quotient
x
make clear where you use the assumption h # 0.

Solution
We have the following.
__1 _ (8~ L 1 1
f(x + h) — f(l‘) . (8 5(x+h)> (8 5:&) T B(z+h) + Bz

h h h
__75(w£rh)+$.5x(m+h)_—x—i—(x—i—h)_ h
B h 5v(x+h)  Shx(z+h)  Shx(z+h)

At this point, since h # 0, we may cancel the common factor of h and obtain our final answer.

flz+h) - f(x) 1

h ~ ba(x +h)

AB8. For both parts of this problem, consider the following inequality.

(x —3)(x —6)

P <0

Your goal is to identify an error in a false solution of this inequality, and then to solve the inequality
yourself.

(a) A student submits the following work for solving this equality.

“First we multiply both sides by (x —5). On the left side, this factor cancels, and on
the right side we get 0. So we have (z—3)(z—6) < 0. The graph of y = (x—3)(x—6)
is a parabola that opens upward and crosses the z-axis at © = 3 and x = 6. This
means that the graph is below the x-axis between these two z-values. So the solution
to (x — 3)(z — 6) < 0 is the interval (3,6). But since the original inequality was
undefined at = 5, we also have to exclude 5. So the final answer is (3,5) U (5,6).”

The student’s teacher does not give full credit for this solution, simply noting that x = 4 is
included in the student’s answer, but x = 4 does not satisfy the original inequality. So the final
answer must be wrong.

What is the student’s error? Be as specific as possible and explain why this is an error. To
explain why the given solution is wrong, it is not enough to simply write the correct
solution and observe that the two solutions are different.

(b) Solve the original inequality. Write your answer using interval notation.

Solution

(a) The quantity (x — 5) may take negative values (i.e., if x < 5), and in that case, multiply-
ing both sides of the inequality by (z — 5) would reverse the direction of the inequality.
The student’s work implicitly assumes that (z — 5) is positive throughout, evident by the
student’s not reversing the direction of the inequality. The student’s primary error is then
never properly considering the case in which (z — 5) < 0.

(b) We will use the method of sign charts. The cut points for our number line are x = 3, x = 5,
and z = 6.
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Math 135 §1.1, 1.2, 1.3, 1.4, 7.2, Appendix B Midterm Exams

interval test point sign of % truth of inequality
(—00,3) =0 % =0 true
(3,5) r=4 % =D false
(5,6) xr =55 % =0 true
(6,00) x="7 % =@ false
Hence the solution to the inequality is (—oo, 3) U (5, 6).

B) —
A9. Fully simplify the difference quotient flx+h) = f(z)

answer without square roots or fractional exponents in the numerator.

for f(x) = vz +2 and h # 0. Write your

Solution
We have the following.

flx+h)—flx) Ve+h+2—-vVe+2  (z4+h+2)—(x+2)
h - h Ch(Vath+2+ Vo +2)
B h B 1
Ch(Wrth+2+Vr+2) Vetht2+Vr+2

A10. For each part, use the graph of y = g(x) below.

)
D
| ¢ *=——0
3
2 /\
1
I
-1 1 2 3 4 5
—1

(a) Find the domain of g(z). Write your answer in interval notation.
(b) Calculate g(g(4)).
(¢) As z — 2, which of the left-sided and right-sided limits of g(x) exist?

Solution

(b) g(9(4)) = 9(3) = 2.
(c) Both the left-sided and right-sided limits of g(z) exist as x — 2.

(a) The domain is the set of allowed x-values for g(z). Hence the domain is (0, 5].
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Math 135 §1.1, 1.2, 1.3, 1.4, 7.2, Appendix B Midterm Exams

A11. While solving the logarithmic equation
logy(3z+1) =3

a student wrote the following steps (this work contains two distinct errors):

logy(37) + logy(1) =3 (1)
logy(3z) +0 =3 (2)
3z = 3? (3)

=3 (4)

(a) Identify the lines in which the two errors occur and describe each error.

(b) What is the correct solution to the original equation?

Solution
(a) Line (1) has an error: logarithms do not distribute over sums. That is, log,(z + y) #
log, () + log,(y) in general.

Line (3) has an error: the right side should be 23 instead of 32 since log;, (y) = = is equivalent
to y = b”.

(b) Exponentiating the equation logy(3z + 1) = 3 immediately gives 3z +1 = 23 = 8. Then
solving for z gives x = %

3+h)—f(3 6
A12. Fully simplify the difference quotient Chs 2 1G3) for f(z) = 9 9n and h # 0. Your answer
cannot contain a complex fraction (fraction within a fraction).

Solution

We have the following.

6 2 6 )
JBR) —fB) _ satm 2 gSm-2_ 6-23-2m) _  4n 4
h h h h(3 — 2h) h(3—2h) 3—2h

A13. Suppose we have all of the following:
10g3 (l‘) =A ) IOgS(y) =B ) IOgbs (Z) =C

Write each of the following in terms of A, B, and C. Your final answer cannot contain any “log”
symbol.

(a) log, (W) (b) logy(2)

9y

Solution
(a) We use basic properties of logarithms.

T 1 1
g (37 ) = 1086(V) ~ 08s(9) ~ logs(4") = 3 o) — 2~ dlog) = 54— 2~ 45

(b) By definition of the logarithm, we have:

logys (2) = C <= z = (b°)¢
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Math 135 §1.1, 1.2, 1.3, 1.4, 7.2, Appendix B Midterm Exams

‘ Hence z = b°°. Now taking the log (base b) of both sides gives log,(z) = 5C.

A14. For each part, use the graph of y = g(x) below.

ty

5,,

4 ¢ OO

3,,

21 °

1,,

x

-1 1 2 3 4 )
—1

(a) Calculate g(g(1.5)).

(b) Find the range of g(x). Write your answer in interval notation.

Solution
(a) g(g(1.5)) = g(2.5) = 4.
(b) The range is the set of values of g(z) (i.e., the y-values). Hence the range is (0, 4].

A15. For each part, use the graph of y = f(x).

. vE St

(a) Calculate f(f(2)).
(b) Find where f(z) = 0.
(c) State the domain of f in interval notation.
(d)
)

(e) For each part below, calculate the limit or show that it does not exist. If the limit is “+-00” or
“—o0”, write that as your answer, instead of “does not exist”.

State the range of f in interval notation.
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Math 135 §1.1, 1.2, 1.3, 1.4, 7.2, Appendix B Midterm Exams

(i) lim f(x) (i) lm f(z) (iii) il_r}r[l)f(x) (iv) lim f(x) (v) lim f(x)

z—0— z—0t T—3~ z—3t

Solution
(a) f(f(2))=[(0)=4
(b) z=-2,2=2,2=4,2=6
(C) (_37 3) U (37 7]
(d) (=6,00)
(e) (i) 4
(i) —6
(iii) does not exist
(iv) 400
(v) 4

A16. Suppose you have exactly 840 ft of fencing that will be used to build an enclosure that consists of
two identical rectangular pens that share a common fence. Let = be the (vertical) length of each pen
and let y be the (horizontal) width of each pen. See the figure below.

(a) Find an expression for F(x), the area of one individual pen, as a function of x.

(b) Now suppose that, for each of the two pens, the sum of the length and width must not exceed
250 ft. In the context of this problem, what is the domain of £'? Write your answer in interval
notation.

Solution

(a) Since we have 840 total fencing, we have that 3z 4+ 4y = 840, or y = 1(840 — 3z). The area
of one individual pen is zy. Hence F(z) = $2(840 — 3x).

(b) For one pen we are given that  +y < 250, or  + (840 — 3z) < 250. Rearranging this
inequality gives < 160. Of course, the length x must be non-negative (so = > 0) and
the width y must also be non-negative (so 1(840 — 3z) > 0, or = < 280). Putting these
restrictions altogether gives the domain of F as [0, 160] (or 0 < z < 160).

A17. Suppose logs(z) = A and logz(y) = B. Rewrite the expression below in terms of A and B. Your final
answer may not contain any logarithm symbol.

27\/x
oss (555°)
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Math 135 §1.1, 1.2, 1.3, 1.4, 7.2, Appendix B Midterm Exams

Solution
We have the following:

27\/x 1 .
logs ( y() = logs(27) + log (V@) — logs(y*) = 3 + 5 logs(x) — 4logs(y) =3+ §A _ 4B

A18. The graph of y = f(x) is given below.

Note that f is piecewise linear. An explicit for- Pl
mula for f(z) can be written in the following form,
where A and B are constants. °
yi(z) if —8<z< A :
f@) = . i )
yo(z) f B<x<8 \
*~~ \| |-
Calculate each of A, B, yi(z), and ya(x). S N G
. \
. \
\
~§
Solution

We see that the graph of f consists of two line segments, one valid for —8 < x < 6 (hence A = 6)
and the other valid for 6 < 2 < 8 (hence B = 6).

We find y;(x) by finding the equation of the line through (—8,1) and (6, —6). We find y2(x) by
finding the equation of the line through (6,3) and (8, —6). So using point-slope form, we have
the following:

—-6—-1 1
=14 (= (=8))=1—=
—6—-3 9
o) = —6+ ———(c —8) = =6 — S(¢ — 8)
A19. For each part, use the graph of y = f(x).
(a) Calculate f(f(2)). 51" o
(b) State the domain of f in interval notation. /

(c) State the range of f in interval notation. s > /
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Solution

(a) Since f is piecewise linear, we can use point-slope form to find an equation for f valid for
0<x<3. 09 0
=24 -——(z—-0)=2-=
@) =2+5—(@-0)=2-u

Hence we find f(2) =2 — 2 -2 =2, whence f(f(2)) = f(3) =2—
(b) The domain of f is [0, 5).

wWIiN

win
—
~

(c) The range of f is (0,5).

A20. Suppose logs(z) = A and logs(y) = B. Rewrite the expression below in terms of A and B. Your final
answer may not contain any logarithm symbol.

27/ x
tog ( y{)

Solution

We have the following:

1 1
logs ( o > = logs(27) + logs (V@) — logs(y") = 3 + 3 logs(x) — 4logs(y) =3+ §A _ 4B

A21. Rewrite the expression below as a single logarithm. Assume x and y are positive.

(logs () — Tlogs(y)) + 3logs(z — 1)

N —

Solution

We have the following:

DO |

(lot5(z) — T10gs(0) + 3logs (o — 1) = g ogs ( ) +logs (@ = 17"
2172 ,
= log; <y7/2) +logs ((z — 1)%)

xl/Q(x — 1)3
=logs | ——+——
5 < y7/2

A22. Suppose cos(f) = é with 0 < A < 7 and sin(f) < 0. Find sec(f), sin(#), and tan(f) in terms of A.

Solution

By definition of secant,

sec(f) = L !

cos(d) A
Using the Pythagorean identity cos(6)? + sin(§)? = 1 and recalling that sin(f) < 0, we have

BT A —

ﬁﬂ@Z—qumwp:_Jlf@ ¢E7A2
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Math 135 §1.1, 1.2, 1.3, 1.4, 7.2, Appendix B Midterm Exams

By definition of tangent,

sin(f)  —\1- % V49 — A2
tan(f) = = =-—

cos(6)

I

A23. A bacteria colony has an initial population of 3500. The population grows exponentially and triples
every 7 hours. Recall that this means the population P at time ¢ satisfies P(t) = Pye** for some
constants Py and k.

(a) Find the exact value of the growth constant k.
(b) Find the population after 25 hours.
(c¢) Find the time (in hours) when the population will be 12,600.

Solution
(a) We are given that P(7) = 3P(0), or ¢™* = 3. Hence k = 1 In(3).

(b) P(25) = 3500e>°* = 3500 - 3%*/7 ~ 177040.

(c) We have to solve the equation 12600 = 3500e** for t. Dividing by 3500 and taking loga-

In(1
rithms gives t =7 - M ~ 8.16.
In(3)

A24. A rectangular box is constructed according to the following rules.
e the length of the box is twice its width
e the height of the box is 5 feet more than three times the length
Let ¢, w, and h denote the length, width, and height of the box, respectively, measured in feet.

(a) Write the height of the box in terms of w.

(b) Write an expression for V(w), the volume of the box measured in cubic feet, as a function of
its width.

(c) Suppose the rules also require that the sum of the box’s width and height to be less than 26
feet. Under this condition, what is the domain of the function V(w)?

Solution
(a) The first condition gives ¢ = 2w, and the second condition gives h = 3¢ + 5. Hence
h =3(2w) + 5 = 6w + 5.
(b) The volume of the box is V(w) =0 -w-h =2w-w- (6w + 5).
(c) We are given that w+h < 26, or w+ 6w + 5 < 26. Solving for w gives w < 3. Since width

must also be non-negative, we find that the domain of V(w) is 0 < w < 3, or w € [0,3) in
interval notation.

2
A25. Let f(z) = i and assume h # 0. Fully simplify each of the following expressions:
x

Page 14 of
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(a) f(z+h) (b) f(z+h) — f(z) (©) [z + h}z — f(@)
Solution
@)ﬂm+m=3@ih)
2 2

(b) f(fU‘i'h)—f(fU):m—%

(c) We have the following.

flr+h)— f(z) 3w 5 2w —2ax+h) 9k 9

h h ~ 3hx(x+h)  3hx(x+h) 3x(x+h)

A26. Find the domain of the function f(z) = v/ a2 +x — 6 + In(10 — x). Write your answer using interval

notation.

Solution
We examine the square root and the logarithm separately.

The argument of the square root cannot be negative, hence we must have z2 + 2 — 6 > 0. This
is equivalent to (x + 3)(z — 2) > 0. To solve this inequality, we construct a sign chart and test
each of the intervals (—oo, —3), (—3,2), and (2,00). We find that the solution to the inequality
is (—o0, =3] U [2,00).

The argument of the logarithm cannot be negative or zero, hence we must have 10 — z > 0, or
x < 10 (or (—o0, 10) in interval notation).

The domain of f is the intersection of the solutions to these two inequalities.

(—o0,—3] U [2,10)

A27. For each part, use the graph of y = g(z) given below and let f(z) = 822 — 4z + 15.

(a) Find an expression for g(z).

(b) Calculate the y-intercept of the graph of
y = flg(x)).

(c) Calculate g(f(z)).

—10-8 =6 —4 =2 | 2 4 6 8\
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Solution

(a) We observe from the figure that the graph of y = g(x) is a line that passes through the
points (0,6) and (8,0). Hence an equation for this line in point-slope form is

0—-6 3

-8 =19

(b) The desired y-intercept is the point (0, f(g(0))). Note that since the y-intercept of g is
(0,6), we have g(0) = 6. Hence f(g(0)) = f(6) =8-6% —4-6+ 15 = 264.

(c) We have

3

9 () =~ (F() ~8) = = (82 — 4z +7)

A28. A 100-gram sample of a radioactive substance decays to 65% of its initial mass in 15 hours. Recall
that the mass of the sample M at time ¢ satisfies M (t) = Moe* for some constants My and k.
(a) Find the growth constant k.
(b) Find the mass of the sample after 22 hours.

(c¢) Find the time in hours when the sample will have a mass of 41 grams.

Solution

(a) We are given that M (15) = 0.65M (0), which is equivalent to Moe'®* = 0.65M. Canceling
the constant My, taking logarithms, and solving for k gives

In(0.65)
15

k=

(b) We are given My = 100, and so the mass at t = 22 is

M (22) = Mye??* = 100e™0-69)/15 — 100 . (0.65)"°

(c) We must solve the equation M (t) = 41, or 100e** = 41. Dividing by 100, taking logarithms,

and solving for ¢ gives
In(0.41)

k " In(0.65)

A29. A rectangular box is constructed according to the following rules.
e The length of the box is 5 times its width.
e The volume of the box is 110 cubic feet.
Let L, W, and H be the length, width, and height of the box (measured in feet), respectively.

a) Write an equation in terms of L, W, and H that expresses the first constraint.

(a)

(b) Write an equation in terms of L, W, and H that expresses the second constraint.

(c) Write an expression for S(W), the total surface area of the box as a function of W.
)

(d) Suppose the rules also require that the sum of the box’s length and width be less than 78 feet.
What is the domain of S(W) in this context?
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Solution
(a) L=5W
(b) LWH =110

(c) The total surface area in terms of L, and W, and H is
S=2(LW+LH+ WH)

Putting the first constraint into the second gives 5W?2H = 110, which then gives H = %
Now substituting our expressions for L and H in terms of W into our expression for S
gives

22 22

264

= 10W?
)= 0w+ 5

(d) The new rule implies the constraint L + W < 78, or 6W < 78 (given L = 5WW). Hence
W < 13. Of course, since W represents a distance, we must also have W > 0. Hence the
domain of S(W) in this context is 0 < W < 13, or the interval [0, 13).

A30. Suppose log4(x) = A and log;4(y) = B. Rewrite the expression below in terms of A and B. Your

final answer may not contain any logarithm symbol.

427
logy¢ 9737

Solution
Using various logarithm rules and the identity 4 = 16/2 gives the following.

427 7
logyg <\g/g) = logy4(4z") — 10%16(\(‘7@

= logy6(4) + 108;16(1'7) - loglﬁ(yl/g)
1
= 101%"16(161/2) + Tlogyg(w) — 9 logy6(y)
1

1
= - +7A--B
3 Ty

A31. Let f(z) = V3x and assume h # 0. Fully simplify each of the following expressions:

(a) f(z+h) (b) f(z+h) — f(z) (©) flz+ h}z — f(@)

Solution
(a) f(x+h)=+/3(x+h)
(b) f(xz+h)— f(z) =/3(x+h) -3z

(c) Rationalize the numerator, then simplify.

flx+h)— f(x) _ \/S(x—i-h)—\/%: 3(x+h) —3x _ 3
h h h(vV3@+h) +vEz) V3R + Vi
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A32. Consider the function f(z) = m
(a) Solve the equation f(z) = 0.
(b) List all numbers that are not in the domain of f(z).

(c) Solve the inequality f(x) > 0 and write your answer using interval notation.

Solution
(a) The equation f(z) = 0 is equivalent to  — 6 = 0, and so the only solution

only numbers not in the domain of f(z) are z = 4 and x = 5.

(c) We construct a sign chart whose cut points are those xz-values where f(x

sign of f(z) = % on each of the corresponding sub-intervals.

interval test point sign of f(x) truth of inequality

(—00,4) r=0 % =0 false
(4,5) r=45 % =@ true
(5,6) x =55 % =0 false
(6,00) x=7 % =@ true

is (4,5) U (6, 00).

(b) Since f(x) is rational, its domain is the set of all real numbers except where the denominator
vanishes. The equation z2 — 92 4 20 = 0 is equivalent to (z — 4)(z — 5) = 0, whence the

f(zx) is undefined. Hence the cut points are x = 4, x = 5, and = 6. We then examine the

None of the cut points satisfy the inequality. Hence the solution to the inequality f(z) > 0

is x = 6.

) = 0 or where

A33. Find all solutions to the following equation in the interval [0, 27).

2sin(6) cos(0) — cos(d) =0

Solution

cos(f) = 0 or sin(0) = 5.

Recall that on the unit circle, a point (z,y) corresponds to the point (cos(6),

solving the equation cos(f) = 0 is equivalent to solving x = 0 on the unit circle;
s 3 1
2 2

the unit circle; we get the two solutions § = ¢ and 0 =7 — & = %’r.
Sm 3w

Factoring gives cos(f) (2sin(f) —1) = 0, whence solutions to the equation are solutions to
1

solutions # = 5 and 0 = =F. Solving the equation sin(f) = 3 is equivalent to solving y = 5 on

Hence the original equation has 4 solutions in the given interval: 0 = ¢, 5, %, <.

sin(6)). Hence

we get the two
1

A34. Complete each of the following algebra exercises.
(a) Fully factor the polynomial 5z* + 2523 — 180x2.

(b) Solve the rational equation below.

4 n 9x - 6
xr+5 x22-25 x—5
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(c¢) Simplify the complex fraction below by writing it as a simple fraction.

4 2
T Yy
7
8+ —
Y

Solution
(a) 5x* + 2523 — 18022 = 522 (22 + 52 — 36) = 52 (x + 9)(x — 4)

gives
4(z —5)+ 9z =6(z +5)

isx= %.
(c) Observe that the common denominator of the terms 2, xly,
the complex fraction by % and distribute.
4 2
z @ Ty 4y — 2
g4’ ;y S8zy + Tx
Y

(b) Observe that 2% — 25 = (z — 5)(x + 5), hence 2% — 25 serves as a common denominator for
all terms. Multiplying each side of the equation by x? — 25 and canceling common factors

Expanding each side and collecting like terms gives 7z — 50 = 0, whence the only solution

8, and % is xy. We multiply

A35. Complete each of the following algebra exercises.

2723/5

~1/3
(a) Simplify <_315> , leaving positive exponents and integer coefficients.
x732

2

x —
b) Simplify —————
(b) Simplify 27—
7

(c) Factor the expression completely: 5z — 142® — 3z,
fla+h)—fz)
h

(d) Fully simplify the difference quotient

for x # —3. (All common factors must be canceled.)

orf(x):%—?)andh;éo.

Solution
(a) We have the following:

( 9723/5 ) —1/3 o7—1/3,—1/5 45

x 3215 xz™0 ~ 3a6/5

(b) Rationalize the denominator. Then cancel common factors.

z2 -9 22-9  3+v6-2 (z-3)(z+3)(3+V6—x)

3+ x

3-vV6-2 3-vV6-2z 3+v6-2 9 (6—x)
B (z—-3)(z+3)(3+6—1x) :(x—3)(3+M)
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(c) We have the following:

520 — 142® — 32" = 2" (52? — 142 — 3) = 2" (5x + 1)(z — 3)
(d) Multiply all terms by the LCD z(z + h), and cancel common factors.

fr+h) —fz)  #Zr-3-(3-3) FH-2% az+h

h h - h z(z +h)
_2r—2x+h) 20—-2x-2n  —2h =2
~ hx(z+h)  hx(z+h)  hx(z+h)  x(z+h)

A36. For each part, find all solutions to the given equation.

(a) V2r+1+4+1=ux
(b) (10 — 22)/2 —22(10 —2?)~ Y2 =0
(c) 2+ sin(f) = 2cos(A)? (find solutions in [0, 27) only)

Solution
(a) Subtract 1 from either side, square both sides, and solve for x.

V2e+14+1=z
V2r+l=2-1
2e+1= (-1 =2?-22+1
22 —4x =0
z(rx—4)=0

Hence we obtain candidate solutions of x = 0 and x = 4. However, checking these candi-
dates in the original equation, we see that only x = 4 is a solution.

(b) Multiply all terms by (10 — 22)'/2, and then solve for z.

(10 — )2 —22(10 — 2?2 =0
(10 -2t —2%2.1=0
10 = 222

t=+v5 or z=-V5
(c) Use the Pythagorean identity on the right side, then rearrange and factor.

2 + sin(f) = 2 cos(6)?

2 +sin(f) = 2(1 — sin(0)?)
2 +sin(f) = 2 — 2sin(h)?
25sin(0)? + sin(f) = 0
sin(f) (2sin(d) +1) =0

Hence we have two possible equations to solve: sin(§) = 0 (which has solutions # = 0 and

0 = 7 in the given interval) and sin(f) = —3 (which has solutions § = % and § = 47 in

6 6
the given interval). So there are four solutions in total.
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A37. Find the domain of the function f(z) = In(2? — 20). Write your answer using interval notation.

Solution
The domain of f(x) consists of those 2-values such that 22 — 20 > 0. To solve this non-linear
inequality, we find the cut points: solutions to 22 — 20 = 0, or £ = —v/20 and =z = v/20. We

then make a sign chart, testing each of the following intervals: (—oo, —v/20), (—v/20,+/20), and
(v/20, 00).

For these three intervals, we use the test points —5, 0, and 5, respectively. Hence we find that
2?2 — 20 is positive on the first and third of these intervals only. Hence the domain of f(z) is

(—o0, —v/20) U (v/20, 00).

A38. The length of a rectangular box is three times its width, and the total surface area of the box is 200
in%2. Let W be the width of the box in inches. Find the volume of the box in terms of W.

Solution
Let L, W, and H be the length, width, and height of the box, respectively. Then we immediately
have L = 3W. For the surface area we have:

2(LW + LH + WH) = 200
Substituting L = 3W into this equation and collecting like terms gives:
3W? +4WH =100

Solving for H then gives:

100 — 3W?2
H="———
4W
Hence the volume of the box is
100 —3W?2 3
V=LWH=3W -W.——2" — 2 (100W — 3W?3
3 4W 4 ( 3 )

A39. For each part, write an equation for the line in the zy-plane that satisfies the given description.

(a) The line through the point (—2,10) with slope —3.

(b) The line through the points (3,5) and (—1,4).

(¢) The line through the point (5,1) and perpendicular to the line x + 3y = 10.
(d) The horizontal line through the point (—2,15).

Solution
Use point-slope form for all answers.

(a) y—10=—-3(x +2)

(b) The slope of the line is m = % = %, hence an equation of the line is y — 5 = i(l’ —3).
(c) The given line can be written as y = —%l‘—i- ?, whence the slope of the given line is —%, and
so the slope of the desired line is 3. Hence an equation of the desired line is y — 1 = 3(z —5).

(d) y=15
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A40. The number of bacteria in a certain colony grows exponentially. Recall that this means the number
of bacteria N at time t is N(t) = Npe*, where Ny and k are constants. Suppose there are initially
500 bacteria, and the number of bacteria triples every 2 hours. How much time must pass before the
number of bacteria increases from 500 to 50007

Solution
Let N(t) = Noek* be the number of bacteria at time ¢ (measured in hours). Then we have that
N(2) = 3Ny, or Nge?¥ = 3Ny. Canceling Ny and solving for k gives:

k= -1n(3)

Now we want to find the value of T such that N(7') = 5000, with Ny = 500. Hence we must
solve the equation 5000 = 500e*”, where k is the value we found previously. We obtain:

AA41. For each part, use the graphs of y = f(x) and y = g(z) below.

Y
A
P
— f(x)
e :
2 !
1,
1
1
/
< L >
—4 N 2,7 4 T
. -~ 2
, il -
7/
./\/
/l -2
1
[ ]
—4 |
A,

(a
(b
(c

Calculate f(2).
Estimate the value of g(0) — f(0).
Find all solutions to the equation f(z) = g(x).

N — —

(d) Solve the inequality g(x) > f(x). Write your answer using interval notation.
Solution
(a) f(2)=0
(b) 9(0) = f(0) =1
(¢) The solutions are the z-values of the points where the graphs intersect: x = —2,1, 3.
(d) The solution is the set of z-values where the graph of g lies above that of f: (—2,1)U(3, 3.5].
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§2.1, 2.2: Introduction to Limits

B1. The graph of y = f(x) is given below. Find all values of a in the interval (—4,4) for which lim f(x)

r—a
does not exist. If there are no such values of a, write “does not exist”.

\A\
A
4 2"ﬁ\4

2+

Solution
The values of a for which lim f(x) does not exist are a = —1 and a = 1 only. (At both of these
r—ra

values of a, the left-limit and right-limit are not equal.)

12p B2. For each part, use the graph of f(z) below.

y=f)

(a) Calculate 1in}9) f(z) or determine that the limit does not exist.
T—r

(b) Find all values of a such that both lim f(x) exists and this limit is not equal to f(a).

T—ra

Solution
(a) lirré f(z) does not exist.
T—

(b) a =1 only.
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B3. Consider the function below.
2?44 -1 <2
flz)=<11 x =2
19 — 23 x> 2

A student correctly calculates that 1im2 f(xz) = 11 and enters this as their final answer on an online
T—r

exam, initially getting full credit. However, after inspecting the student’s work, the teacher overrides
this score and gives no credit. The teacher writes the comment “you have not correctly justified your
answer.” The student wrote the following;:

“Since f(x) is defined for all z and f(2) = 11, the answer is lim f(z) = 11.”

r—2

(a) Why is the student’s justification incorrect?

(b) Write a complete and correct justification for the statement lir% f(z) =11.
T—

Solution
(a) Even though the student’s final answer is correct, the value of a function at z = a is
irrelevant to the calculation of li_r)n f(x). (For instance, it’s possible for f(a) and ligl f(zx)
r—a r—a

to be different.) So the justification is incorrect.

(b) Note that = = 2 is the transition point of the piecewise-defined function f(x). So we will
justify the statement liné f(z) = 11 using one-sided limits.
T—

lim f(z)= lim (2 +42—1)=4+8-1=11

rx—2~ r—2~
li = lim (19—-2%)=19-8=11
Ju fla) = lim (19 —27)

Since the left-limit and right-limit are both equal to 11, we conclude that 111112 flx) =11.
r—r

B4. Sketch the graph of a function f(z) with all of the given properties. Do not attempt to find a formula
for the function.

(i) f(1) =0 and 1iﬁm1 f(z) does not exist
(ii) f(2) =1 and il—% f(z)=0
(iii) f(3) =—2and lim f(z) =—1and lim f(z)= -2

T—3~ z—3t

Solution
Here is one possibility.
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2 .
Y
] @O ®
& 7\ L L x\
1 1 N 4 5
—1
-2 —o
-3

18p B5. For each part, use the graph of y = f(x).

J

>

(a) Calculate f(f(2)).
(b) Find where f(z) = 0.
(c) State the domain of f in interval notation.
(d)
)

(e) For each part below, calculate the limit or show that it does not exist. If the limit is “+-00” or
“—o0”, write that as your answer, instead of “does not exist”.

State the range of f in interval notation.

(i) lim f(x) (ii) lm f(z) (iii) ilg%]f(x) (iv) lim f(x) (v) lim f(x)

z—0— z—0t T—3~ r—31

Solution
(a) f(f(2))=[(0)=4
(b)
(c)
(d)
(e)

r=-2,x=2,x=4,x=6
(~3,3) U (3,7]

(—6,00)
4

C

o W

(i)
(i) —6
ii)

(iii) does not exist
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12p B6. Suppose you have exactly 840 ft of fencing that will be used to build an enclosure that consists of
two identical rectangular pens that share a common fence. Let x be the (vertical) length of each pen
and let y be the (horizontal) width of each pen. See the figure below.

(a) Find an expression for F'(z), the area of one individual pen, as a function of z.

(b) Now suppose that, for each of the two pens, the sum of the length and width must not exceed
250 ft. In the context of this problem, what is the domain of F'? Write your answer in interval
notation.

Solution

(a) Since we have 840 total fencing, we have that 3z 4+ 4y = 840, or y = 1(840 — 3z). The area
of one individual pen is zy. Hence F(z) = $2(840 — 3x).

(b) For one pen we are given that  +y < 250, or  + (840 — 3z) < 250. Rearranging this
inequality gives < 160. Of course, the length = must be non-negative (so z > 0) and
the width y must also be non-negative (so 1(840 — 3z) > 0, or « < 280). Putting these
restrictions altogether gives the domain of F as [0, 160] (or 0 < z < 160).

B7. Suppose logs(z) = A and logs(y) = B. Rewrite the expression below in terms of A and B. Your final
answer may not contain any logarithm symbol.

27/ x
togs ( y()

Solution
We have the following:

27/ 1 1
logg (Z/\[) = log3(27) + logs(v/z) — logs(y*) = 3 + 5 logg(z) — 4logs(y) =3 + 514 —4B

10p BS8. Determine whether the following statement is true or false. Explain your answer in 1 or 2 sentences.
Your answer should contain English with few mathematical symbols.
« . : _ _ f(l')
Suppose f and g are functions with ¢(3) = 1. Put H(z) = g =1 Then H must
g\x) —
have a vertical asymptote at x = 3.”
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Solution
False. Let f(x) = x —3 and g(z) = x — 2. Then ¢(3) = 1 but H(x) = % = 2= does not
have a vertical asymptote at z = 3 since liné H(x) =1 (i.e., the limit exists and is finite).

r—r

Other acceptable explanations:

e “Since the limit of f and g (and hence the limit of H) as © — 3 does not depend on the
function values f(3) and ¢(3), we cannot say for sure whether H has a vertical asymptote
at x = 3. There is not enough information.”

e “If f(3) = 0, then direct substitution of x = 3 into H gives the indeterminate form %,
which does not necessarily indicate a vertical asymptote. There may be some algebraic
cancellation that allows the limit lin% H(z) to exist.”

T—r

B9. Suppose lim f(x) = 4. Calculate lim xf(x) or show that the limit does not exist. If the limit is
z—0 2—0 \ sin(bz)

“Goo” or “—oo”, write that as your answer, instead of “does not exist”.

Solution
We have

B10. Consider the following limit, where a is an unspecified constant.

5§ 2 —a
im [ ————
a—-3 \ 23 + x2 — 62

(a) Find the value of a for which this limit exists.

(b) For this value of a, calculate the value of the limit.

Solution
(a) Direct substitution of z = —3 gives the undefined expression “ng‘l”. If the given limit
exists, then the only possibility is that this undefined expression is, in fact “8”. (If the
expression were “2Fe” we would have a vertical asymptote at x = —3 instead.) Hence

9—a=0,and soa=09.
(b) With a =9, we have the following.

i, (e te) =, ()~ (56 =g) =

B11. Consider the following function, where k is an unspecified constant.

e — Tn(z +5) =< —4

—4 cos(mz) —4<z<b
10 T=35

V2zx —5+k 5<ux

g(x) =

Note that g(—4) is undefined.
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(a) Does lim4 g(z) exist? Choose the best answer below.
T——

(i) Yes, lim g(x) exists and is equal to
x——4

—~~

)
(ii) Yes, xl—i>n—l4 g(z) exists but we cannot determine its value with the given information.
(iii) No, xl_i)n_14 g(x) does not exist because the corresponding one-sided limits are not equal.
(iv) No, xl_i)rr_14 g(x) does not exist because g(—4) does not exist.

) )

(v) No, lim4 g(x) does not exist because the limit is infinite.
T——
b) Calculate the following limits. Your answer may contain k.
g Y

(i) lim g(x) (ii) lim g(x)

T—5— z—5t

(c) Is it possible to choose a value of k so that lir% g(x) exists? If so, what is that value of k?
z—

Solution
(a) Choice (i). Note the following:

lim g(z) = lim (ze®™ —7ln(z +5))=—-4-1-7-0=—4

r——4- r——4-
li = i —4 =—4. —4r) = —4
x_ir_riﬁg(ac) m_gr_riﬁ( cos(mx)) cos(—4)

The left- and right-limits at © = —4 are both equal to —4, hence lim4g(:z:) = —4. (Note
T——
that the function value g(—4), which is undefined, is irrelevant.)

(b) We have the following:

(i) lim g(x) = —4cos(bm) =4

r—5~
(i) lim g(z) = lim (vV2z -5+ k) =V5+k
r—5t r—5t

(c) Yes. From part (b), we need 4 = v/5 + k, or k = 4 — /5. (Again, the function value g(5),
which is 10, is irrelevant.)

-3
16p| B12. Let f(z) = M, where a is an unspecified, positive constant. For each part, calculate
(x —=2)(x+1)

the limit or show that it does not exist. If the limit is “+oo” or “—oc”, write that as your answer,

instead of “does not exist”.

(a) lim f(z) (b) tim f(x) (© lim f(z) (@) lim f(2)
Solution

(a) Use direct substitution.
(0+a)(0—-3) 3a

1' = - - = —
i @) = =051~ 2
(b) Substitution of x = 2 gives “@”. Since a > 0, this expression is “##°” which means

x = 2 is a vertical asymptote of f. So we must perform a sign analysis.

We have —(2 4 a) < 0, and so the numerator is negative as x — 2. For the denominator,
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we note that since x — 27 (i.e., x < 2), we have x+1 > 0 and x — 2 < 0. Hence the entire

expression for f(x) is positive as x — 27. Hence lim f(z) = co.
T2~

(c) Asin part (c), we perform a sign analysis. However, since z — 2%, we have z —2 > 0 now.

Hence lim f(z) = —o0.
T2~

(d) The limits in parts (b) and (c) are not equal, so liné f(x) does not exist.
T—r

B13. The following limit represents the derivative of a function f at a point a.

(@) = lim <5ln(e4 +h) — 20)

h—0 h

(a) Find a possible function f(z).
(b) For your choice of f in part (a), find a possible value of a.

(c) Calculate the value of the limit. Explain your calculation briefly in one sentence.

Solution
We compare the limit to the definition of the derivative.

o = oy (1)

h—0 h

(a) f(z)=5In(z)
(b) a = e* (note that f(e*) =5 -4 = 20)

(c) We have f'(et) = = = —.

B14. Use the graph of f below to answer the following questions. Dashed lines indicate the location of
asymptotes.

(a) Calculate li_>m f(x).
(b) Calculate li}r_n f(z).

(c) List the values of  where f is not continuous.
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(d) List the values of  where f is not differentiable.
(e) What is the sign of f’(—1)? (choices: positive, negative, zero, does not exist)

(f) What is the sign of f/(0.5)7 (choices: positive, negative, zero, does not exist)

Solution
() lim f(z) =4
b) lim f(z)=3

()a:—>—oo

(c) x=0,z=4,2=5

(d) z=0,z=1,z=4,z=5
(e) negative

)

(f) positive

B15. Consider the function g below, where a and b are unspecified constants. Assume that ¢ is continuous
for all x.

be* +a+1 z<0
g(x)=<ar? +b(x+3) 0<x<1
acos(mx) +Tbr 1<
(a) What relation must hold between a and b for g to be continuous at x = 07 Your answer should
be an equation involving a and b.

(b) What relation must hold between a and b for g to be continuous at z = 1? Your answer should
be an equation involving a and b.

(c) Calculate the values of a and b.

Solution
(a) The left- and right-limits of g(x) at x = 0 must be equal.

lim g(z) = lim (be*+a+1)=b+a+1

r—0— x—0—
li =1 24 3)) = 3b
i, (o) = Jug, (00”4 bl +5))

Hence we must have b+ a+ 1 = 3b, or a = 2b — 1.
(b) The left- and right-limits of g(z) at x = 1 must be equal.

lim g(z) = lim (az®+b(z+3)) =a+4b

=1~ z—1
lim g(x) = lim (acos(mx)+ Tbx) = —a+Tb
z—1+ z—1t

Hence we must have a 4+ 4b = —a + 7b, or 2a — 3b = 0.

(¢) The equations from parts (a) and (b) must be true simultaneously. Putting the equation
from part (a) into the equation from part (b) gives 2(2b — 1) — 3b = 0, whence b = 2. Part
(a) then implies a = 3.
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B16. For each part, mark “T” if the statement is true or mark “F” if the statement is false. You do not
have to explain your answers or show any work.

(a) If lim f(x) can be evaluated by direct substitution, then f is continuous at x = a.
T—a
(b) The value of lim f(x), if it exists, is found by calculating f(a).
Tr—a
(c) If f is not differentiable at x = a, then f is also not continuous at = = a.

Solution
(a) True. This statement is equivalent to lim f(x) = f(a) which is the definition of continuity

T—a
(of f(z) at x = a).
(b) False. The limit lii)n f(z) = f(a) is independent of f(a). (Indeed, the latter need not

even exist for the limit to exist.)
(c) False. The function f(x) = |z| is not differentiable at x = 0 but continuous for all .

B17. Suppose that an equation of the tangent line to f at x =5 is y = 3z — 8. Let g(z) = — T
x

(a) Calculate f(5) and f'(5).
(b) Calculate g(5) and ¢'(5).
(¢) Write down an equation of the tangent line to g at = = 5.

Solution
(a) The tangent line to f at * = a has slope f’(a) and passes through (a, f(a)). The line
y = 3z — 8, which is tangent to f at x = 5 passes through the point (5,7), whence
f(5) = 7. the same line has slope 3, whence f’(5) = 3.

(b) We have g(5) = %,5)) = 1. We use quotient rule to find ¢'(z).

ooy f@) - (224 10) — f(z) - 22
q(z) = 2 10)?

/ 3-35—7-10
Hence ¢'(5) = >3z~ = 5.

(¢) The tangent line to g at z =5 is y = 1 + 3= (2 — 5).

B18. Suppose f(2) = —7 and f'(2) =3

(a) Let g(x) = cos(z)f(x). Calculate ¢'(2).
(b) Let h(z) = e2/(®)+3, Calculate h'(2).

Solution

(a) We use product rule.
g'(x) = —sin(x) f(x) + cos(x) f'(x)

Hence ¢/(2) = 7sin(2) 4+ 3 cos(2).
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(b) We use chain rule.
h/(x) _ e?f(a:)-‘r3 . 2f/(-75)

Hence h'(2) = 6e~ 1.

B19. Let f(x) = 22 + bz + ¢, where b and ¢ are unspecified constants. An equation of the tangent line to
fatx=3is 12¢ +y = 10.

(a) Calculate f(3) and f’(3). Your answers must not contain the letters b or c.
(b) Calculate the value of b.

(c) Calculate the value of c.

Solution
(a) The tangent line to f at z = 3 is 12z + y = 10, which passes through the point (3, —26),
whence f(3) = —26. The same line has slope —12, whence f'(3) = —12.
(b) We have f'(x) = 2x + b, whence f'(3) = 6 + b. From part (a), we must have 6 + b = —12,
whence b = —18.
(c) We have f(z) = 2? — 18z + ¢, whence f(3) = —45 + c¢. From part (a), we must have
—45 + ¢ = —26, whence ¢ = 19.

B20. A local gym has two cylindrical swimming pools. The larger pool has radius 20 meters and is filled
with water. The smaller pool has radius 12 meters and is empty. Water is drained from the large pool
and immediately emptied into the small pool. The height of the water in the small pool increases at
a rate of 0.2 m/min.

Let Vi, Vg, hr, and hg refer to the volume of the large pool, volume of the small pool, height of the
large pool, and height of the small pool, respectively.

d
a ow are —— and —— related?
H ;;L d dts lated?
dh
(b) What is the sign of d—tL?
dVs
Find —.
(c¢) Fin g
dhy,
d) Find —=.
(d) Find —
Solution

(a) The water in the two pools change at the same absolute rate. But the large pool drains

while the small pool fills. Hence % = —%.

dh
(b) Water drains from the larger pool, whence ditL is negative.

d dh dh d
(¢) We have Vg = 144mhg, whence % = 1447Td—ts. Given that ans = 0.3, we find % =
28.87 m?/min.
avy, dhyp, .
(d) We have Vi, = 4007hr, whence e 4007TW. Using parts (a) and (c), we have:
Vs dVy dhy,
9887 = — 08 = L _ 4o 0L
8.8m 7 7 00 7
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Hence % = —0.072 m/min.

B21. Use the identity 42 + /4 = 18 and linear approximation to estimate (3.81)% 4 v/3.81.

Solution

Put f(r) = 22 + /r. We use the tangent line to f at x = 4. Observe that f(4) = 18 and

f(x) =2z + ﬁ, whence f/(4) = 2. Hence the tangent line to f at z =4 is

35

Since x = 3.81 is near the point of tangency (x = 4), we have

35
(3.81)? + V/3.81 ~ 18 + - (3.81—4) =16.3375

B22. The total cost (in dollars) of producing = items is modeled by the function C(x) = 2% + 4x + 3, and

4
the price per item (in dollars) is p(z) = 983:_:—39
T

(a) Calculate the exact cost of producing the 5th item.

(b) Using marginal analysis, estimate the revenue derived from producing the 5th item.

Solution
(a) C(5) —C(4) =48 — 35 =13.

98x% + 49
(b) The revenue is R(z) = zp(z) = % Hence the desired marginal revenue is
x
49(2z% 4+ 12z + 3
R'(4) = ( (227 + i )) — 83

B23. Consider the curve defined by the equation below, where a and b are unspecified constants.

Ty =ay® + b
Suppose the equation of the tangent line to the curve at the point (3,3) is y = 3 + 4(z — 3).

(a) What is the value of % at (3,3)7
(b) Calculate a and b.

Solution
(a) The slope of the tangent is line is 4, hence % =4 at (3,3).

(b) We first use implicit differentiation on the equation of the curve.

L 172 (2% 1)) =302 W
2(ggy) <a:dx+y = 3ay T

We now substitute z = 3, y = 3, and % = 4, which gives us %5 = 108a, whence a = %.

Page 34 of



Math 135 §2.1, 2.2 Midterm Exams

We now substitute x = 3, y = 3, and a = % into the equation for the curve, which gives

2
_ 135 19
us 3 = 355¢ + b, whence b= 3.

B24. Suppose f”(z) is continuous. You are also given the following values:

1 (1 _
i(g)== . r(g)=2

Calculate the following limit or show that it does not exist. If the limit is “4o00” or “—oc0”, write
that as your answer, instead of “does not exist”.

[ 20-f(3)
£%<x%+m—72

Solution
Since f is continuous, we may substitute x = 8 to obtain the indeterminate form “8”. So we
may use L’Hospital’s Rule.
20— f (L —f(Ly. (=4
lim 7]0(37) 2 im —f(m) ( xZ)
e—8 \ 22+ — 72 T8 20+ 1
. /- . . - o (220 (=55) 11

Since f' is continuous, we substitute x = 8, and we find the limit is —— == = —z.

B25. The length L (measured in meters) of a certain fish depends on time ¢ (measured in years since birth)
and is modeled by the function f.
L= f(t) = 4>

The mass m (measured in kilograms) of the fish depends on the length L and is modeled by the
function g.
m = g(L)

The function g is not explicitly given.
(a) Describe in one English sentence, as precisely and specifically as you can, what the quantity
Q = f(4) — f(0) represents in the context of this problem.

(b) Describe in one English sentence, as precisely and specifically as you can, what the quantity
1'(1) represents in the context of this problem.

(c) What are the units of ¢'(4.87)7

(d) Suppose that ‘fl—’f =7 when L = 4. (Note that L = 4 when ¢t = 1.) At what rate (measured in
kg/yr) is the mass of the fish changing with respect to time exactly 1 year after its birth?

Solution
(a) The quantity @ is the length the fish grows in the first 4 years of its life.

(b) The quantity f’(1) is the rate at which the length of the fish is changing with respect to
time exactly 1 year after its birth.

(¢) The number ¢'(4.87) is the same as CCZTT evaluated at L = 4.87, whence ¢'(4.87) has units
of kg/m (kilograms per meter).
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(d) Note that m = g(L) = g(f(¢)). By the chain rule, we have

dm

=) [

We put ¢ = 1 and note that f(1) =4 and f'(1) = (11.96t%?)| _ = 11.96. Hence

dm

|, T g(f(D) - f'(1) =g¢'(4)- f/(1) =7-11.96 = 83.72

B26. Consider the function below, where A is an unspecified, positive constant.

4
x — 8y/x + 60

For parts (c) and (d) only, assume the absolute minimum of f on [0,21] is 8.

fz) =

(a) List all z-values that must be tested to find the absolute extrema of f on [0, 21].
(b) At which z-value does the absolute minimum of f occur on [0, 21]7

(c) Find the value of A.
)

(d) Find the absolute maximum of f on [0,21] and all z-values at which it occurs.

Solution

(a) We must test the endpoints of the interval (x = 0 and = = 21), as well as any critical
points. Note that f is differentiable on (0,21), so the only critical points are solutions to

f(@) =0,
41 4)
/(@) = v
(x — 8y/x + 60)?
Hence the only critical point (and only other number we must test) is = 16.

(b) We test the z-values in part (a). Observe the following: f(0) = é%, f(16) = £, and
f(21) = —4 _ =~ 4;%. Hence the minimum of f on [0,21] occurs at = = 0.

81—8v/21
(c) We are given that the minimum is 8, and so part (b) implies f(0) = % = 8. Hence A = 480.

(d) From part (b), the absolute maximum is f(16) = 4—‘1 = % = % (occurring only at
x = 16).

B27. An airline policy states that all baggage must be shaped like a rectangular box with the sum of the
length, width, and height not exceeding 122 inches. You plan to purchase a bag from a company
that makes customized bagged whose height must be 3 times its width. Find the dimensions of the
baggage with the largest volume. (Let L, W, and H be the length, width, and height of the baggage,
respectively.)

(a) Before considering any constraints particular to this problem, find the objective function in
terms of L, W, and H.

(b) There are two constraints for this problem. One constraint is from the airline and the other is
from the baggage company. Find these constraints.

(c) Write the objective function in terms of W only.

(d) Find the interval of interest for the objective function in part (c).

—~
D
S~—

Find the dimensions of the baggage with the largest volume.
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Solution
(a) We seek the largest volume, whence the objective is F(L,W,H) = LW H.

(b) The airline gives the constraint L + W + H = 122 and the baggage company gives the
constraint H = 3W.

(¢) From part (b), we have L = 122 — W — H = 122 — 4, and so the objective in terms of
W only is
fW) = f (122 — 4W, W, 3W) = 366W?2 — 123

(d) All measurements must be non-negative. So we must have L > 0 (equivalent to W < %2 =
%), W >0, and H > 0 (equivalent to W > 0). Hence the interval of interest for W is
0.).

(e) Observe that f/(W) = 732W — 36W?2 = 12W (61 — 3W), hence the only critical point of
fis W = %. To verify this gives us a maximum volume, we note that f(0) = f(%) =0
(testing endpoints). Since f (%) is clearly positive, we must have an absolute maximum of
f on the interval at W = %. The desired dimensions are thus:

122 61
L= W=— , H=6l
3 3

B28. Consider the function f(x) whose second derivative is given.

" _ (v — 2)2($ - 5)3
f (CC) - (I‘ _ 9)5

You may assume the domain of f(z) is (—00,9) U (9, c0).

Find where f(x) is concave down, where f(x) is concave up, and where f(z) has an inflection point.
Write “NONE” as your answer if appropriate. Where applicable, give a comma-separated list of
intervals that are as inclusive as possible.

Solution

We calculate a sign chart for the second derivative: The cut points are the solutions to f”(x) =0
(z =2 and 2 = 5) and where f”(z) is undefined (z =9).

interval test point sign shape of f

(—00,2) 17(0) % =@  concave up
(2,5) 17 (3) % = concave up
(5,9) 1"(6) % = O concave down
(9,00) 17 (10) % = concave up

Hence we deduce the following about f:

f is concave down on:  [5,9)
f is concave up on: (=00, 5], (9, 00)
f has an infl. point at: x =
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B29. A particle travels along the z-axis in such a way that its velocity (measured in ft/sec) at any time ¢
(measures in sec) is
v(t) = 4t3 — 2t + 2

The particle is at x = 3 when t = 2.

(a) Find the position of the particle at any time ¢.
(b) Find the position of the particle at time ¢ = 4.

(c¢) Find the acceleration of the particle when ¢ = 4.

Solution
(a) To find the position, we find the antiderivative of v(t) first.

x(t):/v(t)dt:/(4t3—2t+2)dt:t4—t2+2t+0

We are given x = 3 when t = 2, whence 3 =16 —4+4+ C, and so C = —13. The position
of the particle at any time t is

z(t) =tt —t* + 2t — 13

(b) We have z(4) = 256 — 16 + 8 — 13 = 235.

(¢) The acceleration is the derivative of velocity, so a(4) = v'(4) = (12t — 2) = 190.

-

B30. Use the graph of y = f(z) on [0, 14] below to answer the questions.

¥
124

104

(a) List the critical points of f in (0, 14).
(b) How many local extrema does f have on (0,14)?
(c)

)

(d) Find the absolute minimum of f and the z-value at which it occurs.

Find the absolute maximum of f and the z-value at which it occurs.
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Solution
(a) The critical points are z = 2 (since f/(2) = 0), z = 8 (since f/(8) = 0), and = = 12 (since
7(12) = 0).

(b) There are three local extrema (at the three critical points in part (a)).
(¢) The absolute maximum of f is 10 at x = 2.

(d) The absolute minimum of f is —7.3 at © = 14. (Any reasonable estimate of —7.3 is
acceptable.)

B31. Use the graph of y = f/(z) below to answer the questions. You may assume that f’(z) has a vertical
asymptote at x = 14 and that the domain of f is (0,14) U (14, 20).

¥
104

8-

2 —
/’d’ x
0 T T T T T T T T T T T T T T
2 4 6 ] 10 12 138 20
_24
4]
- et
-8
-10-

Note: You are given a graph of the first derivative of f, not a graph of f.
(a) Find the critical points of f.

(b) Find where f is decreasing, where f is increasing, where f has a local minimum, and where f
has a local maximum. Write “NONE” as your answer if appropriate. Where applicable, give a
comma-separated list of intervals that are as inclusive as possible.

Solution
(a) The critical points of f are x =5 (since f/(5) = 0), 2 = 12 (since f'(12) =0), and x = 16
(since f'(16) = 0).
(b) We calculate a sign chart for the first derivative. The cut points are the solutions to
f'(x) =0 (z =5,z =12, and x = 16) and the vertical asymptotes (z = 14).

interval test point sign of f' shape of f

(0,5) (1) S, increasing
(5,12) 1'(6) S, decreasing
(12,14)  f'(13) S decreasing
(14, 16) 1(15) S, decreasing
(16,20)  f'(17) ) increasing
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Hence we deduce the following about f:

f is decreasing on: [5,14), (14, 16]
f is increasing on: (0, 5], [16,20)
f has a local min at: x =16

f has a local max at: x =25

B32. The figure below shows the graphs of two functions. One function is f(x) and the other is f'(z), but
you are not told which is which.

¥

~
W
.

(a) Which graph is that of y = f(z)?
(b) Explain your answer to part (a) based on the behavior of the graphs at = 4 only.

(c) Explain your answer to part (a) based on the behavior of the graphs near z = 3.5 only.

Solution

(a) The dashed orange curve is the graph of y = f(x).

(b) The dashed orange curve has a local maximum at x = 4, whereas the blue solid graph
crosses the z-axis from above to below (positive to negative values) at x = 4. This is
consistent only if the dashed orange curve is the graph of y = f(x).

(c) At x = 3.5, the dashed orange curve is increasing (so its derivative should be positive) and
concave down (so its derivative should be decreasing). This is consistent only if the blue
solid graph is, indeed, the graph of y = f/(x).
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B33. For each part, use the graph of y = f(x).

o

s
Pl

4

Rutgers Exam (ver. 544399 & 2021

(a
(b

) List the z-values where f is not continuous or determine that f is continuous for all z.

)
(c) List all horizontal asymptotes of f.
(d)

)

List all vertical asymptotes of f.

d) Calculate lin% f(x) or determine that the limit does not exist.
z—

(e) At z =7, which of the one-sided limits of f exist?

Solution
(a) x=0,7,8 only
(b) =0 only
(¢) y=3only
(@) lim f(z) = -1
(e) Both the left- and right-limits of f(x) at z = 7 exist.

B34. The position of a particle (measured in feet) after ¢ seconds is modeled by the following function.
h(t) = —16t% + 96t + 100

(a) Calculate the average velocity of the particle (in feet per second) between ¢t = 4 and t = 5.

(b) Find an equation of the secant line between (4, h(4)) and (5, h(5)).

Solution
_ h5)—h _ _ _
(a) 7= % _ (5&_4(4) _ —16(25 161)+96(5 9 _ 43

(b) The slope of the secant line is —48 and the secant line passes through (4, h(4)) = (4, 228).
Hence an equation of the secant line is y = 228 — 48(t — 4).
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B35. For each part, use the graph of y = g(x) below to calculate the limit or show that it does not exist.
If the limit is “400” or “—oo0”, write that as your answer, instead of “does not exist”.

4 1
— °
I BAVAVA
I | - é : 4 : é : : : "
_2 1
4|
(a) lim g(z) (b) lim g(x) () lim g(x) (d) lim g() (e) lim g(z)
Solution
(a) 3
(b) —oo
(c) =3
(d) 2
(e) does not exist

B36. For each part, mark “T” if the statement is true or mark “F” if the statement is false. You do not
have to explain your answers or show any work.

(a) If lim f(z) and lim g(z) both exist, then lim (f(x)g(x)) exists.
(b) If £(9) is undefined, then ilgslg f(z) does not exist.

(c) If xlif{i f(z) =10 and il—% f(z) exists, then il_)Hll f(z) = 10.

(d) A function is continuous for all z if its domain is (—o0, 00).

(e) If f(z) is continuous at « = 3, then zl_lg)lﬁ flz) = a}ﬂéﬂ f(x).

(f) It lin% f(z) exists, then f is continuous at x = 2.
g

(2) If lim f(z) = —o0, then lim f(z) = +oc.
T—5~

r—5t

(h) A function can have two different horizontal asymptotes.

Solution
(a) True. This follows by the product law for limits.

(b) False. Let f(z) = 0 for all z except x =9, with f(9) undefined. Then limg f(z) =0. (The
z—
value f(a) is completely independent of the limit liLn f(x).)
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(¢) True. If a two-sided limit exists, then it must be equal to the corresponding left- and
right-limits.
(d) False. Let f(x) =0 for all z except x = 2, with f(2) = 1. Then f has domain (—o0, c0)
but is discontinuous at z = 2.
(e) True. If f is continuous at z = 3, then, in particular, lirré f(z) exists, which then implies
r—r
the corresponding left- and right-limits at = 3 are equal.
(f) False. Let f be the function in part (d). Then hm2 f(z) = 0 but f is not continuous at
T—r
T =2
(g) False. Let f(z) = — 5. Then lim f(z) = lim f(z) = —oo.
(z—5) z—5+

T—5~
(h) True. Let f(x) =0 for z < 0 and let f(z) = 1 for x > 0. Then f has two horizontal
asymptotes: x =0 and = = 1.
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§2.3: Techniques for Computing Limits

18p C1. For each part, calculate the limit or show that it does not exist. If the limit is “+-00” or “—oo”, write
that as your answer, instead of “does not exist”.
11 sin(7x z+1
() tim (1 Gﬁhm( ( )> (0) mn<‘+‘>
lim 5 \ an(20) AT
Solution

(a) We have the following work.

. -1 _ Tz , -7 A 1
lim Z | = lim c— ] =lim[———— | =lim | — | = —
a—7\ =7 a=7\x—T7 Tz a—=7 \ Tz(x —7) a7 \ Tz 49
(b) We have the following work.

, sin(7x) . sin(7x) 2z 7
1 =1 . . 2) -~ =1-1-1-- ==
Py <tan(2x)> 250 < Tx sin(2x) cos(2) 2 2

8=

=
=

(¢) We first examine the corresponding one-sided limits.
1 — 1
lim M — lim L—i_) -1
z——1- \ T +1 z——1- rz+1

lim 2+ 1] = lim M =+1
z——1t \ T+ 1 z——11 r+1

The one-sided limits are not equal, thus the desired limit does not exist.

C2. For each part, calculate the limit or show that it does not exist. If the limit is “+00” or “—oo”, write
that as your answer, instead of “does not exist”.

(a) lim @z 497 -8 9)° - 81 (b) lim (|x — 3|) (¢) lim Sov3z-Te
z—0 T z—3- \ T —3 z—1 z—1
Solution

(a) Expand the numerator and cancel common factors.

2z +9)? — 81 422 4 36
lim <( z+9) > = lim (a: + x) = liH(l) (4x + 46) = 36
z—

r—0 €T z—0 T

(b) If z — 37, then we may assume that z < 3, or x — 3 < 0. For such values of z, we have
that |z — 3| = —(x — 3). So now we have

lim M = lim ﬂ —
z—3~ r—3 T3~ -3
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lim

(c) Rationalize the numerator and cancel common factors.

D — 32 —-Tx

d—V32—-Tr S5++32-Tzx

(=)

n

Py z—1 r—1 54327z
. ( 25 — (32 — Tx) >
sl \(z—1)(5+ /32— T2)

= ((m — 1)(75<i_\/1?32—77x)>
-1 (5 v=) =10

)

C3. For each part, calculate the limit or show that it does not exist. If the limit is “4-00” or “—o0”, write

that as your answer, instead of “does not exist”.

( )

(u+6)2 — 25u

.
(a) lim -

u—4

sin (74 h) — sin(7)
h

lim
h—0

( )

Vi—s s<1 Hint: Use the definition of the derivative.
. _ 1 -2
(b) lim g(s) where g(s) = 4 o (@) lim (37
s>1 z—6 \ 72— 36
s—1
Solution
(a) Expand the numerator and cancel common factors.
. (u+6)2 — 25u . u? + 12u + 36 — 25u . u? —13u + 36
lim ( ————— | = lim =lim | ——
u—4 u—4 u—4 u—4 u—4 u—4
—9)(u—4
lim <<U9)(U)> = lim(u—9)=-5
u—4 u—4 u—4
(b) We examine the one-sided limits.
lim g(s) = lim (V1—5)=+v1-1=0
s—1~ s—1—
52 —s s(s—1)
li = 1li = li = li =1
im0 = fim (57 = i (%75 = dm

£1(7) = lim

(

Since f’(z) = cos(z), the limit is cos(7).

1 -2 2
T 36z

2 — 36 3622

lim
r—6

(b5 ) »

Since the left-limit and right-limit are not equal, lirri g(s) does not exist.
5—

(¢) Let f(x) =sin(x). Then by definition of the derivative,

sin(7 + h) — sin(7)

(d) Find a common denominator and cancel common factors.

622 (22 — 36)

)

h

1:2

— 36 1

3622

1

3 1296

)t (5)-

CA4. For each part, calculate the limit or show that it does not exist. If the limit is “4-00” or “—o0”, write

that as your answer, instead of “does not exist”.
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. r—>5
(a) Jim <m2—2x—15>

vt

S

Solution
(a) Cancel common factors.

. T—95 .
lim [ —— ] = lim
o5 \ 22 —2x — 15 =5\ (

<sin0(9)

(b) Use the special limit gim

—0

r—5

z—5)(z + 3)

16x

lim s.,1n(9m) — lim sin(9z)
z—0 \ sin(16x) z—0 9x

) = lim (
r—5

) = 1 and some algebra.

9
6 9Y_ 99
sin(16x) 16

1

z+3

16

-

16

C5. For each part, calculate the limit or show that it does not exist. If the limit is “+-00” or “—o0”, write

that as your answer, instead of “does not exist”.

. (2> =3z -10 . (sin®(4x) . (3—=V2z+1
(a) iﬁ%(;g?—x—m) (b) iﬁ%( 22 ) (c) ifi( z—4 )
Solution
(a) Cancel common factors.
. (22 =32 -10 . [ (z=5)(z+ x4 2 542 7
lim ( ————— ) = lim = lim = = _
a—5 \ 22—z —20 =5\ (z —5)(x +4) a—5 \x +4 5+4 9
(b) Use the special limit lim <sm(a0)> =1
0—0 ab
lim (sm (24:c)> _ (hm sm(4x)> _ (hm (sm(4x) 4)) _ (142 =16
z—0 x z—0 x z—0 4x

(c) First rationalize the numerator.

lim
x—4

T —4

(3—\/2x+1> . 9— 2z +1)
= (:L‘—4)(3+m

2

9
by (3+ NoTEs 1)

3140 3

1

—2(z —4)
) (3+V2z+1)

C6. For each part, calculate the limit or show that it does not exist. If the limit is “+o00” or “—oo”, write

that as your answer, instead of “does not exist”.

(2) lim <(4x +1)% - 1)

x—0 T

(b) tim <9x cos(2ac)>

x—0 \  sin(4x)

()

(d)

lim
r——1

lim
r—4~

(
(

4 — \/16x+32>

T+

|22 — 16|

4—x

1

)
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-3
3
S0z °°
(e) ig% g(z), where g(z) = < 18 xr=3
T —2
e S
Solution

(a) Expand and cancel common factors.

2 2 o
lim ((49”1)1) — lim (16”: 8l 1) = lim (162 +8) = 8

z—0 xT z—0 xT z—0

(b) Rearrange the terms and use the special trigonometric limit and direct substitution.

9z cos(2x) dr 9 9 9
lim | 2 V) g 2 cos(2z) ) =1-2-1="
250 ( sin(4x) > 250 <sin(4w) 4 cos( x)) 4 4

(c) Rationalize the numerator and cancel common factors.

- (4 — 16z + 32> b 16 — (162 + 32)
z+1 ~a——1\ (z+1) (44 /167 + 32)

16 16
P <4+\/16x+32> 1+4

(d) Note that the limit symbol “x — 47" means that we may assume that both x is arbitrarily
close to 4 and = < 4. For values of = just slightly less than 4, the values of x? — 16 are
negative. Hence under the assumptions of this limit, we have |22 — 16| = —(2? — 16) =
16 — 22 = (4 — x)(4 + x). So now we have

lim <‘°””2‘16’> ~ lim <<4_w>(4+“’)> — fim (4+2) =8

r—4~ 4 —x r—4~ 4 —x r—4~

(e) Compute the left- and right-limits and verify whether they are equal. For the left-limit
cancel common factors. For the right-limit, use direct substitution. The function value
g(3) is irrelevant to this problem.

. . -3 . 1 1
lim g(z) = lim 3 =lm ([—— | =—
T3~ z—3- \z° — 9z T—3~ :U(l‘ + 3) 18

. ( ) . xr—2 1
11m xr) = lI1m = —
o7 ensr \22+9) 18

1 1
The left- and right-limits are both equal to —, hence lim g(x) = — also.
18 z—3 18

C7. For each part, calculate the limit or show that it does not exist. If the limit is “+-00” or “—o0”, write
that as your answer, instead of “does not exist”.

()t (2215 )t (007

T3 x2 -9 2—0 \ 22 cos(2x)
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Solution
(a) Factor and cancel.

) 23 4 222 — 152 , xz(x +5)(z — 3) , z(z +5) 3-8
lim | ———— | = lim = lim = =4
z—3 2 -9 z—3 (SL‘ + 3)($ — 3) z—3 x+3 6
(b) First we regroup terms and add factors of 6 to use the special trigonometric limt.

. < sin(6z)? ) . (sin(Gx) sin(6z) 36 )

a—0 \ 22 cos(2x) 2—0 6x 6x  cos(2x)

in(6
Now we compute the limit of each factor and use the special limit lir% <51n6( x)) =1.
xT—r X

- <sin(6x)'sin(6x) 36 > 36

: —1-1-2 =36
20 6x 6x cos(2x) 1

C8. The parts of this problem are related.

(a) Suppose x < 3. Write an algebraic expression that is equivalent to |x — 3| but without absolute
value symbol.

-3 -1
(b) Calculate lim2 <|a: |2 ) Explain why your work to part (a) is relevant here and precisely
r— xTr —

where you use it.

Solution
(a) If z < 3, then x — 3 < 0, whence |z — 3| = —(z —3) =3 — z.

(b) Part (a) is relevant here since we want to calculate a limit as x — 2 and = = 2 satisfies
the inequality < 3. Hence, for all x sufficiently close to 2 (on both sides), we have
|z — 3| =3 —z. Now we may compute the limit.

—31-1 —a) -1 92—
lim <M> = lim <M> = lim < :):> = lim (-1) = -1
T—2 xr—2 T—2 r—2 =2 \ T — 2 T—2

13p C9. The parts of this problem are related.

(a) Consider the function below.

r—1 21
— =z
—6 z=1
Show that lirn1 f(z) # f(1).
z—
(b) Now consider the similar function below.
r—1
— z#1
g(q;): 3—\/10—217
b x=1

where b is an unspecified constant. Explain how to determine whether the following statement
is true: lim‘l g(z) # g(1). How does your work for part (a) change, if at all, to determine the
r—r

truth of the statement? Explain your answer.
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Solution
(a) Rationalize the denominator.

. L r—1  3+V10—z) (x —1)(3+ V10 — z)
iﬂf($)_iinll<3—\/10—x 3+\/10—x>_i1§‘1< 9— (10 — 2) )

rz—1 r—1

= lim <($_1)(3+ Vm_x) = lim (3+ V10— 2) =3+v10—1=6

Observe that 6 # —6 = f(1).
(b) The function value g(1) has no effect on our calculation of lirri g(z), which is equal to
T—r
lim1 f(z) = 6. Hence our work from part (a) does not change — we need only check whether
T—r
b= 6.

C10. For each part, calculate the limit or show that it does not exist. If the limit is “+oo” or “—oo”, write
that as your answer, instead of “does not exist”.

| 25 — 22 1_ 1
im : T 4
) xlﬁ5< T =5 ) (®) ilm”l<4—:v>

Solution

(a) Factor and cancel.

C11. A student is asked to solve a certain limit and determines the limit does not exist. (This may or may
not be the correct answer.) They write the following for their justification:

“I used the direct substitution property to evaluate the limit. I noticed the denominator
gives me a zero, therefore the limit does not exist.”

Explain why the student’s justification is incorrect.

Note: To solve this problem, it is not necessary to be given the actual limit the student was asked
to compute.

Solution

If direct substitution property gives “%” this only means that the limit cannot be computed by
direct substitution (since % is undefined); this does not necessarily mean that the limit does not
exist.

Additionally, we also know that there are many limits which arise in this manner that actually

do exist. For example, the limit lin% (%) gives “8” upon direct substitution of x = 0, but this
Tr—r
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‘ limit exists and is equal to 1.

3er — 7 r <0

C12. Determine whether lim f(z) exists, where f(z) = . .
70 4+sin(z) >0

Solution
We examine the one-sided limits at z = 0.

lim f(z)= lim 3¢*—-7)=3-7T=—4

r—0~ x—0~
1 =1l 4 i =440=14
lim f() = lim (4+sin(a)) =4+

Since the left- and right-limits are not equal, lim,_,o f(x) does not exist.

C13. A student is asked to calculate the following limit:

T CcosT
L =lim | ———
230 <sin(3$)>

Analyze their work below, which contains two distinct errors. Note: The correct answer is %, not 0.
x cos(x)
L= 1
ac—>0 <3$1n($) > )

9] (i e

=0 (4)

Identify the lines in which the two errors occur and describe each error.

Solution

Line (1) has an error: in general, sin(3z) # 3sin(x). (These quantities are equal for some but
not all values of z. In particular, sin(3x) # 3sin(x) for = close to 0 but not equal to 0.)

Line (3) has an error: hm cos( ) # 0. (By direct substitution property, this limit is 1.)

C14. Consider the function f(x) below, where g(z) is an unspecified function with domain [4, c0).

4 <0
— O<z<4
f@)=91"2
16 =1
glx) =>4
(a) Show that lim f(z)= f(4).
r—4-
(b) Suppose g(4) = 16. Is it necessarily true that linf}1 f(x) exists? Justify your response.
z—
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Solution
(a) Use the “second piece” of f to compute the limit.

—4 da(x — 4
lim <‘/f1> — lim (Wj)) — lim (dr)=4-4=16
r—4~ i r—4~ Xr — 4 r—4~

Since f(4) = 16, we have shown the desired statement.

(b) No. For instance, let g be the following function:

g(m):{m z =4

0 x>4

Then ¢(4) = 16, but lin}1 f(z) does not exist because lim f(z) = lim g(x) = 0, which is
r—

z—4t r—4t

not equal to lim f(z) = 16.
T4

The main issue here is that we really need the right limit, not the function value, of g at
x =4 to be equal to 16.

m C15. A student is asked to solve a certain limit and determines the limit does not exist. (This may or may

10p

C16. Consider the limit lim (
r—3

not be the correct answer.) They write the following for their justification:

“I used the direct substitution property to evaluate the limit. I obtained the expression
“%”, which is undefined. Therefore the limit does not exist.”
Is the student’s justification correct? Explain.

Note: To solve this problem, it is not necessary to be given the actual limit the student was asked
to compute.

Solution

If direct substitution property gives “%” this only means that the limit cannot be computed by

direct substitution (since % is undefined); this does not necessarily mean that the limit does not

exist.

Additionally, we also know that there are many limits which arise in this manner that actually

do exist. For example, the limit lirr%) (%) gives “8” upon direct substitution of x = 0, but this
r—r

limit exists and is equal to 1.

5z —c)(x +4)
Tz —3

(a) For what value(s) of ¢ does this limit exist? Explain.

>, where c¢ is an unspecified constant.

(b) Suppose the limit exists. What is its value? Show all work.

Solution
(a) Since direct substitution of x = 3 gives 0 in the denominator, the only hope we have of this
limit existing is if we get cancellation. That is, there must be a common factor in numerator
and denominator to cancel. (Alternatively, we must have a “8” form upon substitution of
x = 3.) This means that the numerator must be 0 if z = 3.

0=(-3—c)3+4)=(15—¢c)-T=c=15
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(b) If the limit exists, then we must have ¢ = 15, in which case we have:

. <(5x— 15)(:c+4)) . (5(x—3)(x+4)> it (5(z 4+ 4) 35

r—3 r—3 r—3 xr—3 r—3

C17. Suppose lir% f(z) = 4. Calculate lim < G > or show that the limit does not exist. If the limit is
xr—r

z—0 \ sin(5z)
“4oo” or “—o0”, write that as your answer, instead of “does not exist”.

Solution
We have

hm(xf(x)):hm(l. oL .f(x)>:é.1.4:4

2—0 \ sin(5x) 5 sin(5z)

C18. Consider the following limit, where a is an unspecified constant.

1 &
ey 3 4 22 — 62

(a) Find the value of a for which this limit exists.

(b) For this value of a, calculate the value of the limit.

Solution
(a) Direct substitution of z = —3 gives the undefined expression “9%‘“’. If the given limit
exists, then the only possibility is that this undefined expression is, in fact “8”. (If the

expression were ¢IoBzero”

9—a=0,and soa=09.
(b) With a =9, we have the following.

i, (e te) = (0 o)~ () =

C19. Consider the following function, where k is an unspecified constant.

, we would have a vertical asymptote at x = —3 instead.) Hence

e — Tn(z +5) =< —4

—4 cos(mz) —4<z<b
10 T=35

V2x —5+k S<

g(x) =

Note that g(—4) is undefined.

(a) Does lim4 g(x) exist? Choose the best answer below.
T——

x) exists and is equal to

(i) Yes, lim g
r——4

—_— o~

)
(ii) Yes, xlinilzl g(z) exists but we cannot determine its value with the given information.
(iii) No, xl_i)rr_14 g(x) does not exist because the corresponding one-sided limits are not equal.
(iv) No, xlir{l4 g(z) does not exist because g(—4) does not exist.

) )

(v) No, lim4 g(z) does not exist because the limit is infinite.
T——

(b) Calculate the following limits. Your answer may contain k.
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(i) lim g(x) (ii) lim g(x)

T—5— z—5t

(c) Is it possible to choose a value of k so that lin15 g(z) exists? If so, what is that value of k7
z—

Solution
(a) Choice (i). Note the following:

lim g(z) = lim (ze®™ —7ln(z +5))=-4-1-7-0=—4

T——4- T——4-
li = i —4 =—4. —4r) = —4
x_:ﬂ+g(x) x_g}ﬁ( cos(mx)) cos(—4)

The left- and right-limits at * = —4 are both equal to —4, hence lim4g(x) = —4. (Note
T——
that the function value g(—4), which is undefined, is irrelevant.)

(b) We have the following:
(i) lim g(x) = —4cos(bm) =4

x—5—
(i) lim g(z) = lim (V22 —b+k)=vV5+k
z—5t z—5t

(c) Yes. From part (b), we need 4 = v/5 + k, or k = 4 — /5. (Again, the function value g(5),
which is 10, is irrelevant.)

C20. For each part, mark “T” if the statement is true or mark “F” if the statement is false. You do not
have to explain your answers or show any work.

(a) If lim f(x) can be evaluated by direct substitution, then f is continuous at z = a.
T—a
(b) The value of lim f(x), if it exists, is found by calculating f(a).
Tr—a
(c) If f is not differentiable at = a, then f is also not continuous at = = a.

Solution
(a) True. This statement is equivalent to lim f(x) = f(a) which is the definition of continuity

T—a
(of f(z) at x = a).
(b) False. The limit lil)n f(z) = f(a) is independent of f(a). (Indeed, the latter need not

even exist for the limit to exist.)
(c) False. The function f(x) = |z| is not differentiable at x = 0 but continuous for all z.
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C21. For each part, use the graph of y = f(z).

=7}

S
Pl

A
Rutgers Exam (ver 544399) & 2021

(a) List the z-values where f is not continuous or determine that f is continuous for all .
(b

; List all vertical asymptotes of f.
(c) List all horizontal asymptotes of f.
)

)

(d) Calculate lirré f(z) or determine that the limit does not exist.
T—r

(e) At x =7, which of the one-sided limits of f exist?

Solution
(a) x=0,7,8 only
(b) x =0 only
(c) y =3 only
(@) lim f(z) = -1
)

(e) Both the left- and right-limits of f(x) at z = 7 exist.

C22. Consider the piecewise-defined function f(z) below; A and B are unspecified constants and g(z) is
an unspecified function with domain [94, co).

(Az? + 8 x <75
In(B)+6 x=75
x— 175
= ——— <<%
/(@) vr+6-9 g
19 z=94
Lg(z) x>94
(a) Find lim f(x) in terms of A and B.
=75~
(b) Find lim f(x) in terms of A and B.

)

) z—T75t

c¢) Find the exact values of A and B for which f is continuous at x = 75.
)

d) Suppose g(94) = 19. What does this imply about 11184 f(z)? Select the best answer.
T—

—~ o~

(i) wll)r& (x) exists.
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(ii) lim f(x) does not exist.
r—94

(iii) It gives no information about lim f(x).
r—94

Solution
(a) Tim f(z)= lim (Az? +8) = A-75% + 8 = 5625A + 8
T—> (0™

(b) We have the following:

(c

(d) Choice (iii). Note that lilgi f(z) = lim (
T—94—

r—75~

r—175 . r— 175 vr+6+9
lim f(z)= lim [———— | = lim .
T—T75+ z—=75+t \vV/r +6—9 2=t \Vr+6—-—9 Vr+6+9

~ lim <(x_75)(v$+6+9)>: lim (VZ 1 6+9)

z—75+ r+6—81 z—75+
=v81+9=18

) We need the left-limit, right-limit, and function value of f(x) at z = 75 all to be equal.
Thus we must have:
5625A +8 =18 =In(B) + 6
Thus A = % and B = e!?.
xz— 75
=94~ \vVr +6 -9

So for lim f(z) to exist, we require only that 19 = lim f(z)= lim g
2—94 z—94+ z—94+1

are given no information at all about this right-limit of ¢ since the function value g(94) is
irrelevant to its value.

) = 19 (use direct substitution).

(z). However, we

C23. Suppose lir% |f(z)| = 2. Which of the following statements must be true about lir% f(z)?
T— T—r

(i)
(i)
(ii)

lim f(z) does not exist.
z—6

li =2.

2

hHé f(x) exists and is equal to either 2 or —2, but there is not enough information to determine
T—r

which of these possibilities must be true.

(iv) There is not enough information about f(z) to determine whether lin% f(z) exists.
T—r
(v) lim f(z) = —2.
z—6
Solution

Choice (iv). Consider these two examples, both of which satisfy the hypothesis lin% |f(x)] = 2.
T—r

Thus it is not possible to determine whether lim6 f(x) exists.
x>

e f(x) =2. Then il_}r% f(z) exists and is equal to 2.

e f(z)=2for x <6 and f(x) =—2 for x > 2. Then il_r)% f(x) does not exist (the left- and

right-limits at = 6 are not equal).
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C24. Consider the following function, where & is an unspecified constant.

472 — kx
@) = o3

(a) Find the value of k for which lim4 f(z) exists.
T——

(b) For the value of k described in part (a), evaluate lim f(x).

r——4
Solution
(a) Direct substitution of x = —4 into f(x) gives the undefined expression “%”. If the
number 64 + 4k were non-zero, then we would conclude there is a vertical asymptote for f
at x = —4. However, since lim4f(x) exists, we must have 64 + 4k = 0, whence k = —16.
T——

(b) With k = —16, we have the following.
_ 422 4 162 _ dx(x 4+ 4) ) 4x
lim | ——— |=lm (—————F— )= lim | —— | =—4
-4 \ 22 4+ 122 + 32 a——4 \ (x + 8)(x + 4) r——4\x+8

C25. Suppose lim M = 8. Calculate lim f(;v) or show that the limit does not exist. If the
e—=0 \ T 2—0 \ sin(6x)

limit is “400” or “—o0”, write that as your answer, instead of “does not exist”.

Solution
We have the following:

iy (L)~ (5 1 ) S

C26. For each part, calculate the limit or show that it does not exist. If the limit is “+-00” or “—o0”, write
that as your answer, instead of “does not exist”.

(a) lim (x 3 > (c¢) lim —302 cse(3z)
=3\ 10 — vz + 97 2—0 \ cos(7x) sin(4x)
36 — 22 622 — 17
b) lim [ 5—F i r o
o (357 @ iy (=)

Solution
(a) Rationalize the denominator, cancel common factors, and use direct substitution.

lim< z—3 )_ m< z—3 _10+m>
a—3 \ 10 — /2 + 97 23\ 10 — vz + 97 10+ +/z + 97
((x—3)(10+m)>zlim ((:p—3)(10+m)>
100 — (= + 97) 73 —(z —3)
= lim (10 + v +97) = 10 + V100 = 20

= lim
r—3

Page 56 of



Math 135 §2.3 Midterm Exams

(b) Cancel common factors and use direct substitution.

2 2 _
lim 3? Sf — lim (6:1:(36 x )) — lim <6x(6 x)(6+x))
z—6 > "% z—6 6—x z—6 6—=x

= lim (62(6 + )) = 36(12) = 432

(c) Write in terms of sine and cosine, regroup terms, and use the special trigonometric limits.

Jimy (W) = (sinéx) ' sinila:) co;m)

| 3x 4z 1
= lim : :
2—0 \ sin(3z) sin(4z) 12cos(7x)
1 1
11— =—
12.1 12

(d) Direct substitution of z = 2 gives the undefined expression . Since this is a nonzero
number divided by zero, we know the one-sided limit is infinite, and so all we must do is
sign analysis to determine the sign of the infinity. As x — 2, the numerator approaches
10, so the numerator is positive. The denominator factors as (z — 2)(x + 2). The second
factor (z + 2) goes to 4 (and is thus positive) as x — 2. The first factor (z — 2) goes to 0
but remains negative as x — 27.

«10»
0

Putting this altogether, the expression inside the limit has a negative value (% =0) as

x — 27. So the desired limit is —oo.

C27. For each part, calculate the limit or show that it does not exist. If the limit is “+-00” or “—o0”, write
that as your answer, instead of “does not exist”.

(a) lim <6x+10 : > (b) lim (HW) (c) lim (M>

ss5\22-25 x5 26 6—x z—o0 \ 9e3% — 12

Solution
(a) Find a common denominator, factor, and then cancel common factors.

. 6x + 10 4 : 6x +10 —4(z +5)
lim — = lim =
z—5 \ 2 — 25 r—>5 T—5 x2 — 25

i (2 Y () - 5 -

(b) Rationalize the numerator, then cancel common factors.

hm<x—\/5az+6 x+\/5x+6)_lim< z? — (5z + 6) >_
6—x t4+Vbr+6/) 296\ (6—xz)(x+5r+6))

z—6
(x —6)(x+1) —(x+1) 7

:iL%((a—x)(Hm)) = (Mm) B
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(c) The dominant term of the denominator is €3*. So divide all terms by €** and take limits.

_ 5e2% — 3e® . [BeT—e 0-0
Iim { ——— ) = lim = =0
z—oo \ 937 — 12 z—oo \ 9 — 12¢73% 9-0

C28. For each part, calculate the limit or show that it does not exist. If the limit is “+oo0” or “—oco”, write

10p

p—
3] o
=lls

that as your answer, instead of “does not exist”.

. [ (z—2)2-36 _ 40 — 8z _ 4+x
wzer=R b) lim [ ———— lm ( —————
() ii%( z—8 ) lim \ V=57 -2 (© Jm \ =

Solution
(a) Expand the numerator. Then cancel common factors.

i (522 20) (220 (6296 0)

z—8 r—8 r—8 z—8 T —8

(b) Rationalize the denominator. Then cancel common factors.

lim< 40 — 8z )—hm( 40 — 8z .\/19—3m+2>
25\ /19— 32 —2/) 295\ /19— 32 —2 19 — 32 + 2

= lim <8(5_‘T) (\/W+2)> — lim (8(5—90) (\/WJJ))

T—5 19 -3z -4 T—5 3(5 — 33)
8 8 32
=lim (- (VI9—32+2) ) = -(Vi+2) ==
z—5 \ 3 3 3

(c) Direct substitution of z = 2 gives the undefined expression “3” (i.e., a nonzero number

divided by 0). Hence the one-sided limit is infinite. Observe that the denominator is
2> +x—6=(x+3)(x—2). Asz — 27, the factor (x + 3) is positive and the factor (z — 2)

is negative. Thus the entire fraction has the following sign as  — 27: —— = ©. Thus

DO

the limit is equal to —oo.

C29. Consider the function below, where a and b are unspecified constants.

sin(4z) sin(6x)

2 z <0
f(z)=<qax+b 0<zx<1
S5r+2 2x+5

— r>1

z—1 2 —x

(a) Calculate lim f(x).

z—0~

(b) Calculate lim f(z).
z—1t

(c) Find the values of a and b for which f is continuous for all x, or determine that no such values
exist. In your work, you must use limit-based methods to solve this problem. Solutions that
have work that is not based on limits will not receive full credit.
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Solution

(a) Rearrange the terms and use the special trigonometric limit giné (
_>

sin;ge)> .

lim f(z) = lim (Sin(@sm&sx)) = lim (Sin(m . sin(62) -4-6) =1-1-4-6=24

z—0~ z—0~ 2 rz—0~ 4x 6x

(b) Find a common denominator. Then cancel common factors.

2 2 242z 2
lim f(x) = lim <5£L‘+ B x+5>: lim <5x +2z :r—|—5>

z—1+ =1t \z—1 22-—2 a1t \ 22—z 22—z
2 _
~ i 5x% -5 ~ i 5(x—1)(x+1) ~ i 5(x+1) _ 5(1+1) 10
a1t \ 22— z—1+ xz(z —1) z—1+ x 1

(c) If f is to be continuous at = = 0, the left-limit, right-limit, and function value of f at x =0
must be equal.

lim f(x) =24

z—0—

li = li b) =10
i S = g e+ )

f(0) = (az + b)|,—g = b

Thus we must have b = 24. If f is to be continuous at = 1, the left-limit, right-limit, and
function value of f at x = 1 must be equal.

lim f(z) = lim (axz+b)=a+0b

Tz—1~ z—1—
I =10
RHEAY

F(0) = (az + b)),y =a+b

Thus we must have a + b = 10. Given b = 24, we find that a = —14.
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§2.4: Infinite Limits

D1. Consider the function f(z).
4—3e 2"
fl@)=

(a) Find all horizontal asymptotes of f(x).

(b) Find all vertical asymptotes of f(z). Then, at each vertical asymptote, calculate both one-sided
limits of f(z).

Solution
(a) We compute the limits of f at infinity, using L'Hospital’s Rule on the limit at —oo.

4—3e2 4-0 2

lim = —

z—00 6 — H2 6—-0 3

. 4—3e7% g 6e 2" 6 3
hm —_— = hm —_— = — = =

z——00 6 — H—2T z——o0 10e—27 10 5

Hence the horizontal asymptotes are y = % and y = %

(b) The function f is continuous on its domain. The only z-value not in the domain of f is

that z-value such that 6 — 5¢72* =0, or z = —% In (%) Hence the only candidate vertical
asymptote is the line z = —% In (g) (From now on, let a = —% In (g))

Ifz = a, then 4—3e~%* = 4—3(2) = 2 > 0. Now note that g(z) = 6—5e 2 is an increasing
function because ¢’(x) = 10e=2* > 0. Hence 6 — 5e 2% < 0 if x < a and 6 — 5e~2% > 0 if
x > a. Now we have

4—3e7 2 2/5

lim

z—a— 6— 52 - 0- e
i 4—3e72®  2/5 N
im ————— = — =4
z—at 6 — 52 0+
D2. Consider the function f and its derivatives below.
2 2
oz N —2x ne o 627 +2
f(x)_l‘zfl ’ f(x)_(l‘z*]_)Z ’ f(x)_(fEQ*l)S

(a) Find all horizontal asymptotes of f.

Find all vertical asymptotes of f. Then at each vertical asymptote you find, calculate the
corresponding one-sided limits of f.

(¢c) Find where f is decreasing and find where f is increasing. Then calculate all points of local
extrema, classifying each as either a local minimum, a local maximum, or neither.

—~
=

(d) Find where f is concave down and find where f is concave up. Then calculate all points of
inflection.

Solution

(a) Horizontal asymptotes are found by computing the limits of f at infinity.

: x? _ 1 1
lim = lim = =1
zotoo \ 22 — 1 z—Foo \ 1 — ?12 1-0
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Hence the only horizontal asymptote is the line y = 1.

(b) Since f is continuous on its domain, the only candidate vertical asymptotes are the lines
x = —1 and x = 1 (since there are the only z-values not in the domain of f). Direct
substitution of either x = —1 or = 1 into f(x) gives the expression “%”, which is
undefined but indicates that all of the corresponding one-sided limits at both x = —1 and
x = 1 are infinite. Hence x = —1 and = = 1 are vertical asymptotes. Now we may compute

the limits using sign analysis.

(c) We calculate a sign chart for the first derivative. The cut points are the solutions to
f'(z) =0 (z =0) and the vertical asymptotes (z = —1 and = = 1).

interval  test point sign of f/ shape of f

(—o0,—1)  f(-2) % =@ increasing
(—1,0) 1'(=0.5) g =@ increasing
(0,1) 1/(0.5) g =©O  decreasing
(1,00) 1(2) &= ©  decreasing
Hence we deduce the following about f:
f is decreasing on: [0,1), (1,00)
f is increasing on: (—o0,—1), (—1,0]

f has a local min at: none
f has alocal max at: =0

(d) We calculate a sign chart for the second derivative: The cut points are the solutions to
f"(x) = 0 (none) and the vertical asymptotes (x = —1 and = = 1).

interval  test point sign of f”  shape of f

(—o00,—=1)  f"(-2) L_@ concave up
(=1,1) f"(0)
(1,00) f"(2)

&  concave down

P concave up

PSP AD SRy

Hence we deduce the following about f:

f is concave down on:  (—1,1)
f is concave up on: (—o0,—1), (1, 00)
f has an infl. point at: none
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D3. Consider the function f and its derivatives below.

f(x):2x3+3x2—1 | f,(x):3—3x2 | f,,(x):6x2—12

For each part, write “NONE” as your answer if appropriate. Where applicable, give a comma-
separated list of intervals that are as inclusive as possible.

x3 0

(a) Find all horizontal asymptotes of f.

(b) Find all vertical asymptotes of f. Then at each vertical asymptote you find, calculate the
corresponding one-sided limits of f.

(¢) Find where f is decreasing and find where f is increasing. Then calculate the z-coordinates of
all points of local extrema.

(d) Find where f is concave down and find where f is concave up. Then calculate the z-coordinates
of all points of inflection.

Solution
(a) Horizontal asymptotes are found by computing the limit of f as x — £oc.

3 2
lim <W>: lim <2+3—1>:2+0—0:2
X

z—r+o00 x3 x—>Fo00 3

Hence the only horizontal asymptote is the line y = 2.

(b) Since f is continuous on its domain, the only candidate vertical asymptote is the line x = 0
(found by setting the denominator of f equal to 0). Direct substitution of z = 0 into f(z)
gives the expression %1, which indicates that the corresponding one-sided limits at * = 0
are infinite. Hence the line x = 0 is a true vertical asymptote. Now we may compute the
limits using sign analysis.

223 + 322 — 1 -1
lim (Wf): o

x—0— .Z‘?’ 07_ o

i 223 4+ 322 — 1 -1

m | ——— | = — = —0
r—0Tt 373 0+

(¢c) We calculate a sign chart for the first derivative. The cut points are the solutions to
f'(£) =0 (z = —1 and « = 1) and the vertical asymptotes (z = 0).

interval  test point sign of f’ shape of f

(—o0,—1)  f(-2) % = 0O  decreasing
(—1,0) 1(—0.5) g =@ increasing
(0,1) 1/(0.5) g =@ increasing
(1,00) (2 T = ©  decreasing
Hence we deduce the following about f:
f is decreasing on: (—o0, —1], [1,00)
f is increasing on: [—1,0), (0,1]

f has a local min at: x = —
f has a local max at: =
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(d) We calculate a sign chart for the second derivative. The cut points are the solutions to
f"(x) =0 (z = —v/2 and = = v/2) and the vertical asymptotes (z = 0).

interval test point sign of f”  shape of f

(—00,=v2)  f(-2)
(=v2,0)  f'(-1)
(0,v2) f()
(V2,00) f'2)

concave down

concave up

concave down

SSBIODIDDKD
I
SHONSHO)

concave up

Hence we deduce the following about f:

f is concave down on:  (—o0, —v/2], (0,/2]
f is concave up on: [—v/2,0), [V2,00)
f has an infl. point at: = = —v/2, z =2

D4. Consider the following function, where a and b are unspecified constants.

_m2+aa:+b
- xr—2

f(z)

Is the line z = 2 necessarily a vertical asymptote of f(x)? Explain your answer. Your answer may
contain either English, mathematical symbols, or both.

Solution

No. If 2 — 2 is also a factor of the numerator 22 + ax + b (i.e., if substitution of x = 2 into the

numerator gives 0), then the limit lir% f(z) would not be infinite, and so = 2 would not be a
T—r

vertical asymptote.

D5. Which of the following limits are equal to +00? Select all that apply.

x? +25 3 20— 2?
li li li
@ s (5I2) @ m_(553) @ Jm (5=T)
2+25 t—22 -5
(b) lim s (d) lim i ’
e—=5t \ O —x z—0- sin(x)
Solution
Direct substitution of each z-value gives % only for (a) - (d). A sign analysis of numerator

and denominator then shows that only (a) and (d) are equal to +o0o0. As for (e), we apply
L’Hospital’s Rule and find

. 20 —22\ g . 6x° — 2
lim = lim | —— | =
r—1t r—1 r—1t 1

Hence only (a) and (d) are correct choices.
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10p D6. Consider the function below.
23 + 222 — 132 4+ 10

xr) =
Show that = —1 is a vertical asymptote of f, but = 1 is not a vertical asymptote of f.
Solution
For x = —1, direct substitution gives the form “%”, i.e., a nonzero divided by 0. Hence both
one-sided limits of f at x = —1 are infinite, and so x = —1 is a vertical asymptote.

For x = 1, direct substitution gives the indeterminate form %, which may indicate a vertical
asymptote but not necessarily. So we use L’Hospital’s Rule.

<x3+2x213x+10> " <3x2+4x13> _6_

= 11m
562 —1 r—1 2x 2

lim f(z) = lim
z—1 z—1

Since this limit is not infinite, x = 1 is not a vertical asymptote.

D7. Determine which of the following limits are equal to —oo. Select all that apply.

) 22 —5x—6 i 22 —5x—6
&) (a:—G) (© Jim, (H)
(b) lim e -5r 6 (d) lim 2 -5r -6
r—6- \ 22 — 122 + 36 z=oo \ 2 — 122 + 36
Solution

Choice (b) only.
(a) Direct substitution gives 3, so use L’'Hospital’s Rule.
2 _ _ 2 —
lim (S0P ZO) H oy, (2220) g
T—6~ z—06 6~ 1

(b) Direct substitution gives 3, so use L’Hospital’s Rule.
: 2 —bx—6 \m . 20 -5 7
hm 5 a2~ oA = hm _— = — = —0
a—6- \ 22 — 12z + 36 z—6- \ 20 — 12 0~
(c) Factor out the highest power of numerator and denominator.
2 2 5 6 5 6
—b5x—6 1-2— > 1-2—3
lim <H> — lim <x$6x2> — lim <x1v6x?> —
T—00 x—06 z—o00 \ I 1—5 T—00 1_E

(d) Factor out the highest power of numerator and denominator.

5 6
o (=82 =6 ) o (log—gr) 1200,
z=co \ 2 — 122 + 36 300 1_1?24_32’ 1—-040

T
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()

10p| D8. Let h(z) = ——, where f and g are continuous and lim g(x) = 0. Is the following true or false?

g(,%') r—a
“The line z = a is necessarily a vertical asymptote of h(z).”
You must justify your answer. This means that if your answer is “true”, you should explain why the

above statement is always true. If your answer is “false”, you should give an example to show that
the above statement is sometimes false.

Solution

False. The issue here is that if lim f(x) = 0 also, then h may or may not have a vertical
T—ra

asymptote at z = a.

For an explicit example, let f(x) = g(x) = x. Then f and ¢ are continuous for all x and
lim g(z) = 0, but @ does not have a vertical asymptote at x = 0 since lim @ =1.
z—0 g(z) 20 g(z)

10p D9. Suppose that as = increases to 1, the values of f(x) get larger and larger, and the values stay positive.
Is the following true or false?

“Therefore, lim f(z)= 400.”
rz—1—
You must justify your answer. This means that if your answer is “true”, you should explain why the

above statement is always true. If your answer is “false”, you should give an example to show that
the above statement is sometimes false.

Solution
False. The issue here is that the phrase “larger and larger” does not imply “arbitarily large”,
which is the more accurate description of what it means for a limit to be infinite.

For an explicit example, let f(x) = x. Then the values of f(z) get larger and larger (i.e., increase)

as x increases to 1. But lim f(x) = 1.
z—1-

9z — 23
18 D10. Let ==\
et f() 22+x—6
(a) Calculate all vertical asymptotes of f. Justify your answer.
(b) Where is f discontinuous?

(c¢) For each point at which f is discontinuous, determine what value should be reassigned to f, if
possible, to guarantee that f will be continuous there.

Solution
(a) Putting the denominator to 0 gives 22 +x — 6 = 0, with solutions * = —3 or z = 2. Direct
substitution of x = 2 into f gives the (undefined) expression “%” (i.e., a non-zero number
divided by zero). Hence x = 2 is a vertical asymptote. However, for x = —3, we observe

the following.

. 9z — 23 . z(3—x)(3+x) , z(3 —x) 18
lim ([ — ] = lim = lm [ ———* ) =—
a—-3\224+x—6 a——3 \ (x —2)(z + 3) a—>—3\ x —2 5
Since this limit is not infinite, the line x = —3 is not a vertical asymptote. The only vertical
asymptote is x = 2.

(b) Since f is a ratio two continuous functions, f is discontinuous only where its denominator
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is 0. Hence f is discontinuous only at x = 2 and x = —3.

(¢) From our work in part (a), we know that = = 2 is a vertical asymptote. Thus it is impossible
to redefine f(2) to make f continuous at z = 2. (Why? The limit lir% f(z) does not exist.)
T—

z——3
f becomes continuous at x = —3.

18 18
However, for z = —3, we have lim f(z) = = Hence if we redefine f(—3) to be = then

3+ T T
D11. Let f(z) = ————. Calculate each of the following limits.

1—e*
li b) i li
(a) lim f(z) (b) lim f(z) (c) lim f(z)
Solution
(a) We recall that lim (%) = 0, whence lim (e**) = 0 also since ¢** = (e%)?. So we

T——00 T—r—00
immediately have:

3

T—r—00 T——00

2x .
lim f(z)= lim <3+7e ):3+7 0 _

1—e® 1-0

(b) We recall that lim (e%) = +oo, whence lim (e?®) = +oo also since €2® = (e*)2. This
r—+00 r—+00

00
would give the indeterminate form “——" in our limit, so we instead factor out the “highest
00

power” (or dominant term) as x — +oo of the numerator and denominator separately. For
the numerator, the dominant term is e?*. For the denominator, the dominant term is e®.
So now we have:

2z —2z —2z
lim f(z)= lim <e . 36”) — lim <eff . 36”)

T—+00 z—+oo \ e% e % —1 T—+00 e T —1

2r __

~2%) = 0 also since e** = (¢®)2. So

Now we recall that lim (e™®) = 0, whence lim (e
z—+00 T—+00

our limit is:

—2x —2x
lim (efv . 36”) = lim (%) lim <3e+7> = (400) - 0+7_ _

T—~400 T—~400 e T —1 0—-1

(c) Direct substitution of z = 0 into f(x) gives the (undefined) expression “1” which means
that both one-sided limits at = 0 are infinite. So we perform a sign analysis to determine
whether the limit is positive or negative infinity.

As x — 0~ the numerator (3+7¢%*) — 10, which is positive. For the denominator, however,
we note that e” is an increasing function for all . Hence 1 = ¢ > ¢% (or 1 — e% > 0) for
all x < 0. (We can deduce this from a simple graph of y = e*. Alternatively, a test point
shows that 1 —e” > 0 for all = sufficiently close to and less than 0.) Hence the denominator
is positive as z — 07. Putting this altogether gives the following:

2x 1
lim f(z)= lim <3+76) _ 10 = 400

z—0~ rz—0~ 1—e” a 0t
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D12. Consider the function f(z) = (az _xGZ(g +1)

(a) For which value(s) of a does f have a vertical asymptote? What is the equation of this vertical
asymptote?

, where a is an unspecified constant.

(b) For which value(s) of a does f have a horizontal asymptote? What is the equation of this
horizontal asymptote?

Solution

(a) The function f has a vertical asymptote if and only if a # 3. The vertical asymptote is
x = 2. Proof below.

The function f has a vertical asymptote at = 2 (where denominator is 0), as long as the
denominator is not also a factor of the numerator. (Recall that if this happens, then the
common factors would cancel and we would have a removable discontinuity, not a vertical
asymptote.) Hence the numerator of f must be nonzero if we substitute x = 2.

(2a—6)2+1)#0=a#3

So f has a vertical asymptote at x = 2 if and only if a # 3.

(b) The function f has a horizontal asymptote if and only if a = 0. The horizontal asymptote
is y = —6. Proof below.

If a # 0, we have the following:

lim f(z) = lim (.1'2'(65_2)(1“";)): lim (x)-wzztoo-a::too

z—+o0o z—+o00 z—=+00 1—0

(or the signs are reversed if @ < 0). So there is no horizontal asymptote if a # 0. Also
note that if a # 0, the numerator of f has degree 2 and the denominator of f has degree 1.
From precalculus, you may have learned that this implies f has no horizontal asymptote.

However, if a = 0, then we have

lim f(z)= lim <_6(”3+”):—6

z—+o0o r—+oo r — 2

So there is a horizontal asymptote at y = —6. (Note that in the case a = 0, the numerator
and denominator both have degree 1, whence there must be a horizontal asymptote.)

D13. For which value(s) of n, if any, is the following statement true: lim (2 — z)" = 4007 Explain your

T—2~
answer.

Solution
The statement is true if and only if n > 0.

If n > 0, then lim (2—z)" = 0 by direct substitution property. If n =0, then lim (2—2z)" =1

T2~ T—27
since (2 — )Y = 1 for any = # 2. If n < 0, then n = —m for some positive m. So we can

equivalently examine the limit:
1
lim ( ——
xiﬂ— <(2 — l‘)m>

If  — 27, then this means z is close to 2 and z < 2, whence (2 — 2)™ has limit 0 as x — 2~ but
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‘ remains positive. Hence the limit above is 4o00.

D14. Determine whether the following statement is true or false. Explain your answer in 1 or 2 sentences.
Your answer should contain English with few mathematical symbols.

“Suppose f and g are functions with ¢(3) = 1. Put H(x) = 7331 Then H must

g9(x) —
have a vertical asymptote at x = 3.”
Solution
False. Let f(z) = x — 3 and g(z) =  — 2. Then ¢(3) = 1 but H(z) = g{gg(f_)l = 2= does not

have a vertical asymptote at x = 3 since lir% H(z) =1 (i.e., the limit exists and is finite).
T—r
Other acceptable explanations:

e “Since the limit of f and g (and hence the limit of H) as © — 3 does not depend on the
function values f(3) and ¢(3), we cannot say for sure whether H has a vertical asymptote
at x = 3. There is not enough information.”

e “If f(3) = 0, then direct substitution of x = 3 into H gives the indeterminate form %,

which does not necessarily indicate a vertical asymptote. There may be some algebraic
cancellation that allows the limit 1in% H(x) to exist.”
T—

-3
D15. Let f(z) = m, where a is an unspecified, positive constant. For each part, calculate

“

the limit or show that it does not exist. If the limit is ‘“4-00” or “—oc0”, write that as your answer,
instead of “does not exist”.

(2) lim f(2) (b) lm f(z) (©) lim f(z) (@) lim f(z)
Solution

(a) Use direct substitution.
0+a)(0-3) 3a

1' = - - = —
@) = 02051 ~ 2
(b) Substitution of x = 2 gives “@”. Since a > 0, this expression is “298Z°°” which means

x = 2 is a vertical asymptote of f. So we must perform a sign analysis.

We have —(2 4 a) < 0, and so the numerator is negative as z — 2. For the denominator,
we note that since x — 27 (i.e., x < 2), we have x +1 > 0 and x — 2 < 0. Hence the entire

expression for f(z) is positive as x — 27. Hence lim f(z) = oo.
T—27

(c) As in part (c), we perform a sign analysis. However, since x — 2, we have z —2 > 0 now.

Hence lim f(z) = —oc.
T2~

(d) The limits in parts (b) and (c) are not equal, so liné f(x) does not exist.
z—
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D16. For each part, use the graph of y = f(x).

=7}

S
Pl

A
Rutgers Exam (ver 544399) & 2021

a
éb; List all vertical asymptotes of f.
(c) List all horizontal asymptotes of f.

)
)

(d) Calculate lin%; f(z) or determine that the limit does not exist.
T—

(e) At x =7, which of the one-sided limits of f exist?

List the x-values where f is not continuous or determine that f is continuous for all z.

Solution
(a) =0,7,8 only

8 + 6e”

(a) Evaluate wlirglo f(x). (b) Evaluate lim f(x).

T—r—00

(c) List all vertical asymp-

totes of f.
Solution
(a) Divide each term by e” and recall that lim e™* = 0.
T—00
oy (86N (846N 0462
xl)rgo et — 16 | xig)lo 9 — 76—z 9—-0 3
(b) Recall that lim e® =0.
T——00
I 8+6e”\ 8+0 8
e to0 \ 9e® — 7 0— 76 6
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(¢) The denominator vanishes if z = ln(%6), and the numerator does not vanish at this x-value.
Hence the only vertical asymptote of f is the line z = ln(%G).

D18. For each part, calculate the limit or show that it does not exist. If the limit is “+o00” or “—oc0”, write
that as your answer, instead of “does not exist”.

(v) iy (?ﬁi) @ gy (%7)

x 6 r—2~

Solution
(a) Rationalize the denominator, cancel common factors, and use direct substitution.

hm( x—3 )—lim( x—3 _10+\/x+97)
z—=3 \ 10 — vz + 97 z—=3\ 10 — v/x +97 10+ x + 97

= lim

z—3 z—3

<(x—3)(10+\/w+97)> — lim ((az—S)(10+\/aﬁ+97)>
100 — (z + 97) —(z —3)

= lim (10 + vz +97) = 10+ V100 = 20

(b) Cancel common factors and use direct substitution.

- <36—> iy () (100 )

z—6 % % r—6 6—=x z—6 6—x

= lim (62(6 + x)) = 36(12) = 432
T—

(¢) Write in terms of sine and cosine, regroup terms, and use the special trigonometric limits.

Jim <x2€s‘3(3x)> _ lim < v w1 )
2—0 \ cos(7x) sin(4x) z—0 \ sin(3x) sin(4x) cos(7x)
~ lim < 3¢ 4w 1 >
2—0 \ sin(3z) sin(4x) 12cos(7z)
1 1

=1-1-— = —
12-1 12

(d) Direct substitution of z = 2 gives the undefined expression “1—(?”. Since this is a nonzero

number divided by zero, we know the one-sided limit is infinite, and so all we must do is
sign analysis to determine the sign of the infinity. As x — 2, the numerator approaches
10, so the numerator is positive. The denominator factors as (x — 2)(x + 2). The second
factor (z + 2) goes to 4 (and is thus positive) as x — 2. The first factor (z — 2) goes to 0
but remains negative as x — 27.

Putting this altogether, the expression inside the limit has a negative value (% =) as

x — 27. So the desired limit is —oo.
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D19. For the function f below, find its domain and all vertical and horizontal asymptotes.

22— 8x 4 12

@) =3m 511

Solution
and = 2. The domain of f is (—o0, 2) U (3,2) U (2, 00).

2 2

For = = 2, however, we have the following:

Since this limit is finite, we conclude x = 2 is not a vertical asymptote of f.

For the horizontal asymptotes, we must compute the limits at infinity.
. 2?2 — 8z + 12 r 1—%4—% 1-040 1
im | ———— ] = lim = = -
z—+oo \ 322 — 8x + 4 x—=F00 3_%4_:;12 3-0+0 3

So the only horizontal asymptote of f is the line y = é

Since f is a rational function, its domain is all real numbers except where the denominator
vanishes. Observe that (32% —8z+4) = (32 —2)(z — 2), hence the denominator vanishes at z = %

Since f is continuous on its domain, vertical asymptotes can occur only at either z = § or z = 2.

Observe that direct substitution of z = 2 into f(z) gives an expression of “%”. Hence the
one-sided limits of f at x = § must each be infinite, and so x = 5 is a vertical asymptote of f.

i z? — 8z 4 12 i (@@ =6)\ (=6 _2-6_
52\ 322 -8z +4) o2 \(Bz—-2)(z—2)) +2\3z-2) 6-2

2

2

3
— 1
D20. Consider the function f(z) = 56235611
x? — 2z

(a) Find all horizontal asymptotes of f, if any.

(b) Find all vertical asymptotes of f. Then calculate lim f(z) and lim f(z), where z = a is the

T—a~ r—a™t
rightmost vertical asymptote of f.

Solution

numerator and denominator separately.

These limits are not finite. Thus f has no horizontal asymptote.

0
asymptote for f.

(a) We compute the limits of f at infinity. To this end, we factor the highest powers of
3 13 4 1 -3+ 4 1-0+0
m (Tl TEr T oy R R . 0 _
xgrinoo<x2 1—24—% _xggloo t 1—2—|—i —(:l:OO) 1_0+O—:|:OO

(b) Since f is a rational function, vertical asymptotes can occur only where the denominator
is 0. The only solution to 22 — 2z +1 = (v — 1)? = 0 is z = 1. Substitution of z = 1
into f gives the undefined expression “=t = %”, whence x = 1 is, indeed, a vertical
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Now we compute the left- and right-limits using sign analysis.

i 2 —3r+1\ -1
m (——— —0—+——oo

z—1~ (:L' — 1)2
i e D W
e \@—12 ) or %

(For this function, the analysis was simplified since the denominator is the perfect square
(r — 1)? and thus never negative.)

D21. For each part, mark “T” if the statement is true or mark “F” if the statement is false. You do not
have to explain your answers or show any work.

(a) If lim f(z) and lim g(z) both exist, then lim (f(x)g(x)) exists.

r—1

(b) If £(9) is undefined, then linf}9 f(z) does not exist.
z—
(c) If lilr?Jr f(z) =10 and lir% f(z) exists, then lim1 f(z) = 10.
r— r—r r—r
(d) A function is continuous for all z if its domain is (—o0, 00).
(e) If f(x) is continuous at x = 3, then lim f(z) = limél+ f(z).
T—r

r—3~

() I If lim f(x) exists, then f is continuous at z = 2.
T—r
T—5~

r—5t

(h) A function can have two different horizontal asymptotes.

Solution

(a) True. This follows by the product law for limits.

(b) False. Let f(z) = 0 for all z except x =9, with f(9) undefined. Then il_)I% f(z) =0. (The
value f(a) is completely independent of the limit i}g}l f(z).)

(¢) True. If a two-sided limit exists, then it must be equal to the corresponding left- and
right-limits.

(d) False. Let f(x) =0 for all x except x = 2, with f(2) = 1. Then f has domain (—o0, c0)
but is discontinuous at z = 2.

(e) True. If f is continuous at x = 3, then, in particular, ig% f(x) exists, which then implies
the corresponding left- and right-limits at = 3 are equal.

(f) False. Let f be the function in part (d). Then i1_>m2 f(z) = 0 but f is not continuous at
T =2.

(g) False. Let f(z) = —ﬁ. Then lim f(z)= xlgéa f(z) = —o0.

T—5~
(h) True. Let f(x) =0 for z < 0 and let f(z) = 1 for x > 0. Then f has two horizontal
asymptotes: x =0 and = = 1.
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3 — 362
3 — 1222 + 362"
In your work, you must use limit-based methods to solve this problem. Solutions that have work that
s not based on limits will not receive full credit.

D22. Find all vertical asymptotes of the function f(z) =

Solution
Since f(x) is a rational function, VA’s can occur only where the denominator of f(z) vanishes.

23— 1222 4362 =0 = x(2? — 122+ 36) = z(x — 6)2 = 0

Thus f(z) can have a VA at = = 0 or = = 6 only.

For = = 0, we note the following;:

3 _ _
lim f(x) = lim v 36z = lim 2z~ 6)(z +6) — Jim (2 6y _0+6_ -1
2—0 a—0 \ 23 — 1222 + 362 a0 x(z —6)2 ato0 \ x — 6 0—-6

Since this limit is finite, we find that the line x = 0 is not a VA for f(x).

For = = 6, we note the following;:

lim f(z) = lim <x + 6)

z—6 z—=6 \x — 6

At this point, direct substitution of x = 6 gives the expression “%2” (i.e., a nonzero number

divided by 0). This immediately implies that each corresponding one-sided limit is infinite. Thus
the line z = 6 is a VA for f(x).
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§2.5: Limits at Infinity

E1. Consider the function f(x).
4—3e 2"
fl@)=

(a) Find all horizontal asymptotes of f(x).

(b) Find all vertical asymptotes of f(z). Then, at each vertical asymptote, calculate both one-sided
limits of f(z).

Solution
(a) We compute the limits of f at infinity, using L'Hospital’s Rule on the limit at —oo.

4—3e2 4-0 2

lim = —

z—00 6 — H2 6—-0 3

. 4—3e7% g 6e 2" 6 3
hm —_— = hm —_— = — = =

z——00 6 — H—2T z——o0 10e—27 10 5

Hence the horizontal asymptotes are y = % and y = %

(b) The function f is continuous on its domain. The only z-value not in the domain of f is

that z-value such that 6 — 5¢72* =0, or z = —% In (%) Hence the only candidate vertical
asymptote is the line z = —% In (g) (From now on, let a = —% In (g))

Ifz = a, then 4—3e~%* = 4—3(2) = 2 > 0. Now note that g(z) = 6—5e 2 is an increasing
function because ¢’(x) = 10e=2* > 0. Hence 6 — 5e 2% < 0 if x < a and 6 — 5e~2% > 0 if
x > a. Now we have

4—3e7 2 2/5

lim

z—a— 6— 52 - 0- e
i 4—3e72®  2/5 N
im ————— = — =4
z—at 6 — 52 0+
E2. Consider the function f and its derivatives below.
2 2
oz N —2x ne o 627 +2
f(x)_l‘zfl ’ f(x)_(l‘z*]_)Z ’ f(x)_(fEQ*l)S

(a) Find all horizontal asymptotes of f.

Find all vertical asymptotes of f. Then at each vertical asymptote you find, calculate the
corresponding one-sided limits of f.

(¢c) Find where f is decreasing and find where f is increasing. Then calculate all points of local
extrema, classifying each as either a local minimum, a local maximum, or neither.

—~
=

(d) Find where f is concave down and find where f is concave up. Then calculate all points of
inflection.

Solution

(a) Horizontal asymptotes are found by computing the limits of f at infinity.

: x? _ 1 1
lim = lim = =1
zotoo \ 22 — 1 z—Foo \ 1 — ?12 1-0
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Hence the only horizontal asymptote is the line y = 1.

(b) Since f is continuous on its domain, the only candidate vertical asymptotes are the lines
x = —1 and x = 1 (since there are the only z-values not in the domain of f). Direct
substitution of either x = —1 or = 1 into f(x) gives the expression “%”, which is
undefined but indicates that all of the corresponding one-sided limits at both x = —1 and
x = 1 are infinite. Hence x = —1 and = = 1 are vertical asymptotes. Now we may compute

the limits using sign analysis.

(c) We calculate a sign chart for the first derivative. The cut points are the solutions to
f'(z) =0 (z =0) and the vertical asymptotes (z = —1 and = = 1).

interval  test point sign of f/ shape of f

(—o0,—1)  f(-2) % =@ increasing
(—1,0) 1'(=0.5) g =@ increasing
(0,1) 1/(0.5) g =©O  decreasing
(1,00) 1(2) &= ©  decreasing
Hence we deduce the following about f:
f is decreasing on: [0,1), (1,00)
f is increasing on: (—o0,—1), (—1,0]

f has a local min at: none
f has alocal max at: =0

(d) We calculate a sign chart for the second derivative: The cut points are the solutions to
f"(x) = 0 (none) and the vertical asymptotes (x = —1 and = = 1).

interval  test point sign of f”  shape of f

(—o00,—=1)  f"(-2) L_@ concave up
(=1,1) f"(0)
(1,00) f"(2)

&  concave down

P concave up

PSP AD SRy

Hence we deduce the following about f:

f is concave down on:  (—1,1)
f is concave up on: (—o0,—1), (1, 00)
f has an infl. point at: none
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E3. Consider the function f and its derivatives below.

f(x):2x3+3x2—1 | f,(x):3—3x2 | f,,(x):6x2—12

For each part, write “NONE” as your answer if appropriate. Where applicable, give a comma-
separated list of intervals that are as inclusive as possible.

x3 0

(a) Find all horizontal asymptotes of f.

(b) Find all vertical asymptotes of f. Then at each vertical asymptote you find, calculate the
corresponding one-sided limits of f.

(¢) Find where f is decreasing and find where f is increasing. Then calculate the z-coordinates of
all points of local extrema.

(d) Find where f is concave down and find where f is concave up. Then calculate the z-coordinates
of all points of inflection.

Solution
(a) Horizontal asymptotes are found by computing the limit of f as x — £oc.

3 2
lim <W>: lim <2+3—1>:2+0—0:2
X

z—r+o00 x3 x—>Fo00 3

Hence the only horizontal asymptote is the line y = 2.

(b) Since f is continuous on its domain, the only candidate vertical asymptote is the line x = 0
(found by setting the denominator of f equal to 0). Direct substitution of z = 0 into f(z)
gives the expression %1, which indicates that the corresponding one-sided limits at * = 0
are infinite. Hence the line x = 0 is a true vertical asymptote. Now we may compute the
limits using sign analysis.

223 + 322 — 1 -1
lim (Wf): o

x—0— .Z‘?’ 07_ o

i 223 4+ 322 — 1 -1

m | ——— | = — = —0
r—0Tt 373 0+

(¢c) We calculate a sign chart for the first derivative. The cut points are the solutions to
f'(£) =0 (z = —1 and « = 1) and the vertical asymptotes (z = 0).

interval  test point sign of f’ shape of f

(—o0,—1)  f(-2) % = 0O  decreasing
(—1,0) 1(—0.5) g =@ increasing
(0,1) 1/(0.5) g =@ increasing
(1,00) (2 T = ©  decreasing
Hence we deduce the following about f:
f is decreasing on: (—o0, —1], [1,00)
f is increasing on: [—1,0), (0,1]

f has a local min at: x = —
f has a local max at: =
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(d) We calculate a sign chart for the second derivative. The cut points are the solutions to
f"(x) =0 (z = —v/2 and = = v/2) and the vertical asymptotes (z = 0).

interval test point sign of f”  shape of f

(—00,=v2)  f(-2)
(=v2,0)  f'(-1)
(0,v2) f()
(V2,00) f'2)

concave down

concave up

concave down

SSBIODIDDKD
I
SHONSHO)

concave up

Hence we deduce the following about f:

f is concave down on:  (—o0, —v/2], (0,/2]
f is concave up on: —/2,0), [v/2,00)
f has an infl. point at: = = —v/2, z = /2

EA4. Find the equation of each horizontal asymptote, if any, of f(z) =

473 — 322
2349 +1°

Solution
We must compute the limit of f as x — +oo. If & # 0, we have

4 —
2+ %

+ |8l

1
23

So as x — +o00, each reciprocal power of z has limit 0. So both limits at infinity are 3= 2.

Hence the equation of the (only) horizontal asymptote is y = 2.

E5. The parts of this problem are related!

x
Show that li =1.
(a) Show that lim (x—3>

T—r00

(b) Calculate the following limit or show it does not exist.

. r \"
lim ( )
z—=oo \ . — 3

Hint: First use part (a) to identify the appropriate indeterminate form.

Solution
(a) We have the following.

(b) The result of part (a) implies that as © — oo, our limit has the indeterminate form 1°°.
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Let L be the desired limit. Then we have the following.

= s (20) ] = o (225 )] = [
T—00 €xr — T—00 x€r — r—00 =

As x — oo, we now have the indeterminate form %, so we may use L’Hospital’s Rule.

. 28 frB1oel - ;
In(L) = lim — = xlgrolo <w — 3) = xli)rrolo (_3> =3

T—00 —
JIQ

We have found that In(L) = 3, whence L = €.

10p E6. Find all horizontal asymptotes of
122+ 5

R T By

or determine that there are no horizontal asymptotes.

Solution
First we do some algebra before computing the relevant limits.

122 +5 x 12+ 3 x 12+ 2

ViG? o +1 Va2 flgp i il figq 1y g

For the limit 2 — oo, we have || = x, whence g—' = 1. For the limit x — —oc0, we have |z| = —z,
whence Lﬁ—' = —1. So now we have the following.
12+ 2 12+0
lim f(z)=lim [ —E— | = ——————= =
1243 12+0

1‘ = 1‘ _—_— [ R —

Hence the horizontal asymptotes of f are y =3 and y = —3.

E7. Suppose the function f has domain (—o00,00). Give a brief explanation of how you would find all
horizontal asymptotes of f. Note that for this problem, f is unspecified; you should not assume it
has any particular form. Your answer may contain either English, mathematical symbols, or both.

Solution
Compute the limit of f as x — oo and the limit of f as x — —oo. If either (or both) of these
limits is finite and, say, equal to L, then the line y = L is a horizontal asymptote of f. (Note

that f can have zero, one, or two horizontal asymptotes.)

—-3)(2 1
12p ES8. Let f(x) = (z=3)(2z+1) Calculate all horizontal asymptotes of f.

~ (bx +2)(3z — 10)°
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Solution

We must calculate the limits of f at infinity. First we assume x # 0 and factor out the highest
power of numerator and denominator separately to prepare the calculation of those limits. In
particular, we factor out x from each term.

(z-3)@r+1) _o® (1-5)C+3) _ (1-3)(2+3)

Grr@E-10 @ G+H)(-9)  (+2)6-9)

8

Now we note that lim,_, (%) = limy 400 (%) = 0. Hence we have

i )= (QZDEEDY _a-0eo 2
poto ) T St \ (54 2) (3-1Y ) T 5+0)3-0) 15

2
Hence f has a single horizontal asymptote: y = —.

15
3+ Tex o
24p| E9. Let f(x) = T Calculate each of the following limits.
—e
li li li
(a) lim f(z) (b) lim f(z) (c) lim f(z)
Solution
(a) We recall that li)r_n (e”) = 0, whence EIEI (e**) = 0 also since e** = (e®)2. So we

immediately have:

T—r—00 T—r—00

3+ Te2 34+7-0
lim f(z)= lim <1+_:I>: 1—’—_0 =3

(b) We recall that EI}: (e*) = +o0, whence ll}I_il_l (e**) = 400 also since e?* = (¢®)2. This

would give the indeterminate form “——" in our limit, so we instead factor out the “highest

power” (or dominant term) as x — 400 of the numerator and denominator separately. For
the numerator, the dominant term is e?*. For the denominator, the dominant term is e®.
So now we have:

2x —2x —2x
lim f(z) = lim (e . 36”) = lim <ew : 36_x+17>
ot _

T—+00 z—+o00 \ €% e T —1 T—+00

2r __

~27) = 0 also since e** = (%)%, So

Now we recall that lim (e™*) = 0, whence lim (e
T—+00 T—+00

our limit is:

—2z —2x

=400 e r —1 T—r400 z—4o0 \ e —1 0-1
(c) Direct substitution of = 0 into f(z) gives the (undefined) expression “4”, which means
that both one-sided limits at = 0 are infinite. So we perform a sign analysis to determine
whether the limit is positive or negative infinity.

As z — 0~ the numerator (3+7¢%*) — 10, which is positive. For the denominator, however,
we note that e is an increasing function for all . Hence 1 = ¢ > e% (or 1 — e% > 0) for
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all z < 0. (We can deduce this from a simple graph of y = e”. Alternatively, a test point
shows that 1 —e® > 0 for all  sufficiently close to and less than 0.) Hence the denominator
is positive as x — 07. Putting this altogether gives the following:

:—|—OO

lim f(z)= lim (

z—0~ z—0~

34+7¢*\ 10
1—er ) OF

V3x2+z+10

16p| E10. Calculate all horizontal asymptotes of the function h(x) = 7 F
— bz

Solution
For x # 0, we have the following algebra:

1 10 1 10
VB2 fr+10 Va3t otm a3t tae
2—-5z z(2-5) =@ 25

We have used the identity Va2 = |z|. To compute the horizontal asymptotes, we compute the
limits of h at infinity. For x — oo, we may assume that > 0, and so |z| = x.

/ 1, 10 1, 10

lim h(z) = lim 5 = lim 5
T—00 —00 T 5—5 r—o0 \ T E_5
1, 10
o [VETETEE) _VBFO0F0_ VB
200 2_5 - 0-5 5
For x — —o0, we may assume that x < 0, and so |z| = —z.
|z| \/3"'%""317(2) e \Btata
lim h(z) = lim | — ———| = lim | — +—F——
T—00 T—00 xT 5_5 T—00 T E_5
1, 10
o [_VETETE) B F040 V3
R 2_5 N 0—5 5

V3

Hence the two horizontal asymptotes are y = —% (as x — oo) and y = ? (as x — —00).

10p| E11. Suppose the line y = 3 is a horizontal asymptote for f. Which of the following statements MUST be
true? Select all that apply.

(a) f(x)# 3 for all z in the domain of f (d) li_)m f(x)=3

(b) f(3) is undefined

(c) lim f(z) = o0 (e) none of the above
z—3

Solution

Choice (e) only.

For choices (a), (b), and (c), consider f(x) = 3 (constant function). Then f has a horizontal
asymptote at y = 3, but none of (a), (b), and (c) is true.
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For choice (d), consider f(z) = e* 4+ 3. Then f has a horizontal asymptote at y = 3 because

lim f(z) = 3, but choice (d) is false since lim f(x) = oo.
Tr—r—00 T—00

Hence choice (e) must be correct.

12p| E12. Use the graph of f below to answer the following questions. Dashed lines indicate the location of
asymptotes.

Calculate lim f(z).
T—00
Calculate lim f(z).
T——00
List the values of x where f is not continuous.
List the values of x where f is not differentiable.

What is the sign of f/(—1)7 (choices: positive, negative, zero, does not exist)

What is the sign of f/(0.5)7 (choices: positive, negative, zero, does not exist)

Solution
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E13. For each part, use the graph of y = f(z).

=7}

S
Pl

A
Rutgers Exam (ver 544399) & 2021

(a) List the z-values where f is not continuous or determine that f is continuous for all x.
(b) List all vertical asymptotes of f.
(c) List all horizontal asymptotes of f.
(d) Calculate lin%; f(z) or determine that the limit does not exist.
T—

(e) At x =7, which of the one-sided limits of f exist?
Solution

(a) =0,7,8 only

(b) = =0 only

(c) y =3 only

(d) lim f(z) = -1

(e) Both the left- and right-limits of f(x) at z = 7 exist.

8 + 6e*
E14. Let =—.
(a) Evaluate lim f(x). (b) Evaluate lim f(x). (c) List all vertical asymp-
T—00 T—r—00
totes of f.

Solution

(a) Divide each term by e” and recall that lim e™* = 0.

T—00
lim 8+ 6e” | lim 8e"+6\ _ 0+6 2
zo0 \ 9e% — 70 ) 2500 \ 9 — b7 9-0 3
(b) Recall that EI_II e’ =0.
o (BF6e\ 840 8
z=—00 \ 9% — 76 0—mb 76
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(¢) The denominator vanishes if z = ln(%6), and the numerator does not vanish at this x-value.

Hence the only vertical asymptote of f is the line z = ln(%G).

E15. Find all horizontal asymptotes of the function g(z)

2t 15
- Hedr 4 8°

Solution
To find the horizontal asymptotes, we must compute the limits at infinity. For the limit at —oo,
recall that lim e® = 0. Thus we have:
T——00
. 2e* — 15 0—15 15
lim (———— ) = =——
z——o00 \ 5ed3” + 8 048 8

For the limit at 400, recall that lirf e”* = 0. Divide each term by €3? and use this special
Tr—r+00

limit to obtain the following:

) 2¢* — 15 . 2e72% _ 15¢737 0-0
lim —— | = lim = =0
e—too \ bed +8 ) wotoo \ 54 8e7 5+0

Hence the horizontal asymptotes of g are the lines y =0 and y = —18—5.

E16. For the function f below, find its domain and all vertical and horizontal asymptotes.

22— 8x + 12

@) =3m 811

Solution

Since f is a rational function, its domain is all real numbers except where the denominator
vanishes. Observe that (322 —8z+4) = (3z —2)(z — 2), hence the denominator vanishes at z = 2

and z = 2. The domain of f is (—o0, 2) U (2,2) U (2, 00).

Since f is continuous on its domain, vertical asymptotes can occur only at either z = % orr =2.

Observe that direct substitution of z = % into f(z) gives an expression of “%”. Hence the

one-sided limits of f at x = % must each be infinite, and so x = % is a vertical asymptote of f.

For x = 2, however, we have the following;:

. [2? =8z +12 _ (x —2)(z — 6) . r—6 26
lim ( —5—— ] = lim = lim = =-1
a—2 \ 322 — 8z + 4 z—=2 \ 3z — 2)(x — 2) z—2 \ 3z — 2 6—2

Since this limit is finite, we conclude x = 2 is not a vertical asymptote of f.

For the horizontal asymptotes, we must compute the limits at infinity.

. 2 — 8x + 12 . 1—%4—% 1-04+0 1
hm - S — = ]_11]_’1 g 1 = = —
z—too \ 322 —8x + 4 T—Foo 3_54_* 3—04+0 3

So the only horizontal asymptote of f is the line y = %
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-3z 41
13p| E17. Consider the function f(x) = %
x? — 2x

(a) Find all horizontal asymptotes of f, if any.
(b) Find all vertical asymptotes of f. Then calculate lim f(z) and lirn+ f(x), where z = a is the

T—a— r—a
rightmost vertical asymptote of f.

Solution

(a) We compute the limits of f at infinity. To this end, we factor the highest powers of
numerator and denominator separately.

3 1 3 1
i (T Tar ) g (e e ) 1200
zotoo \ 22 1-24 & p—00 1-24+ 4% 1-0+40
These limits are not finite. Thus f has no horizontal asymptote.

(b) Since f is a rational function, vertical asymptotes can occur only where the denominator
is 0. The only solution to 22 — 2z +1 = (z — 1)> = 0 is z = 1. Substitution of z = 1
into f gives the undefined expression “ = %”, whence z = 1 is, indeed, a vertical

asymptote for f.

Now we compute the left- and right-limits using sign analysis.

. <x3—3x+1> -1
hm —_— = — = —X

r—1— (CL‘ — 1)2 O+

i 3 —3x+1 -1

m | —F——5— | = —F/ =—X
r—1+t (33 — 1)2 0t

(For this function, the analysis was simplified since the denominator is the perfect square
(x — 1)? and thus never negative.)

24p| E18. For each part, mark “T” if the statement is true or mark “F” if the statement is false. You do not
have to explain your answers or show any work.

(a) If lim f(z) and lim g(z) both exist, then lim (f(x)g(x)) exists.

r—1

(b) If f£(9) is undefined, then lir% f(x) does not exist.
x>
(c) If hI{lJr f(z) =10 and lim1 f(z) exists, then lin% f(z) = 10.
T— T— T—r
(d) A function is continuous for all z if its domain is (—o0, 00).
(e) If f(x) is continuous at x = 3, then lim f(z) = hm+ f(zx).
z—3

=3~

(f) I I It lime (x) exists, then f is continuous at x = 2.
T

(2) I P If lim5 f(x) = —o0, then lim f(x) = +o0.
z—5~

r—5t

(h) A function can have two different horizontal asymptotes.
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Solution

(a) True. This follows by the product law for limits.

(b) False. Let f(z) = 0 for all z except x =9, with f(9) undefined. Then ig% f(z) =0. (The
value f(a) is completely independent of the limit i}g}l f(x).)

(¢) True. If a two-sided limit exists, then it must be equal to the corresponding left- and
right-limits.

(d) False. Let f(z) =0 for all z except x = 2, with f(2) = 1. Then f has domain (—o0, c0)
but is discontinuous at z = 2.

(e) True. If f is continuous at z = 3, then, in particular, iliré f(x) exists, which then implies
the corresponding left- and right-limits at x = 3 are equal.

(f) False. Let f be the function in part (d). Then il_% f(x) =0 but f is not continuous at
T =2.

(g) False. Let f(x) = Then lim f(x) = lilrgl+ f(x) = —o0.

(x5) I B

(h) True. Let f(z) = 0 for + < 0 and let f(z) = 1 for z > 0. Then f has two horizontal
asymptotes: x =0 and = = 1.

6z + 5

422 -9
In your work, you must use limit-based methods to solve this problem. Solutions that have work that
18 not based on limits will not receive full credit.

15p| E19. Find all horizontal asymptotes of the function h(z) =

Solution
We must compute the limits at infinity. First we complete some algebraic manipulations by first
factoring out the largest powers of z in numerator and denominator of h(zx), separately. Note

that Va2 = |z|.

6z +5 z (64 2) 6+5
\/W\/szWF m

Now we compute the necessary limits. Note that as z — oo, we have |z| = x, and so z/|z| =

xz/x=1.
6+ 2 6+ 2 6+0 6
lim f(z)= lim Lo 0T ) o fm |12 | =1 + 2523
T—+00 T—+00 ’:L'| /4_'_122 T—r+00 /4_'_2%2 v44+0
Now note that as  — —oo, we have |z| = —z, and so z/|z| = z/(—x) = —1.
6+ 2 6+ 52 6+0 6
lim f@)= lim [ 2 —e ) = g (o1 | = 2D 0 3

T——00 T——00 ‘:L‘| 4+% T——00 4+% V440 2
V x \ x

Thus the HA’s of h(z) are the lines y = 3 and y = —3.

Page 85 of



10p

10p

Math 135 §2.6 Midterm Exams

§2.6: Continuity

F1. Find the values of the constants a and b so that the following function is continuous for all . If this

is not possible, explain why.
ar+b x<1
flz)=<¢ -2 r=1
3Vr+b x>1

In your work, you must use limit-based methods to solve this problem. Solutions that have work that
s not based on limits will not receive full credit.

Solution

The first two “pieces” of f(x) are continuous for all z regardless of the values of a and b since
polynomials are continuous for all . The “piece” 3/ + b is continuous regardless of the value
of b as long as « > 0. Hence each piece is continuous on each of its “pieces” separately on the
respective intervals. We need only force continuity at = 1 to guarantee f is continuous for all
z. Hence we must choose a and b such that

lim f(z) = lm f(z) = £(1)

r—1—
lim (az +b) = (3Vz +b)=-2
a+b=3+b=-2

lim
z—1— z—1+

Hence a = 3 and b = —5.

F2. The graph of a function f(x) is shown below.

a) State where f(z) is not continuous in the interval (-5, 5).

(a) )
(b) State where f(x) is not differentiable in the interval (—5,5).
(c) State where f'(x) =0 in the interval (—5,5).

)

(d) State where f’(x) < 0 in the interval (—5,5).

—~ o~

Solution
(a) x=-3,x=-1
(b) x=-3,z=-1,z=3

Recall that continuity is necessary for differentiability. So any points of discontinuity are
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also points of non-differentiability. At x = 3, the graph exhibits a sharp corner, which
means the function is not differentiable there.

(c) all z-values in the interval (—3,—1) or = 1.

Recall that if f'(a) = 0, then the graph of y = f(x) has a horizontal tangent line at x = a.
That is, the slope of the graph of f(z) is 0.

(d) on each of the intervals (=5, —3), (—1,1), and (3,5)

F3. Each part of this question refers to the function f(x) below, where a and b are unspecified constants.

sin(ax) <0
x

T
2¢ + 3 0<x<1

f(z) =
b r=1
2 —1
1
1 <x

In your work, you must use limit-based methods to solve this problem. Solutions that have work that
is not based on limits will not receive full credit.

(a) Find the value of a so that f is continuous at x = 0. If this is not possible, explain why.

(b) Find the value of b so that f is continuous at = = 1. If this is not possible, explain why.

Solution
(a) We require that the left-limit, right-limit, and function value all be equal at x = 0. We
have the following.

lim f(z)= lim (Sin(am)> — lim <a- Sin(ax)) —a-l=a

rz—0~ z—0~ T z—0~ axr

lim f(z)= lim (22+3)=3

z—0t z—0t

f0) = (224 3)[,—0 =3

So we must have that a = 3.

(b) We require that the left-limit, right-limit, and function value all be equal at x = 1. We
have the following.

lim f(z) = lim (22+3)=5
=1~

r—1—
. . z? -1 . (z -1z +1) :
f(0)=20

So we must have that 5 = 2 = b, which is impossible.

(1t is impossible to find such a value of b because lim1 f(z) does not exist.)
T—r
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14p F4. Find the values of the constants a and b so that the following function is continuous at x = 0. If this
is not possible, explain why.

(4 — /16 + 4922
. <0
ax
flz) =4 o3 z=0
tan(2b
an(x x) 250

In your work, you must use limit-based methods to solve this problem. Solutions that have work that
s not based on limits will not receive full credit.

Solution

We require that the left-limit, right-limit, and function value all be equal to z = 0. We have the
following.

lim f(z)= lim

z—0~ rz—0~

4—+16+4922\ i ( 16 — (16 + 4922) )
ax? =0~ \ ax?(4 + V16 + 4922)
—49 —49 49

lim f(z) = lim (tan(?lm)) . (sin(sz) % >
z—0t+

z—0+ z—0+ x 2z  cos(2bx)

= (g SN (2 Y g2y
a—0+t  2bx z—0+ cos(2bx) 1

f(0)=—23
Hence we must have that 19
—— =-23=2b
8a
and so the constants a and b are:
49 23
“Te 0 7T T

F5. Find the value of k that makes f(x) continuous at x = 1. If no such value of k exists, write “does
not exist”.

_ Jkcos(rz) —32? x<1
J@) = {861 — kln(x) x>1

Solution

We require that the left-limit, right-limit, and function value at x = 1 be equal to ensure conti-
nuity at z = 1.

lim f(z) = lim (kcos(rz)—32%) = kcos(m) —3=—k—3

T—1- =1~
lim f(z) = lim (8¢” — kln(z)) = 8e! — kIn(1) = 8e
z—1+ z—1t

f(1) = (kcos(mz) — 31:2)‘3::1 =kcos(mr) —3=—-k—-3
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‘ Hence we must have —k — 3 = 8e, or k = —8e — 3.

10p F6. Consider the function f(x) below.

Is f(z) continuous at z = 37 Explain your answer. In your work, you must use limit-based methods
to solve this problem. Solutions that have work that is not based on limits will not receive full credit.

Solution
First we calculate the limit of f(z) as x — 3.

. . 4—+22410 . 4—+2x4+10 4+ +/22+10
lim f(z) = lim [ ————— | = lim .
z—3 z—3 r—3 z—3 z—3 4++22x+4+10

. 16 — (2z + 10) . —2(z - 3)
C a3\ (2 -3) (4+ 22 +10) ) =3\ (z —3) (4 + 2z + 10)

—2 —2 1
23 <4+\/72:U+10) 112 3+10 4

Observe that lin% f(z) # f(3) =1, and so f is not continuous at x = 3.
r—r

12p F7. Find the values of a and b that make f continuous at x = 1 or determine that no such values exist.

—3r+ar? r<l1
flz)=<b x=1
daxr — 1 r>1

In your work, you must use limit-based methods to solve this problem. Solutions that have work that
is mot based on limits will not receive full credit.

Solution
First we calculate the left-limit, right-limit, and function value at x = 1.

lim f(z) = lim (-3z+ axz) =-3+a

1" r—1-

li = lim (4ax —1)=4a—1

i S =l tar =) = da
fA)=b

For f to be continuous at = = 1, the left-limit, right-limit, and function value at x = 1 must all
be equal. Hence we must have
—3+a=4a—-1=b

Solving for a in —3+4+a = 4a—1 gives a = —%, and then solving for bin 4a—1 = b gives b = —%.
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F'8. Determine where f is continuous. Write your answer using interval notation.
9—-16x x<0

fl@)=¢322—23 0<z2<3
1—e*3 >3

Solution

Observe that f is clearly continuous for all x except possibly x = 0 or z = 3. For these transition
points, we check whether the corresponding left-limit, right-limit, and function value are equal.
For z = 0 we have:

lim f(z)= lim (9—162)=9—-0=9

x—0— x—0—
li = lim 322 -23)=0-0=0
A ) = i e =)

F(0) = (32% —a?)[,_, =0
Since these three values are not all equal, f is discontinuous at = 0. For x = 3 we have:

lim f(z)= lim (32% —23) =27 -27=0

r—3~ r—3~
li = lim(1-¢3)=1-1=0
g, Jl) =l (1= )

fB)= (32" —2a%)| _,=27-27T=0

Since these three values are all equal, f is continuous at x = 3. Hence the final answer is that f
is continuous on (—o0,0) U (0, 00).

10p F9. Find the value of k that makes f continuous at £ = —2 or determine that no such value of k exists.
3x24+k x< -2
f(x) =< —10 r=-2
kx3 —6 x> -2

In your work, you must use limit-based methods to solve this problem. Solutions that have work that
18 not based on limits will not receive full credit.

Solution

For f to be continuous at x = —2, the corresponding left-limit, right-limit, and function value
must all be equal. Those three values in terms of k are given by the following:

lim f(z)= lim (32 +k)=12+k

T——2" T——2"
li = lim (k2®—6)=—8k—6
A = i (ke =0)
f(=2) = —10

If f is to be continuous at £ = —2, we must have 12 4+ k = —8k — 6 = —10. This is equivalent to
the following set of two equations in the single unknown k.

12+ k=-10
-8k —6=-10
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This set of equations has no solution. (Indeed, the first equation gives kK = —22, which does not
satisfy the second equation.) Hence there is no value of k that makes f continuous at z = —2.

In a certain parking garage, the cost of parking is $20 per hour or any fraction thereof. For example,
if you are in the garage for two hours and fifteen minutes, you pay $60 ($20 for the first hour, $20
for the second hour, and $20 for the fifteen-minute portion of the third hour). Let P(¢) be the cost
of parking for ¢ hours, where ¢ is any non-negative real number. For example, P(2.25) = 60. Is the
following true or false?

“P(t) is a continuous function of ¢.”

You must justify your answer.

Solution
False. The function P(t) has a jump discontinuity at each non-negative integer (i.e., at ¢t = 0,
t=1,t=2, etc.).

For instance, the cost of parking for 1 hour or less is $20. However, as soon as you are in the

garage one moment past 1 hour, the price jumps to $40. Mathematically, this means all of the

following: lim P(t) = 20, lim+ P(t) =40, and P(1) = 20. Hence P(t) is not continuous at ¢ = 1.
t—1- t—1

(A similar argument holds for any other non-negative integer value of ¢.)

Consider the following function, where a and b are unspecified constants.
3 r<-—1
flz)=<Kar’+22+b —1<z<2
14 — ax T > 2

Find the values of a and b for which f is continuous for all x, or determine that no such values exist.
In your work, you must use limit-based methods to solve this problem. Solutions that have work that
is mot based on limits will not receive full credit.

Solution

Each piece of f is continuous for all x, so we need only force continuity at the transition points,
x = —1and x = 2. At each of these z-values, to have continuity, the left-limit, right-limit, and
function value must all be equal. For x = —1, we must have:

lim f(z)= lim (3)=3

r——1" r——1"
li = 1 24 204b)=a—2+b
Am, S@) =l (a0 20 D) =

f(_l) = (3)‘3::—1 =3
Hence we obtain a —2+b =3, or a + b = 5. Now for x = 2, we must have:

lim f(z) = lim (am2+2x+b):4a+4—|—b

T2~ T2~
li = i 14 — =14-2
A S = g (1 —ar) ‘

f(2) = (ax2+2x—|—b)| ,=4a+4+b

=

Hence we obtain 4a + 4 + b = 14 — 2a, or 6a + b = 10.
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To find @ and b we solve the simultaneous system of equations:

Subtracting the first equation from the second gives 5a = 5, whence a = 1. Back-substitution
then gives b = 4.

a+b=5
6a+b=10

F12. Let f(x)

9x — 23

224+ z—6

(a) Calculate all vertical asymptotes of f. Justify your answer.
(b) Where is f discontinuous?

(c¢) For each point at which f is discontinuous, determine what value should be reassigned to f, if
possible, to guarantee that f will be continuous there.

Solution

(a) Putting the denominator to 0 gives 22 +x — 6 = 0, with solutions x = —3 or z = 2. Direct
substitution of = 2 into f gives the (undefined) expression “” (i.e., a non-zero number
divided by zero). Hence x = 2 is a vertical asymptote. However, for x = —3, we observe
the following.

Since this limit is not infinite, the line x = —3 is not a vertical asymptote. The only vertical
asymptote is x = 2.

Since f is a ratio two continuous functions, f is discontinuous only where its denominator
is 0. Hence f is discontinuous only at x = 2 and x = —3.

From our work in part (a), we know that x = 2 is a vertical asymptote. Thus it is impossible
to redefine f(2) to make f continuous at x = 2. (Why? The limit liI% f(z) does not exist.)
T—r

18 18
However, for z = —3, we have lim f(z) = 5 Hence if we redefine f(—3) to be = then

f becomes continuous at x = —3.

«10»

i () =, (T i) =, (050) - %

z——3

F13. Determine where the following function is continuous. In your work, you must use limit-based methods
to solve this problem. Solutions that have work that is not based on limits will not receive full credit.

22 -9

po— r <3

0 r=3
T@) =509 3<s<4

11 T =

27T — 22 >4
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Solution

Each piece of f is a rational function (actually, a polynomial) on their respective domains. So
each piece is continuous. Hence we need only check continuity at *+ = 3 and = 4. For x = 3,
we have the following:

lim f(z)= lim bz —9)=6 , f(3)=0

r—31 r—31

Since the right-limit and function value are not equal at x = 3, f is not continuous at x = 3.
(Note: we don’t even have to consider the left-limit here. However, the left-limit is 6.) For z = 4,
we have the following;:

lim f(z)= lim (50 —9)=11 , lim f(z)= lim (27—2%) =11 , f(4) =11

T4~ T4~ z—4+ r—4+

Since the left-limit, right-limit, and function value at = 4 are all equal, f is continuous at
x = 4. Hence f is continuous on (—o0,3) U (3, c0).

F14. Consider the function f below, where A, B, and C are unspecified constants.

23 + Ax < —1
flx)y=<XC x=-—1
Bx?2+4 z>-1

a) Calculate lim f(x).
Tz——1"

(a)
(b) Calculate lim f(z).
z——17F
(¢) How must A and B be related if lim1 f(z) exists?
r——
)

(d) Suppose C' =10 and f is continuous for all z. Find the values of A and B.

Solution
(a) lim f(z)= lim 223+ Az)=-2—-A
r——1" r——1"
b) L = lim (Bz?’+4)=B+4
(b) lm flz)= lm (Bz"+4) +

(c) The left- and right-limits must be equal, so we must have that —2 — A = B + 4.

(d) To have continuity at z = —1, we must have the left-limit, right-limit, and function value
all equal. That is, we must have

—2-A=B+4=10

Solving for A and B then gives A = —12 and B = 6.

F15. Which of the following equations expresses the fact that f(z) is continuous at x = 6. (There is only

one correct choice.)

(a) lim /(6) = f(6) () lim f(r) = () lm f(z) = f(6)
(b) lim f(6) = 6 (¢) lim /() =0 (h) lim f(z) = oc
() lim f(x) = f(6) (1) lim f(2) = o0
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Solution

Choice (c). (Definition of continuity.)

12p| F16. Use the graph of f below to answer the following questions. Dashed lines indicate the location of
asymptotes.

Calculate lim f(x).
T—00
Calculate lim f(z).
T—r—00
List the values of x where f is not continuous.
List the values of x where f is not differentiable.

What is the sign of f/(—1)7 (choices: positive, negative, zero, does not exist)

What is the sign of f/(0.5)7 (choices: positive, negative, zero, does not exist)

Solution
(a) le fz)=—4

16p| F17. Consider the function g below, where a and b are unspecified constants. Assume that g is continuous
for all «.
be* +a+1 <0

g(x)=<ar? +b(xr+3) 0<z<1
acos(mx) +Tbr 1<z
(a) What relation must hold between a and b for g to be continuous at x = 0? Your answer should
be an equation involving a and b.

(b) What relation must hold between a and b for g to be continuous at = 17 Your answer should
be an equation involving a and b.

(c) Calculate the values of a and b.
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Solution
(a) The left- and right-limits of g(x) at = 0 must be equal.

lim g(z) = lim (be®* +a+1)=b+a+1

z—0~ z—0~
li = 1 240 3)) = 3b
Jm g(@) = lim, (a”+ bz +3))

Hence we must have b+ a+ 1 = 3b, or a = 2b — 1.
(b) The left- and right-limits of g(z) at x = 1 must be equal.

lim g(z) = lim (az® +b(z +3)) =a+4b

z—1- r—1—
lim g(z) = lim (acos(mx)+ 7bx) = —a + 7b
z—1+ z—1+

Hence we must have a + 4b = —a + 7b, or 2a — 3b = 0.

(c) The equations from parts (a) and (b) must be true simultaneously. Putting the equation
from part (a) into the equation from part (b) gives 2(2b — 1) — 3b = 0, whence b = 2. Part
(a) then implies a = 3.

12p| F18. For each part, mark “T” if the statement is true or mark “F” if the statement is false. You do not
have to explain your answers or show any work.

(a) If lim f(x) can be evaluated by direct substitution, then f is continuous at z = a.
T—a
(b) The value of lim f(x), if it exists, is found by calculating f(a).
Tr—a
(c) If f is not differentiable at = a, then f is also not continuous at = = a.

Solution
(a) True. This statement is equivalent to lim f(x) = f(a) which is the definition of continuity

T—a
(of f(z) at x = a).
(b) False. The limit lim f(x) = f(a) is independent of f(a). (Indeed, the latter need not
r—a
even exist for the limit to exist.)

(c) False. The function f(x) = |z| is not differentiable at x = 0 but continuous for all .

20p| F19. Consider the piecewise-defined function f(x) below; A and B are unspecified constants and g(x) is
an unspecified function with domain [94, 00).

Ar? + 8 x <75
In(B) +6 x="T5
x— 75
=0 —— TO<z <%
19 r=94
Lg(7) x>94
(a) Find lim f(z) in terms of A and B.
=75~
(b) Find lim f(z) in terms of A and B.
x—75+
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(c) Find the exact values of A and B for which f is continuous at x = 75.
(d) Suppose g(94) = 19. What does this imply about lin914f(x)? Select the best answer.
r—r

(i) lim f(x) exists.
z—94

(ii) lim f(x) does not exist.
z—94

(iii) It gives no information about lim f(x).
r—94

Solution
(a) lim f(z)= lim (Az®+8)=A-75%+8 = 56254 + 8
r—75~ r—T75~

(b) We have the following:

. _ T — 75 . T — 75 vz+6+9
lim f(z) = lim = lim
r—T75+ z—T75t =75+

VZ+6-9 VZIt6-9 Vet6+9
~ lim <(x_75)(vw+6+9)>: lim (VZ+6+9)

z—75+ r+6—81 z—T75t

=v8l+9=18

(c) We need the left-limit, right-limit, and function value of f(x) at z = 75 all to be equal.
Thus we must have:
5625A +8 =18 =In(B) + 6

Thus A = % and B = el2.

x—175
d) Choice (iii). Note that lim f(x) = lim | ———— ] = 19 (use direct substitution).
(d) (it) T—94- /(@) T—94- <\/:c+6—9> ( )
So for lim f(z) to exist, we require only that 19 = lim f(z)= lim g
—94 z—94+ z—94+1
are given no information at all about this right-limit of g since the function value g(94) is

irrelevant to its value.

(z). However, we

F20. Consider the following function.

R
flw) = 3 — 222 — 3z
(a) Where is f discontinuous?
(b) At the leftmost x-value where f is discontinuous, what type of discontinuity does f have
(removable, jump, infinite (vertical asymptote), or other)?

(c) At the rightmost z-value where f is discontinuous, what type of discontinuity does f have
(removable, jump, infinite (vertical asymptote), or other)?

Solution
First we note the following;:

?—x—-6  (z+2)(x—3)

xTr) = =
/() 23 —222 -3z  x(z+1)(x—3)
(a) The function f is continuous on its domain, hence discontinuous at x = —1,0, 3 only.
(b) Choice (%t). Direct substitution of z = —1 into f(z) gives the undefined expression
“%6”, indicating a vertical asymptote at x = —1.
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2 5
(c) Choice (i). We see that lim f(z) = lim S S Since this limit exists, f has
z—3 x ) 12

a removable discontinuity at x = 3.

F21. Determine where f(z) is continuous. In your work, you must use limit-based methods to solve this
problem. Solutions that have work that is not based on limits will not receive full credit.

(z+1)2-16
fa)=q 0
3—In(x—2) ifzx>3

ifx<3

Solution

Each “piece” of f is obviously continuous on each of their respective open intervals. The only
issue is whether f is continuous at x = 3. So we analyze the one-sided limits at x = 3. For the
left-limit we expand the numerator and cancel common factors.

lim f(r) = lim (WM> = lim <x2+2$—15>

rz—3~ z—3~ 2¢ — 6 Tz—3~ 2($ — 3)
~ lim (x —3)(z+5) ~ lim r+5 :3+5:4
r—3~ 2(.%' — 3) r—3~ 2 2

For the right-limit we use direct substitution.

lim f(z)= lim 3—In(z—2))=3-1In(1)=3

z—3+ r—31

Since the left- and right-limits at = 3 are not equal, f is discontinuous at x = 3. Hence f is
continuous on (—o00,3) U (3,00).

F22. Consider the function f(z) defined below, where A and B are unspecified constants. Find the values
of A and B for which f is continuous at x = 2, or determine that no such values exist.

Axr+ B —4 ifx<?2
flx)=149 ifr =2
Az?2 -5 ifz>2

In your work, you must use limit-based methods to solve this problem. Solutions that have work that
18 not based on limits will not receive full credit.

Solution

For f to be continuous at x = 2, we must have that the left-limit, right-limit, and function value
at x = 2 are all equal. Each of these quantities is given below.

lim f(z)= lim (Ax+B—4)=2A+B—4

x—2~ r—2~
li = lim (A2®> —5)=4A -5
A 0= g, (e =9)

f(2)=9
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Since these three quantities must be equal, we have the following equations.

2A+B-4=9
4A-5=9

The second equation gives A = 3.5, and back-substitution in the first equation gives B = 6.

12p| F23. Consider the function f(z) = 81211(77@
T — b

(a) Find the domain of f. Write your answer using interval notation.

(b) Find the z-values where f is discontinuous.

(c) For each value of & where f is discontinuous, classify the type of discontinuity as “removable”,
“jump”, “infinite”, or “essential”. Clearly label your work and justify your answers.

Solution
(a) The domain of f is all real numbers except where x? — 5z = 0 (i.e., z = 0 or z = 5). Hence
the domain of f is (—o0,0) U (0,5) U (5, 00).
(b) Since f is a quotient of continuous functions, f is continuous for all = except where the
denominator is 0. Hence f is discontinuous at both x = 0 and x = 5.

(c) Substitution of z = 5 into f gives the undefined expression “Siné% = T %7 Hence

x = 5 is a vertical asymptote for f, and so f has an infinite discontinuity at « = 5.

For x = 0, we have the following;:

in(7 1 in(7 7 7 7
lim f(xz) = lim sin(7z) —— | = lim sin(7z) e =7 — = _Z
r—0 x—0 x r—2>5 x—0 Tx r—>5 0—-5 5

Since this limit is finite, we see that f has a removable discontinuity at z = 0.

3 —4x? + ax

z—3 .CIZ'2 -9

12p| F24. Consider the limit lim ( ), where a is an unspecified constant.

(a) For what values of a does this limit exist? Explain your answer.

(b) Given that the limit does exist, what is its value?

Solution

(a) Direct substitution of x = 3 gives the undefined expression “#”. If =9+ 3a # 0, then
x = 3 is a vertical asymptote, whence the limit could not exist. Since the limit does exist,
we must have —9 + 3a =0, or a = 3.

(b) Put a = 3, factor, and cancel common factors.

i () () () -

z—3 .’IJ2 -9
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Consider the function below, where a and b are unspecified constants. Find the values of a and b for
which f is continuous for all x, or determine that no such values exist.

az® + 3z +b < —1
flz) = 2+a$+sin(%) -1<z<4
b(x —3)2+1 x >4

In your work, you must use limit-based methods to solve this problem. Solutions that have work that
18 not based on limits will not receive full credit.

Solution

Each piece of f is continuous on their respective intervals. So if f is to be continuous for all x,
f must be continuous at the transition points x = —1 and = = 4.

For x = —1, the left-limit, right-limit, and function value must be equal.

lim f(z)= lim (az?+3z+b)=a—3+0

r——1" r——1"
lim f(z)= i (2+ +si (m)) 1
im z) = lim ar+sin|{— )| =1—-a
r——11 z——171 2
f(=1)= (2—|—a:ﬁ+sin<7r—x>) =1—-a
2 r=—1

So we must have a —3+b =1 —a, or 2a + b = 4. For x = 4, the left-limit, right-limit, and
function value must be equal.

lim f(z) = lim (2+ax+sin (%U)) =2+4a lir}11+f(x) = lim (b(z —3)*+1)=b+1
T—

r—4~ r—4~ r—4+

f@)=(@-3>+1)| _,=b+1

So we must have 2 +4a = b+ 1, or 4a — b = —1. Thus we must solve the simultaneous set of
equations:

20+b= 4

da —b= -1

Adding the equations gives 6a = 3, whence a = % Then the first equation gives b = 3.

For each part, mark “T” if the statement is true or mark “F” if the statement is false. You do not
have to explain your answers or show any work.

(a) If il_}ml f(z) and il_}ml g(x) both exist, then il_)ml (f(x)g(x)) exists.
(b) If £(9) is undefined, then ig% f(z) does not exist.

(c) If zligh f(z) =10 and i1_>ml f(z) exists, then il_)lnl f(z) = 10.

(d) A function is continuous for all z if its domain is (—o0, 00).

(e) If f(x) is continuous at x = 3, then hr?, f(z) = Ilféh f(x).

T—r

(f) If lin% f(x) exists, then f is continuous at x = 2.
xr—r
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(2) If 111?7 f(x) = —o0, then lim f(z) = +oc.

r—5t

(h) A function can have two different horizontal asymptotes.

Solution
(a) True. This follows by the product law for limits.

(b) False. Let f(z) =0 for all  except z =9, with f(9) undefined. Then lim f(x) = 0. (The

xr—9

value f(a) is completely independent of the limit :llgz f(x).)

(¢) True. If a two-sided limit exists, then it must be equal to the corresponding left- and
right-limits.

(d) False. Let f(z) =0 for all = except x = 2, with f(2) = 1. Then f has domain (—o0, c0)
but is discontinuous at z = 2.

(e) True. If f is continuous at z = 3, then, in particular, EL% f(x) exists, which then implies
the corresponding left- and right-limits at x = 3 are equal.

(f) False. Let f be the function in part (d). Then il_}r% f(z) = 0 but f is not continuous at
T =2.

(g) False. Let f(x) = —ﬁ. Then lim f(z)= zlgg f(z) = —o0.

T—5~
(h) True. Let f(x) = 0 for z < 0 and let f(x) = 1 for x > 0. Then f has two horizontal
asymptotes: x =0 and x = 1.

15p| F27. On the axes provided, sketch the graph of a function f(z) that satisfies all of the following properties.
Note: Make sure to read these properties carefully!

e the domain of f(x) is [-10,7) U (7,10]

o lim8 f(z) exists but f is discontinuous at x = —8
T——

e lim f(z)= f(—5) but 1im5f(a:) does not exist

x——5+ T—>—

e lim f(z)=4 and f is continuous at z = 2
T2~

e the line z = 5 is a vertical asymptote for f (Note: x =5 is in the domain of f.)

e lim f(x) = 400 (Note: x =7 is not in the domain of f.)

T—7

Solution
There are many such solutions. Here is one.
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10 %

—10

F28. Consider the function below, where a and b are unspecified constants.

sin(4x)§in(6x) 5 <0
T
f(z)=qazr+b 0<z<1
5r+2 2x+45
— z>1

xr—1 z2—x

(a) Calculate lim f(x).

z—0~

(b) Calculate lim f(z).

z—1+
(¢) Find the values of a and b for which f is continuous for all z, or determine that no such values
exist. In your work, you must use limit-based methods to solve this problem. Solutions that
have work that is not based on limits will not receive full credit.

Solution

sin(ae)) .

(a) Rearrange the terms and use the special trigonometric limit lim ( 2
a

6—0

lim f(z) = lim sin(4x) sin(6x) — lim sin(4z) sin(6z) 4.6)=1.1-4-6=94
z—0~ z—0~ x2 z—0~ 4x 6x
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(b) Find a common denominator. Then cancel common factors.

2 2 242 2
lim f(z) = lim <5x—|— B x+5>: - <5x + 22 x+5>

1+ 1t \z—1 22—z o1+ \ 22 —2 a2—2x
2 —1 1 1 1+1
= dim (220 gy (2B DEEDY o (2D 30+ D g,
a1t \ 22— z—1+ x(zx—1) a1+ x 1

(c) If f is to be continuous at = = 0, the left-limit, right-limit, and function value of f at x =0
must be equal.

lim f(x)=24

z—0~

li = i b)=1>b
i [0 = B (ae D)

f(O) = (ax + b)’r:O =b

Thus we must have b = 24. If f is to be continuous at x = 1, the left-limit, right-limit, and
function value of f at x = 1 must be equal.

lim f(z)= lim (ax+b)=a+b

r—1— z—1—
I =10
A

f(0) = (ax 4+ b)|,—y =a+b

Thus we must have a + b = 10. Given b = 24, we find that a = —14.
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§3.1, 3.2: Introduction to the Derivative

G1. Find an equation of the line tangent to the graph of f(x) =222 — 3z + 1 at x = 1.

Solution

The tangent line passes through the point (1, f(1)) = (1,0). The derivative is f'(z) = 4z — 3,
and so the slope of the tangent line is f/(1) = 1. Hence the equation of the tangent line is
y=0+1-(x—1),ory=a—1.

G2. The parts of this question are independent of each other.

(a) Given the function g(z), state the definition of ¢'(z).
12p (b) Let f(z) = v6x + 1. Calculate f’(1) directly from the definition. Show all work.
If you simply quote a rule, you will receive no credit. You must use the definition of derivative.
Solution
. +h) —g(z)
/ — 1 g(l‘
(2) () = Jim 22
(b) Start with the definition of derivative, then simplify and cancel.
1 - f@ V6(1+h — V7 V -
P =t LA =IOy VOOER +T=VT o VORET VT
h—0 h h—0 h h—0 h
i [ YORHTVT VR T4 VT
h—0 h V6h + 7+ V7
~ lim (6h+7)-T7 lim 6h
h=0 h(\/6h + 7 +/T)  h=0 h(v/6h + 7+ V7)
= lim 0 = 0 _ 2
0B+ T4+ VT VTHVT VT
G 3. The parts of this question are independent of each other.
(a) Given the function g(z), state the definition of ¢'(4).
12p (b) Let F(x) = Calculate F’(2) directly from the definition. Show all work.

3r—5
If you simply quote a rule, you will receive no credit. You must use the definition of derivative.

(a) ¢'(4) = 5

(b) Start with the definition of derivative, then simplify and cancel.

1 1
F(2) = tim (FEENZFR)N oy (@005~ D) g (T
h—0 h h—0 h h—0 h

i (BN g (B )2 2B
Ch50\ R(BR+1) ) h50\3h+1)  0+1

h—0

Solution
iy (264410t
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G4. The graph of a function f(z) is shown below.

\

(a
(b
(c
(d

State where f(z
State where f(z
State where f’
State where f’

is not continuous in the interval (=5, 5).
is not differentiable in the interval (-5, 5).
x) = 0 in the interval (—5,5).

x) < 0 in the interval (—5,5).

N — —
~— ~—

—~~

Solution
(a) z2=-3,z=—1
(b)) z=-3,z2=—-1,2=3
Recall that continuity is necessary for differentiability. So any points of discontinuity are

also points of non-differentiability. At x = 3, the graph exhibits a sharp corner, which
means the function is not differentiable there.

(c) all z-values in the interval (—3,—1) or z = 1.

Recall that if f'(a) = 0, then the graph of y = f(x) has a horizontal tangent line at x = a.
That is, the slope of the graph of f(x) is 0.

(d) on each of the intervals (=5, —3), (—=1,1), and (3,5)

10p G5. Find an equation of each line that is both tangent to the graph of f(x) = 422 — 32 — 1 and parallel
to the line y = 13x — 5.

Solution

The slope of the line y = 13z — 5 is 13, hence the slope of the desired tangent line is also 13 since
parallel lines have equal slope. Hence we must solve the equation f’(z) = 13.

fl(x)=8-3=13 = x=2

Observe that f(2) = 9. Hence the desired tangent line is y = 9 + 13(x — 2).

G6. For each part, calculate the limit or show that it does not exist. If the limit is “+o00” or “—oo”, write
that as your answer, instead of “does not exist”.
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) (u+6)? — 25u . sin (74 h) — sin(7)
—_— 1
@ g (5 ) h
Vi—s s<1 Hint: Use the definition of the derivative.
. _ i N 92
(b) lim g(s) where g(s) = 4 o 1 (@ tim (5, x
s—1 5> z—6 4 — 36
Solution

(a) Expand the numerator and cancel common factors.
(u+6)% — 25u . [(u?+12u+ 36 — 25u . (u?—13u+36
——— | = lim =lm | ——
u—4 u—4 u—4 u—4 u—4
— —4
lim <(“9)(“)> = lim(u—9) = -5

u—4 u—4 u—4

lim
u—4

(b) We examine the one-sided limits.

lim g(s) = lim (vV1—-5)=+v1-1=0

s—1— s—1—

52 —s s(s—1)
li = i = i = i =
Jm, gls) s:%a(s_l) si“{h( P ) S (5)

Since the left-limit and right-limit are not equal, lirri g(s) does not exist.
S—

(¢) Let f(x) =sin(x). Then by definition of the derivative,

<sin(7 +h) - sin(7)>

(7)) = lim

h—0 h

Since f’(x) = cos(z), the limit is cos(7).

(d) Find a common denominator and cancel common factors.

i +— a2 3622 - z% — 36 o (L 1
1 . = N1 _ = 1 =
a—6 \ 22 —36 36x2 a—6 \ 3622 (22 — 36) 2—6 \ 3622 1296

G7. Let f(z) = 32° and let g(z) = 2? + 152 — 3. Find all values of a for which the tangent lines to
y = f(z) and y = g(x) at x = a are parallel.

Solution
If the tangent lines at © = a are parallel, then their slopes are equal, whence it follows that we

must solve the equation f’(a) = ¢'(a).
fl(a)=¢(a) = a*=2a+15=0=0a* —2a — 15 = (a + 3)(a — 5)

Hence a = —3 or a = 5.

9
GS8. Let g(x) = 6 — —. Calculate ¢'(3) directly from the limit definition of the derivative. If you simply
T
quote a rule, you will receive no credit. You must use the definition of derivative.
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Solution
Start with the definition of derivative and compute the limit using algebra.

— 6— 555 ) — (6-3) 39

h—0

— lim M — lim i = lim 3 _ 3 -1
hs0\ h(3+h) ) ws0\hB+h)) hr0\3+h) 34+0

G9. Let f(z) = 22* — 52 + 7. Use the limit definition of the derivative to calculate f'(z). If you simply

quote a rule, you will receive no credit. You must use the definition of derivative.

Solution
Start with the definition of derivative and compute the limit using algebra.

_ 2 0.2
') = Tim flx+h)— f(x) ~ lim 2(x + h) 5(x+h)+7—(2z S5x 4+ 7)
/
h—0 h h—0 h
) <2x2+4$h—|—2h2—5x—5h+7—2x2+5x—7> . <4xh+2h2—5h>
= lim = lim
h—0 h h—0 h
4 + 2h —
= lim <M> = lim (4z +2h —5) =4z —5
h—0 h h—0

G10. A spherical snowball melts in such a way that it always remains a sphere, and its volume decreases

at 8 cm3/sec. At what rate is the surface area of the snowball changing when its surface area is 407
cm?? You must give correct units as part of your answer.

Solution
The volume and surface area of the snowball are given by these equations:

4
V= 5777"3 . A=dnr?

Differentiating each equation with respect to ¢ gives us two more equations.

av Ay dr dA g dr
— =A4nre— — =8mr—
dt dat  dt dt
Now we substitute the given information. Specifically, %/ = —8 and A = 40x. The four equations
above give us the following.
4 3 2
V= 5777“ 40 = 4nr
dr dA dr
—8 = dmr?— — = 8mrr—
T at Ot
Our goal is to solve for %. The upper right equation gives us r = 1/10 and substituting this into
the lower left equation gives us % = —%. So now substituting everything into the lower right

equation gives the final answer.

dA — 1
SW'\/TO-—8— 8\/>0

dt 40r 5
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8\/7

‘ So the surface area is changing at a rate of — cm? /sec.

8
G11. Let f(z) = Tt —3 Use the limit definition of derivative to calculate f'(2). If you simply quote a rule,

you will recewe no credit. You must use the definition of derivative.

Solution
Start with the definition of derivative and compute the limit using algebra.

h + 10

—(—10) _
L h—1 L h+10+10(h —1)
= lim hm( hh—1) >

h—0 h h—0
11h 11 11
B0 (h(h—l)) hli“o<h—1> 0—1

G12. A 6-ft tall person is initially standing 12 ft from point P directly beneath a lantern hanging 42 ft
above the ground, as shown in the diagram below. The person then begins to walk towards point P
at 5 ft/sec. Let D denote the distance between the person’s feet and the point P. Let S denote the
length of the person’s shadow.

<f(2+h}i - f(2)>

(a) Write an equation that relates D and S.

(b) Write an equation that expresses the English sentence “The person then begins to walk towards
point P at 5 ft/sec.”

(c) Is the length of the person’s shadow increasing, decreasing or remaining constant?

(d) At what rate is the length of the person’s shadow changing when the person is 8 ft from point
P? Include correct units as part of your answer.

Solution
(a ) Use similar triangles to obtain 2 ;S 42 (We may simplify this to D = 6S.)
(b —5. (The equation D = 12 — 5¢ is also acceptable.)

) 2
(c) The length of the shadow is decreasing.
)

(d) The equation D = 6S gives % = 6% and we have % = —5, whence % = —% ft /sec.
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G13. Each of the following statements describes a scenario in which a certain rectangle is changing over
time. For each part, mark “T” if the statement is true or mark “F” if the statement is false. You do
not have to explain your answers or show any work.

(a) If two opposite sides of the rectangle increase in length and if the area remains constant,
then the other two opposite sides must decrease in length.

(b) If the area of the rectangle increases, then all sides of the rectangle must also increase
in length.

(c) If the length of the rectangle remains the same, then the area and the width of the
rectangle cannot change in opposite ways (i.e., one cannot increase while the other decreases).

(d) If two opposite sides of the rectangle increase in length and the other two opposite
sides decrease in length, then the area of the rectangle must remain constant.

Solution

This problem can be answered by physical considerations alone. We may also use the equation
A = LW, from which it follows:

dA dL aw
o L
dt dt W dt
Note that L and W must be positive numbers since they are lengths.
(a) True. If UC% > 0 and Cfi—’? =0, then ‘%V = —%% < 0.

(b) False. If % > 0, it is possible for at least one of % and % to be negative. For instance,
consider a rectangle with L =W =1, CC% =2, and % =—1.

(c) True. If % = 0, then we must have % = L%. Since L > 0, we see that % and %
must have the same sign.

(d) False. If % > 0 and dd—vf < 0, it is possible to have ‘é—’? # 0. See part (b) for an example.

G14. The volume of a cube is decreasing at the rate of 300 cm?/sec at the moment its total surface area is
150 cm?. What is the rate of change of the length of one edge of the cube at this moment?

Solution

Let z, S, and V be the edge length, total surface area, and volume, respectively. Then V = 23
and S = 622. Differentiating these equations gives

vV _, »da s de
a o a a - N

At the moment described, we have % = —300 and S = 150, and we seek %. Substituting this
information into our four equations gives the following.

dx dsS dx
vV =2a? 150 = 62 -300 =322~ |, — =12z
T T Tt at Ut
The second equation gives x = 5. Putting z = 5 into the third equation gives i —4 cm/sec.

Page 109 of



Math 135 §3.1, 3.2 Midterm Exams

G15. A boat is pulled toward a dock by a rope through a ring on the dock 4 ft above the front of the boat.
The rope is hauled in at the rate of 12 ft/sec.

Ring at edge
of dock

~
|-

(a) Which of the marked variables (z, y, L, and @) are changing over time?

(b) Write a mathematical equation that expresses the English sentence “The rope is hauled in at
the rate of 12 ft/sec”.

(c) Is cos(f) increasing, decreasing, or constant?
(d) Write a mathematical expression for “the rate at which the boat approaches the dock”.

(e) How fast in ft/sec is the boat approaching the dock when the rope is 5 ft long?

Solution
(a) The variables x, L, and # are changing over time.
dL
b) = = —12
(b) —

(c) Since 6 is decreasing (to 0), cos(f) is increasing (to 1). Alternatively, note that cos(d) = 7.

Since L is decreasing, the fraction % is increasing.
dx dx dx

d) |—| is correct, but — or —— is also acceptable.

(@ | W T T P

(e) The Pythagorean theorem gives 22 + 16 = L%, whence 2$‘fl—f = QL%. At the moment when
L =5, we have © = 3. Substituting these values and % = —12 into the second equation

then gives fli—ft” = —20 ft/sec. So the boat approaches the dock at a rate of 20 ft/sec.

b
G16. The numbers a, b, and ¢ (which are not necessarily positive) satisfy the formula a = —. The choices

c
below describe scenarios in which the numbers a, b, and ¢ are changing over time. For each part,
mark “T” if the statement is true or mark “F” if the statement is false. You do not have to explain
your answers or show any work.

Hint: There is at most one true statement.

(a) Suppose a, b, and ¢ are all positive numbers. If a and b are both increasing, then c

must also be increasing.

(b) Suppose b is a positive number and ¢ is a negative number. If b and ¢ are both

increasing, then a must be decreasing.

(c) Suppose a, b, and c¢ are all positive numbers. If a is constant, then it is possible for b
and ¢ to change in opposite ways (i.e., one can increase while the other decreases).
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(d) Suppose c is a positive number. If b is constant and c is increasing, then a must be
decreasing.

Solution

Choice (b) is the only true scenario.

To solve this problem, we first use implicit differentiation with respect to time to obtain

,  cb —bd
@ =—"7
c
where the primes denote differentiation with respect to t.

(a) False. Putb=c=1,a' =2, and b = 1. Then we have 2 =1 — ¢/, whence ¢/ = —1. So it
is possible for ¢ to be decreasing.

(b) True. We have b >0, ¢ < 0, b’ > 0, and ¢ > 0. A sign analysis of a’ gives:

/_C0-00_0-®
& @

Note that a negative number minus a positive number is a negative number. So the
numerator above is negative, whence a’ must be negative.

(c) False. If a is constant, then o’ = 0, and we must have ¢/ = b, or o/ /¢’ = b/c. The right
side of this equation is positive, whence b’ /¢’ must also be positive. This means that b’ and
¢ must both have the same sign, i.e., b and ¢ cannot change in opposite ways.

(d) False. If b is constant, then b’ = 0, and we must have a’ = —bc—cg/. Since ¢ and ¢ are both
positive, we may take ¢ = ¢’ =1 and b = —1, whence @’ = 1. So it is possible for a to be
increasing.

G17. Explain the relationship between f’(3) and the line tangent to the graph of y = f(x) at = 3.

Solution
The slope of the tangent line at x = 3 is f/(3).

G18. Suppose f'(7) exists. What can be said about the limit lim7 f(x)?
xT—

Solution
Since f is differentiable at = 7, f must also be continuous at z = 7. Hence lirr% f(x) exists and
T—r

is equal to f(7).

G19. Consider the following limit.

3/2 _
liIn<(4+h) 8)
h—0 h

Use the limit definition of derivative to identify this limit as the derivative of some function f(x) at
the point = a. Then calculate the value of the limit.
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Solution

Let f(x)

To compute the limit, we use the power rule to note that f’'(z) =

= 2%/2 and a = 4. Then, by the definition of derivative, the given limit is equal to f’(4).
3242, So f'(4), and hence the
given limit, is equal to % 412 = 3,

G20. Use the graph of y = f(z) below to answer the following questions.

6
4

10

(a) In the interval (—6,10), where is f not differentiable?

(b) Calculate a reasonable estimate of f/(0). Explain your reasoning.
(¢) In the interval (—6,10), where is f'(x) = 07

(d) In the interval (—6,10), where is f'(x) < 07

(e) In the interval (—6,10), where is f'(x) > 07

Solution
(a) x=—4,xz=3,x=5,andx =7

of this secant line is m =
(c)
(d)
(e)

2,2)U (5
,—4) U

1)
(—4,-2)U (2

(=
(—6

=(-2) —
= —2, z = 2, and the interval (3,5)

3 U

1—3

(7,10)

(b) We use the secant line through the points (—2,3) and (2,1) to estimate f/(0). The slope
—1. Hence we estimate f’(0)

~

~ —

1

3-

G21. In a right triangle, the base is decreasing in length by 3 c¢cm/sec and the area is increasing by 15
cm?/sec. (The triangle always remains a right triangle.) At the time when the base is 15 cm in length
and the height is 20 cm in length. ..

(a) -
(b) .
(c)

)

.at what rate is the height changing? (Give a number only.)

What are the units of your answer in part (a)?

.at what rate is the length of the hypotenuse changing? (Give a number only.)

(d) In part (b), is the length of the hypotenuse increasing, decreasing, or staying constant?
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Solution

(a) Let b, h, and A be the base, height, and the area of the triangle, respectively. Then we
have A = %bh. Differentiating with respect to t gives:

dA 1db 1. dh
= h+ -b

Gt sar T2

db dA
Now we substitute the given information: i = -3, i 15, b =15, and h = 20.
1 1 dh
15==-(-3)-20+=--15- —
5 5 (—=3)-20+ 5 5- 7
Solving for Cfi—h gives % 6.
(b) Let the length of the hypotenuse be L. Then b + h? = L2. Differentiating with respect to

t gives:

db dh dL
Qb% + ZhE 2L%

When b = 15 and h = 20, we have L = 25. Now we also substitute the given information
and our work from part (a).

dL
2-15-(=3)+2-20-6=2-25- u

dL
Solving for u gives % =3.

(¢) The units of % are cm/sec.

dL
(d) Since T > 0, the length of the hypotenuse is increasing.

G22. Consider the graph of y = f(z) below.

Y

(a) For which values of x is f/(x) > 0?7 Choose from xzg, x1, T2, T3, T4, and x5. Select all that
apply.

(b) For which values of z does f'(z) not exist? Choose from zg, x1, x2, 3, x4, and x5. Select all
that apply.
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(c¢) Give a brief, one-sentence explanation of your answer to part (b).

Solution
(a) x2, x4, T5
(b) o, 21

(c) At zo, f is not continuous. At z1, the graph of f has a sharp corner.

G23. Consider the following limit.
lim (tan(2a:)7r— 1>

(a) Use the limit definition of derivative to identify this limit as the derivative of some function
f(x) at the point z = a. You must explicitly identify f and a.

(b) Use your identifications in part (a) to calculate the given limit. Show all work.

Solution

(a) The limit definition of derivative is

f'(a) = lim <M>

T—a T —a

Comparing this to the given limit, we find that a = § and f(z) = tan(2x).
(b) By part (a), the given limit is f/(%). Chain rule gives f’(z) = 2sec(2z)?, whence the value
of the limit is f'(§) =2 (vV2)* = 4.

G24. At a certain moment, a race official is watching a race car approach the finish line along a straight

track at some constant, positive speed. Suppose the official is sitting still at the finish line, 20 m from
the point where the car will cross.

2w s [

For parts (a)—(e), the allowed answers are “positive”, “negative”, “zero”, or “not enough information”.

(a) At the moment described, what is the sign of fli—f?
(b) At the moment described, what is the sign of %?
(¢) At the moment described, what is the sign of %?
)

(d) At the moment described, what is the sign of %?
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(e) At the moment described, what is the sign of ‘fl%””?

(f) Suppose the speed of the car is 70 m/sec. At what rate is the distance between the car and the
race official changing when the car is 60 m from the finish line? Your answer must have the
correct units. Your answer must be exact. No decimal approrimations.

Solution

(a) negative (z is decreasing)
(b
(c
(

) zero (y is constant)
)

d) negative (0 is increasing to 90-degrees, whence cos(f) is decreasing to 0)
)
)

negative (L is decreasing)

(e) zero (the speed of the car is constant, whence %2 is constant)
(f

Observe that 22 + 400 = L?, and so w% = L%- Substituting ‘fi—f = —70 and x = 60 gives
the equations:

dL
3600 +400 = L? |, —4200 = LE

The first equation gives L = /4000, whence the second equation gives

L —42
db_ =200 _ o1 10
dt 4000

The distance between the car and the official decreases at a rate of 211/10 m/sec.

G25. The following limit represents the derivative of a function f at a point a.

£(a) = Tim <5ln(e4 +h) — 20)

h—0 h

(a) Find a possible function f(z).
(b) For your choice of f in part (a), find a possible value of a.

(c) Calculate the value of the limit. Explain your calculation briefly in one sentence.

Solution
We compare the limit to the definition of the derivative.

(f(aJrh})l—f(a))

/'(a) = lim
(a) f(z)=>5In(z)
(b) a=e* (note that f(et) =5-4 = 20)
5 5

(c) We have f'(e) = . =
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G26. Use the graph of f below to answer the following questions. Dashed lines indicate the location of
asymptotes.

Calculate li_>m f(x).
Calculate EIP f(x).

)
)

) List the values of x where f is not continuous.
(d) List the values of  where f is not differentiable.
)
)

What is the sign of f/(—1)7 (choices: positive, negative, zero, does not exist)

f) What is the sign of f/(0.5)7 (choices: positive, negative, zero, does not exist)
Solution
(a) lim f(z)=-4
T—00

b) lim f(z)=3

(b) lim
(c) x=0,z=4,z=5
(d) z=0,z=1,z=4,z=5
(e) negative

)

(f) positive

G27. For each part, mark “T” if the statement is true or mark “F” if the statement is false. You do not
have to explain your answers or show any work.

(a) If lim f(x) can be evaluated by direct substitution, then f is continuous at z = a.
T—a

(b) The value of li_r>n f(x), if it exists, is found by calculating f(a).
r—a
(c) If f is not differentiable at = a, then f is also not continuous at = = a.

Solution
(a) True. This statement is equivalent to lim f(x) = f(a) which is the definition of continuity

T—a
(of f(z) at x = a).
(b) False. The limit lign f(z) = f(a) is independent of f(a). (Indeed, the latter need not

even exist for the limit to exist.)
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‘ (c) False. The function f(x) = |z| is not differentiable at x = 0 but continuous for all z.

G28. A local gym has two cylindrical swimming pools. The larger pool has radius 20 meters and is filled
with water. The smaller pool has radius 12 meters and is empty. Water is drained from the large pool
and immediately emptied into the small pool. The height of the water in the small pool increases at
a rate of 0.2 m/min.

Let Vi, Vg, hp, and hg refer to the volume of the large pool, volume of the small pool, height of the
large pool, and height of the small pool, respectively.

dV d
(a) How are =L and Vs related?

dt dt
dh
(b) What is the sign of dTL?
dVs
Find ——.
(¢) Fin pn
dhr,
d) Find —.
(d) Find —
Solution

(a) The water in the two pools change at the same absolute rate. But the large pool drains

d d
while the small pool fills. Hence vy = —ﬁ.
dt dt
(b) Water drains from the larger pool, whence % is negative.
dVg dhg . dhg dVg
h = 1447h h —= = 1447 —=. hat —> = 0. find —= =
(¢) We have Vg mhs, whence — — Given that o 0.3, we find o
28.8m m?/min.
avy, dhp, )
(d) We have V}, = 400mh,, whence i 4OO7TW. Using parts (a) and (c), we have:
dVs  dVi dhp,
9887 = — 2 = UL _ 40 L
8.8 7 7 007 7

Hence dstL = —0.072 m/min.

G29. The following limit represents the derivative of a function f at a point a.

9tan (X + h) — 2%
f’<a>=,gigg)( e f)

(a) Find a possible pair for f and a.
(b) Calculate the value of the limit.

Solution
(a) Recall that the definition of the derivative is:

£(a) = Tim (f(a + h})l - f(a))

h—0

Let f(z) = 9tan(z) and let a = §. Then the given limit is f'(a).
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Ol

‘ (b) Observe that f'(z) = 9sec(x)?, and so the given limit is 9sec(5)? =9 - 3 =12,

G30. For each part, use the graph of y = f(x) to determine whether the value exists. If the value exists,
state its sign (negative, positive, or zero).

(a) f(1) (b) f'(2) (c) f'(3.5) (d) f1(7)
2 \ I[
! _
\ | N
ll". ;"[ ]
2 IIII\" ff
\_
Solution
(a) zero

(b) f’(2) does not exist (the graph of f has a sharp corner at z = 2)

)
(¢) negative
(d) f'(7) does not exist (f is not continuous at x = 7)

G31. Let f(z) and g(x) be functions such that f/(—8) = ¢/(—8) and the line tangent to the graph of f at

xr = —81is y = —Tx + 6. For each part, compute the desired value, if possible.
(a) f(-8) (b) f'(=8) (c) 9(=8) (d) ¢'(-8)
Solution
(a) The tangent line to f at a point passes through the graph of f at the point of tangency.
So f(—8) is equal to the y-coordinate of the tangent line at + = —8. Thus f(—8) =

—7-(—8)+6=62.
(b) The slope of the tangent line to f is the derivative of f at the point of tangency. Hence

1/(—=8) is —7, the slope of the line y = —7x + 6.
(c) We are not given enough information to determine ¢(8). (In particular, the slope of the
tangent line to g at x = —8 is —7 also, but the y-intercept need not be 6. In other words,

the point of tangency need not be the same for both f and g.)
(d) We are given that f/'(—8) = ¢/(—8), whence ¢'(—8) = —T.
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G32. The base of a right triangle is decreasing at a constant rate of 10 cm/sec and in such a way that the
triangle always remains a right triangle. At the time when the base is 15 cm and the height is 22
cm, the area of the triangle is increasing by 25 cm? /sec. Use this information to answer the questions
below. Let B denote the base of the triangle.

(a) At the described time, what is the sign of d—B?
(b)
()

)

(d) What are the units of the answer to part (c)?

At the described time, what is the sign of ¢ dtg ?
At the described time, at what rate is the height changing?

Solution

dB

(a) We are given that the base is decreasing at the given time, so %77

is negative.

(b) We are given that & dt , the rate at which the base is changing, is constant. Thus dt’? is
Z€ro.

(c) At any time we have A = %BH7 where A, B, and H are the area, base, and height of the
triangle, respectively. Differentiating with respect to time gives us a total of two equations
that hold for any time.

A= %BH
dA 1dB 1 _dH
i & g ,Bi
dat 2 dt dt

At the given time, we have: % = —-10, B=15, H =22, and % = 25. Substituting this
information into the previous two equations gives us two equations that hold only at the

described time.

A =165
dH

25 =—-110+7.5—
* dt

Solving for & ﬁ gives d£ = 18.

(d) The units of 44 are cm/sec.

G33. For each part, use the graph of y = f(z) to determine whether the value exists. If the value exists,
state its sign (negative, positive, or zero).

(a) f'(—4
(b) f'(=2
(c) f(0)
(d) f(5)
(e) f'(8)

10
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Solution
We have the following:

!/

4
2

(a —4) does not exist (there is a vertical tangent at x = —4)
( '(—=2) = 0 (there is a horizontal tangent at x = —2)

) f(
) F(
¢) f'(0) < 0 (the tangent line at x = 0 has negative slope)
) f'(5) does not exist (f(z) is discontinuous at x = 5)
) f'(8)

(e

’(8) > 0 (the tangent line at # = 8 has positive slope)

G34. For both parts below, f(x) = v2z + 1.

(a) Use the limit definition of the derivative to calculate f’(4).
(b) Find an equation for the line tangent to the graph of y = f(x) at x = 4.

Solution

(a) We start with the limit definition of the derivative and compute the given limit by ratio-
nalizing the numerator.

0 =t (LI (VEFIZ9) oy, (VEET 8 L)
o\ 24 T oo v —4 = oo v — 4 V2r+1+3

= lim 2z —4) = lim <2) — 1
e=4 \ (z —4) (V22 +1+3) a—4 \ /22 +1+3 3

(b) Observe that f(4) =3 and f'(4) = 1. Hence the desired tangent line is:

G35. A house sits at point P, which is 20 m from point @ on a straight road. A car travels along the road
toward the point @ at 19 m/s. Let z be the distance between the car and point @, and let 6 be the
angle between the road and the line of sight from the car to the house. See the figure below.

¢

4‘_\;./{9 2 4 @
_’

d
(a) What is the sign of dit”?

db
(b) What is the sign of a?
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(c) Find the rate of change of the distance between the car and the house when the car is 45 m
from point (). You must include correct units in your answer. You may leave unsimplified
radicals in your answer.

Solution

. . . do .
(a) Since x is decreasing, s negative.

(b) Since @ is increasing, is positive.

dt
(c) Let L be the distance between the car and the house. Observe that we seek the value of
CC% at the time when x = 45.

By Pythagorean Theorem, we have 22 + 20? = L2, and differentiating this equation gives

2:1;% = 2L%. We are given that % = —19 when x = 45, and so substituting this
information into our two equations gives us the following:
45% +20% = L°
dL
-90-19=2L—
dt

The first of these last two equations gives L = /452 + 202, whence the second equation

then gives
dL —45-19

dt /452 + 202

The units of our answer are “m/s”.

G36. Find the z-coordinate of each point on the graph of y = 62> — 922 — 162 + 5 at which the tangent
line is perpendicular to the line x + 20y = 10.

Solution
The equation z + 20y = 10 can be written as y = —%x + %, whence the slope of the given line
is —%. The desired tangent line is perpendicular to the given line, and thus has slope 20. So we
must solve the equation % = 20, where y = 623 — 922 — 162 + 5.

d

di’=2oz> 1822 — 182 — 16 = 20 => 18(z — 2)(z + 1) = 0

x

Thus the desired z-coordinates are x = 2 and z = —1.

G37. Suppose that an equation to the tangent line to y = f(z) at x = 9 is y = 3z — 20. Let g(z) = zf(2?).

(a) Calculate f(9) and f’(9). Explain.
(b) Calculate ¢'(x).
(c) Find the tangent line to y = g(z) at x = —3.

Solution
(a) The tangent line to f at z = 9 is the line that passes through (9, f(9)) with slope f/(9).
The line y = 3z — 20 passes through (9,7) and has slope 3. Thus f(9) = 7 and f’(9) = 3.
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(b) Use product rule, then chain rule.
g (@) =1-f(@®) +a- f(2%) 22 = f(2?) + 227 f'(2?)
(c) We have the following (use the results of parts (a) and (b)):

9(=3) = (af(@*))|,e 5 =3 f(9)=-3.7T=-21
g'(=3) = (f(a®) + 227 f'(2?))| _ 5= f(9) + 18- f'(9) =7+18-3 =61

Thus the tangent line to g at © = —3 has the equation:

y=—214+61(z+3)

4
G38. Let f(z) = pro + 3. Use the limit definition of derivative to calculate f'(8). If you simply quote a
x J—

rule, you will receive no credit. You must use the definition of derivative.

Solution

Use the definition of derivative, find a common denominator, and then cancel common factors.

ven e (FEER) —FON . (s t3-5\ . ot 2
f<8>—}£a( i )—m(%)—m(%)

— lim w — lim i — lim —2 _ 2 -1
om0\ h(2+h) ) ws0\h(2+h)) rs0\2+h) 2+0

G39. A rocket is launched so that it rises vertically. A camera is positioned 5000 feet from the launch pad
and turns so that it stays forces on the rocket. At the moment when the rocket is 12,000 feet above
the launch pad, its velocity is 600 feet/sec. Let h be the height of the rocket above the launch pad
and let 0 be the viewing angle of the camera. See the figure below.

d
(a) Determine the sign of p (cos(#)) at the moment described or determine that there is not enough
information to do so.
2

(b) Determine the sign of 7l at the moment described or determine that there is not enough
information to do so.
(¢) At the moment described, what is the rate at which the camera is turning? That is, what is the

rate at which 0 is changing over time? You must include proper units as part of your answer.
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Solution
(a) Note that cos() = 2% where L is the distance from the camera to the rocket (the length
of the hypotenuse of the right triangle). Since L is increasing as the rocket rises, the fraction

5000 is decreasing. Thus the sign of % (cos(M)) is negative.
(b) Note that % is the velocity v of the rocket. Thus % = %. We are not given any

information about %, and so the answer is “not enough information”. (For instance, if we
were given that the rocket rises at a constant speed, we could conclude % =0.)

(c) We seek the rate at which the camera is turning, or Z—f. Since we are given information

about the variables # and A only, our equation relating them is:

h
tan(f) = 5000

Differentiating this equation with respect to t gives

9 1 dh

2 - =
sec”(0) 3 = 5000 dt

At the moment described, we have h = 12000 and % = 600. Substituting these values into
our previous equations gives:

12

tan(f) = 5 sec?(6) b _ 3

dt 25

At the moment described, the right triangle is a 5-12-13 right triangle. Thus sec(f) = %
at the moment described. So our second equation gives:

18Y*do_ 38 d9_ 3
5) dt 25 dt 169

The units are “radians per second”.

G40. For each part, mark “T” if the statement is true or mark “F” if the statement is false. You do not
have to explain your answers or show any work.

(a) If f is continuous at x = 3, then f is differentiable at x = 3.
(b) If f is differentiable at x = 3, then f is continuous at x = 3.
(c) If f'(z) = ¢'(z) for all x, then f(x) = g(x) for all .
(d) The function f(x) = |z| has two tangent lines at = 0: the lines y = x and y = —=.
(e) If f(x) = x'/3, then f'(0) does not exist.
(f) If f(z) = /3, then there is no tangent line to f at x = 0.
)

(g %(6295) — 2136238_1

(h) A certain cylindrical tank has a radius of 5 ft. If the height of the water in the tank
increases at a constant rate, then the volume of the water in the tank also increases at a constant
rate.
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(a)
(b)

(h)

Solution

False. Let f(z) = |z — 3|. Then f is continuous at z = 3 but not differentiable at = = 3.

True. This is the exact statement of Theorem 3.1 on page 146 of the textbook (Briggs et
al., Pearson 2018).

False. Let f(z) =0 and let g(x) = 1. Then f/'(z) = ¢’'(z) but f and g are not the same
function.

False Since f(x) = |x| is not differentiable at = 0, the tangent line to f at = 0 doesn’t
exist.

True. By definition of the derivative, we have:

S (T O N 4 A N
F10) = Jim (h) = Jim, (h) = Jim, (hz/s) = +oo

Since this limit is not a finite number, f/(0) does not exist.

(Alternatively, we can observe that the graph of y = f(z) has a vertical tangent line at
2 = 0. Thus f’(0) does not exist.)

False. From the solution for part (e), we see that f'(0) does not exist but the corresponding

limit is 400. Thus there is a vertical tangent line to f at x = 0.

(Alternatively, we can observe that the graph of y = f(z) has a vertical tangent line at
x=0.)

False. Chain rule gives di(eh ) = 222,
x

True. Note that V = %T”h, where V' and h are the volume and height of the water in the

. . . . . dV _ 257 dh o dh - . dV
tank, respectively. Taking derivatives gives ;- = 3% . Thus if ¢ is constant, so is .

G41. A solid 14-foot tall garage door opens via a pulley X P

mechanism. As the pulley opens the garage door, R
the top of the garage door (point P in the figure)

moves to the right at 5 ft/s. At the same time, the

bottom of the garage door (point @ in the figure) “
moves straight up.

As shown in the figure, the point R is the fixed Q
point at the top of the garage door frame, x rep- J

resents the distance between P and R, and y rep-

resents the distance between @) and R.

d
(a) What is the sign of d—f?

(b) What is the sign of

i,
dt

(c) What is the rate of change of the distance between the points () and R when the distance
between them is 9 feet? You must include correct units in your answer. You may leave
unsimplified radicals in your answer.

Page 124 of



Midterm Exams

Math 135 §3.1, 3.2

Solution
(a) Since x is increasing, % is positive.

(b) Since y is decreasing, %

is negative.
(c) We have 22 + y? = 142, and differentiating with respect to time gives Qx%f + 2y% =0. At

the described time we have y = 6 and ‘é—f = 5. So substituting these values gives:

26 =14 100+ 12% — ¢
dt
The first equation gives z = V142 — 62 = /(14 — 6)(14 + 6) = v/8-20 = /160, whence
we obtain
dy 10z 5/160
12 6

The units of % are ft/sec.

G42. For each part, use the graph of y = f(x) to determine whether the value exists. If the value exists,

state its sign (negative, positive, or zero).

o

(a)
(b)
(c)
)
)

3
2)
1

(d

f(
f(
f(
f(
(e) F(

\
5
) L
3) 1 | / 1

Solution

(a)

does not exist

(b
(c
(d
(e

) does not exist
) zero

) positive
)

negative

G43. Let f(z) =

8x
x+5

(a) Calculate f’(x) by any method.
(b) Use the limit definition of derivative to calculate f’(3). Hint: Use your answer from part (a)

to check your final answer.
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Solution

(a) Use quotient rule.
8z +5)—8z-1 40
(z +5)2 - (z+5)?

fl(x) =

(b) Observe that f(3) = 3, whence by the limit definition of derivative we have:
8z _
f(3) = lim J@ =TGN oy (255 i (B2 =3E0)
T3 x—3 a—3\ = —3 =3 \ (z —3)(x +5)
= lim —5(:6_3) = lim > -0 0
a3\ (z—-3)(z+5)) 2=3\z+5) 3+5 8

G44. The graph of y = f(z) is given below.

10 &

(a) Calculate f'(6). Briefly explain how you found your answer.

(b) Let g(z) = 92 f(2z). Find an equation of the line tangent to the graph of y = g(x) at = = 3.

Solution

(a) The value f’(6) is the slope of the tangent line to y = f(z) at z = 6. The graph of y = f(x)
is a line with slope 3 on the interval [4,7]. Thus f'(6) = 3.

(b) We find ¢'(x) with product rule and chain rule.
g () =9f(2x) + 9z f'(2x) - 2 = 9f(2x) + 18z f/(2z)
Now observe the following:

g(3)=9-3-f(6)=9-3-6=162
f(6)+18-3- f'(6)=9-6+18-3 -3 =216

Thus the desired tangent line is y = 162 4 216(x — 3).
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§3.3, 3.4, 3.5, 3.9: Rules for Computing Derivatives

H1. For each part, calculate f/(z). After calculating the derivative, do not simplify your answer.

18p
723 b - _ 1 csc(z) + 4a3
(a) f(x) = 31/255 (b) f(z) cos(z) In(z) (c) flz)= T et — b
Solution
(a) Observe that f(z) = %x_5/2. Hence f'(z) = % (-3) =72,
(b) Use product rule.
f(z) =— (cos(:n) - — 4+ (—sin(z)) - ln(a:))
(c) Use quotient rule.
, (— csc(x) cot(z) + 1222)(e* — €®) — (csc(z) + 422)(e%)
f (33) = ( T 5)2
er — ed)
15p H2. For each part, calculate f'(x). After calculating the derivative, do not simplify your answer.
2= 148/3 b) f(z) = (z + VBz =6 1/4 B 227
@ J@ =" (®) i) = N R R rrrr
Solution
_1

(a) Simplifying the exponents, we observe that f(z) = fx. Hence f'(z) = 1

(b) Use power rule and chain rule (twice!).

(x+v5z—06) " (1 + % (52 —6)71/2. 5)

I

() =

(¢) Use quotient rule. When differentiating the numerator, use product rule.

() = (22" + 2z¢e”) - (In(z) — cos(x)) — (2%€”) - (1 + sin())
(In(x) — cos(a;))2

H3. Calculate f’(x) where f is the function below.

28 sin(3z)

flo)= (1<>—1<11>)/

After calculating the derivative, do not simplify your answer.

Solution
Use power rule, followed by chain rule. The derivative of the expression inside the power “%” is

given by quotient rule.

8=

2 28 sin(3z)

f(@) = 3 <ln(x) —In(11

) ~ (In(x) — In(11)) (827 sin(3z) + 32® cos(3x)) — a* sin(3x) -
) (In(x) — In(11))2
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H4. Suppose f and g are differentiable for all 2. For each part, use the table below or explain why there

is not enough information.

z f(z) flz) g(x) ¢'(2)
0 -1 —4 4 2
1 -1 -3 2 —4
2 —4 3 1 -1
_ /@ alculate F’
(a) Let F(x) = o) Calculate F'(0).

(b) Let G(z) = f wg(w)) Calculate G'(1).

Solution

(a) First use quotient rule.

Now substitute x = 0 and use the table of values.

(b) First use chain rule, then product rule.

&) = - (ng(@)) = £ (m9(x)) - (ag(a)
= f(w9(@)) - (1 9(2) + 29/ (@)

Now substitute x = 1 and use the table of values.

G'(1) = f'(1-g(1) - (9(1) +1-¢'(1))
= 1'(2) - (9(1) +¢'(1))
=3 (2+ (—4)) = -6

HS5. For each part, calculate f'(x). Do not simplify your answers.

(a) f(2) = " sin(x)

Solution
(a) Use product rule.

f'(z) = €”sin(z) + €” cos(x)

(b) Start with quotient rule. To differentiate the numerator, use chain rule twice.

f _<&iw“ﬁ”99m“@—ﬁ%ﬁw“+®ﬂwwﬁ
)= (9 tan(z) — 79)?

H6. Find the slope of the line tangent to the graph of y = 31In(x) — 61/z at x = 3.
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Solution
Observe that J ) . 5 5
%z?p;—(j-ix 1/2:;_%
Hence the slope of the tangent line is
dy 3 3
7 U R

HY7. For each part, calculate f'(x). Do not simplify your answers.

(a) f(z)= 131&123 (b) f(x) = +/cos(3 + xP)

Solution

(a) Use quotient rule.
F(x) = i (10 — 23) — In(z) - (—32?)
B (10 — x3)2

(b) Use chain rule twice.

(cos(3+ 365))_1/2 - (—sin(3 + 2°)) - 52*

N |

fi(z) =

HS8. Find all points on the graph of f(z) = xzIn(z) where the tangent line is horizontal.

Solution

we must solve the equation f/(x) = 0.

0=f(z)=1+In(z) =z=c¢"!

A horizontal line has slope 0 and the slope of the tangent line is given by the derivative. Hence

Hence the point on the graph with a horizontal tangent is (6*1, f(efl)) = (6*1, —6*1).

H9. For each part, calculate f/(z). Do not simplify your answers.

(a) f(z) =22 — 5% — 87 + 1473/2 (c) f(x) =sin (122 — 2”) In(z)
z* — 20z 2/3 ed sec(6z)+1
o) 10 = (255 @ sy =

Solution
(a) Write the function using exponents.

1
f(z) =222 — gxfl — 821/% 4 1473/
Differentiate using power rule, noting that 1473/2 is a constant.

1
f(z) =4z — gx” — 4~ 1/2
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(b) Use power rule first, then use chain rule (using quotient rule to find the derivative of the
“inside” function).

o2 (2t =200\ T (42 — 20)(a® + 20) — (2 + 20)(322)
f(m)_<m3+2o) ' (23 + 20)2

3
(c) Use product rule. When differentiating the first term, use chain rule.

1

f'(z) = cos(12z — %) - (12 — 92%) - In(z) + sin(122 — 2°) - =

x

(d) Use chain rule twice. (Do not use quotient rule. The factor of 1 is a constant coefficient.)

1 -
f(z) = 5655“(6”)“ - 5sec(6x) tan(6x) - 6

10
H10. Find the x-coordinate of each point on the graph of f(x) = 3x + — where the tangent line is parallel
x
to the line y = 20 — 2x.

Solution
The slope of the line y = 20 — 2z is —2 and parallel lines have equal slopes. Hence we seek all
values of x that solve the equation f'(z) = —2.
10
"(2)=-2=3—— = -2
f(@) 72
Solving for x gives & = —v/2 or z = /2.

H11. Let f(x) = 2!%275%. Find the x-coordinate of each point where the tangent line to f is horizontal.

Solution
The tangent line is horizontal wherever f’(xz) = 0. We find the derivative using the product rule

and chain rule.
fl(x) — 15x146275x _ 51,156275:6 — 5:614(3 _ x)€275x

Solving f’(x) = 0, we find that there is a horizontal tangent line at x = 0 and = = 3.

H12. Let f(x) = 32° — 223 4+ Tz — 16. Find an equation of the tangent line to f at x = —1.

Solution
The tangent line passes through the point (—1, f(—1)) = (—1,—24). Now observe that f'(z) =
152* — 622 +7, whence the slope of the tangent line is f’(—1) = 16. So an equation of the tangent
line is:

y=—24+16(z +1)
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H13. Consider the function f(z) = 23 — 6z + ¢, where ¢ is an unspecified constant. Suppose the line
102z — y = 609 is tangent to the graph of y = f(z) at the point P in the first quadrant.

(a) What is the value of f/(z) at the point P? Give a brief, one-sentence explanation.

(b) Find the z-coordinate of P.

(¢) Find the y-coordinate of P.

(d) Find the value of c.

Solution
(a) The slope of the tangent line at P is 102, hence f'(z) = 102 at P.

(b) We solve the equation f’(x) = 102.
307 —6=102=2"=36=12=6

(We reject the solution = —6 since P is in the first quadrant.)
(c) The tangent line and graph of f coincide at the point of tangency. So substituting z = 6
into the equation of the tangent line gives y = 102 -6 — 609 = 3.

(d) We have f(6) =63 —6-6+c = 180+ c. On the other hand, from part (c), f(6) = 3. Hence
180 + ¢ =3, and so ¢ = —177.

Re”

H14. Let f(z) = .

5 Find the equation of each horizontal tangent line of f.

Solution
A horizontal tangent line occurs at points where f/(z) = 0.

;o 8e"(x—3)—8e"-1 8e"(x—4)
fla) = (x — 3)3 ~ (z—3)2

Solving f'(z) = 0 gives * = 4 (whence f(4) = 8¢*). Hence the only horizontal tangent line is
y = 8e.

H15. Suppose f(1) = —8 and f’(1) = 12. Let F(z) = 23 f(z) + 10. Find an equation of the tangent line to
Fatz=1.

Solution
Observe that F'(1) = f(1) + 10 = 2. Hence the point of tangency is (1,2). Using product rule,
we have

F'(z) = 322 f(x) + 2° f'(z)

Hence the slope of the tangent line is F'(1) = 3f(1)+ f/(1) = —12. So the equation of the desired
tangent line is
y=2-12(x—1)
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H16. Suppose that an equation of the tangent line to f at x =5 is y = 3z — 8. Let g(x) = gi—x)l()
x

(a) Calculate f(5) and f(5).
(b) Calculate g(5) and ¢'(5).

(¢) Write down an equation of the tangent line to g at = 5.

Solution
(a) The tangent line to f at z = a has slope f’(a) and passes through (a, f(a)). The line
y = 3z — 8, which is tangent to f at x = 5 passes through the point (5,7), whence
f(5) = 7. the same line has slope 3, whence f’(5) = 3.

(b) We have g(5) = £6) = % We use quotient rule to find ¢'(x).

35
b f(@) - (@24 10) — f(z) - 2
g(x) = (22 + 10)2

/(s _ 3:35-710 _ 1
Hence ¢'(5) = =5z = 5.

(c) The tangent line to g at z =5is y = £ + 3= (z — 5).

H17. Suppose f(2) = —7 and f/(2) = 3.
(a) Let g(x) = cos(z)f(x). Calculate ¢'(2).
(b) Let h(z) = 2f(®)+3, Calculate b/ (2).

Solution
(a) We use product rule.
g'(z) = —sin(z) f(z) + cos(z) f'(x)
Hence ¢'(2) = 7sin(2) + 3 cos(2).

(b) We use chain rule.
W (x) = @32 f(z)

Hence h'(2) = 6e~11.

H18. Let f(x) = 22 + bx + ¢, where b and ¢ are unspecified constants. An equation of the tangent line to
fatx=3is 12¢ +y = 10.
(a) Calculate f(3) and f’(3). Your answers must not contain the letters b or c.
(b) Calculate the value of b.

(c) Calculate the value of c.

Solution
(a) The tangent line to f at = 3 is 12z + y = 10, which passes through the point (3, —26),
whence f(3) = —26. The same line has slope —12, whence f'(3) = —12.
(b) We have f/(z) = 2z + b, whence f/(3) = 6 + b. From part (a), we must have 6 + b = —12,
whence b = —18.

(c) We have f(z) = 2? — 18z + ¢, whence f(3) = —45 + ¢. From part (a), we must have
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‘ —45 4+ ¢ = —26, whence ¢ = 19.

H19. The following limit represents the derivative of a function f at a point a.

f'(a) = lim <9tan(g th - f/%)

h—0 h

(a) Find a possible pair for f and a.
(b) Calculate the value of the limit.

Solution
(a) Recall that the definition of the derivative is:

o =y (10D = S0)

h—0

Let f(z) = 9tan(z) and let @ = §. Then the given limit is f'(a).

(b) Observe that f'(z) = 9sec(z)?, and so the given limit is 9sec(%)? =9 § = 12.

H20. Selected values of the functions f and g and their derivatives are given in the table below. Use these

values to complete the questions.

x 2 3 4
flx) 4 3
flle) —4 -1 —9 —3
g(x) 1 3 4
gx) 1 2 4 5

(a) Suppose h(z) =5f(x) — 8g(z). Find h'(1).
(b) Suppose p(z) = 2% f(z). Find p'(2).
(c) Suppose q(x) = f(z?). Find ¢'(2).

Solution
(a) We have h'(z) =5f'(z) — 8¢'(x). Thus

h'(1)=5f'(1) —8¢'(1) =5-(—4) —8-1=-28
(b) By product rule we have p/(x) = 2z f(x) + 2% f'(x). Thus
P(2)=2-2-f2)+4-f(2)=4-3+4-(-1)=38

(c) By chain rule we have ¢/(x) = f’(2?) - 2. Thus
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H21. For each part, calculate f'(x). After calculating the derivative, do not simplify your answer.
13 5
(a) f(x) =3z +7\/5_E+12
e” — 2sin(z)

(b) f(z)= W
(¢) f(z) = 2" cos(3e”)

Solution
(a) We use power rule several times.

d
— (32 + 7V~ D 12) = 30012 4 Lpm /2 4 15t
dz x3 2

(b) We use quotient rule.

d <e‘” — 2sin(m)> _ (e” — 2cos(z)) (In(z) + 23) — (e* — 2sin(z)) (L + 32?)
dr \ In(z)+ 23 (In(z) + 23)?

(c) We use product rule, then chain rule.

d
. (2$4 cos(3ex)) = 823 cos(3e") + 2zt (— sin(3e”)) - 3e”

H22. For both parts below, suppose the line tangent to the graph of y = f(z) at z =5 is y = 22 — 3.

(a) Calculate f(5) and f'(5).
(b) Let g(x) = zf(x)+ 14. Find an equation of the line tangent to the graph of y = g(z) at x = 5.

Solution
(a) The tangent line at x = 5 intersects the graph of y = f(z) at * = 5, whence f(5) =
2.5 —3 =7. The slope of the tangent line at x =5 is f’(5), whence f'(5) = 2.
(b) First observe that, by part (a), g(5) = 5f(5) + 14 = 49. Then using product rule, we
obtain ¢'(z) = f(x) + xf'(x). Putting x = 5 and using part (a) again, we now have
g'(5) = f(5) + 5f'(5) = 17. Hence the desired tangent line is:

y—49 = 17(x — 5)

H23. For each part, calculate the derivative. After calculating the derivative, do not simplify your answer.

() = (tan (;ﬂfé)) (0) 5 (3T cos(w) ~8M) (o) & (103512 3y \/5>
Solution

(a) Use chain rule, then use quotient rule.
d In(z) o [ In(x) L2z —5)—In(z) -2
— |t = .z
dx (an (2:5—5)) vee <2z—5 (2z —5)?2

Page 134 of




Math 135 §3.3, 3.4, 3.5, 3.9 Midterm Exams

(b) Use product rule on the first term and chain rule on the second term.

d
e (327 cos(x) — 8¢**) = 212 cos(z) — 3z sin(x) — 24"
x

(¢) Use power rule on each term.

d 1
4 (103512 — 3z 3 4 x1/4> — 1202 + 9z~ 4 g 3/4
dx 4

H24. Suppose that an equation to the tangent line to y = f(z) at 2 = 9 is y = 3z — 20. Let g(z) = zf(x?).

(a) Calculate f(9) and f(9). Explain.
(b) Calculate ¢'(x).
(c¢) Find the tangent line to y = g(z) at z = —3.

Solution
(a) The tangent line to f at z = 9 is the line that passes through (9, f(9)) with slope f/(9).
The line y = 3z — 20 passes through (9,7) and has slope 3. Thus f(9) =7 and f’(9) = 3.

(b) Use product rule, then chain rule.
g(x) =1-f@@*) + - f'(2%) 20 = f(2%) + 227 f'(a?)
(c) We have the following (use the results of parts (a) and (b)):

g(=3) = (af(z?))] __,= -3 f(9)=-3-T=-21
g (=3) = (f(@*) + 227 (2))|,__4 = F(9) + 18- f/(9) =7+18-3 =061

Thus the tangent line to g at * = —3 has the equation:

y=—21461(z+3)

Page 135 of



Math 135 §3.7 Midterm Exams

§3.7: The Chain Rule

15p I1. For each part, calculate f/(x). After calculating the derivative, do not simplify your answer.
2 148/3 - —\1/4 22e®
() f(2) = 5 (b) f(z) = (z+ Vbz —6) ) fla)=— ot
x

Solution
(a) Simplifying the exponents, we observe that f(z) = tz. Hence f'(z) =

1
Z.
(b) Use power rule and chain rule (twice!).

fw) = i (e + V52 —6) " (1 + % (52 — 6) /2. 5)

(c) Use quotient rule. When differentiating the numerator, use product rule.

() = (:UQex + Qwel’) - (In(x) — cos(x)) — (ag%w) . (% + Sin(x))
(In(z) — cos(z))’?

12. Suppose f and g are differentiable for all x. For each part, use the table below or explain why there
is not enough information.

r f(x) f(x) g(x) d'(z)
0 -1 -4 4 2
1 -1 -3 2 4
2 4 3 1 -1

_S@ alculate F”
(a) LetF(x)—g(a:).Cl late F’(0).

(b) Let G(z) = f(xg(m)) Calculate G'(1).

Solution
(a) First use quotient rule.
F(z) = f'(z)g(x) — J;(l’)g’(w)
g9(z)
Now substitute £ = 0 and use the table of values.

poy = CHB-(C0E) _ 1642 7

(b) First use chain rule, then product rule.

@)= - f(rg(@) = 1/ (a9)) - (wg(a)

= f'(w9(@)) - (1- g(a) + g/ (2))
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Now substitute £ = 1 and use the table of values.
G'(1)=f'(1-9(1))- (9(1) +1-¢'(1))
1

= f'(2) - (g(1) + ¢'(1))
=3 (24 (-4)) =6

—8 and f'(4) = 3. Let g(z) = f (32%). Find ¢’(4) or explain why it is impossible to

do so with the given information.

Solution
Use chain rule.

Hence ¢'(4) = f'(4) - 2 = 6.

I4. Find an equation of the line tangent to the graph of y = tan(2z) at © = %

Solution
The tangent line must pass through the point (%, f(%)) = (5,tan(§))) = (%,1). Now we find

the derivative using chain rule.

I5. Find an equation of the line tangent to the graph of f(z) = 5e2°°%(®) at x = 37 /2.

Solution
The point of tangency is (35, f (25)) = (2F,5). Observe that f/(z) = 5e2°®) . (~2sin(z)).
1

2
Hence the slope of the tangent line is f’ (37”) = 10. Thus an equation of the tangent line is

3T
_5—1 _ 27
Yy—>95 O<x 2)

16. For each part, calculate the derivative by any valid method.

(a) f(z) = 2% cos(3z) + L ] e’
51 (b) f(x)=4/sin <x—i—1>

Solution
(a) Write the second term as é = %a:_l. Then use product rule and power rule.

1
f'(z) = 2z cos(3z) — 3% sin(3z) — gx—2
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(b) Use chain rule twice. For the second application of chain rule, use quotient rule.

, 1/, e’ —1/2 e’ elr+1)—e”-1
-3 () o)

12p I'7. Suppose f(2) = =7 and f'(2) = 3.

(a) Let g(x) = cos(z)f(x). Calculate ¢'(2).
(b) Let h(zx) = 2/@+3, Calculate h/(2).

Solution
(a) We use product rule.
g'(x) = —sin(z) f(z) + cos(z) f'(x)
Hence ¢'(2) = 7sin(2) + 3 cos(2).
(b) We use chain rule.
W(a) = 2O 2 (a)

Hence h'(2) = 6e~11.

I8. Let f(z) = x%**.

(a) Find f'(x).
(b) Explain how to find where the tangent line to the graph of f is horizontal.
(c) Find where the graph of f has a horizontal tangent line.

Solution
(a) Use product rule and chain rule.

f(x) = 928 + 29 - 4e*® = 28 (9 + 42)

(b) We must solve the equation f’'(z) =0 for .

(¢) The solutions to f’(z) = 0 are z = 0 and 2 = —2, thus these are the z-values where f has
a horizontal tangent line.

19. Selected values of the functions f and g and their derivatives are given in the table below. Use these
values to complete the questions.

T 2 3 4
flz) 4 3
flz) —4 -1 -9 -3
g(z) 1 3 4
g 1 2 4 5

(a) Suppose h(z) =5f(x) — 8¢g(x). Find h'(1).
(b) Suppose p(x) = 2% f(z). Find p/(2).
(c) Suppose q(x) = f(z?). Find ¢'(2).

Page 138 of



12p

30p

Math 135 §3.7 Midterm Exams

Solution
(a) We have h'(z) =5f'(x) — 8¢'(z). Thus

B'(1)=5f'(1) —8¢'(1)=5-(—4) —8-1=-28
(b) By product rule we have p/(x) = 2z f(x) + 22 f'(z). Thus
P(2)=2-2 f2)+4-f(2)=4-3+4-(-1) =8

(c) By chain rule we have ¢/(x) = f’(2?) - 2. Thus

110. Suppose f is differentiable at x and g(z) =

161n(15z)
6f(z) — vz + 17

. Find ¢'(z).

Solution

We start with quotient rule since the expression for g(x) is a quotient. When we differentiate the
numerator we must use chain rule.

(16 & - 15) - (6f(2) — V& +17) = (16(152) - (6/'(2) — 54 )
(6f(a;) — x4+ 7)2

g'(x) =

I11. For each part, calculate f’(x). After calculating the derivative, do not simplify your answer.

(a) f(z) =321 +7yx — % +12

0) fle) = T

(¢) f(z) = 2z cos(3€?)

Solution

(a) We use power rule several times.

d 5 7
- <31‘13 +7Vr -5+ 12> =392 + 51:—1/2 + 15274
X X

(b) We use quotient rule.

d (ex - ZSin(;U)) _ (e —2cos(z)) (In(z) + 23) — (e* — 2sin(z)) (L + 32?)
dz \ In(z)+ 23 (In(z) + 23)*

(c) We use product rule, then chain rule.

di (22" cos(3e")) = 8z° cos(3e”) + 2z - (—sin(3e”)) - 3"
x

Page 139 of



Math 135 §3.7 Midterm Exams

2
12p| I12. Let h(z) = f ) Use the table of values below to calculate h'(1).

g(z)
z f(z) f'(x) g(x) J(=
—4 6 2 3
5 -2 -1 9
Solution

We first calculate h'(x) using quotient rule, then chain rule.

f'(@?) 22 - g(x) — f(2°)g'(x)

g(x)?

b (z) =

Now we substitute £ = 1 and use the table of values.

_2f'(Wg() — f()g'(1) _2-6-2—(-4)-3
g(1)? 22

K (1) =9

24p| I13. For each part, calculate the derivative. After calculating the derivative, do not simplify your answer.

(a) d% (m( In(z) >> (b) di (327 cos(z) — 8¢%7) (c) % (109012 _ % n \/5>

2¢ — 5 T

Solution
(a) Use chain rule, then use quotient rule.

% (tan (21;1(16)5» el (;;(iﬂ)g)) i (256(;3:5)_—5)1;1(:6) 2

(b) Use product rule on the first term and chain rule on the second term.

d
e (327 cos(z) — 8¢**) = 212 cos(z) — 3z sin(x) — 24"
x

(c) Use power rule on each term.

d 1
@ (109512 3273 4 x1/4) — 12021 4+ 9z~ 4 g 3/4
dx 4

16p| I14. For each part, mark “T” if the statement is true or mark “F” if the statement is false. You do not
have to explain your answers or show any work.

(a If f is continuous at x = 3, then f is differentiable at x = 3.
(b If f is differentiable at x = 3, then f is continuous at x = 3.

)
)
(c) If f'(z) = ¢'(z) for all z, then f(z) = g(x) for all .
(d) The function f(x) = |z| has two tangent lines at © = 0: the lines y = x and y = —=.
)
)

C

e If f(z) = 2'/3, then f'(0) does not exist.

(
(f If f(z) = /3, then there is no tangent line to f at z = 0.
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(g) %(621) — 2%62171

(h) A certain cylindrical tank has a radius of 5 ft. If the height of the water in the tank
increases at a constant rate, then the volume of the water in the tank also increases at a constant
rate.

Solution
(a) False. Let f(z) = |z — 3|. Then f is continuous at z = 3 but not differentiable at =z = 3.

(b) True. This is the exact statement of Theorem 3.1 on page 146 of the textbook (Briggs et
al., Pearson 2018).

(c) False. Let f(x) = 0 and let g(z) = 1. Then f'(z) = ¢'(x) but f and g are not the same
function.

(d) False Since f(x) = |z| is not differentiable at = = 0, the tangent line to f at © = 0 doesn’t
exist.

(e) True. By definition of the derivative, we have:

R = FO) (BB 1
F10) = Jim <h> = Jim, <h> = Jim, <h2/3) = +oo

Since this limit is not a finite number, f/(0) does not exist.
(Alternatively, we can observe that the graph of y = f(z) has a vertical tangent line at
2 = 0. Thus f'(0) does not exist.)

(f) False. From the solution for part (e), we see that f'(0) does not exist but the corresponding

limit is 4o00. Thus there is a vertical tangent line to f at z = 0.

(Alternatively, we can observe that the graph of y = f(z) has a vertical tangent line at
x=0.)

(g) False. Chain rule gives di(eh) = 2%,
x

(h) True. Note that V = 2%h, where V and h are the volume and height of the water in the

. . . . . dV _ 257 dh o dh - - dV
tank, respectively. Taking derivatives gives ‘5 = 3% . Thus if {7 is constant, so is .

I15. For each part, calculate the indicated derivative. Do not simplify your answer.

d 10 3 8
(a) e <7m + Yz — ~20 + sec(&r))

) % <ln (xi;; 30)>

(c) % (sin (ze™7))

Solution
(a) Use power rule on the first three terms and chain rule on the last term.

d 1
e (7$10 + 23— 8720 4 SGC(SJ:‘)) = 702" + §$—2/3 + 1602~ 2! 4 8sec(8z) tan(8x)
x
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(b) Use quotient rule, then chain rule.

d (@@ +30)\  irg -8z —8In(a® +30)

(c) Use chain rule, then product rule and chain rule.

% (sin (xe_5z)) = oS (xe_Sm) . (6_5:6 — 53:6_51)

I16. Find the coordinates of all points on the graph of f(z) = zv14 — 22 where the tangent line is
horizontal. You must give both the z- and y-coordinate of each such point.

Solution
We first find f’(x) using product rule, then chain rule.

2

Fla)=1-(14 a2 4o (14— a2 (220) = V14— P -

The tangent line to the graph of f(z) is horizontal at points where f’(x) = 0. To solve f'(x) =0,
multiply both sides by v/14 — 22, then solve for x.

\/14—:62-<\/14—a:2—\/1j2_7$2> =

M-—a?—22=0=—=14-222=0=—=22=T—=2=VToraz=V7

Hence the graph has horizontal tangent lines at z = —+/7 and = = /7.

I17. The graph of y = f(z) is given below.

10 &

(a) Calculate f'(6). Briefly explain how you found your answer.

(b) Let g(z) = 92 f(2z). Find an equation of the line tangent to the graph of y = g(x) at = = 3.
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Solution

(a) The value f(6) is the slope of the tangent line to y = f(z) at z = 6. The graph of y = f(x)
is a line with slope 3 on the interval [4,7]. Thus f/(6) = 3.

(b) We find ¢'(z) with product rule and chain rule.
g (x) =9f(2x) + 9z f'(2x) - 2 = 9f(2z) + 18z f'(2x)
Now observe the following:

g(3)=9-3-f(6)=9-3-6=162
F(6)+18-3-f(6)=9-6-+18-3-3 =216

Thus the desired tangent line is y = 162 + 216(z — 3).
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§3.8: Implicit Differentiation
J1. Find all points on the graph of the equation

222 — Aoy + Ty? =45

at which the tangent line is horizontal. Hint: Find a second equation that such points must satisfy.

Then solve a system of two equations in the two unknowns x and y.

Solution
dy

dy _

dy
dr —4dx—= — 4y + 14
o xd:r v+ ydx

0

202 — da® + Tz = 45

(—3,—3) and (3, 3).

The tangent line is horizontal at points where e 0. Using implicit differentiation we have
x

Setting % = 0 gives the equation 4x — 4y = 0, or x = y. Hence the desired points must satisfy
both x = y and the original equation. Substituting x = y into the original equation gives

Hence 522 = 45, or x = +3. The points on the graph where the tangent line is horizontal are

J2. Find an equation of the line tangent to the following curve at the point (2,0).

3 +e™ =3y+9

Solution

Implicitly differentiating the equation with respect to = gives

dy dy
2 Ty e _
3z° +e <xd +y>—3d

Substituting x = 2 and y = 0 gives

dy dy dy
1241 12— =3— = — =12
+ < dz * O) Sdm dz

Hence the equation of the tangent line is

y—0=12(z—2)

J3. Find an equation of the line tangent to the following curve at (8, 1).

sin (m> =x— 8y
Y

Solution

We implicitly differentiate each side of the equation with respect to .

d
cos<”). YT g ) g g
Y Y dx
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Now we substitute the point (z,y) = (8,1).

Solving for % gives g—g = %, the slope of the desired tangent line. Hence an equation of the

tangent line is

1
Z/—l:g(ﬂf—g)

10p J4. Find an equation of the line tangent to the following curve at the point (1,1).

5
—$:4J:+y3
Y

Solution
Differentiate each side of the equation with respect to x using implicit differentiation.

S5-y—0dx-gn dy

Substituting the point (z,y) = (1,1) gives 5 — 5% =4+ 3%, whence % = 1. Hence the tangent
line has equation

1
y—1:§(x—1)

J5. Find an equation of the line tangent to the following curve at the origin.

sin(x 4+ 2y) + 92 + 1 = ¢?

Solution
Implicitly differentiating each side of the equation with respect to x gives the following.

dy dy
2) - [ 1+2=2 —ov. Y
cos(x + 2y) ( + d:c) +9=c¢ o
Substituting x = y = 0 gives us the equation:
dy dy
142—=+9=—
+ dx + dx

Hence % = —10 at the point (0,0), and the desired tangent line is y = —10zx.

10p J6. Suppose y is defined implicitly as a function of x by the following equation.
3y% + (z 4+ y)* = 100

d
Find 2. Do not simplify your answer.

dx
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We now algebraically solve for %.

dy  —(32%y* 4+ 2(z +y))

dx 203y + 2(x + y)

Solution
Implicitly differentiate each side of the equation, making sure to carefully use product rule and
chain rule. p p
3x2'y2+x3-2y-—y+2(x+y)- 1+ %) =0
dx dx

10p J7. A particle in the fourth quadrant is moving along a path described by the equation

2 + xy 4 2y% = 16

such that at the moment its x-coordinate is 2, its y-coordinate is decreasing at a rate of 5 cm/sec.

At what rate is its xz-coordinate changing at that time?

Solution
Differentiating the given equation gives the following.

dr dx dy dy

20— + — — +4y— =0
a T @t T a T
At the given time, we have x = 2 and % = —5, and we want to find ‘fl—f. Substituting this
information into our two equations gives
442y +2y° =16
dr dx
4— 4+ —y—10—-20y =0
ar Tar? Y
Solving for y in the first equation gives y = —3 or y = 2. Since the particle is in the fourth
quadrant, we have y = —3. Substituting into the second equation above gives
dx dx
4——-3——-104+60=0
dt dt +
Hence ‘fi—f = —50 cm/sec.
10p J8. Find an equation of line tangent to the following curve at the origin.

sin(z +3y) +9x +1=¢Y

Solution
Using implicit differentiation with respect to = gives the following.

d d
cos(z + 3y) - (1—1—305:) +9:ey.d7yc
Substituting x = 0 and y = 0 gives
dy dy
1+4+3-—= ==
+ 3daz +9 I
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Hence the slope of the tangent line is % = —5, whence an equation of the tangent line is

Yy = —ox

10p J9. Consider the curve described by the equation
322 4+ 2xy 4 4y° = 132

At any point on this curve, we have
dy —3r—y

dr  x+4y

(a) Describe in two or three sentences the steps you should take to find the points on the curve
where the tangent line is horizontal. Your answer may contain either English, mathematical
symbols, or both.

(b) What is the rightmost (i.e., greatest xz-coordinate) point on the curve where the tangent line is
horizontal?

(c) Describe in one or two sentences how parts (a) and (b) would change if instead you wanted to
find the points where the tangent line is vertical. You do not have to solve the problem again,
but only describe generally what you would do differently. Your answer may contain either
English, mathematical symbols, or both.

Solution
(a) The point must lie on the curve and the tangent line is horizontal (i.e., % = 0). So we
must solve the following simultaneous set of equations for x and y.
322 + 22y + 4y = 132
—3r—y
r+4y
(Note that the second equation is equivalent to y = —3z.)
(b) Substituting y = —3x into the original equation gives 322 —6x24362% = 132, or 3322 = 132.
Hence x = —2 or = 2. The z-coordinate of the rightmost point with a horizontal tangent
is thus x = 2. Since we also have y = —3x, the y-coordinate is y = —6.

(¢) A vertical tangent line has an undefined slope, so we replace the equation % = (0 with
“denominator of Z—Z is 0”. That is, we must solve the following simultaneous set of equations:

322 + 22y + 4y = 132
z+4y =0

10p| J10. Find an equation of the line tangent to the following curve at (1,7).

In(zy+2z—7) =2z + 4y — 30

Solution
Using implicit differentiation with respect to x gives the following.
dy

1 dy
— |z 1)=2+4—+-
y+x—7 <$dx+y+ ) * dx
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Substituting x = 1 and y = 7 gives

dy dy
2 48=2+4+42
T + o

Hence the slope of the tangent line is % = 2, whence an equation of the tangent line is

y=7+2(zx—-1)

10p| J11. Consider the curve described by the equation
52 — dzy + 1> =8

At any point on this curve, we have
dy  —dr+2y

de  —2x+4vy

(a) Describe in two or three sentences the steps you should take to find each point on the curve
where the tangent line is parallel to the line y = z. Your answer may contain either English,
mathematical symbols, or both.

(b) What is the leftmost (i.e., least z-coordinate) point on the curve where the tangent line is
parallel to y = x?

(c¢) Describe in one or two sentences how parts (a) and (b) would change if instead you wanted
to find the points where the tangent line is perpendicular to the line y = 4. You do not have
to solve the problem again, but only describe generally what you would do differently. Your
answer may contain either English, mathematical symbols, or both.

Solution

(a) The point must lie on the curve and the tangent line has slope 1 (i.e., ZZ—Z =1). So we must

solve the following simultaneous set of equations for x and y.

52 — dzy + 1> =8
-5 + 2y _ 1
—2r+y

(Note that the second equation is equivalent to y = 3x.)

(b) Substituting y = 3z into the original equation gives 522 — 4x(3x) + (3z)% = 8, or 222 = 8.
Hence x = —2 or « = 2. The z-coordinate of the leftmost point with a tangent line parallel
toy =x is x = —2. We have y = 3x, whence the y-coordinate is y = —6.

(c) The line y = 4 is horizontal, so a perpendicular line is vertical. A vertical tangent line has
an undefined slope, so we replace the equation % = 0 with “denominator of % is 0”. That
is, we must solve the following simultaneous set of equations:

52 — dxy + 1> =8
—2z4+y=0
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J12. Consider the curve described by the equation

N

d
(a) Find Y at a general point on the curve.
x

(b) Find an equation of the line tangent to the curve at the point (—1,1).

Solution
(a) Use implicit differentiation.

d d
4x3—2xy—m2-£+4y3-£:0
dz dx

d
Solving algebraically for d—y gives:
T

dy  2xy— 43

dr  4y3 — a2

(b) The slope of the tangent line is

B (xy - 2:E3>
(za)=(-11)  \4yP—a?

Hence an equation of the tangent line is

m—@
dx

(x’y):(flzl)

2

J13. On an online exam, a student uses logarithmic differentiation to find the first derivative of

F(z) = (3 +sin(z))*™*’

They type the following two lines for their work.

y = (3 +sin(x))*"

In(y) =In(---

Unfortunately, the student runs out of time and is unable to submit the rest of their work. Oh no!

Find f/(z) by completing the student’s work.

Solution
We take logs of both sides, use logarithm laws, and then use implicit differentiation.

y = (3+sin(x))*""
In(y) = In ((3 + sin(x))“wz)
In(y) = (24 2%)1In (3 + sin(z))

1 dy _

— 2z - In (3 + sin(x)) + (2 + 2?) -

y dr - cos(x)

3 + sin(z)
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d
Now solve for d—y and replace y with f(x).
x

) 22) cos(x
F(z) = (3 +sin(z))*™™ - (2x In (3 + sin(z)) + W)

J14. Consider the following curve, where a and b are unspecified constants.

az’y —3zy? +4z =10

dy  3y? —2azy —4
(a) Show that Gy _ oY T2ty T2
dx azr? — 6xy
(b) Suppose the tangent line to the curve at the point (1,1) is y = 1+ 5(x — 1). Use part (a) to
find the value of a.

(c) Use your answer to part (b) to find the value of b.

Solution

(a) Differentiate both sides of the equation with respect to z, using product rule and chain
rule on each of the first two terms.
dy

9 2
ary + ax 1

d
Y3y ey v a=0
T dx

Collecting like terms and factoring gives:

(a:z:2 — 61:y) Z—Z + (2axy —3y® + 4) =0

Elementary algebra then gives the desired result.

(b) The slope of the tangent line at (1,1) is 5, whence

c_dy __(@2—mmy—4)  —2a—1
A2 | (s =(11) ax? —6zy /e y-qy a6
. . _ 29
Solving for a gives a = =.
(¢) The point (1,1) lies on the curve, i.e., the point (1,1) satisfies the original equation. This
implies a +1 =5, and so b = 376.

J15. Consider the curve defined by the equation below, where a and b are unspecified constants.

JVIy = ay® + b
Suppose the equation of the tangent line to the curve at the point (3,3) is y = 3+ 4(x — 3).

(a) What is the value of % at (3,3)7
(b) Calculate a and b.

Solution
(a) The slope of the tangent is line is 4, hence % =4 at (3,3).

(b) We first use implicit differentiation on the equation of the curve.
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1 —1/2 dy _ 2 ay
5 (@y) <wdx<+21 =3ay”- —

We now substitute z = 3, y = 3, and % = 4, which gives us %5 = 108a, whence a = %.

We now substitute z = 3, y = 3, and a = 52 into the equation for the curve, which gives

216
_ 135 _19
us 3 = 57z + b, whence b= .

J16. Consider the curve defined by the following equation, where A and B are unspecified constants.

Ax? — 8xy = Bcos(y) + 3

(a) Find a formula for %'

(b) Suppose the point (8,0) is on the curve. Find an equation that A and B must satisfy.
(c) Suppose the tangent line to the curve at the point (8,0) is y = 6z — 48. Find the values of A
and B.

Solution
(a) Using implicit differentation, we obtain:

2Ax — 8y — Sx% =-B sin(y)%

Solving for g—g gives:
dy 2Axr — 8y

dr 8z —B sin(y)
(b) The point (8,0) must satisfy the equation that defines the curve, whence:

64A =B +3

(c) We have that % = 6 (the slope of the tangent line) when x = 8 and y = 0. Hence by part
(a) we have:
__164-0_4A

64—0 4
Hence A = 28. From part (b) we then have B = 644 — 3 = 1533.

J17. Consider the curve described by the following equation:

1222 4 6zy + y> = 20

Find all points on the curve where the tangent line is horizontal. Write your answer as a comma-
separated list of coordinate pairs.

Hint: Find a second equation that such points must satisfy.

Solution
We first differentiate each side of the given equation to find an equation for %.

d d
24z + 6y + 6222 + 2y — ¢
dx dx
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At a point where the tangent line is horizontal we have % = 0, and so putting % = 0 in the
above equation gives
2dx 4+ 6y =0=—=y = —4x

Hence any point where the tangent is horizontal must satisfy both the equation for the curve and
the equation y = —4x. Combining these two equations gives

1222 + 62 (—4x) + (—4x)* = 20

This equation is equivalent to 422 = 20, whence z = —v/5 or z = /5. Recalling that y = —4x
at the desired points, we find two points where the tangent line is horizontal: (—\/5,4\/5) and

(v/5, —4v/5).

J18. Find all points on the graph of the following equation where the tangent line is vertical.

2?2 — 2zy + 10y? = 450

Solution

We first find g—g using implicit differentiation.

dy dy
2 — 2y — 2x—= + 20y— =0
T xdx + yda:
Solving for % algebraically gives
dy  2y—2x
dr 20y — 2x

The slope of a vertical line is undefined (infinite), thus we seek points for which % is undefined
(infinite). Thus vertical tangent lines occur at points where 20y — 2z = 0, or where x = 10y.
These points also lie on the curve itself. Substituting = 10y into the equation for the curve
gives:

(10y)? — 2(10y)y + 10> = 450 = 90> = 450 = y = +/5

Hence the points where the curve has a vertical tangent are (10\/5, \/5) and (—10\f, —\/5)

Alternatively... we can observe that a vertical tangent line occurs where Zl% = 0. Then implicitly

differentiate the equation of the curve with respect to x and then set % to 0.

J19. Consider the following curve.

cos(br+y—5)=8zxeY +y—7

d
(a) Calculate cTy for a general point on the curve.
x

(b) Find an equation of the line tangent to the curve at the point (1,0).

Solution
(a) Differentiate both sides of the equation with respect to x, using chain rule on the left side
and product rule on the right side.
dy

; dy\ _ v vy
sin(5z +y 5)'(5+dx>—86 + 8ze %-i-%
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Now algebraically solve for 4y - First expand the left side, then collect terms multiplying

d dx*
7y .
4, on one side.

d dy d
—5sin(5z +y — 5) — sin(5z + y — 5)d—z — eV + &reyﬁ + d—z

d
(—sin(bx +y — 5) — 8ze¥ — 1) d—y = 5sin(bz +y — 5) + 8¢?
x

dy  5sin(5z +y—5) +8e¥
dr  —sin(bz +y —5) — 8ze¥ — 1

(b) We substitute z = 1 and y = 0 into our formula for %.

dy _ 5sin(0) + 8¢° 8

This is the slope of the desired tangent line. Hence the desired tangent line is

8

y=—gl—1)
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§3.11: Related Rates

12p K1. A camera is located 5 feet from a straight wire along which a bead is moving at 6 feet per second.
The camera automatically turns so that it is pointed at the bead at all times. How fast is the camera
turning 2 seconds after the bead passes closest to the camera?

You must give correct units as part of your answer.

Solution

Suppose the bead travels along the xz-axis. Let O = (0,0) be the origin and let C' = (0,5) be the
coordinates of the camera. Let P = (x,0) be the coordinates of the bead and let § = ZOCP.
Then z = 5tan(f), whence % = 5sec(9)2%. The bead moves to the right at a rate of 6 ft/s

(% = 6), and so the bead is at @ = (12,0) two seconds after it has passed closest to the camera.

Hence at this time we have

12 = 5 tan(0)
2d0

6 = 5sec(h) 7

Note that in AOCQ, the hypotenuse has length v/122 + 52 = 13 and the side adjacent to 6 has
length 5. Hence sec(f) = % Substitution into the second equation then gives us

6_5(13)7d0 _ 40 _ 30
N 5 ) dt dt 169

The units are radians per second.

10p K2. The total surface area of a cube is changing at a rate of 12 in?/s when the length of one of the sides
is 10 in. At what rate is the volume of the cube changing at that time?

Solution

Let x be the side length of the cube. Then the total surface area and volume of the cube are
S = 622 V=23
Differentiating with respect to time ¢ gives

ds dz AV _, pda
a - a a2t a

These four equations hold for all time. Now we substitute the information relevant to the specific
time, i.e., x = 10 and Cfi—f =12.

d dav d
S = 600 V = 1000 12 = 1202 &L~ 300%
dt dt dt
Solving for ‘fl—f in the third equation gives fl—f = %0. Substituting into the fourth equation gives
av 1
— =300-— =30
dt 10

Hence the volume of the cube is increasing at a rate of 30 in®/sec.
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14p K3. A person 5 feet tall stands stationary 8 feet from the point P, which is directly beneath a lantern that
falls toward the ground. At the moment when the lantern is 15 feet above the ground, the lantern is
falling at a speed of 4 feet per second. At what rate is the length of the person’s shadow changing at
this moment?

You must give correct units as part of your answer.

Solution

Let x be the distance from the person to the tip of the person’s shadow and let h be the height
of the lantern above the ground. Then by similar triangles, we have the relation

h
h_ot8 4.8
5 T T

This relation holds for all time, and so we may differentiate this equation with respect to time ¢
to obtain an equation involving rates of change which also holds for all time.

ldh 8 dx
5dt  x?dt
We now substitute the values of the variables at the specific time: h = 15 and % = —4.
8
3=1+4—
x
4__8dz
5  aZdt
Solving for x in the first of these equations gives x = 4. Substituting = 4 into the second
equation and solving for ‘fl—f gives % = % = 1.6. Hence the length of the person’s shadow is

changing at a rate of 1.6 feet per second.

10p K4. A child flies a kite at a constant height of 30 feet and the wind is carrying the kite horizontally away
from the child at a rate of 5 ft./sec. At what rate must the child let out the string when the kite is
50 feet away from the child?

You must give correct units as part of your answer.

Solution
Let L be the distance from the child to the kite and let & be the horizontal distance from the
child to the kite. Then, for all time, we have

22 +30% = L?
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Differentiating with respect to time ¢ gives

dx dL dx dL

dx
At the time of interest, we have that i 5 and L = 50. Hence, at that time, we have the

following.

22 + 900 = 2500

dL
5 = 50—
dt
The first equation gives x = 40, and substitution of x = 40 into the second equation gives — = 4.

dt

Hence the child must let the string out at a rate of 4 ft./sec.
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1.4 Chapter 4: Applications of the Derivative
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§4.1: Maxima and Minima

L1. Find the minimum and maximum values of f(z) = 223 — 322 — 122 + 18 on the interval [-3, 3].

Hint: You may use the factorization f(z) = (2% —6)(2z — 3) to make any required arithmetic easier.

Solution
Since f is differentiable everywhere, the only critical points are solutions to f’(z) = 0.

0=f'(z) =622 62 —12=6(x —2)(x+1) =2 =—lorz=2

Now we find the values of f at the critical points and endpoints of the interval. (We may use the
factored form of f to make the arithmetic easier.)

r -3 -1 2 3
fl) —27 25 -2 9

Hence the absolute minimum is —27 and the absolute maximum is 25.

L2. Let f(x) = 4(x — 3)'/3 — 32 + 1. Note: The domain of f is (—oo,00).

(a) Calculate all critical points of f. For each number you find, you must clearly indicate in your
work why it is a critical point.

(b) What are the absolute extreme values of f on the interval [2,30]7

Solution

(a) Note that f is continuous for all z. So the critical points of f are those values of x for which
either f/(x) does not exist or f’(z) = 0. We first note that (z — 3)'/3 is not differentiable
at x = 3, hence x = 3 is a critical number of f. The derivative is

4 1
!/ — _ 3 —2/3 _
Jw) = S —3)0 -2
Solving the equation f’(x) = 0 gives us the solutions x = —5 and x = 11. So, in summary,
f has three critical points: z = —5, x = 3, and x = 11.

(b) Now we find the values of f at the critical points (in the interval) and endpoints of the
interval.

T 2 3 11 30

11

Hence the absolute minimum is -3 and the absolute maximum is 18

?.

L3. Find all critical points of f(z) =« — ;(:c — 8)2/3 or explain why f has no critical points.

Solution

The first derivative is 1

P =18 =1 s
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Critical points are values of x at which f is not differentiable (x = 8 only) or where f’(z) =0
(x = 9 only, see below).
1

20x

11p L4. Find the absolute extreme values of f(z) = — 1 on
x

[—4,0].

Solution
Since f is differentiable everywhere, the only critical points are solutions to f’(x) = 0.

(z? +4)(20) — (20z)(2z)  —2022 + 80

(2% +4)? (@2 + 4)? v o

0= f(a)=

Now we find the values of f at the critical points and endpoints of the interval.
x -4 -2 0
flz) -4 -5 0

Hence the absolute minimum is —5 and the absolute maximum is 0.

L5. Find all critical points of f(z) =2 — ($2 — 2x) 3 or explain why f has no critical points. Note: The
domain of f is (—o0, 00).

Solution
The first derivative of f is

—(2z — 2)
3(x2 — 21)%/3
Critical points come in two types: where f’(x) does not exist or where f’(x) = 0. Note that f'(x)
does not exist if 2 — 22 = 0 (i.e., z = 0 or x = 2) and f/(z) = 0 if x = 1. Hence f has three
critical points: x =0, x =1, and z = 2.

fl(a) =

L6. For each part, find the absolute extreme values of f(z) on the given interval.

(a) f(z) =2 +g on [1, 18], (b) f(z) = (6 — z)e" on [0,6].
(Hint: 2 <e < 3.)

Solution
(a) We first find the critical points of f. Since f is differentiable on its domain, all critical

points satisfy f/(z) = 0.

9
O:f’(a:)zl—?zx:—3orx:3

The only critical point in (1,18) is z = 3. Now we compare the critical values and the
endpoint values.
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T 1 3 18
f(z) 10 6 185

Hence the absolute minimum is 6 and the absolute maximum is 18.5.

(b) We first find the critical points of f. Since f is differentiable on its domain, all critical
points satisfy f’(z) = 0.
O0=fl(z)=5—-2)e" =2=5

Now we compare the critical values and the endpoint values.

5

Hence the absolute minimum is 0 and the absolute maximum is e°.

L7. Determine from the given graph whether the function has any absolute extreme values on (a,b).

Ay

y =1x)

L

Solution
The function has an absolute maximum value at z = ¢ but does not have an absolute minimum
value on (a,b).

L8. Consider the following function

g(z) = ;x4 + 823 — 362>

(a) Where does g have a local minimum on (—7,3)? local maximum?

(b) Where does g have a global minimum on [—7, 3]? global maximum?

Solution
(a) We solve ¢’(z) = 0 to find the critical points of g.

d(z) = 623 + 242® — 720 = 6z(x — 2)(x +6) =0

Thus the critical points are x = —6, x = 0, and « = 2 (all of which are in (-7, 3)). We will
use the second derivative test to classify these critical points.

g’ (x) = 6(322 + 8z — 12)
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T —6 0 2
g"(x) 288 -T2 96

Hence g has a local minimum at both x = —6 and z = 2, and g has a local maximum at
z = 0.

(b) The global extrema can occur only at the endpoints of the interval or at the critical points.
We have the following values:
x -7 —6 0 2 3
g(z) —906 —1080 0 —56 13.5

Hence on the interval [—7,3], g has a global minimum at z = —6 and a global maximum
at x = 3.

L9. Find all critical points of the function
fla) = 22*3 — 162%/3 + 24

Note: The function f is continuous on the interval (—oo, 00).

Solution
The first derivative of f is

2/3 _
_ §x1/3 _ gxfl/g _ 8 (= 4)

/ S
Flw) =3 3 B VVE

We immediately find that 2 = 0 is a critical point since f’(0) does not exist. The remaining
critical points are solutions of f/(z) = 0.

fa)=0=2?P-4=0=2’=64=—2=-8orz =28

Hence the critical points of f are £ = —8, x =0, and x = 8.

L10. Suppose f(z) is continuous on [0,10]. The figure below shows the graph of y = f’(x) on [0, 10].
Note: The figure does not show a graph of f(z) but rather its derivative.)

4
2

9 46 8&0
_2_

Use the graph to answer the following questions. Read each question carefully. Some questions ask
about f and others ask about the derivative f’.
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(a) Find the absolute maximum of f’(x) on (0,10) or determine that it does not exist.
(b) Find the absolute minimum of f’(x) on (0,10) or determine that it does not exist.
(c¢) Find all critical points of f(z) in (0, 10).

Solution
(a) Since f’(z) takes on the value 4 and no value larger, 4 is the absolute maximum.

(b) The range of f’(z) is (10, 4], and so there is no absolute minimum.

(c) The critical points of f are & = 4 (because f’(4) does not exist) and z = 9 (because

f'(9) = 0).
1-2z2 .
18p| L11. Let f(z) = a2 Find the absolute extrema of f on [—3,2] and where they occur.
x

Solution

The function f is differentiable for all z, and so the only critical points are solutions to f'(z) = 0.
We have

F(x) = (=2)(6 4 2?) — 22(1 — 22)  2(z — 3)(z + 2)
B (6 + 22)? - (64a2)?

Hence the critical points are = 3 (not in the interval [—3,2]) and x = —2. We now compare

critical and endpoint values:
x -3 -2 2
7 1 =3
fl@) 5 5 T

Hence the absolute maximum is % at x = —2 and the absolute minimum is —1—30 at x = 2.

16p| L12. Let f(z) = #'/3(z — 16)"/°. Find all critical points of f. You must be clear why each of your answers
really is a critical point. Note: The domain of f is (—o0, ).

Solution
The first derivative of f is

—4/5 _ 8(1’ - 10)
1522/3(z — 16)4/5

Fla) = %x_w?’(:r _16)1/5 4 41/3. é(w ~ 16)

The critical points of f are where f’(z) does not exist (z = 0 and = = 16) or where f/'(z) =0
(x = 10).

18p| L13. For each part, use the graph of y = f(x). Assume that the domain of f is (—o0, 00).
(a) Where does f have a local minimum?
(b) List all of the critical points of f.

(c) Estimate the absolute maximum of f on
[0,3] or explain why f has no such maxi-
mum.
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Solution
(a) There is a local minimum at z = 2 only.
(b) The critical points are z = 1 (since f/(1) does not exist), x = 2 (since f’(2) =0),and x =5
(since f'(5) =0).
(c) The maximum of f(z) on [0,3] is f(1) = 4.

22p| L14. (You will need a basic calculator for this problem.)
Consider the function

a
f(t)_t2—3t+25

where a is an unspecified positive constant. Suppose the absolute minimum of f on [0, 6] is 3.

(a) Find the value of a. Hint: First find the absolute minimum of f on [0, 6] in terms of a.

(b) Calculate the absolute maximum of f on [0, 6].

Solution

(a) We first find the absolute extrema of f on [0,6] in terms of a. Since f is differentiable for
all ¢, the only critical points are solutions to f’(t) = 0.

a(2t — 3)

MY =15
@—3t+252

fi(t) =

We now make a table that includes any critical values and endpoint values. Observe:

a 4a a
5 o Ja =5

f(0)
Since a is positive, we see that the largest of these values is f(1.5) and the smallest of these
values is f(6). We are given that the absolute minimum is 3, and so f(6) = 5 = 3, whence
a=129.

(b) From our previous work, the absolute maximum is f(1.5) = 3%. With a = 129, we see that

the absolute maximum is %6.
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16p| L15. Consider the function below, where A is an unspecified, positive constant.
A
1@ = 5 /m v 60

For parts (c) and (d) only, assume the absolute minimum of f on [0,21] is 8.

a) List all z-values that must be tested to find the absolute extrema of f on [0, 21].

(
(b) At which z-value does the absolute minimum of f occur on [0, 21]7?
(c) Find the value of A.

)

(d) Find the absolute maximum of f on [0,21] and all z-values at which it occurs.

Solution

f'(z) =0
4(1-3)
(z — 8/Z + 60)2

) =

60 —

(a) We must test the endpoints of the interval (x = 0 and x = 21), as well as any critical
points. Note that f is differentiable on (0,21), so the only critical points are solutions to

Hence the only critical point (and only other number we must test) is x = 16.

(b) We test the z-values in part (a). Observe the following: f(0) = 6%, f(16) = A
f(21) = Sl_gm A 4%3. Hence the minimum of f on [0,21] occurs at = = 0.

(c) We are given that the minimum is 8, and so part (b) implies f(0) = A = 8. Hence A = 480.

11> and

(d) From part (b), the absolute maximum is f(16) = 4 = 48 = 120 (occurring only at
x = 16).
L16. Use the graph of y = f(z) on [0, 14] below to answer the questions.
¥
124
10+
3_
A
4_
2_
' 3 i ‘ : ns 3 T
-7
4
5

(a) List the critical points of f in (0, 14).

(b) How many local extrema does f have on (0,14)7
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(¢) Find the absolute maximum of f and the z-value at which it occurs.

(d) Find the absolute minimum of f and the z-value at which it occurs.

Solution
(a) The critical points are z = 2 (since f/(2) = 0), z = 8 (since f/(8) = 0), and = = 12 (since
7(12) = 0).

(b) There are three local extrema (at the three critical points in part (a)).
(¢) The absolute maximum of f is 10 at x = 2.

(d) The absolute minimum of f is —7.3 at © = 14. (Any reasonable estimate of —7.3 is
acceptable.)

L17. Find the absolute extreme values of f(x) = 2® — 62 + 92 4 20 on [—3,2] and the z-value(s) at which
they occur.

Solution
Since f is differentiable for all z, the only critical points are solutions to f’(x) = 0. We have

fl(x) =32 —1224+9=3(z — 1)(z — 3)

Hence the only critical point is z = 1. (We reject the solution 2 = 3 since it is not in the given
interval.) We now check the critical values and the endpoint values: f(—3) = —88, f(1) = 24,
and f(2) = 22. Hence the absolute minimum is —88 (occurring at * = —3) and the absolute
maximum is 24 (occurring at z = 1).

L18. Find the absolute extreme values of f(z) = z(x — 8)5/ ® on the interval [0,9] and the z-values at
which they occur.

Solution
We first find the critical points of f. Observe the following:

Fla)=1-(@@—8+z. g(x gy = g(:g —8)2/3(z — 3)

The critical points of f are where f’(z) does not exist (nowhere) or where f'(z) =0 (x = 3 and
xz = 8 only). We now compare the endpoint values and critical values.

zr 0 3 8 9
f(z) 0 =3-5/3 0 9

Hence the absolute minimum is —3 - 5°/3 at # = 3 and the absolute maximum is 9 at x = 9.

L19. Let f(z) = Az®In(z), where A and B are unspecified constants. Suppose that (e®,10) is a point of
local extremum for f(x).

(a) Calculate the values of A and B.

(b) Determine whether (e°,10) is a point of local minimum or a point of local maximum for f(z).
Explain your answer.
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Solution

(a) Since the point (¢%,10) lies on the graph of f, we must have f(e®) = 10. Since the point
(€5,10) is a point of local extremum for f, we must have that z = € is a critical point of
f, whence f’(e®) = 0. So A and B must simultaneously satisfy the equations:

The derivative of f is:

f'(z) = ABzP 1 In(z) + AzB . 1 AB2P 1 In(z) + AzP~ = A2P~Y (Bln(z) + 1)
X

So our system of equations is:
542 =10 4BV (5B4+1)=0

The second equation above gives either A = 0 (which can’t satisfy the first equation, and
thus is not a valid solution) or 58 + 1 = 0. Thus B = —. Substituting B = —% and
solving for A gives:

1
5
5A¢°P =10 = 5Ae™! =10 = A = 2¢
(b) From part (a), we now have f and f:
1
f(x) = 2ex /% In(x) f'(z) = 2ex™%/° <—5 In(x) + 1)
To determine the nature of the local extremum, we use the first derivative test. The only
critical point of f is = €®, so our sign chart for f/(x) has two intervals to test: (0, ¢®), for

which we can choose e* as a test point; and (€5, 0), for which we can choose €5 as a test
point. We have the following:

fleh) =2¢e. e72/° (—; 4t 1> =D (1> =&
F'(e%) = 2¢ - 20/ <—;-6+ 1) =D <—1> =0

Thus we see that f is increasing on the interval (0, €?] and decreasing on the interval [¢®, 00).
Thus x = € gives rise to a local maximum of f.

L20. For each part, find the absolute extreme values of the given function on the given interval. If a
particular extreme value does not exist, write “DNE” as your answer, and explain why that extreme
value does not exist.

(a) f(z) = % +In(z) on [1, €3] (b) g(x) =122 — 2® on [0, c0)

Solution
(a) We first find the critical points by solving f’(x) = 0.

1
f'(z) = c +;:0=>—e+x:02>x:e

2
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Now we compare the endpoint values and critical value.
e 3 1
(Recall that 2 < e < 3.) Thus the absolute minimum of f is 2 and the absolute maximum

of fis e% + 3.
We first find the critical points by solving f’(z) = 0.

fllz)=12-32>=0=—= 2 =4 — 2 =2

(Note that we reject the solution z = —2 since it’s not in the given interval.) We can’t use
the extreme value theorem here because the given interval is not bounded.

Observe that f”(z) = —6x, whence f”(2) < 0. So z = 2 gives a local maximum of f on
[0,00). Since x = 2 is the only critical point on this interval, z = 2 gives an absolute
maximum, and so the absolute maximum of f is f(2) = 24 — 8 = 16. However, since
mlg{)lo f(z) = —oo, there is no absolute minimum.

Page 167 of



Math 135 §4.3, 4.4 Midterm Exams

§4.3, 4.4: What Derivatives Tell Us and Graphing Functions

10p| MI1. Suppose f(x) satisfies all of the following properties. Sketch a possible graph of y = f(z) on the axes
provided. Label all asymptotes, local extrema, and inflection points. Your graph need not to be to
scale, but it must have the correct shape.

Information from f(z):
e the points (1,2), (3,3), and (5,2) lie on the graph of y = f(z)
e lim f(x)= lim f(z)=1

T—400 T——00
li = li =
li = li =—
* A T = g S = e

Information from f’(x):
e f/(1)=1'(3)=0
e f'(x) <0 on the intervals (—oo0, —2),(—2,1), and (3, c0)

e f'(x) > 0 on the intervals (1,2) and (2, 3)
Information from f”(x):

e /7(5)=0

e f"(x) <0 on the intervals (—oo, —2) and (2,5)

e f"(x) > 0 on the interval (—2,1), (1,2), and (5, c0)

M2. Consider the function f(z) = (z — 5)(z + 10)? = 23 + 1522 — 500.
(a) Calculate all z- and y-intercepts of f.

Find where f is increasing and find where f is decreasing. Then calculate the z- and y-
coordinates of all local extrema, classifying each as either a local minimum or a local maximum.

(¢c) Find where f is concave up and find where f is concave down. Then calculate the z- and
y-coordinates of all inflection points.

=

o
—~
=

4p (d) Sketch the graph of y = f(x) on the provided grid. Label all asymptotes, local extrema, and
inflection points. Your graph need not to be to scale, but it must have the correct shape.

Solution

(a) The equation f(z) = 0 has solutions x = 5 and = = —10, whence the z-intercepts are (5, 0)
and (—10,0). The y-intercept is (0, —500).

(b) We calculate a sign chart for the first derivative:
f'(z) = 32% 4 30z = 3z(z + 10)

The cut points are the solutions to f'(z) =0: x =0 and z = —10.

interval test point sign shape of f

(—o00,—10) f/(-21) ©O =@ increasing
(—10,0) f'(=5) O® =©O decreasing
(0,00) f(1) DO =D increasing
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Hence we deduce the following about f:

f is decreasing on: [—10,0]

f is increasing on: (—o0, —10], [0, 00)
f hasalocal min at: z =0

f has a local max at: x = —10

(c) We calculate a sign chart for the second derivative:
f"(z) =62 +30=06(x +5)

The cut points are the solutions to f”(x) =0: z = —5 only.

interval  test point sign shape of f

(—o0,=5)  f"(—6) ©  concave down
(—5,00) 17(0) D concave up

Hence we deduce the following about f:
f is concave down on:  (—o0, —5]
f is concave up on: —5,00
f has an infl. point at: z = -5

(d) Using the previous solutions, we have the following sketch.

500

10p| M3. Suppose f(x) satisfies all of the following properties. Sketch a possible graph of y = f(x) on the axes
provided. Label all asymptotes, local extrema, and inflection points. Your graph meed not to be to
scale, but it must have the correct shape.

domain of f: [—8, 8]
specific points on graph: f(—2) = —3 and f'(—6) =0
asymptotes of f: T

f is decreasing on: [—8,-2), (-2,2)
f is increasing on: (2,8]

f is concave down on: (—-1,1)

f is concave up on: [—8,—1), (1, 8]
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Solution
There are many such solutions. Here is one.

-8 -6 4 -2 2 4 6 8
6+
-8
MA4. Consider the function f and its derivatives below.
2 2
oz roN . —2x w67 +2
f(x)_xg_l ’ f(x)_($2_1>2 ’ f (m>_(x2_1)3

(a) Find all horizontal asymptotes of f.

(b) Find all vertical asymptotes of f. Then at each vertical asymptote you find, calculate the
corresponding one-sided limits of f.

(c) Find where f is decreasing and find where f is increasing. Then calculate all points of local
extrema, classifying each as either a local minimum, a local maximum, or neither.

(d) Find where f is concave down and find where f is concave up. Then calculate all points of
inflection.

Solution
(a) Horizontal asymptotes are found by computing the limits of f at infinity.

: x? _ 1 1
lim = lim = =1
zotoo \ 22 — 1 z—Foo \ 1 — 1—12 1-0

Hence the only horizontal asymptote is the line y = 1.

(b) Since f is continuous on its domain, the only candidate vertical asymptotes are the lines
x = —1 and x = 1 (since there are the only z-values not in the domain of f). Direct
substitution of either x = —1 or x = 1 into f(x) gives the expression ‘%”, which is

undefined but indicates that all of the corresponding one-sided limits at both x = —1 and

x = 1 are infinite. Hence x = —1 and & = 1 are vertical asymptotes. Now we may compute
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the limits using sign analysis.

2 1

lim ° = — =400
r——1— .’EQ -1 0+
1

lim ac = — = -0
s——1t \ 22 -1 0-

2

1

i ()= = o
r—1— X 1 0—

(¢c) We calculate a sign chart for the first derivative. The cut points are the solutions to
f'(z) =0 (z = 0) and the vertical asymptotes (z = —1 and = = 1).

interval  test point sign of f’ shape of f

(—o0,—1)  f(-2) % =@ increasing
(—1,0) 1(=0.5) g =@ increasing
(0,1) 1/(0.5) g =0  decreasing
(1,00) 1(2) T = ©  decreasing
Hence we deduce the following about f:
f is decreasing on: [0,1), (1,00)
f is increasing on: (—o0,—1), (—1,0]

f has a local min at:  none
f has a local max at: x =0

(d) We calculate a sign chart for the second derivative: The cut points are the solutions to
f"(x) =0 (none) and the vertical asymptotes (z = —1 and z = 1).

interval  test point sign of f”  shape of f

(=00, —1)  f"(-2) L= concave up
(—1,1) 17(0) % =6©  concave down
(1,00) f"(2) % =D concave up

Hence we deduce the following about f:

f is concave down on:  (—1,1)
f is concave up on: (—o0,—1), (1,00)
f has an infl. point at: none

M5. Consider the function f and its derivatives below.

223 4+ 322 — 1 3 — 3x2 622 — 12
fla) = ——— =— f”(x):i

For each part, write “NONE” as your answer if appropriate. Where applicable, give a comma-
separated list of intervals that are as inclusive as possible.

x3 0
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(a) Find all horizontal asymptotes of f.

(b) Find all vertical asymptotes of f. Then at each vertical asymptote you find, calculate the
corresponding one-sided limits of f.

(c) Find where f is decreasing and find where f is increasing. Then calculate the z-coordinates of
all points of local extrema.

(d) Find where f is concave down and find where f is concave up. Then calculate the x-coordinates
of all points of inflection.

Solution
(a) Horizontal asymptotes are found by computing the limit of f as x — +oc.

223 + 322 — 1 3 1
lim (m>— lim <2+—3)—2+0—0—2
X X

r—+00 333 r—+o00

Hence the only horizontal asymptote is the line y = 2.

(b) Since f is continuous on its domain, the only candidate vertical asymptote is the line x = 0
(found by setting the denominator of f equal to 0). Direct substitution of z = 0 into f(z)
gives the expression —le which indicates that the corresponding one-sided limits at * = 0
are infinite. Hence the line = 0 is a true vertical asymptote. Now we may compute the

limits using sign analysis.

] <2x3+3$2—1> -1
lim | ————— | = = 400

r—0— .1'3 07_ o

i 203 + 322 — 1 -1

11m _— = — = —X
rz—0t .733 ot

(¢) We calculate a sign chart for the first derivative. The cut points are the solutions to
f'(x) =0 (z =—1and x = 1) and the vertical asymptotes (z = 0).

interval  test point sign of f/ shape of f

(—o0,—1)  f(-2) % = O  decreasing
(—=1,0) f'(=0.5) % =@ increasing
(0,1) 1/(0.5) g =@ increasing
(1,00) 1(2) T = ©  decreasing
Hence we deduce the following about f:
f is decreasing on: (—o0, —1], [1,00)
f is increasing on: [—1,0), (0,1]
f has a local min at: =z =—
f has a local max at: z =1

(d) We calculate a sign chart for the second derivative. The cut points are the solutions to
f"(z) =0 (z = —v/2 and = = v/2) and the vertical asymptotes (x = 0).
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interval test point sign of f”  shape of f
(=00, —v2)  f(-2) % =©O  concave down
(—v/2,0) f(=1) g =D concave up
(0,v/2) (1) % =6©  concave down
(v/2, 00) 1(2) &= ) concave up
Hence we deduce the following about f:
f is concave down on:  (—o0, —/2], (0,v/2]
f is concave up on: —/2,0), [V2,00)
f has an infl. point at: = —v2, z =+/2
M6. Consider the function f and its derivatives below.
8 2 (% -8 48
f(l“):233+ﬁ ; f/(x):(x:g) f’l(x):g

Fill in the table below with information about the graph of y = f(z). For each part, write “NONE”
as your answer if appropriate. Where applicable, give a comma-separated list of intervals that are as

inclusive as possible.

You do not have to show work, and each table item will be graded with no partial credit.

Solution

equation(s) of vertical asymptote(s) of f

equation(s) of horizontal asymptote(s) of f

where f is decreasing

where f is increasing

x-coordinate(s) of local minima of f

x-coordinate(s) of local maxima of f

NONE

where f is concave down

NONE

where f is concave up

(—00,0), (0,00)

x-coordinate(s) of inflection point(s) of f

NONE

The derivatives of f are

2(x3 — 8)
3

fla)=2w+ 5 L flw)=

(i) Vertical asymptotes and horizontal asymptotes.
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(iii)

Observe that f is continuous on its domain, but is undefined for x = 0. Hence our candidate

vertical asymptote is the line x = 0. Indeed, direct substitution of z = 0 into the term ;82

gives the expression %, which indicates that both one-sided limits are infinite. Hence the
line x = 0 is a true vertical asymptote.

As for the horizontal asymptotes we have the following.
. 8
lim (2z+4+ — | = 00+ 0= +oc
xtoo €T

Since neither limit (as either x — —oo or  — 00) is finite, there are no horizontal asymp-
totes.

Intervals of increase and local extrema.

We calculate a sign chart for the first derivative. The cut points are the solutions to
f'(x) =0 (z = 2) and the vertical asymptotes (x = 0).

interval test point sign of f/ shape of f
(—00,0)  f(~1) @@ =@ increasing

(0,2) f1(1) % =0 decreasing
(2,00) f'(3) % =@ increasing

Hence we deduce the following about f:

f is decreasing on: (0,2]
f is increasing on: (—00,0), [2,00)
f has a local min at: x =2
f has a local max at: mnone

Intervals of concavity and inflection points.

We calculate a sign chart for the second derivative: The cut points are the solutions to
f"(xz) = 0 (none) and the vertical asymptotes (z = 0).

interval test point sign of f” shape of f
(—00,0)  f"(-1) %—,S =@ concave up
(0,00) (1) @S =  concave up

Hence we deduce the following about f:

f is concave down on:
f is concave up on:
f has an infl. point at:

(iv) Sketch of graph.
Not required.

no interval
(—00,0), (0,00)

none

MY7. Find the z-coordinate of each inflection point, if any, of f(z) = 23 — 1222 + 52 — 10.
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Solution
Observe that f”(z) = 62 —24 = 6(x—4), which changes sign (from negative to positive) at = 4.
Since f is also continuous at x = 4, f has an inflection point at x = 4.

25p| MBS8. Consider the function f and its derivatives below.

flay= 2 HAS gy S@ 8y

x x
Fill in the table below with information about the graph of y = f(x). For each part, write “NONE”
as your answer if appropriate. Where applicable, give a comma-separated list of intervals that are as
nclusive as possible.

6(x + 16)
3

You do not have to show work, and each table item will be graded with no partial credit.

Solution

equation(s) of vertical asymptote(s) of f x=0

equation(s) of horizontal asymptote(s) of f | NONE

where f is decreasing (—00,0), (0,2]
where [ is increasing [2,00)
x-coordinate(s) of local minima of f =2
x-coordinate(s) of local maxima of f NONE

where f is concave down [—+/16,0)

where f is concave up (=00, —v/16], (0, 0)

x-coordinate(s) of inflection point(s) of f r=—16

The derivatives of f are

flay= 2 HAS gy S@ 8y

T T

6(x + 16)
3
(i) Vertical asymptotes and horizontal asymptotes.

Observe that f is continuous on its domain, but is undefined for £ = 0. Hence our candidate

vertical asymptotes is the line = 0. Indeed, direct substitution of x = 0 into f(x) gives

the expression “40—8”, which indicates that both one-sided limits are infinite. Hence the line

x = 0 is a true vertical asymptote.
As for the horizontal asymptotes we have the following.
. . 9 48
lim f(z) = lim (32" -2+ — | =00—-24+0=00
xr+oo xtoo x

Hence there are no horizontal asymptotes.
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(ii) Intervals of increase and local extrema.

We calculate a sign chart for the first derivative. The cut points are the solutions to
f'(z) =0 (z = 2) and the vertical asymptotes (z = 0).

interval test point sign of f’ shape of f
(o200 f-1) 5 =0

(0,2) (1) = ©  decreasing
(2,000 f(3) B=0

decreasing

increasing

Hence we deduce the following about f:

f is decreasing on: (—00,0), (0,2]
f is increasing on: 2, 00)

f has a local min at: x =2

f has a local max at: none

(iii) Intervals of concavity and inflection points.

We calculate a sign chart for the second derivative: The cut points are the solutions to
f"(z) =0 (x = —v/16) and the vertical asymptotes (x = 0).

interval test point sign of f”  shape of f
(=00, —V/16)  f"(-3) % =@  concave up

(—+/16,0) f(=1) % = 6O  concave down
(0, 00) (1) % =@  concave up

Hence we deduce the following about f:

f is concave down on:  [—+/16,0)

[ is concave up on: (—o0, \3/ 16], (0, 00)
f has an infl. point at: z = —/16

(iv) Sketch of graph.
Not required.

12p| M9. For each part, sketch the graph of a function that satisfies the given properties.

(a) f(x) is decreasing for all z; f”(x) < 0 for x < 13; f"(x) > 0 for = > 13.
(b) f(x) has a local minimum at x = a where f’(a) = 0.

(¢) f(z) has a local maximum at x = b where f’(b) is undefined.

Solution
(a) Here is one possibility.
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L Bl

13~

(b) Here is one possibility.

(c) Here is one possibility.

1
1

| |

| | .

0 | 1 >
0 3 b d
M10. The first two derivatives of the function f are given below.
x —2(z +12)?

fi(w) = () =

(x —6)%(x +48) (x —6)3(x + 48)2

(Do not attempt to find a formula for f(x).)

Fill in the table below with information about the graph of y = f(z). For each part, write “NONE”
as your answer if appropriate. Where applicable, give a comma-separated list of intervals that are as
inclusive as possible.

You do not have to show work, and each table item will be graded with no partial credit.

Solution
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where f is decreasing (—48,0]

where f is increasing (—o0,—48), [0,6), (6,00)
x-coordinate(s) of local minima of f x=0

x-coordinate(s) of local maxima of f NONE

where f is concave down (6,00)

where f is concave up (—o0, —48), (—48,6)
x-coordinate(s) of inflection point(s) of f | NONE

The derivatives of f are

X

fl(x) = (z — 6)2(x +48) ' f(x) =

(i) Vertical asymptotes and horizontal asymptotes.
Not required since f(x) is not given.
(ii) Intervals of increase and local extrema.

We calculate a sign chart for the first derivative. The cut points are the solutions to
() =0 (z = 0) and where f’(z) is undefined (r = —48 and x = 6).

interval test point  sign of f’ shape of f

(—00,—48)  f'(~50) % =@ increasing
(—48,0) f(=1) % = 6O decreasing
(0,6) f(1) % =@ increasing
(6,00) f!(7) % =@ increasing

Hence we deduce the following about f:

f is decreasing on: (—48,0]

f is increasing on: (—o0,—48), [0,6), (6,00)
f has a local min at: x =0

f has a local max at: mnone

(iii) Intervals of concavity and inflection points.

We calculate a sign chart for the second derivative: The cut points are the solutions to
f"(x) =0 (x = —12) and where f”(x) is undefined (z = —48 and x = 6).
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interval ~ test point sign of f” shape of f
(—o0,—48)  f"(—50) =20 — @ concave up

S
(—48,-12)  f"(-20) _@2% = concave up
(—12,6) 1(0) _@2% = concave up
(6,00) (1) Eg—@ = concave down

Hence we deduce the following about f:

f is concave down on: (6, c0)
f is concave up on: (—o0, —48), (—48,6)
f has an infl. point at: mnone
(iv) Sketch of graph.
Not required.

M11. Consider the following function
g(z) = gfl + 82° — 3622

(a) Where does g have a local minimum on (-7, 3)? local maximum?

(b) Where does g have a global minimum on [—7, 3]? global maximum?

Solution
(a) We solve ¢'(x) = 0 to find the critical points of g.

g () = 62> + 242 — 722 = 62(x — 2)(2 +6) =0

Thus the critical points are x = —6, x = 0, and = = 2 (all of which are in (—7,3)). We will
use the second derivative test to classify these critical points.

g"(x) = 6(322 + 8z — 12)

T —6 0 2
g"(x) 288 —T72 96

Hence g has a local minimum at both x = —6 and = = 2, and g has a local maximum at
z = 0.

(b) The global extrema can occur only at the endpoints of the interval or at the critical points.
We have the following values:
x -7 —6 0 2 3
g(r) =906 —1080 0 —56 13.5

Hence on the interval [—7,3], g has a global minimum at z = —6 and a global maximum
at z = 3.
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M12. Suppose f is continuous for all z and its first derivative is given by f/(z) = (z — 4)?(z + 2).

(a) Where is f decreasing?

(b) A student writes “since f/'(4) = 0, there is a local extremum (either min or max) at z = 4”. Is
the student correct? Explain.

(c) Where is f concave up?

(d) Find the z-coordinate of each inflection point of f.

Solution

(a) We calculate a sign chart for the first derivative. The cut points are the solutions to
f'(x) =0 (z = =2 and x = 4) and where f’(z) does not exist (none).

interval  test point sign of f/ shape of f
(—o0, —2) f1(=3) DO =© decreasing
(—2,4) f(0) DD =D increasing
(4,00) 1'(5) DD =D increasing

Thus f(z) is decreasing on (—oo, —2].

(b) The student is incorrect. In general, the vanishing of the derivative at = = a is not sufficient
for there to be a local extremum at x = a. There must also be a sign change in the derivative
at © = a. Indeed, in this case we see that f is increasing on the interval [—2, 00), whence
there is no local extremum at x = 4.

(c) We calculate a sign chart for the second derivative:
f'x)=2(x—4)-1-(x+2)+ (z —4)?-1=3z(x — 4)

The cut points are the solutions to f”(z) = 0 (z = 0 and z = 4) and where f”(z) does not
exist (nowhere).

interval test point sign of f” shape of f
(—00,0) f"(-1) ©O =@ concave up

(0,4) f(1) PO =S concave down
(4, 00) f"(5) OO =@  concave up

Thus f(z) is concave up on (—o0,0] and [4, c0).

(d) There is an inflection point at both x = 0 and x = 4 (f is continuous and changes concavity
at each of these points).

M13. Suppose f(z) satisfies all of the following properties.
e f(x) is continuous and differentiable on (—o0,3) U (3, 00)
e x = 3 is a vertical asymptote of f(x)

e lim f(x)=1

T—00

the only z-values for which f/(x) =0 are z =0 and x =5

the only z-values for which f”(z) =0 are x =0and 2 =7
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A sign chart for the first and second derivatives of f are given below.

<
<

A
7

0 3(+)sg Sign of £Gc)

N

0 3(9)71 Sgn of £76c)

v

Use this information to answer the following questions about f(z). Note: Do not attempt to find
an algebraic formula for f(x).
(a) Where is f increasing?
Where is f concave down?
At which z-value(s) does f have a local minimum?
At which z-value(s) does f have a local maximum?

Calculate lim+ f(x) or determine there is not enough information to do so.
r—3

Calculate lim f(z) or determine there is not enough information to do so.
Tr—r—0o0

Sketch a possible graph of y = f(x). Clearly mark and label all of the following: local minima,
local maxima, inflection points, vertical asymptotes, horizontal asymptotes. Your graph does
not have to be to scale, but the shape must be correct.

Solution
(a) On the sign chart for f” we look for intervals where f’ is non-negative. Hence f is increasing
on (3,5].
(b) On the sign chart for f” we look for intervals where f” is non-positive. Hence f is concave
down on [0,3) and (3, 7].
(¢) The first derivative of f never transitions from negative to positive at a point of continuity
(f is discontinuous at x = 3). So there is no local minimum.

(d) The first derivative of f transitions from positive to negative at z = 5 (and f is continuous
there). So there is a local maximum at z = 5.

(e) Since z = 3 is a vertical asymptote, we know that lim+ f(x) is infinite. Since f is increasing
z—3

on (3,5], we must have lim, () = —oo. (This is also consistent with the negative
z—3

concavity of f on (3,7].)
(f) If lim f(z) = L for some finite L, then there are three possibilities, all of which are
T—r—00

inconsistent with the given information:

e The graph of f approaches the asymptote y = L from above. Since f is
differentiable this would imply that f would be increasing on an interval of the form
(—o0,a]. But f is decreasing on (—oo,0].

e The graph of f approaches the asymptote y = L from below. Since f is
differentiable this would imply that f would have negative concavity on an interval
of the form (—oo,a]. But f is concave up on (—o0,0].

e The graph of f oscillates about the asymptote y = L. Since f is differentiable,
this would imply that f would have infinitely many local extrema in the interval
(—00,0]. But the only local extremum is at x = 5.
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Since f is decreasing on (—oo, 0], it is also not possible that lim f(x) = —oo. Thus the
Tr—r—00

only possibility left that is consistent with all of the given information is lim f(x) = oo.
T—r—00

(g) One possibility is shown below.

3

Solution

f"(z) = C(z). Proof below.

We can see that A'(x) = B(z) and B'(x) = C(x) by observing the locations of relative extrema
and zeros. For instance, B(z) has a zero wherever A(z) has a relative extremum, and C'(x) has a
zero wherever B(z) has a relative extremum. (Strictly speaking, this is not enough to conlcude
A'(z) = B(z) and B'(xz) = C(z). However, we can also observe intervals of increase. For instance,

A(z) is decreasing wherever B(x) is negative and A(x) is increasing wherever B(x) is positive.
The same observation holds for B(z) and C(x).)

It follows that A”(z) = C(z), and so [’ = C.
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M15. The figure below shows the graphs of f, f’, and f”. Identify which graph is which.

N\

o

Solution

The only choice for B(z) is f(z) since B has a removable discontinuity at z = 2 but A(x) and
C(z) do not. Now we simply observe the behavior near z = 2. Note that B(x) is increasing on
(2 —€,2) and decreasing on (2,2 + ¢€) for some small € > 0. Hence B'(xz) > 0 on (2 — ¢,2) and
B'(z) <0 on (2,24 ¢€). The only function with these signs is A(x), whence B’(z) = A(x). That
leaves only A’(x) = C(x), which we can again verify by a similar argument.

Hence f = B, f' = A, and " =C.

M16. Suppose f(x) satisfies all of the following properties. Sketch a possible graph of y = f(z) on the axes
provided. Label all asymptotes, local extrema, and inflection points. Your graph meed not to be to
scale, but it must have the correct shape.

Information from f(x):

° Er_n flx)=1

e lim f(z)=6
T—00
e r = —3 is a vertical asymptote for f

Information from f’(x):

e f/(z)>0on (2,00)

e f/(z) <0 on (—occ,—3) and (—3,2)
e f(2)=0
Information from f”(z):
e f"(x) >0o0n (—3,5)
e /() <0 on (—o0,—3) and (5,0)

.« ["(5)=0
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Solution

There is one relative minimum at « = 2 and one inflection point at £ = 5. The lines y = 1 and
y = 6 are both horizontal asymptotes. Here is one possibility for the graph.

The first and second derivative of f are given below. You may assume that f(x) has a vertical
asymptote at x = 25 only, but do not attempt to calculate f(z) explicitly.

(z+2)1/5
(x —25)2 7

—9(x + 5)
5(x — 25)3(x + 2)4/5

fi(a) = f(@) =

Fill in the table below with information about the graph of y = f(z). For each part, write “NONE”
as your answer if appropriate. Where applicable, give a comma-separated list of intervals that are as
inclusive as possible.

You do not have to show work, and each table item will be graded with no partial credit.

Solution
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where f is decreasing (—o0, —2]

where f is increasing [—2,25), (25,00)
x-coordinate(s) of local minima of f xr= -2
x-coordinate(s) of local maxima of f NONE

where f is concave down

asymptote of f(z).

(ii) Intervals of increase and local extrema.

(i) Vertical asymptotes and horizontal asymptotes.

We calculate a sign chart for the first derivative.
f'(z) =0 (z = —2) and where f’(z) is undefined (z = 25).

where f is concave up [—5,25)
a-coordinate(s) of inflection point(s) of f | z = =5
The derivatives of f are
/ o (= + 2)1/5 " - —9(x + 5)
o)==z » F@= 5(x — 25)3(x + 2)4/5

Not required since f(x) is not given, but we are given that x = 25 is the only vertical

The cut points are the solutions to

interval  test point sign of f’ shape of f
(—00,—2) f'(=3) % =6©  decreasing
(—2,25) f(0) g =@ increasing
(25, 00) 1/(30) &= ®  increasing

Hence we deduce the following about f:

f is decreasing on:
f is increasing on:
f has a local min at:
f has a local max at:

(iii) Intervals of concavity and inflection points.

(_007 _2]
[—2,25), (25, 00)
r=-2

none

We calculate a sign chart for the second derivative: The cut points are the solutions to
f"(x) =0 (x = —5) and where f”(x) is undefined (z = —2 and x = 25).
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interval  test point  sign of f” shape of f

(—o0, —5) f"(=6) 569@ = concave down
(—5,-2) 17 (—4) 5@ = concave up
(—2,25) 1(0) 5@ = concave up
(25, 00) 1”(30) 5@@ = concave down

Hence we deduce the following about f:

f is concave down on:  (—o0
f is concave up on: [—5 25)
f has an infl. point at: =z = -5

—5J, (25,00)

(iv) Sketch of graph.
Not required.

M18. Consider the function f(x) whose second derivative is given.

(z —2)*(x —5)°
(z —9)°

f(@) =

You may assume the domain of f(z) is (—00,9) U (9, c0).

Find where f(z) is concave down, where f(x) is concave up, and where f(x) has an inflection point.

Write “NONE” as your answer if appropriate. Where applicable, give a comma-separated list of
intervals that are as inclusive as possible.

Solution

We calculate a sign chart for the second derivative: The cut points are the solutions to f”(x) =0
(x =2 and z = 5) and where f”(z) is undefined (z = 9).

interval test point sign shape of f
(—00,2) 17(0) % =@  concave up
(2,5) 1" (3) % =@  concave up
(5,9) 1(6) % = concave down
(9, 00) 17 (10) % =@  concave up
Hence we deduce the following about f:
f is concave down on:  [5,9)

9
00, 5], (9, 00)

[
f is concave up on: (—
f has an infl. point at: =
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M19. Use the graph of y = f’(x) below to answer the questions. You may assume that f’(z) has a vertical
asymptote at x = 14 and that the domain of f is (0,14) U (14, 20).

A

104

2

¥

| 1 1 T T 1 1 | T | T
| | \3/12

Note: You are given a graph of the first derivative of f, not a graph of f.

(a) Find the critical points of f.

(b) Find where f is decreasing, where f is increasing, where f has a local minimum, and where f
has a local maximum. Write “NONE” as your answer if appropriate. Where applicable, give a
comma-separated list of intervals that are as inclusive as possible.

Solution

(a) The critical points of f are z =5 (since f'(5) =
(since f'(16) = 0).

(b) We calculate a sign chart for the first derivative. The cut points are the solutions to
f'(x) =0 (z =5,z =12, and = = 16) and the vertical asymptotes (z = 14).

0), z = 12 (since f'(12) =0), and z = 16

interval test point sign of f/ shape of f
(0,5) (1) ) increasing
(5,12) 1'(6) S, decreasing
(12,14) 1(13) S, decreasing
(14,16) 1'(15) &) decreasing
(16, 20) 117 D increasing
Hence we deduce the following about f:
f is decreasing on: [5,14), (14, 16]
f is increasing on: (0, 5], [16,20)
f has a local min at: =16

f has a local max at:
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M20. The figure below shows the graphs of two functions. One function is f(z) and the other is f/(x), but
you are not told which is which.

¥

(a) Which graph is that of y = f(z)?
(b) Explain your answer to part (a) based on the behavior of the graphs at x = 4 only.

(c) Explain your answer to part (a) based on the behavior of the graphs near x = 3.5 only.

Solution
(a) The dashed orange curve is the graph of y = f(z).

(b) The dashed orange curve has a local maximum at x = 4, whereas the blue solid graph
crosses the z-axis from above to below (positive to negative values) at @ = 4. This is
consistent only if the dashed orange curve is the graph of y = f(z).

(c) At x = 3.5, the dashed orange curve is increasing (so its derivative should be positive) and
concave down (so its derivative should be decreasing). This is consistent only if the blue
solid graph is, indeed, the graph of y = f/(z).

M21. Consider the function f and its derivatives below.

r—3 —(z—3)?>-25

__T=s 1N 2(z — 3) ((z — 3)? + 75)
f(x) = ) f(w)—($2_6x_16)2

(22 — 6z — 16)°

" .
22 — 6z — 16 i) =

Find where f is concave down and where f is concave up; write your answers using interval notation.
Also find the z-coordinate of each inflection point of f.

Write “NONE” as your answer if appropriate. Where applicable, give a comma-separated list of
intervals that are as inclusive as possible.

Solution
We calculate a sign chart for the second derivative: The cut points are the solutions to f”(x) =0
(z = 3) and the vertical asymptotes (solutions to 22 — 6z — 16 = 0, or z = —2 and = = 8).
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interval  test point  sign of f” shape of f
(—o00,—=2)  f"(-3) % = O concave down
(—2,3) 1(0) 2%@ concave up
(3,8) 1" (4) 2%@ concave down
(8,00) 1(9) 2%@ concave up
Hence we deduce the following about f:
f is concave down on:  (—o0,2), [3,8)
f is concave up on: —2,3], (8,00)
f has an infl. point at: x =3

M22. Suppose f is differentiable on (—o00,1) U (1,00) and satisfies all of the following properties. Sketch a
possible graph of y = f(z) on the axes provided. Label all asymptotes, local extrema, and inflection
points. Your graph need not to be to scale, but it must have the correct shape.

() lim f(x) = —3;

T—r—00

(i) f'(z) >0 on (—oo,—

lim_ f(z) = oo; lim f(z) = —oo; lim f(z) = oo;
2) and (5,00); f'(x) <0on (—2,1) and (1,5); f'(=2)=f'(5)=0

(iii) f"(x) > 0 on (—oo0,—7) and (1, 00); f"(x) <0on (=7,1); (=7 =0
Solution
The conditions can also be summarized as follows:
(i) The lines y = —3 and = = 1 are horizontal and vertical asymptotes for f, respectively.

point at x = —7.

There is no horizontal asymptote at positive infinity.

(ii) f is increasing on (—oo, —2) and (5,00); f is decreasing on (—2,1) and (1,5); there is a
local minimum at x = 5; there is a local maximum at x = —2.

(iii) f is concave up on (—oo, —7) and (1, 00); f is concave down on (—7,1); there is an inflection

The table below summarizes the behavior of f on each subinterval.

interval behavior of f notes
(—o0,—=7) increasing, concave up inflection point at x = —7
(—=7,—2) increasing, concave down local maximum at x = —2
(—2,1) decreasing, concave down vertical asymptote at x = 1
(1,5) decreasing, concave up local minimum at x = 6
(5,00) increasing, concave up f—o0asx— o0

There are many possible functions that satisfy these properties. Here is one.
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M23. Let f(z) = —e™* (:Jc2 —5r — 23). Find all critical points of f. Then find where f is decreasing and
where f is increasing; write your answers using interval notation. Also find where relative extrema of
f occur.
Write “NONE” as your answer if appropriate. Where applicable, give a comma-separated list of
intervals that are as inclusive as possible.

Solution

Since f is differentiable for all z, the only critical points are solutions to f’(x) = 0. Using product
rule and chain rule gives

flz)=(—e® - (=1))(2® =52 —23) + (—e ®) 2z —5) = e “(a® =Tz — 18) = e “(z — 9)(z + 2)

Thus the critical points of f are x = —2 and x = 9. We now construct a sign chart to find the
intervals of increase. (Recall that e™ > 0 for all x.)

interval test point sign of f' shape of f

(00, —2) f/(=3) =DOO SP) increasing
(=2,9) f'(0) = DOD S decreasing
(9, 00) f(10 = DD SP) increasing

Hence we deduce the following about f:

f is decreasing on: [—2,9]

f is increasing on: (—o0,—2], [9,00)
f has a local min at: z =

f has a local max at: x = -2

M24. Let f(x) = 42° — 202* + 7z + 32. Find where f is concave down and where f is concave up; write
your answer using interval notation. Also find where inflection points of f occur.
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Solution
We first compute the second derivative of f.
f(z) = 202" — 8023 + 7
f"(x) = 8023 — 24022 = 802*(z — 3)

We now calculate a sign chart for the second derivative: The cut points are the solutions to
() =0 (x =0 and z = 3).

interval test point sign of f” shape of f
(—00,0) f"(-1) DO =6 concave down

(0,3) f(1) @O = concave down
(3,00) f"(4) OO =@  concave up

Hence we deduce the following about f:

f is concave down on:  (—o0, 3]
f is concave up on: [3,00)
f has an infl. point at: =z =3

M25. Suppose f(z) satisfies all of the following properties. Sign charts for f’ and f” are also given below.
Sketch a possible graph of y = f(z) on the axes provided. Label all asymptotes, local extrema, and
inflection points. Your graph need not to be to scale, but it must have the correct shape.

(i) f is continuous and differentiable on (—o0,2) U (2, 00)
(i) lm f(z)=occ;  lim f(z)=oc0;  lim f(z)=—o0;  lim f(z) =00
(iii) the only z-value for which f/(z) =0isz =5
)

(iv) the only a-value for which f”(z) =0isz = -3

¢ 4
(O] 2 (¢
‘F"‘e— S

{ t
) t
®302 ®
2?4+ 21
M26. Let f(x) = 5 Find where f is decreasing and where f is increasing; write your answer using
T —

interval notation. Also find where the local extrema of f occur.

Write “NONE” as your answer if appropriate. Where applicable, give a comma-separated list of
intervals that are as inclusive as possible.

Solution
We first compute the first derivative of f.

b 2x(z—2)—(a?421)-1 2 —4dz-21 (z+43)(z—7)
Jlw) = (z — 2)2 T @-22 ~ (z-27

We calculate a sign chart for the first derivative. The cut points are the solutions to f'(z) =0
(x = —3 and x = 7) and the vertical asymptotes (z = 2).
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interval  test point sign of f/ shape of f
(—00,=3)  f'(—4) @Qﬁ@ =@ increasing
(—3,2) 1/(0) %ﬁ@ = decreasing
(2,7) 1(3) E%T@ = decreasing
(7,00) 1(8) GBETGB = increasing
Hence we deduce the following about f:
f is decreasing on: [—3,2), (2,7]
f is increasing on: (—o0,—3], [7,00)
f has a local min at: z =
f has a local max at: x = —3

M27. Let f(x) = AzP1In(x), where A and B are unspecified constants. Suppose that (e®,10) is a point of
local extremum for f(x).

(a) Calculate the values of A and B.

(b) Determine whether (e%,10) is a point of local minimum or a point of local maximum for f(x).
Explain your answer.

Solution

(a) Since the point (e%,10) lies on the graph of f, we must have f(e®) = 10. Since the point
(€5,10) is a point of local extremum for f, we must have that 2 = € is a critical point of
f, whence f’(e®) = 0. So A and B must simultaneously satisfy the equations:

fe) =10 f(e)=0
The derivative of f is:

f'(z) = ABzP1In(z) + Az . % = ABzB 'In(z) + AzP~1 = AzP~1 (BIn(z) + 1)

So our system of equations is:
542 =10 APV (5B+1) =0

The second equation above gives either A = 0 (which can’t satisfy the first equation, and
thus is not a valid solution) or 5B +1 = 0. Thus B = —%. Substituting B = —% and
solving for A gives:

54e°P =10 = 54 ' =10 = A = 2¢

(b) From part (a), we now have f and f:
1
f(x) = 2ex 5 In(x) f'(x) = 2ex™/° (—5 In(x) + 1>
To determine the nature of the local extremum, we use the first derivative test. The only

critical point of f is x = €°, so our sign chart for f/(z) has two intervals to test: (0,e®), for
which we can choose e* as a test point; and (e, 00), for which we can choose €% as a test
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point. We have the following:

Fleh) =2e-e72/5 (—; 4+ 1) =D- (;) =&

P =ze- e (<Loor1) =@ (1) = ©

5

Thus we see that f is increasing on the interval (0, °] and decreasing on the interval [e”, 00).
Thus = = e® gives rise to a local maximum of f.

M28. For each part, find the absolute extreme values of the given function on the given interval. If a
particular extreme value does not exist, write “DNE” as your answer, and explain why that extreme
value does not exist.

(a) f(z) = % +In(z) on [1, €3] (b) g(x) =122 — 2® on [0, c0)

Solution
(a) We first find the critical points by solving f’(x) = 0.

1
f/(x):—%+*:0=>—e+x:02>g;:e
T x
Now we compare the endpoint values and critical value.
e e 3 e 1

(Recall that 2 < e < 3.) Thus the absolute minimum of f is 2 and the absolute maximum
of fis e% + 3.
(b) We first find the critical points by solving f’(z) = 0.

fllx)=12-32>=0=2?=4=—0=2

(Note that we reject the solution z = —2 since it’s not in the given interval.) We can’t use
the extreme value theorem here because the given interval is not bounded.

Observe that f”(z) = —6x, whence f”(2) < 0. So x = 2 gives a local maximum of f on
[0,00). Since x = 2 is the only critical point on this interval, z = 2 gives an absolute
maximum, and so the absolute maximum of f is f(2) = 24 — 8 = 16. However, since
mlgglo f(z) = —oo, there is no absolute minimum.

M29. Consider the function f and its derivatives below.

.172 T\ —
o= F@=T e

Fill in the table below with information about the graph of y = f(z). For each part, write “NONE”
as your answer if appropriate. Where applicable, give a comma-separated list of intervals that are as
inclusive as possible.

You do not have to show work, and each table item will be graded with no partial credit.
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Solution

equation(s) of vertical asymptote(s) of f x="7

equation(s) of horizontal asymptote(s) of f | NONE

where f is decreasing [0,7), (7,14]
where f is increasing (—00,0], [14, 00)
x-coordinate(s) of local minima of f x=14
z-coordinate(s) of local maxima of f z=0

where f is concave down (—00,7)

where f is concave up (7,00)

z-coordinate(s) of inflection point(s) of f NONE

The derivatives of f are

CC2 T\ —
o= F@=T e

(i) Vertical asymptotes and horizontal asymptotes.

Observe that f is continuous on its domain, but is undefined for x = 7. Hence our candidate
vertical asymptote is the line z = 7. Indeed, direct substitution of = 7 into f(x) gives
49

the expression 7, which indicates that both one-sided limits are infinite. Hence the line

x =T is a true vertical asymptote.

As for the horizontal asymptotes we have the following.

2 +
lim x = lim :17 :ﬁ::too
atoo \ @ — 7 zEoo 1_% 1-0

Since neither limit (as either x — —oo or  — 00) is finite, there are no horizontal asymp-
totes.

(ii) Intervals of increase and local extrema.

We calculate a sign chart for the first derivative. The cut points are the solutions to
() =0 (z = 0 and 2 = 14) and the vertical asymptotes (z = 7).

interval test point sign of f* shape of f

(=00,0)  f(=1) 99 — @ increasing

N
(0,7) (1) % = decreasing
(7,14) 1(8) % = decreasing
(14, 00) 1'(15) % = increasing
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Hence we deduce the following about f:

f is decreasing on:
f is increasing on:
f has a local min at:
f has a local max at:

(iii) Intervals of concavity and inflection points.

We calculate a sign chart for the second derivative: The cut points are the solutions to
f"(x) = 0 (none) and the vertical asymptotes (z = 7).

[0,7), (7,14]
(*OO, ]’ [14700)
r=14

x=0

interval test point sign of f”  shape of f
(=00, 7) f"(0) % =©O  concave down
(7,00) f"(8) =@ concave up

Hence we deduce the following about f:

f is concave down on:  (—00,7)
f is concave up on: (7,00)
f has an infl. point at: mnone

(iv) Sketch of graph.
Not required.

M30. Let f(z) = x2e®.

(a) Calculate the vertical and horizontal asymptotes of f.

(b) Calculate the critical points of f. Then use the Second Derivative Test to classify each critical
point of f as a local minimum or a local maximum. Show your work and label your answers
clearly. Hint: The second derivative of f is f”(z) = (z* + 4z 4 2)e°.

Solution

(a) Since f is a product of functions that are continuous for all x, f is also continuous for all x,
and thus f has no vertical asymptotes. For horizontal asymptotes, we have the following
(use I'Hospital’s rule on the limit at negative infinity):

lim (2%e%) = (+00) - (+00) = 400
T—00
2 2 2 2
lim (z%e%) = lim (w) Z Yim ( v ) Z Yim () =—=0
T——00 z——o00 \ e~ T z——o00 \ —e~ T z——o0 \ e~ % o0
Thus the only horizontal asymptote of f is y = 0.
(b) We first compute f'(z).
f(z) = 2ze® + 2%e” = 1e®(2 + )
Thus the critical points (solutions to f/(x) = 0) are = 0 and x = —2. Now we use the
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Second Derivative Test.

£7(0) = (2% + 4 + 2)e”| 0 =2

=

F1(=2) = (2% + 4z + 2)€”| = 272

r=—2

Since f”(0) > 0, z = 0 gives a local minimum of f. Since f”(—2) < 0, z = —2 gives a local
maximum of f.
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§4.5: Optimization Problems

16p N1. A wire of length 51 cm is cut into two pieces. One piece is bent into a square. The other piece is
bent into a rectangle whose length is two times its width. How should the wire be cut and the pieces
assembled so that the total area enclosed by both pieces is a minimum?

You must use calculus-based methods in your work. You must also justify that your answer really
does give the minimum.

Solution

Let x be the side length of the square and let y be the width of the rectangle (so that the length
of the rectangle is 2y). The total area of the square and rectangle is

A(z,y) = 2° + 247

Now note that the perimeter of the square is 4z and the perimeter of the rectangle is 6y. The total
perimeter must equal the length of the wire, hence 4a + 6y = 51. Solving for y gives y = %,
and putting this into our area formula gives our objective function in terms of x only.

51 — 4x
6

2
1
f(:c):x2+2< ) :x2+1—8(51—4x)2
Our goal is to find the minimum value of f(z) on the interval [0, 3]. Computing the derivative
gives:
4 34
f'(z) =2z — §(51 —dz) = g(az —6)
Since f(x) is differentiable on the interval, the minimum must occur at a critical point or an
interval endpoint. Solving f’(z) = 0 gives z = 6, implying that the wire should be cut into a
piece 24 cm long (which is bent into a square) and a piece 27 cm long (which is bent into the
described rectangle).

Now observe that the second derivative of our area function is f”(z) = %4, which is strictly

positive for all z. Hence the graph of f(x) is concave up on the entire interval [0, 54—1] This means
that the only critical point we found must give a global minimum of f(z).

N2. You are constructing a rectangular box with a total surface area (six sides) of 450 in?. The length of
the box is three times its width. Find the dimensions of the box, measured in inches, with the largest
possible volume.

You must use calculus-based methods in your work. You must also justify that your answer really
does give the maximum.

Solution

Let ¢, w, and h denote the length, width, and height of the box, respectively. We want to
maximize the volume V (¢, w,h) = fwh. Since V is a function of 3 variables, we must eliminate
2 of the variables. We will solve for all variables in terms of the width w.

We immediately have that ¢ = 3w. The total surface area is given by S = 20w + 2¢h 4 2wh
Substituting S = 450 and ¢ = 3w gives

450 = 6w? + 8wh
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Now we solve for h in terms of w.
225 — 3w?

4w
Rewriting ¢ and h in terms of w in our volume function shows that V may be written as the
single variable function

h

225 — 3w? 3

fw) =3w-w =1 (225w — 3w?)

4w

We now maximize f(w) on the interval w € (0,/75]. (The interval is found by considering the
extreme cases £ = 0, w = 0, h = 0 as degenerate boxes. However, the precise interval won’t be
improtant for our solution.)

Since f(w) is differentiable everywhere (it is a polynomial), the only critical numbers are solutions

to f(w) =0.
3 225
O:f'(w)zz(225—9w2) :>w2=7=25:>w=5
(The solution w = —5 is not physical since width cannot be negative.) Now observe that f”(w) =

—3(18w) < 0 for all w > 0. Hence the graph of f(w) is concave down for w > 0, and so w = 5
gives a maximum value of f(w).

The optimal dimensions are ¢ = 15, w = 5, and h = 7.5 (all measured in inches).

N3. Find the maximum possible area of a rectangle inscribed in the region between the graph of f(z) =
e™*/12 and the z-axis. You must use calculus-based methods in your work. You must also justify that

your answer really does give the mazximum.

.2
— e /12

Solution
Let the upper right vertex of the rectangle be the point (a,b), so that the width of the rectangle
is 2a and the height is b. Hence the area is

A(a,b) = 2ab

Since the point (a, b) lies on the graph of y = f(x), we have that b = e~%*/12_ Hence our goal is
to find the maximum value of the function

g(a) = 2ae~ /12
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on the interval [0, 00). Since g is differentiable on its domain, the only critical points are solutions
to ¢’(a) = 0. First we calculate and simplify ¢'(a).

2
g'(a)=2- e~ @/12 4 9g. 70?12, %a = 2¢~ /12 (1 — %)

Now we solve ¢'(a) = 0. (Observe that e=%°/12 > 0 for all a > 0.)
/ a’2
g(a):O:>1—E:O:>a:—\/6,\/6

The only critical point in the interval [0, 00) is a = v/6.

Now we examine the nature of this critical point using the first derivative test.

interval  test point sign of ¢(z) shape of g

[0, v/6) g'(1) 20D =@ increasing
(V6, 00) J'(3) 200 =©  decreasing

Hence g is increasing on [0, /6] and decreasing on [v/6, 00), whence a local maximum of g occurs
at = V6. Since x = /6 is the only critical point, this local maximum must be a global
maximum.

Hence the maximum area is g(v/6) = 2\/g .

N4. The cost of producing z units is C(z) = 222 + 5z + 8. Find the level of production (value of x) that
minimizes the average cost. Hint: Average cost is AC(z) = @

Solution

8
The average cost is AC(x) = 2x + 5 + —. The critical points are solutions to AC’(z) = 0.
T

0=AC(x) =2 > —s oz =2
xr

(We have rejected the solution x = —2 since level of production must be non-negative.) Since

AC" (z) = — > 0 for all z > 0, we see that z = 2 gives the minimum value of AC'.
x

N5. According to postal regulations, the sum of the girth and length of a parcel may not exceed 90 inches.
What are the dimensions (in inches) of the parcel with the largest possible volume that can be sent,
if the parcel is a rectangular box with two square sides?

You must use calculus-based methods in your work. You must also justify that your answer really
does give the maximum.
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Solution

We want to find the absolute maximum value of the objective function V(z,y) = 22y (total
volume) subject to the constraint 4z + y = 90 (sum of girth and length must be 90). Solving for
y in the constraint gives y = 90 — 4z, and so the total volume of the parcel is

f(x) =V (2,90 — 4x) = 2%(90 — 4z) = 902> — 42°

Note that the problem requires that * > 0 and y > 0. The condition y > 0 is equivalent to
90 — 4z > 0, or z < 22.5. Hence our goal is to find the absolute maximum value of

f(z) = 90z% — 42

on the interval [0,22.5]. Since f is differentiable on this interval, the critical points are the
solutions to f’(z) = 0.

0=f(z) =180z — 1222 = 122(15 —2) =z =0 or x = 15

Checking the endpoint values and critical value, we get: f(0) = 0, f(22.5) = 0, and f(15) =
225-30 > 0. Hence the volume of the parcel has an absolute maximum when x = 15 and y = 30.

Alternatively. ..
Instead of finding the precise interval of allowed z-values, we may observe that the allowed interval
is some subinterval of [0, 00) since lengths must be positive. Observe that

f"(x) =180 — 24z = 12(15 — 2z)

and f”(15) = 12-(—15) < 0. Since x = 15 is the only critical number and f”(15) < 0, the second
derivative test implies that f must have local (and hence global) maximum on [0,00) at z = 15.

N6. If 2 units of a certain product are produced, the total cost is C(x) = 522 4+ 104z + 80. Find the level
of production which minimizes the average cost per unit.

Solution
The average cost per unit is

AC(z) = C;x) = 5z + 104 + 836—0
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The minimum value of AC(z) occurs at the value of z such that AC’(z) = 0. Observe that

80
AC' () =5 — —
(0)=5-
and AC’(x) = 0 has solutions z = 4 and 2z = —4. Since production must be non-negative, average

cost is minimized when x = 4.

N'7. A rectangular container with a closed top and a square base is to be constructed. The top and all

four sides of the container are to be made of material that costs $2/ft?, and the bottom is to be made
of material that costs $3/ft?. Find the container with the largest volume that can be constructed for
a total cost of $60.

You must use calculus-based methods in your work. You must also justify that your answer really
does give the maximum.

Solution

Let x be the length of the square base and let y be the height of the container. The constraint is
that the total cost of the box must be $60, and so our constraint equation in terms of x and y is:

2(2? + day) + 32% = 60
Solving for y gives us
60 — 5a?
N S8z

Our goal is to maximize the volume, whence our objective function is V(z,y) = 2%y. In terms of
x only, our objective is:

Y

60 — 52 60 — 52?1
— ) — 2% 22— (60x — 527)
X

fl@) =V <x 8¢ 8

To maximize f, we find the critical points of f, which are solutions to f/(z) = 0.

1 15
f(z) = = (60 — 152%) = — (4 —2?)
8 8
Hence the only valid solution to f/(z) = 0 is z = 2. (We reject + = —2 since lengths must be
non-negative.)
Now observe that f”(x) = —%x, which is negative for all z > 0. Hence our objective function has

one critical point and is always concave down. So our critical point must give a global maximum
value.

The length of the box is = 2, the height is y = 2.5, and the volume is f(2) = 10.

N8. Let x be the level of production for a certain commodity. The marginal cost is modeled by the

function i
— =322 422
dx

and the market price is modeled by the function
p(z) =144 — 2z
Suppose that the cost of producing the 1st unit of the commodity is 70.

(a) What is the cost of producing the first 3 units of the commodity?

Page 201 of



Math 135 §4.5 Midterm Exams

(b) What is the level of production that maximizes the total profit?

Solution
(a) The total cost must have the following form:

C(x):/Céi’dx:/(3x2+2x)dx:x3+x2+lf

where K is some constant. The condition C(1) = 70 gives 1+ 1+ K = 70, whence K = 68.
So the total cost function is C(z) = 2% + 22 + 68. Hence the cost of the first 3 units is
C(3) = 104.

(b) The total revenue is R(x) = zp(x) = 144x — 222, Total profit is maximized when C’(x) =
R'(z), or when 322 4 22 = 144 — 4z. The solutions to this equation are z = —8 and z = 6.
Hence the total profit is maximized when x = 6 (production cannot be negative).

N9. Suppose the local post office has a policy that all packages must be shaped like a rectangular box with
a sum of length, width, and height not exceeding 144 inches. You plan to construct such a package
whose length is 2 times its width. Find the dimensions of the package with the largest volume. For
this problem, let L, W, and H be the length, width, and height of the package, respectively.

(a) What is the objective function for this problem in terms of L, W, and H?

(b) There are two constraints for this problem. In terms of L, W, and H, give the constraint
equation which corresponds to...

(i) ...the policy set by the post office.
(ii) ...your specific plan to construct such a package.

Find the objective function in terms of W only.
What is the interval of interest for the objective function?
Find the values of L, W, and H that give the largest volume.

Suppose the post office adds the additional requirement that the width W of the package must
be no smaller than 36 inches and no larger than 40 inches. With this additional policy, what is
the width of the package with the largest volume?

s
NN NSNS

—_—

Solution
(a) We seek to maximize the volume of the package, so our objective is g(L, W, H) = LW H.
(b) (i) L+W+H=144
(ii) L =2W
(c) We already have L = 2W. From the first constraint, we get 3W + H = 144, whence
H =144 — 3W. Hence the objective function in terms of W only is

fW) =g (2W, W, 144 — 3W) = 2W?(144 — 3W) = 288W?2 — 6W*3

(d) Each of L, W, and H must be non-negative numbers. (We allow them to be 0, since this
would correspond to a degenerate package with no volume. That is okay.) The condition
L > 0 is equivalent to W > 0 since L = 2W. The condition H > 0 is equivalent to
144 — 3W >0, or W < 48. Hence the interval of interest (possible values of W) is [0, 48].

(e) The critical points of f are solutions to f/(W) = 576W —18W?2 = 18W (32— W) = 0. Hence
the two critical points are W = 0 (already included as an endpoint) and W = 32. Since we
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are working on a closed interval, we may verify that W = 32 is the global maximum simply
by checking the endpoint and critical values. Since f(0) = f(48) = 0 and f(32) > 0, it is
clear that W = 32 gives the global maximum.

Hence the dimensions of the package with the largest volume are L = 64, W = 32, and
H = 48.

(f) None of our previous work has changed except that the interval of interest is now [36, 40].
We have already determined that f(W) has a global maximum on [0,48] at W = 32. Hence
f is decreasing on the interval [36,40]. Hence f(36) > f(40), and so the package with the
largest volume now has W = 36.

N10. Farmer Brown wants to create a rectangular pen that must enclose exactly 1800 ft?. The fencing
along the north and south sides of the fence costs $10/ft and the fencing along the east and west sides
costs $5/ft. (The cost is different because some parts of the fence have to be taller than other parts.)
Let x denote the length of the north side and let y denote the length of the east side.

(a) What are the dimensions and total cost of the cheapest pen?

(b) Justify that your answer really does give the cheapest pen.

Solution

(a) The total cost of the fence is F'(z,y) = 20z + 10y. We wish to maximize F' subject to
18000

the constraint xy = 1800. Hence our objective function is f(z) = 20x + , and our

interval of interest is (0,00). Observe that

18000
72

J'(z) =20 -

Solving f’(x) = 0 gives us the only critical point in our interval: 2 = 30. Hence the optimal
dimensions of the fence are x = 30 ft and y = % = 60 ft. The cost of the cheapest pen
is F(30,60) =20 - 30 + 10 - 60 = 1200 dollars.

36000

(b) Observe that f"(z) = —3 and so f”(30) > 0. Hence by the second derivative test,

x = 30 gives a local minimum of f(z). Since z = 30 is the only critical point of f on
(0,30), we conclude that this local minimum is also an absolute minimum.

N11. In a certain video game, the player may adjust the values of their character’s Intelligence (denoted
by x) and Dexterity (denoted by y). These power values must be non-negative but can be any real
number (they need not be whole numbers). The player cannot arbitrarily adjust their power, but
rather these values must satisfy the equation 22 4+ y? = 100. The total damage done (denoted by D)
by the spell Thunderbolt is given by D = x + 3y.

(a) How should the player adjust their power so that Thunderbolt does the most possible damage?

(b) What is the minimum possible damage that Thunderbolt will do, regardless of how the player
adjusts their character’s power? How should a player adjust these power values to achieve the
minimum possible damage?

Solution

(a) We seek to maximize the function D(z,y) = z + 3y subject to the constraint z2 4y = 100
(with 2 and y non-negative). Solving for y in terms of x gives y = v/100 — 22, whence our
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objective function is
f(z) =2+ 3100 — 22
and our interval of interest is [0, 10]. Observe that
3z
V100 — 22

Solving f’(x) = 0 gives us the only critical point in our interval: x = 1/10.

F)=1-

The extreme values of f must occur at a critical point or an endpoint of [0, 10].

0 V10 10
f(z) 30 10y/10 10

(Note that 10v/10 ~ 31.) Hence /10 gives the maximum possible value of f, correspond-
ing to Intelligence of /10 and Dexterity of y = +/100 — z2 = 31/10.

(b) From our previous work, we see that the absolute minimum of D is 10, occurring when
x =10 (and y = 0).

N12. A rectangular box with a square base and no top is being constructed to hold a volume of 150 cm3.
The material for the base of the container costs $6/cm? and the material for the sides of the container
costs $2/cm?. Find the dimensions of the cheapest possible container.

You must use calculus-based methods in your work. You must also justify that your answer really
does give the maximum.

Solution

Let x be the length of the square base and let y be the height of the box, both measured in cm.
Our objective function is the total cost of the box, which is given by:

C(z,y)= 622 + 8y

cost of base  cost of sides

Our constraint is that the volume must be 150 cm?®, whence 2%y = 150, or y = 150/22. Hence
our objective function in terms of z only is

1 12
f(m)ZC'(x,;O) :6x2+ﬂ

T

We seek an absolute minimum of f on the interval of interest (0,00). We have:

1200
T2

/
z) =122
e -
The only positive solution to f’(x) = 0, and thus our only critical point, is z = 100'/3. Observe
that f”(z) = 12+ 2382 > 0 for all # > 0. Hence f is concave up on (0,00), whence z = 100%/3
gives a local minimum of f. Since this is the only critical point, it must also give the absolute
minimum.

150

The dimensions of the cheapest box are 2 = 100/3 and y = T002/3
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N13. An airline policy states that all baggage must be shaped like a rectangular box with the sum of the
length, width, and height not exceeding 122 inches. You plan to purchase a bag from a company
that makes customized bagged whose height must be 3 times its width. Find the dimensions of the
baggage with the largest volume. (Let L, W, and H be the length, width, and height of the baggage,
respectively.)

(a) Before considering any constraints particular to this problem, find the objective function in
terms of L, W, and H.

(b) There are two constraints for this problem. One constraint is from the airline and the other is
from the baggage company. Find these constraints.

(c) Write the objective function in terms of W only.
(d) Find the interval of interest for the objective function in part (c).

(e) Find the dimensions of the baggage with the largest volume.

Solution
(a) We seek the largest volume, whence the objective is F(L,W, H) = LW H.

(b) The airline gives the constraint L + W + H = 122 and the baggage company gives the
constraint H = 3W.

(c) From part (b), we have L = 122 — W — H = 122 — 4W, and so the objective in terms of
W only is
fOW) = f (122 — 4W, W, 3W) = 366W? — 123

(d) All measurements must be non-negative. So we must have L > 0 (equivalent to W < 122 =
%), W >0, and H > 0 (equivalent to W > 0). Hence the interval of interest for W is
0.5

(e) Observe that f/(W) = 732W — 36W?2 = 12W (61 — 3W), hence the only critical point of
fisW = %. To verify this gives us a maximum volume, we note that f(0) = f(%) =0
(testing endpoints). Since f (%) is clearly positive, we must have an absolute maximum of
f on the interval at W = %. The desired dimensions are thus:

N14. A storage shed with a volume of 1500 ft? is to be built in the shape of a rectangular box with a
square base. The material for the base costs $6/ft?, the material for the roof costs $9/ft?, and the
material for the sides costs $2.50/ft?. Find the dimensions of the cheapest shed. As you work, fill in
the answer boxes below. Let x represent the length of the base of the shed.

objective function in terms of x:

interval of interest:

dimensions of cheapest shed (in ft):

X X
length of base width of base height of shed
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Solution

Since we asked to find the cheapest shed, the objective function is the total cost of the shed. Let
x be the length of the base of the shed and let h be the height of the shed. Since the base of the
shed is a square, the total cost of the shed is

C = Chase + Croof + Cides = 622 + 922 + 2.5 - 4zh = 1522 + 10zh

The volume of the shed must be 1500, whence the constraint equation is 22k = 1500, and thus
the height is given by h = 3% Substituting the expression for h into C' gives the objective in

2
terms of x only.

1
O(x) = 152% + 15000
X

Since x is a length, we must have x > 0. However, the case x = 0 would violate the volume
constraint #2h = 1500. There are no further restrictions on the allowed values of 2. So the
interval of interest for C(z) is (0,00). Our goal is to minimize C(x) on this interval.

Since C(z) is differentiable on (0, 00), the only critical points are solutions to C’(x) = 0. We have
that C’(z) = 30z — 13990 and thus the only solution to C'(z) = 0 is z = 500'/3. Now observe
that C”(x) = 30 + 250, which is positive for all z in (0,00). Hence C(x) is concave up on this
interval, and we conclude that z = 500!/ does, in fact, give the absolute minimum value of C(z)
on (0, 00).

The dimensions of the cheapest shed are x = 500/ (length of base and width of base) and
h =150 = 3.500'/% (height of shed).

N15. A rectangle (with base B and height H) is constructed with its base on the diameter of a semicircle
with radius 5 and with its two other vertices on the semicircle. Find the dimensions of the rectangle
with the maximum possible area.

As you work, fill in the answer boxes below. You must use calculus-based methods in your work. You
must also justify that your answer really does give the mazimum.

constraint equation in terms of B and H:

objective function in terms of H only:

interval of interest:

dimensions of rectangle:

B (base) H (height)

Solution
We wish to maximize the area of the rectangle, whence the objective function is A(B, H) = BH.

By Pythagorean Theorem (see the figure), we have the constraint equation (B/2)? + H? = 25.
Solving for B in terms of H gives B = 2v/25 — H?, whence the objective function in terms of H

only is:
f(H)=2H+\/25— H?
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The interval of interest (allowed values of H) is [0, 5]. We now find the derivative of f to find the
critical points.

—2H 2H?
"HY=2V25—H2+2H - ——— =92/25—H2 - ——
JUH) 2v/25 — H? V25 — H?

We now solve the equation f'(H) = 0.

2H?
225 —H2 - — =
V25 — H?

2(25 — H*) —2H* =0

5
H=-"

V2
We now verify that this critical point gives the absolute maximum of f. Observe that since the
interval of interest is closed and bounded, we can simply compare the endpoint values and critical
values. We clearly have f(0) = f(5) =0 and f(H) > 0 at the critical point. Hence the absolute
maximum does, indeed, occur at the critical point.

The dimensions of the desired rectangle are H = % and B = 2v/25 — H2 = 5v/2.

N16. A rancher plans to make four identical and adjacent rectangular pens against a barn, each with an
area of 100 m? (see the figure below). What are the dimensions of each pen that minimize the amount
of fence that must be used? Note: No fencing is needed on the side of the pen that borders the barn
(the north side of the pen).

As you work, fill in the answer bozes below. You must use calculus-based methods in your work. You
must also justify that your answer really does give the maximum.

Bamn

100 | 100 | 100 | 100

constraint equation(s):

objective function in one variable only:

interval of interest:

dimensions of one pen:

e — >< —
horizontal dimension _ vertical dimension
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Solution
Let  and y be the horizontal and vertical dimensions of one individual pen, respectively. We
seek to minimize the total length of fencing, thus our objective function is

F(x,y) =4z + by

Each individual pen must have area 100, and so our constraint equation is xy = 100. Solving for

y gives y = 12—0. Thus the objective function can be written in terms of x only as
500

We seek the value of x that gives the absolute minimum of f on the interval (0, c0). We now find

the critical points.

f’(:c):4—@:0:x2:125:>x=\/125
X

(We reject the solution z = —+/125 since the length can’t be negative.) Since the interval of
interest is not closed, we can’t use the extreme value theorem to verify the nature of the critical
point x = v/125.

Observe that f”(z) = 122, whence f”(v/125) > 0, and so 2 = v/125 gives a local minimum.
Since x = /125 is the only critical point in the interval, it must also give an absolute minimum.
Thus the desired dimensions of an individual pen are x = /125 and y = % = % 125.

Note: In reality, the interval of interest is (0, %] where L is the length of the barn, but since we
are not given L, we can just assume the barn is sufficiently large. Mathematically, we can assume
L is large enough so the critical point of f lies in the interval (0, %]
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§4.6: Linear Approximation and Differentials

O1. Use a linear approximation to estimate v/33.

Solution
Let f(x) = y/z and consider the tangent line to f at x = 36. Observe that f(36) = 6 and
f'(z) = 32712 Hence f'(36) = 5 and the tangent line is:

— 6+ 1( 36)
y=vT @

Our desired approximation is then

1
V33~ 6+ 5(33 —36) =5.75

0O2. At a certain factory, the daily output is

Q(L) = 1500L%/3

where L denotes the size of the labor force measured in worker-hours. Currently 1,000 worker-hours
of labor are used each day. Use a linear approximation to estimate the effect on the daily output if
the labor force is cut to 975 worker-hours.

Solution
We use the tangent line to Q(L) at L = 1000. Observe that Q'(L) = 1000L~/3, whence
@’(1000) = 100. The desired tangent line is:

y — Q(1000) = 100(L — 1000)

(Note that we don’t need the value of Q(1000).) The required estimate of AQ = Q(975)—Q(1000)
is obtained by substituting L = 975 into our tangent line.

AQ = Q(975) — Q(1000) = 100(975 — 1000) = —2500

So the output decreases by approximately 2500 units.

0O3. The concentration of a certain drug in the bloodstream ¢ hours after the drug is injected is modeled

by the following formula.
100t
Clt)= 55—
Q t2+1

(The concentration is measured in micrograms per milliliter.) Use a linear approximation to estimate
the change in the concentration over the time period from 2 to 2.1 hours after injection. Also indicate
whether the concentration increases or decreases.

Solution
We use the tangent line to C(t) at t = 2. Observe that

t24+1)-100 — 100t -2t  —100(¢* — 1)
(tQ + 1)2 - (t? + 1)2

C'(t) = (
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whence C’(2) = —12. The desired tangent line is:
y—C(2) = —12(t — 2)

(Note that we don’t need the value of C'(2).) The required estimate of AC' = C(2.1) — C(2) is
obtained by substituting ¢ = 2.1 into our tangent line.

AC =C(21)—C(2) ~ —12(21—2) = —1.2

So the concentration decreases by approximately 1.2 micrograms per milliliter.

O4. Use a linear approximation to estimate the value of v/35.9. Do not simplify your answer.

Solution
We use the tangent line to f(z) = /7 at z = 36. Observe that f(2) = 6 and f'(z) = 12712,
whence f/(6) = 5. The desired tangent line is:

1
y =6+ 5 (z —36)

If x is near 36, then the y-values of the tangent line are approximately equal to y/z. So we have

1 1
V35.9% 6+ 5(35.9-36) =6 -

O5. The cost of producing z units is C(x) = 322 + 42 + 1000. Use marginal analysis to estimate the cost

of producing the 41st unit.

Solution
The approximate cost of the 41st unit is given by C’(40).

C'(40) = (6x 4+ 4)|,_yg =6-40+4 =244

O6. Note: The parts of this problem are not related!

(a) Use linear approximation to estimate the value of v/79.

(b) A manufacturer’s total cost to produce z units is C'(z) = 25In(z? + 16). Use marginal analysis
to estimate the cost of the 4th unit.

Solution
(a) We use the tangent line to f(z) = /z at = 81. We have f(81) =9 and f'(v) = 12712,

whence f/(81) = . Hence our tangent line is

1
=94 —(x—81
y=9+ g(@—8l)
Recall the fundamental principle of linear approximation. If x is near 81, then the y-values
on the tangent line approximate the values of f(z). So we have
1 80

1
~ —_— — 1 = —_ - = —
V79~ 9+ R(9-81)=9-o==
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(b) Marginal analysis tells us that the approximate cost of the 4th unit is C’(3). So we have:

2z 50 -3 150
C'3)=25- 5| = = =6
) 2?2+16| _, 9+16 25
10 O7. Use li imati differentials to estimate the value of !
p . Use linear approximation or differentials to estimate the value of ——.
PP V/8.48
Solution
Put f(z) = 7'/3. We use the tangent line to f at = 8. Observe that f(8) = ; and
f(z) = —127%/3 whence f'(8) = — 4. Hence the desired tangent line is
1 1
y=35-— ZS(x - 8)
The desired approximation is then
1 1 1 1
AR) M 2 - (848 —8)==-— — =0.5-0.01=04
(8.48) 5 48(8 8 —8) 5~ 100 0.5 —0.01 =0.49

10p| O8. Suppose the cost of manufacturing  units is given by C(z) = 2% + 522 + 122 + 50.

(a) What is the exact cost of producing the 3rd unit?

(b) Using marginal analysis, estimate the cost of producing the 3rd unit.

Solution
(a) C(3)—C(2) =56
(b) C'(2) = (32> + 10z +12)| _, = 44

10p| O9. Use linear approximation to estimate the value of (0.98)% — 5(0.98)? + 4(0.98) + 10.

Solution

Put f(z) = 2% — 522 + 42 + 10. We use the tangent line to f at = = 1. Observe that f(1) = 10
and f’(z) = 322 — 10z + 5, whence f/(1) = —2. Hence the desired tangent line is

y=10—-2(x —1)
The desired approximation is then

(0.98)% — 5(0.98) + 4(0.98) + 10 ~ 10 — 2(0.98 — 1) = 10.04

010. If z units are produced, the total cost is C(z) = 22 + 152 + 24 and the selling price per unit is

156

p() = x2 — 4z + 16

(a) What is the exact cost of producing the 3rd unit?

(b) Using marginal analysis, estimate the revenue from the 3rd unit sold.
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Solution
(a) C(3)—C(2)=20

(b) The revenue is
156z

x2 —4x + 16

So by marginal analysis, the revenue from the 3rd unit is approximately

R(z) = zp(z) =

156(16 — z2)
R(2) = =13
( ) <((132 — 4z + 16)2 =2
. . . . . . 5000
O11. Given that z units of a commodity are sold, the selling price per unit is p(x) = el
x

(a) Calculate the revenue function.
(b) Calculate the exact revenue derived from the 7th unit.

(c) Using marginal analysis, estimate the revenue derived from the 7th unit.

Solution

(@) R() = opla) = e

(b) The exact revenue is

_ 35000 30000 _ 1100

e S TR TE R
(c) The approximate revenue is
5000(64 — %) 5000 - 28
R6)= | ———> =———=14
(©) ( (2 + 64)2 ) 26 1002

O12. The total number of gallons in a water tank at ¢ hours is given by N(t) = 40t*/%. Use a linear
approximation to estimate the number of gallons added to the water between ¢t = 32 and ¢ = 35.

Solution
We use the tangent line to N(¢) at t = 32. The tangent line passes through the point (32, N(32)).
The slope of the tangent line is

=16
t=32

=2

2 1
N/ 2 — . 4 —3/5 -
(32) < - - dot S

Hence the equation of the tangent line is
y = N(32) + 2(t — 32)

This means that if ¢ is near 32, then N(t) ~ N(32) + 2(¢ — 32). Hence the approximate number
of gallons added in the described interval is

AN = N(35) — N(32) ~ N(32) + 2(35 — 32) — N(32) = 6
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0O13. Suppose f is differentiable on (—o0, ), f(5) = 3, and f/(5) = —7. Use linear approximation to
estimate f(5.1).

Solution
The tangent line to f at z =51is y =3 — 7(z — 5). Hence f(5.1) 3 —-7(5.1 —5) = 2.3.

0O14. Use linear approximation to estimate /29 — v/27. Your final answer must be exact and may not
contain any radicals.

Solution

We use the tangent line to f(z) = z'/3 at x = 27 to estimate {/29. Observe that f(27) = 3 and
f(x) = %x_2/3, whence f/(27) = 5-. The desired tangent line is thus y = 3 + 5-(z — 27), which
gives:

3 3 1 2
V29 — V2T ~3+ —(29—-27) -3 = —
7T~3 27( 9 7)) —3 o7

015. Use the identity 42 4+ v/4 = 18 and linear approximation to estimate (3.81)% + 1/3.81.

Solution
Put f(z) = 2% + /2. We use the tangent line to f at x = 4. Observe that f(4) = 18 and

f(x) =2z + ﬁ, whence f(4) = 2. Hence the tangent line to f at z =4 is

35

Since x = 3.81 is near the point of tangency (x = 4), we have

35
(3.81)* + V3.81 ~ 18 + - (381 —4) =16.3375

016. The total cost (in dollars) of producing x items is modeled by the function C(x) = x? + 4z + 3, and

98 49
the price per item (in dollars) is p(z) = %
x

(a) Calculate the exact cost of producing the 5th item.

(b) Using marginal analysis, estimate the revenue derived from producing the 5th item.

Solution
(a) C(5) —C(4) =48 — 35 =13.
9822 + 49z

. Hence the desired marginal revenue is
x+3

(b) The revenue is R(z) = zp(x)

=83
r=4

, 49(22% + 122 + 3
R(4)=( ( (x13)2+ )>
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§4.7: L’Hopital’s Rule

114

P1. For each part, calculate the limit or show that it does not exist. If the limit is “+-00” or “—o0”, write
that as your answer, instead of “does not exist”.

A 4 4
(a) lim (1 — sin(42))%/® . xe*™ +4e* — be'x
70 (b) il_)ml 1)
Solution

(a) Substitution of z = 0 gives the indeterminate form 1°°. Let L be the desired limit and
consider In(L). Then we have

z—0 x—0 z—0 T

In(L) =In (lim (1-— sin(4x))6/w) = lim In ((1 — Sin(4x))6/z> = lim <61n(1 _ Sin(4x))>

We have used continuity of the logarithm and logarithm identities. Substiution of x = 0

now gives the indeterminate form 2, whence we may use L’Hospital’s Rule (and for any

0

subsequent indeterminate forms of §).

<6ln(1 — sin(4x))) i (6- 1_51111(41:) (—4 cos(41‘))> R - (—4) _ o

= lim
x 1

lim

z—0 z—0

Hence In(L) = —24, and so L = e~ %4,
(b) Substitution of x = 0 gives the indeterminate form %, whence we may use L’Hospital’s
Rule (and for any subsequent indeterminate forms of §).

. ze®® 4+ 4e* —5etz\ g . 4ret® 4+ et —5et\ g 16ze” 4 8¢ 4
lim = lim =lim|—— ] =12¢
rz—1 (l‘ — 1)2 rz—1 2(1,‘ — 1) z—0 2

P2. For each part, calculate the limit or show that it does not exist. If the limit is “+00” or “—oc0”, write

that as your answer, instead of “does not exist”.

o i () 0 i i ()

z—1 \ e2® — ¢2

Solution
(a) Direct substitution of z =1 gives 8, so we use L’Hospital’s Rule.

1/4 _q 1,-3/4 1 1
lim (2" ) 2 gy [ X S
z—1 \ e2 — ¢2 z—1 2e2 2e2 8e2

irect substitution of x = 1 gives 0 - co. So we write the product as a quotient an en
b) Direct substituti f 1 gi 0 S ite th duct tient and th
use L’Hospital’s Rule.

x — 1)sin (5F sin (Bf) + (¢ —1)cos (%) - & 2
— lim ( )m(z) Him (2) ( m) W(z) 2\ __=2
z—1 COS (7) z—1 — sin (7) " 5 T
P3. For each part, calculate the limit or show that it does not exist. If the limit is “4-00” or “—o0”, write

that as your answer, instead of “does not exist”.
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. 1 — cos(9z ; _ 5/
@ 1 (=) (®) Jimy (1~ 30
Solution

(a) Direct substitution of x = 0 gives the indeterminate form %, whence we may use L’Hospital’s
Rule (twice).

i (L0 ) 2 gy (D) 1 (SO 5

x—0 1’2 x—0 2x x—0 2

(b) Direct substitution of z = 0 gives the indeterminate form 1¥°°, whence we let L be the
desired limit and consider In(L).

1) = n tg(1 —30)77) = By (1 3077) = g (222 259))

z—0 z—0 z—0 xT

Direct substitution of z = 0 now gives the indeterminate form 8, whence we may use
L’Hospital’s Rule.

— 5.1 _.(_3
lim (5 In(1 3x)> 2 im (1—3”5 ( )> =15
z—0 X z—0 1

Hence In(L) = —15, and so L = e~ 1.

. The parts of this problem are related!

T—00

x
Show that li =1
(a) Show that lim <$_3>

(b) Calculate the following limit or show it does not exist.

lim
z—=oo \ . — 3

Hint: First use part (a) to identify the appropriate indeterminate form.

Solution
(a) We have the following.

. T ) 1 1
lim = lim 5| = =1
z—=oo \ . — 3 T—00 ]__5 1—0

(b) The result of part (a) implies that as x — oo, our limit has the indeterminate form 1°°.
Let L be the desired limit. Then we have the following.

r \” T In (%)
In(L) :mh—)n;oln Km—S) } :xlingo {xln <x—3>} :mlln;o —
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As x — oo, we now have the indeterminate form %, so we may use L’Hospital’s Rule.

x—3 ($—3)'1—$-1

(L) 2 tim |2 ) i < 3”03) — lim (33> —3

T—00 —
x2

We have found that In(L) = 3, whence L = e3.

114

P5. For each part, calculate the limit or show that it does not exist. If the limit is “+-00” or “—o0”, write

that as your answer, instead of “does not exist”.

(a) lim (HCOS(@> @ lm <x3 —22% — 5z + 6>

T (x — 7'(')2 z—1 3 —+ 2 +x -3
12\ 2 — x2
b) i 1—-— d) L
()xgrolo< x> ()xir4n+<x—4>
Solution

(a) Direct substitution of 2z = 7 gives 0/0, and so we may use L’Hospital’s Rule.

i () i (5

Direct substitution of x = 7 gives 0/0 again, and so we may use L’Hospital’s Rule again.

(b) As z — oo, we find that we have the indeterminate form 1°°. So we use logarithms and
L’Hospital’s Rule. Let L be the desired limit and consider In(L).

12\ % 12 5In (1 — 12
In(L) = li_)rn In [(1 - > ] = H_)m <5xln <1 — >> = h_}m (Il(l/w)>
T—200 xT r—00 T T—>00 T

We now have the indeterminate form 0/0, and so we may use L’Hospital’s Rule.

1 12
sm(1-1)\ y [P . —60 60
Iim [ ——% | = lim [ ——2%——— | = lim = = —60
T—00 1/x z—00 —1/22 o0 \ 1 — 22 1-0

So we have In(L) = —60, whence L = e,

(c) Direct substitution of z = 1 gives 0/0, and so we may use L’Hospital’s Rule.

) 3 =222 —5x+6\ g .. 322 —4x —5 3—4-5
lim = lim — —
g1\ 23 4+224+2—3 =1\ 322 4+2x+1 3+2+1

(d) Direct substitution of z = 4 gives —8/0, which is not an indeterminate form but rather
tells us that the one-sided limit is infinite. Note that if + — 47, then we may assume
x —4 > 0, whence the denominator has limit 0 but remains positive. The numerator has
limit —8, which is negative. So the sign of our limit is © /0 = ©. So the limit is —oo.
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10p P6. Calculate the limit or show that it does not exist. If the limit is “+o0” or “—o0”, write that as your
answer, instead of “does not exist”.

lim (vVI2z+9 -2z +4)/"

z—0t

Solution
Direct substitution of x = 0 gives the indeterminate form 1°°. So we use logarithms to write the
limit as a quotient, and we use L’Hospital’s Rule.

L= lim (VI2z+9-v2z+4)""

z—0t

In(L) = lim In ((\/1235 1922 Jr4)1/33)

r—0t

(L) = lim In (v12z + 9 — 2z + 4)

z—0t x

1 ( 6 1 )
1n(L)£ lim V122+9—22+4  \ V12249  2z+4

So In(L) = 3/2, whence L = ¢%/2.

P7. Suppose you want to compute a limit that is in the form of a quotient, i.e., a limit of the form:

i (567)

Suppose you have already determined that L’Hospital’s Rule is applicable. Explain the next step in
your calculation, i.e., how do you apply L’Hospital’s Rule? Your answer may contain either English,
mathematical symbols, or both.

Solution

/
Compute the limit lim f,(m)
a—a g'(x)

P8. Each of the following limits is written in the form of a quotient. Which limits can be calculated using
L’Hospital’s Rule directly, i.e., by applying L’Hospital’s Rule as the immediately next step without
any other algebra or modification? Select all that apply.

) sin(7z) ) 145 . e’ + 10
(a) lim ( v ) (c) Jim, <x_2 + 8) © iz, < v —3 )

(@430 14 @) fim (BT =36 . (e +10
(b) ;}:1312<x2—5x—|—6) =9~ az—f—G (f) xBr—noo<ex—3>
Solution

The only indeterminate quotients (for which L’Hospital’s Rule is directly applicable) are % and
2. Hence the only limits above that can be computed with L’'Hospital’s Rule are: (b), (d), and
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| © |

P9. Which of the following limits are equal to +00? Select all that apply.

x? +25 3 26 — 2?2
li li li

(®) in?< 5—z > (© xil_ns(\x+3|> © zir?+< 71 )

2+25 -2z -5
b) lim (EF (d) lim (L —217°

z—=5t \ D —x 0~ sin(x)

Solution
Direct substitution of each z-value gives % only for (a) - (d). A sign analysis of numerator

and denominator then shows that only (a) and (d) are equal to +0o0. As for (e), we apply

L’Hospital’s Rule and find
. 25— 22\ v .. 6x° — 2
lim = lim | ——— | =
r—1t r—1 r—1t 1

Hence only (a) and (d) are correct choices.

10p| P10. Calculate the limit or show that it does not exist. If the limit is “+oo” or “—oo”, write that as your
answer, instead of “does not exist”.
lim (53:3 + 222 + 8) 1/In(e)

T—00

Solution

Direct substitution of “x — 0o” gives the indeterminate form oo”. So we use logarithms to write

the limit as a quotient, and we use L’Hospital’s Rule.
. 1

L= lim (52°+ 222 +8)"/"

T—00

In(L) = lim In <(5x3 + 222 + 8) Uln(x))

Tr—r 00
3 2
In(L) = lim In(52° 4 2 4 8)
T—00 ln(;):)
1 2
1 (1522 + 4z
In(L) Z 1i (59534—2362-1-8 1( )>
r—00 =
xr
. 1523 + 42
In(L) = lim, (5a;3 22?1 8)
15+ 2 15+0+0
In(L) = lim L i
v=oo \ 54+ 2 4 & 5+0+0

So In(L) = 3, whence L = 3.
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P11. Suppose you have determined

lim f(z) =0, lim g(z) = oo

and you want to calculate the following limit:

L= lim (f(x)g(x))

r—a

You recall that to calculate L, you have to use L’Hospital’s Rule. What is the next step you must
take before you are able to apply L’Hospital’s Rule directly to the limit L? Your answer may contain
either English, mathematical symbols, or both.

Solution

Write the product f(x)g(z) as a quotient instead. For example, M

1/f(x)

P12. Which of the following are indeterminate forms? Recall that in this course, we have learned that
limits with indeterminate forms may often be computed using L’Hospital’s Rule.

@ 5 oL (8) oo (~o0)
(b) 000 (e) 2°° (h) oc”

(©) — (f) 3-(—00) (i) 0o
Solution

The only indeterminate forms are (a), (b), (c), and (h). The other choices are equivalent to,
respectively: (d) 0, (e) oo, (f) —o0, (g) —o0, and (i) co.

16 p| P13. Calculate the limit or show that it does not exist. If the limit is “+oco0” or “—oo”, write that as your
answer, instead of “does not exist”.

tan(mz)

lim
z—1 <\/2+x3 - \/2+x>

Solution
Direct substitution of z = 1 gives the indeterminate form “%”. So we use I’Hospital’s rule.

hml ( a:(ﬂx) ) H hni SZQSec(ﬂx) : _ 377 _ J3n
T \/2—1—30 —\/2+$ T— Wit aers 23 23

20p| P14. Consider the following limit.
L= lim (4+ )76

z——3
(a) What indeterminate form does this limit have?
(b) Explain why I'Hospital’s rule cannot be used on this limit in its current form.
(c) Calculate the value of L.
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Solution

“11/077 w“qo0n

(a) Direct substitution of x = —3 gives , equivalent to the indeterminate form
(b) L’Hospital’s rule cannot be used because the limit is not in the form of a quotient.

(c) We take logarithms and then use 'Hospital’s rule. Let L be the given limit. Then we have:

r——3 r——3

In(L) = lim In ((4 + x)7/(6+2m)> = lim <6 5, I+ x)>

In(4 7 _1
z——3 6 + 2x z——3 2 2

So In(L) = %, whence L = e’/

18p| P15. Consider the limit lim ((z —2)In(2 — x)).

r—2~

(a) Does this limit have an indeterminate form? If so, which indeterminate form?
(b) Explain why I'Hospital’s rule cannot be used on this limit in its current form.

(c) Write the limit in an equivalent form to which ’'Hospital’s rule may be applied.

Note: Do not attempt to calculate the limit. You are not required to calculate the limit.

Solution
(a) Yes, the form 0 - (—00).

(b) The expression is not written as an indeterminate quotient.

r—27 1

(c) One possibility is lim <ln(2—m)>
z—2

20p| P16. Suppose f'(z) is continuous with f(3) = 2 and f/(3) = —8. Calculate the following limit or show
that it does not exist. If the limit is “+oo” or “—o0”, write that as your answer, instead of “does

not exist”.
. 224 — f(321/%)
lim | ——————~
z—1 x2 — Ax +3
Solution
Direct substitution of z = 1 gives “8”, and so we use I’Hospital’s rule, followed by direct substi-
tution.
(2t = pal) (St fEe) S s (-8) 3
lim [ —————= | = lim = =_7
z—1 2 —4x +3 z—1 2x — 4 -2

15p| P17. Suppose f”(x) is continuous. You are also given the following values:

1 (1Y
1) ()=
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P18. For each part, calculate the limit or show that it does not exist. If the limit is “+o0” or

113

Calculate the following limit or show that it does not exist. If the limit is “4o00” or “—o0”, write
that as your answer, instead of “does not exist”.

[ 20-F(3)
ilgé(a:?%—x—m

Solution
Since f is continuous, we may substitute x = 8 to obtain the indeterminate form “8”. So we
may use L’Hospital’s Rule.

lim w H jim M
=8\ 224+ 2 —72 T 28 20 +1

Since f’ is continuous, we substitute x = 8, and we find the limit is % =—:u

114

—00”, write
that as your answer, instead of “does not exist”.

. cos(6x) — 1 b) lim (2 + 32 1/x
@ tim (SO0 (b) lim (¢ + 3a)
Solution

(a) Direct substitution of x = 7 gives “3”. So we use 'Hospital’s Rule (twice).

lim (COE(&C)l) H lim <681n(6x)> H lim <36COS(6$)> _ —36-1 — 18

T (;c — 7'r)2 e 2(55 — 71') 2 2

(b) Direction substitution of x = 0 gives “1°°”. We let L be the desired limit, take logarithms,
and use I’'Hospital’s Rule.

In(L) = lim In <(62;v + 3$)1/$) = lim <1I1(€2x+31')>

z—0 z—0 T
1 2
Hopo s (26774 3) _ 243,
z—0 1 140

We find that In(L) = 5, whence L = €°.

P19. Let f(z) = 2%e®.

(a) Calculate the vertical and horizontal asymptotes of f.

(b) Calculate the critical points of f. Then use the Second Derivative Test to classify each critical
point of f as a local minimum or a local maximum. Show your work and label your answers
clearly. Hint: The second derivative of f is f”(z) = (2% + 4z + 2)e”.
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Solution

(a) Since f is a product of functions that are continuous for all x, f is also continuous for all x,
and thus f has no vertical asymptotes. For horizontal asymptotes, we have the following
(use I’'Hospital’s rule on the limit at negative infinity):

lim (22%€”) = (+00) - (+00) = 400

T—00

2 2 2 2
lim (z%¢®) = lim (m) 2 lim < ° ) 2 im <> =—=0
T——00 x——o00 \ e~ 7T z——o00 \ —e % z——oc0 \ e 7T o0
Thus the only horizontal asymptote of f is y = 0.
(b) We first compute f'(x).

f'(z) = 2ze® + z%e® = ze%(2 + )

Thus the critical points (solutions to f’(x) = 0) are = 0 and x = —2. Now we use the
Second Derivative Test.

f7(0) = (2% + 4 + 2)61’96:0 =2
f'(=2) = (2% + 42 + 2)636‘96:_2 = —2¢72

Since f”(0) > 0, z = 0 gives a local minimum of f. Since f”(—2) < 0, z = —2 gives a local
maximum of f.

xsin(Ax) . .

P20. Let f(r) = ——,-—>, where A is a constant. Suppose lim f(z) = —6. Calculate A.
sin”(2z) z—0
Solution

We first compute the given limit in terms of A. Substitution of x = 0 gives “%”, SO we use

I'Hospital’s rule (twice), then use direct substitution.

) rsin(Az)\ x - sin(Ax) + Az cos(Ax)
20 \ sin?(2z) ) @0 4sin(2x) cos(2x)
H .. Acos(Ax) + Acos(Ax) — A%z sin(Ax) A+A-0 24
= lim . _ = - —
z 8 cos(2x) cos(2x) — 8sin(2x) sin(2x) 2A(A-0) 8-0

NN

—0

We are given that the limit is —6, whence % = —6, and so A = —24.
Alternatively... we can use special trigonometric limits instead of I’Hospital’s rule.

. xsin(Ax) ) 2x 2z sin(Az) x-Ax A A
2—0 \ sin?(2x) 2—0 \ sin(2x) sin(2z) Az 2z - 2z 4 4
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§4.9: Antiderivatives

Given that x units of a commodity are sold, the marginal cost is
dC

=92 o+ 1524 + 10
x

Suppose the total cost of producing the 1st unit is 100. Calculate the total cost of producing the first
16 units.

Solution
Antidifferentiation gives us the total cost function.

O(z) = / (9:1:2 T Az + 1524 4 10) dz = 32° + 222 + 122°/4 4 102 + K

We are given that C'(1) = 100, whence 3 + 2+ 12+ 10 + K = 100, and so K = 73. So then the
total cost of producing 16 units is

C(16) = (3:&” + 222 + 1225/ + 102 + 73)

= 13,417

=16

Let V(t) denote the volume of water, measured in gallons, in a tank at time ¢. The tank is initially
filled with 5 gallons of water. At t = 0, water flows in at a rate in gal/min given by V'(¢) = 0.5(196—12)
for 0 <t < 10. Find the total amount of water in the tank after 4 minutes.

Solution

Computing the antiderivative of V'/(t) immediately gives V(t) = 0.5(196t — %t?’) + C for some

constant C. The condition V' (0) = 5 implies C' = 5, whence V (t) = 98¢ — 3t> + 5. The volume

of water in the tank after 4 minutes is V(4) = 11 gallons.

A particle travels along the z-axis in such a way that its velocity (measured in ft/sec) at any time ¢
(measures in sec) is
v(t) = 4t3 — 2t + 2

The particle is at x = 3 when t = 2.

(a) Find the position of the particle at any time ¢.
(b) Find the position of the particle at time ¢ = 4.

(c) Find the acceleration of the particle when ¢ = 4.

Solution
(a) To find the position, we find the antiderivative of v(t) first.

x(t):/v(t)dt:/(4753—2t+2)dt:t4—t2+2t+0

We are given x = 3 when ¢t = 2, whence 3 =16 —4+4+ C, and so C = —13. The position
of the particle at any time t is

x(t) =tt — 12 + 2t — 13

(b) We have x(4) = 256 — 16 + 8 — 13 = 235.
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(¢) The acceleration is the derivative of velocity, so a(4) = v'(4) = (12t? — 2) = 190.

=1
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1.5 Chapter 5: Integration
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§5.1-5.3, 5.5: Introduction to the Integral, Fundamental Theorem of Calculus,
Substitution Rule

12p R1. Suppose f is a continuous function such that all of the following hold:

/_if(x)dx:—w : /(ng(x)dx:14 , /ng(x)dx:

Calculate the quantities below or determine there is not enough information.

o [ swa @ [ Il @ [ s

b) /06 F(2) da (d) \ / if(w)dﬂf o [ " (3f(2) + 4)d

Solution

)/9f(a:)da::/ﬁf(x)da:—i—/gf(x)da::—15+14:—1
/f dx_/f dx/f Yz =19—14=5

not enough information

/_lf(x)dx

(e) Use part (b).

=|-15/=15

/Olf(x)daz:/if(:c)dx—/oﬁf(:c)da::—15—5:—20

/69(3f(:c)+4)dx:3/69f(x)dx+/694da:

The second integral is the area of a rectangle of height 4 and width 3. So we have:

(f) Use linearity.

/9(3f(w)+4)dx=3-14+3-4:54
6

12p R2. Use the graph of y = f(x) to calculate the integrals below.

A
Iy
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1 6 10
) / f(x) da (b) / f(x) dz © [ fayds

Solution
(a) The integral is the area of a trapezoid with parallel bases of length 6 and 7, with height 1.

Hence
/ o 6 +7)1=65

(b) The integral represents the net area of a region that consists of a triangle (base 3, height
4) and a rectangle (base 2, height 2). Note that both are below the z-axis, and so the net

area is negative.
/ f(x < -3-44+2- 2) —10

(¢c) We have already computed most of this integral in parts (a) and (b). For the remaining
parts we have one triangle below the x-axis, one triangle above the x-axis, and one rectangle
above the z-axis.

f(x)dz:—%-4-4:—8

-1¢ 1
/ fz)de==-6-6=18
6 2

0f($)dx:1~4:4

6
Putting everything together gives:

10

f(z)de =—-8+18+6.5—-10+4=10.5
~10

T

20 p R3. Let f(z) =5+ / t?e! dt. Find an equation of the tangent line to f at = —3.

20p

-3

Solution

Note that f(—3) =5+ 0 = 5 and, by the fundamental theorem of calculus, f/(z) = x2e*. Hence
f'(=3) = 9¢73, and an equation of our tangent line is

y="5+93(z+3)

RA4. Suppose f is continuous on [0, 8] and has the following integrals:

/03f(1:)d:v:2 /:f(:r)d:c:7 /ng(:n)dzvz

For each part, calculate the integral or determine there is not enough information to do so.

5 3 8 8
) /0 f(z) dz (b) /5 f(z) dz (©) /5 f(x) da () /3 (2/(x) - 6) da
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Solution

2) /05f(x)dx:/03f(x)dx+/35f(x)daz=2+7=9
) [ @i =- [ swyae = -
/f dx—/f dx—/f dz =159 =6

) First observe:
8 8
/3 (zf(l’)—ﬁ)d:r:?/g f(:zc)da:—/3 6 dx

For the second integral on the right side, we note that it gives the area of a rectangle with
length 8 — 3 = 5 and height 6. Hence

8
/ 6dr=5-6=30
3
For the other integral, we have the following:

/:f(x)dx:/ng(x)d:c—/ogf(x)dx:15—2:13

Putting this altogether gives us our final answer:

8 8 8
/ (2f(x) —6)dx =2 f(x)dx—/ 6dr=2-13-30=—4
3 3 3

V10
20p R5. Calculate / (m + 410 — xQ) dx using geometry and properties of integrals only. Do not attempt
0

to use the fundamental theorem of calculus.

Solution
First we split the integral into two separate integrals.

V10 V10 V10
/ (a:+ 10—3:2) dx:/ a:d:v+/ V10 — 22 dx
0 0 0

A B
Now we use geometry to calculate A and B.
Integral A gives the area under the graph of y = z fro =0 t o x = 4/10. This region is a
triangle with base /10 and height 1/10. Thus A = 1 \/ \/ =

Integral B gives the area under the graph of y = /10 — 22 from x = 0 to z = 1/10. This region
is a quarter-disc with center (0,0) and radius v/10. Thus B = 1r - (v/10)? = 25.

Hence altogether our desired integral is

V0
/ (x+ 10—1:2) do =5+ 257
0
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20 p R6. The curve y = 25 — 22 is shown in the figure below. Calculate the area of the shaded region.

~

Solution

The graph crosses the z-axis where 25 — 22 = 0, or at = —5 and = 5. Hence we seek the area
under the graph of y = 25 — 2 from = 2 to x = 5. That area is given by an integral, which is
calculated using the fundamental theorem of calculus below.

5 13\ 1 8
/ (25 — 2?) dx = (259; — :z:3> = <125 - 125) - (50 — > =36
2 37 )1, 3 3

a
R7. Find the unique positive value of a such that / % dx = 3.
0 xr

Solution

We use substitution rule with u = 22 + 1 to calculate the integral. Note that with this choice of
u, we have % =2z, or de = %' The limits of integration change from x =0 and x = a tou =1
and u = a® + 1, respectively. Hence we have the following:

0$2+1 ﬂf—l o U—2HU1 —2HCL —211&

We now solve the equation §In(a? + 1) = 3 to find that a = v/e§ — 1 (we have kept only the
positive root).
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2 Practice Worksheets

The exercises in these worksheets are marked as belonging to one of four difficulty categories.
C: CORE

An exercise categorized as “Core” (or “C”) is considered fundamental part of the course. Stu-
dents must be able to solve C-level exercises to succeed in calculus. If a student uses calculus
in other courses, these are the exercises they will almost certainly encounter and be expected
to solve. These are generally the easiest exercises in the course, but they are not all necessarily
easy.

B: BEYOND CORE

An exercise categorized as “Beyond Core” (or “B”) is typically an exercise from the Core level
but with an added complexity in algebra or precalculus skills. Most of the non-Core exercises
done in lecture are B-level exercises, and students should generally have a lot of exposure (via
lecture, recitation, or homework) to such exercises before the quizzes and exams.

A: ADVANCED

An exercise categorized as “Advanced” (or “A”) is one of the hardest exercises students will
encounter in this course. We expect most students not to be able to fully solve these exercises,
but that does not mean we expect students not to attempt these exercises. These exercises
are nevertheless still a part of this course. These are the hardest examples possibly covered
in lecture, but they are not always emphasized and they are seen in the homework only spar-
ingly. Students who can solve these exercises are those students who go beyond our minimum
expectations and study beyond what was seen in lecture.

The A-level exercises were designed primarily to distinguish between what we expect from B-
level and A-level students. An A-level student understands the concepts at a fundamental level
and can apply these concepts correctly to exercises they have not seen before.

R: REMOVED FROM SYLLABUS

These exercises cover topics or learning goals that have been removed the syllabus since they
were introduced. They remain in these worksheets as an extra challenge to students and in
case these topics are ever re-introduced into the course.
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2.1 Chapter 1: Review of Algebra and Precalculus
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§1.1, 1.2, 1.3, 1.4, 7.2, Appendix B

Difficulty guide for this worksheet:

Core or Beyond Core: all
Advanced: none
Removed from syllabus: none

Computation

W1. For each of the following problems, zero or more of the choices are exact answers. Identify all of the
exact answers, and explain why the other choices are wrong. If the exact value of the correct
answer does not appear as one of the choices, find the exact value of the correct answer.

(a) Find all real numbers = such that z? = 2.
A.141 B.v2 C.Z£141 D.141and —141 E.=+V2
(b) Find all real numbers ¢ such that ¢3 44 = 0.
A. -1.59 B.+£159 C.+y~4 D.-22/3 E. no real solution

(¢) Find the circumference of a circle whose radius is 1.
A.6.28 B. +6.283185 C. %

(d) Find all real solutions to the equation 2* = 3.

A. 1585 B. #1585 C.372 D.logy(3) E.logy(2) F.

1
G. 5 10g2 (9)

Solution

(a) The correct choice is E. Choices A, C, and D do not give exact solutions. Choice B is
missing the solution —v/2.

(b) The correct choice is D. Every real number has a unique cube root, and so the only solution
is z = (—4)'/3, which may be written as (—4)Y/3 = (=1)/3 . (22)1/3 = —2%/3_ Choice A
is not an exact solution. Choice B is neither exact nor correct since each real number has
only one cube root, not two. Choice C is incorrect because —+/—4 is not a solution.

(c) All of the choices are incorrect since they are all not exact. The exact answer is 27.

(d) Choices D, F, and G are all correct. Choice A is not exact. Choice B is incorrect because
—1.585 is not a solution. Choices C and E are incorrect because neither 372 nor log(2) is
a solution.

Simplifying Algebraic Expressions

W2. Zero or more of the following statements are true for all real numbers a, z, and y. Determine which
statements are true and determine which statements are false. For each false statement, find values
of a, x, and y that make the statement false.

(a) a(z +y) =ax+ay (d) avx+y=+/a’zx+a’y (g8) Ve+y=+vz+/y
(b) a(z +y)? = (az + ay)? (e) sin(z+y) = sin(z)+sin(y)

(c) a(z+y)? = ar® + ay? (f) cos(az) = acos(x) (h) -

a a
= -4 -
r+y x Y
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Solution
(a) True.
(b) False. Let a =2, z =1, and y = 0. The left side is 2 and the right side is 4.
(c) False. Let a = x =y = 1. The left side is 4 and the right side is 2.
(d) False. Let a = —1, z = 1, and y = 0. The left side is —1 and the right side is 1.
(e) False. Let © =y = w/2. The left side is 0 and the right side is 2.
(f) False. Let a = x = 0. The left side is 1 and the right side is 0.
(g) False. Let z = y = 1. The left side is v/2 and the right side is 2.
(h) False. Let a = x =y = 1. The left side is 1/2 and the right side is 2.

W 3. Simplify each of the following expressions according to the instructions.

8, —4\ —1/4
x
(a) Positive exponents and integer coefficients only (assume z,y > 0): (16y 1 /3)
Y
-1

9ab)3/2 3q2
(b) Positive exponents only (assume a,b > 0): (9ab) ( a )

(27a3b=4)2/3  \ 4b1/3
(c) Common factors canceled (assume h # 5) 2h = 10
mmon rs can um Y
V5=
(d) Expand and fully simplify: (\/ 9s2 +4 + 2) (\/ 9s2 +4 — 2)
(e) Factor completely: 5y2(y — 3)° + 10y(y — 3)*
(f) Factor completely: 323 + 22 — 121 — 4
(g) Factor completely: 3z~1/2 4 4z1/2 4 23/2
-1 _ -1
(h) Common factors canceled, positive exponents only (z # y and z,y # 0): fcﬁi—z’”
4 B 4
(i) Common factors canceled (u # 1 and u # —2): —% g 1 u+ 23
u? +u—2 + u+2
Solution
(a) 2y4/3 (f) Bz+1)(z—2)(z+2)
a
2
x _
(o) 4 (5) a2+ 1)(a +3)
(¢) —2(v5+ Vh) (h) —2Y
(d) 932 Tty
() 5y(y — 1)y —2)(y — 3)* (i) 4/u

flz+h) — f(x)
h

WA4. For each given function f(z), fully simplify the difference quotient . Assume h # 0.
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() fl@) =20 =20 (b) fl@)=9-5 (o) fla)=—4 (@) fr) =1
Solution

2 _ (942
(a) 2(z+h) 2(x—]i;h) (2% — 2x) 249
R Tk: B G20 N
h
(1)
(C) h =0
1 1
-1 1
d z+h T
(d) h z(z +h)
Solving Algebraic Equations and Inequalities
W5. Solve each equation or inequality. (Parts (b) — (d) are related!)
l—2z 14z T +5 5 28
a) p"=p+1 f = ' =
((b; ) ®) 1+£1?+1—:B 0 ) x—2 x+2+x2—4
2u” —=3u+1=0 2
NV (k) 2 — 4t —5> 0
(©) 225/ — 3552 1 212 = (g) 3cos(x)+ 2sin(x)” =3 ) e ;
<
(d) 2sin(9)? —3sin(0) +1=0 (B 2Zz+1[=1 2z +1
z—4
(e) 2z = 22 (i) |3z —5| = 4z (m) 527 <5

(a)

Solution

Equivalently, p> — p — 1 = 0. The quadratic formula then gives the solutions: p = 1+2\/5 or

1—v5
=

p =
Factoring gives (2u — 1)(u — 1) = 0, and so the solutions are u = 1/2 or u = 1.

Factoring gives z'/2(2z — 1)(z — 1) = 0, and so the solutions are z = 0, z = 1/2, or = = 1.
Letting u = sin(f), we see the equation is equivalent to 2u? — 3u + 1 = 0, which, from part
(b), has solutions u = 1/2 or u = 1. So we seek all solutions to the equations sin(f) = 1/2
and sin(f) = 1. The equation sin(f) = 1/2 has solutions § = % + 2wn or 6 = 2Z + 27n,
where n is any integer. The equation sin(f) = 1 has solutions 6 = 7 4 27n, where n is any
integer.

Equivalently, we have 0 = 22 — 22 = x(z — 2), and so the solutions are z = 0 or x = 2.

Clearing denominators gives (1 — )2+ (1+z)? = 6(1 —x)(1+ ). Expanding each side and

collecting like terms gives 2x2 + 2 = 6 — 622. Equivalently, 822 = 4, and so the solutions

1 1
are r = —= or & = ——=.
V2 V2

Using the identity sin(x)? = 1 —cos(z)? gives the equivalent equation 2 cos(z)? — 3 cos(x) +
1 = 0. Factoring gives (2cos(x) — 1)(cos(z) — 1) = 0. Hence we must solve the equations
2cos(r)—1 = 0 and cos(z) —1 = 0. The equation 2 cos(z)—1 = 0 has solutions x = §+27n
or v = — % +2mn where n is any integer. The equation cos(z)—1 = 0 has solutions z = 27n
where n is any integer.

The given equation is equivalent to one of the equations 2z +1 =1 or 2z + 1 = —1. The
solution to the former is x = 0 and the solution to the latter + = —1. Both candidate
solutions are solutions to the original equation.
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(i) The given equation is equivalent to one of the equations 3z —5 = 4x or 3z —5 = —4z. The
solution to the former is x = —5 and the solution to the latter is x = % Only z = 2 is a

7
solution to the original equation.
(j) Clearing denominators gives (z+5)(x+2) = 5(z—2)+28, which is equivalent to 7242z —8 =

0, or (z +4)(z —2) = 0. Hence the candidate solutions are x = —4 or x = 2. However
the expressions on each side of the original equation are undefined at x = 2, and so only
r = —4 is a solution.

(k) Factoring gives (t + 1)(t — 5) > 0, and so we consider a sign chart with cut points t = —1
and t = 5. That is, we test each of the intervals (—oo,—1), (—1,5), and (5,00) with a
single test point each to check whether the inequality is satisfied on that interval. Testing
the points —2, 0, and 6, we find that the inequality is not satisfied only on the interval
(—1,5). Hence the solution is (—oo, —1) U (5, 00).

(1) The numerator vanishes when z = 4 and the denominator vanishes when z = —1/2. So
we consider a sign chart with cut points z = —1/2 and = = 4. That is, we test each of the
intervals (—oo, —1/2), (—=1/2,4), and (4, c0) with a single test point each to check whether
the inequality is satisfied on that interval. Testing the points —1, 0, and 5, we find that
the inequality is satisfied only on the interval (—1/2,4). Hence the solution is (—1/2,4).

(m) First we subtract 5 from each side of the inequality to getgit ing the form F(x) > 0 or

T —

F(z) < 0. We find that the inequality is equivalent to ﬁ < 0. The numerator
x

vanishes when 2z = —1 and the denominator vanishes when x = —1/2. So we consider a sign
chart with cut points + = —1 and x = —1/2. That is, we test each of the intervals (—oo, —1),
(—1,—1/2), and (—1/2, 00) with a single test point each to check whether the inequality is
satisfied on that interval. Testing the points —2, —3/4, and 0, we find that the inequality is
not satisfied only on the interval (—1, —1/2). Hence the solution is (—oo, —1) U (—1/2, 00).

Equations of Lines

W6. Find an equation of each described line.

line through the point (4, —6) with slope 3

)
(b) line through the points (1,2) and (—3,4)
(c) line through the point (5,5) and perpendicular to the line described by 2z — 4y = 3
(d) line through the point (—1,—2) and parallel to the line described by 3z + 8y =1
(e) horizontal line through the point (3, —1)
(f) vertical line through the point (2, —4)
Solution
(a) y = (=6) = 3(z —4)
(b) The slope is m = % = —1, whence an equation of the line is y — 2 = —3(z — 1).
(¢) The slope of the given line is %, whence the equation of the desired line is m = —2, whence
an equation of the desired line is y — 5 = —2(z — 5).
(d) The slope of the given line is —%, whence the equation of the desired line is m = —%,
whence an equation of the desired line is y — (=2) = —2(z — (-1)).
(e) y=—1
(f) z=2

Page 235 of



Math 135 Worksheet: Unit #1 Review (Algebra & Precalculus)Practice Worksheets

I

Functions, Domains, and Compositions

WT7. If f(x) and g(x) are functions, then f(g(z)) is also a function, called the composition of f and g. We
also write f o g to mean f(g(x)). Similarly, g o f means g(f(z)).

(a) Let f(z) =sin(3x) + 7 and g(x) = 2% + 1. Write expressions for both f(g(x)) and g(f(z)).

(b) Let h(z) = logo(sin(y/z) + 1). Find four functions f1, fa, f3, and f4 such that h(z) =
fa(fs(f2(f1(x)))). You may not use the function f(x) = z for any of your choices.

Solution
(a) f(g(x)) =sin(3e® +3) + 7 and g(f(z)) = 250G+ 4

(b) One possible choice is the following: fi(z) = vz, fa(z) = sin(x), f3(x) = = + 1, and
fa(z) = logyp().

WS. For each of the following function pairs, find a simplified formula for f o g and go f. Then find the
domain of f, g, fog, and go f.

(a) f(z) =sin(z) and g(z) = 2z +3 (b) f(z) = 12j23; and g(z) = 2$x+21

Solution

(a) The domain of both f and g is all real numbers. Hence the domain of (fog)(x) = sin(2z+3)
and (g o f) = 2sin(z) + 3 is also all real numbers.

(b) With some algebra we find the following:

2_}_2‘%721 2+2x -9
(fog)a)=——2H =2 | (gof)la)=—"F— =2
1=2- 2x+l 2'1—29;:+1

The domain of f is  # % and the domain of g is = # —%. If z is in the domain of
f(g(z)), then = must be in the domain of g (so z # —3) and g(z) is in the domain of f
(so g(z) # ). The equation g(z) = 3 has no solution, so it is always true that g(z) # 1.
Hence the domain of fogis z # —%. Similarly, the domain of g o f is z # %

Exponential and Logarithmic Functions

W9. Find the exact value of each expression. Your final answer cannot contain “log” or “In”.

(a) logy(48) — logy(6) (c) In(log;(10))
(b) 10g2(48) —log4(144) (d) 3logs(4e)—logz(e)
Solution

(a) logy(48) — log,(6) = log,(48/6) = log,(8) = log,(2°) =3

log,(144) 1
— = -1 144) =
log, (4) 5 0gy(144)

logy(144Y2) = logy(12). Now we have log,(48) — log,(144) = logy(48) — logy(12) =
log,(48/12) = logy(4) = log,(22) = 2.

(b) First use the change-of-base formula to write log,(144) =
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(¢) In (logyp(10°)) = In(e) = 1
(d) 3logz(4e)—logz(e) _ glogz(de/e) _ glogz(4) — 4

W10. Sketch the graph of each of the following functions.

(a) f(z)=e" (b) f(x) = logs(x) (c) f(x)=-27 (d) f(x) =logy 3(x)
Solution
(a) (c)
8 8
6 6
4 4
21 2
\ !
2 1 1 2 2 T ——d 1 2
- - \
—4 41
-6 —6
-8 -8
(b) (d)
8 8,
6 6 |
4 4
2 2 |
2 e ) K‘ — 3 2 1 ) 1o
—4 —4
-6 —6
-8 -8

W11. Find all solutions to the following equations.

2

(a) 3 *=9 (b) €243 =1 (c) logs(z) +logz(2z+1) =1
Solution
(a) We have 3%~ =9 =32 and so 22 — z = 2, or (z + 1)(z — 2) = 0. So the solutions are
r=—-1lorxz=2.
(b) We have e?**3 =1 = €% and so 2z + 3 = 0. So the solution is z = —3/2.
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(c) We have the following work.

logs(z) +logs(2z +1) =1
) =

logs (z(2z+1)) =1
z2rx+1)=3
20° +2—-3=0

(2x4+3)(z—1)=0
Hence the candidate solutions are z = 1 and z = —%. Substitution of z = —% in the
original equation gives nonsense since the domain of all logarithms is strictly positive
numbers. Hence the only solution is z = 1.

W12. Suppose logys(5) = ¢. Find the exact value of v/b — 16.

Solution
By definition of logarithm, the equation logs(5) = & is equivalent to 5 = (b3)V/6. Hence 5 = b'/2,

or b = 25. It follows that /b — 16 = /25 — 16

3.

Trigonometric Functions

W13. Write the exact values of the sine, cosine, and tangent of each of the following angles: 7/6, 7/4, m/3,

/2, 2n/3, w1, —7 /6, and —3m/4. (You should do this without any reference or calculator.)

Solution
Refer to the table below.

0 sin(f)  cos(6) tan(0)

/6 1/2 V3/2 1/V3

/4 1/V2 1/V2 1

/3 /3/2 1/2 V3
1

/2 0 undefined
or/3 V32 —1/2 —V/3
s 0 —1 0

—r/6  —1/2  V3/2  —1/V3
—3r/4 —1/V2 —1/V2 1

W14. Graph each of the following curves.

(a) y =sin(0) (b) y = 3cos(mh)

Solution
(a) The graph below shows one period of y = sin(#), on the interval 8 € [0, 27].
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[ sin(6)

-2

(b) The graph below shows one period of y = 3 cos(mf), on the interval § € [0,2]. This graph
can be calculated by starting with the graph of y = cos(6), and then stretching the graph
vertically by a factor of 3 and shrinking the graph horizontally by a factor of 7.

13 cos(md)

Modeling with Equations and Functions

W15. A bank pays 6% annual interest compounded continuously. How long will it take for $835 to triple?

Solution

The value of the investment is P(t) = Pye™ with r = 0.06 and Py = 835. We desire the value of
t such that P(t) = 3P, or Pye™ = 3P, or e = 3. Solving for ¢ gives

W16. The number of bacteria in a certian petri dish obeys a law of exponential growth. Suppose there are
initially 1000 bacteria and the number of bacteria doubles every 20 minutes. When will the number
of bacteria reach 50007
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Solution

The bacteria population is generally P(t) = Pye* for unknown constants Py and k, with t
measured in minutes. We are told that P(0) = 1000 and P(20) = 2000. Hence we have the
equations Py = 1000 and Ppe?%* = 2000. Substituting Py = 1000 into the second equation gives
1000e2%% = 2000, or e?°% = 2. Solving for k gives

In(2)

k=
20

We now desire the value of ¢ such that P(t) = 5000, and so we must solve the equation 1000e** =
5000, or ek = 5. Solving for t gives

W17. A rectangular box is constructed according to the following rules.

e the length of the box is twice its width
e the height of the box is 5 feet more than three times the length
(a) If x is the width of the box in feet, write an expression for V(x), the volume of the box in cubic
feet as a function of its width.

(b) Suppose the rules also require that the sum of the box’s width and height to be no more than
26 feet. Under this condition, what is the domain of the function V(z)?

Solution
(a) If w = x is the width of the box, then the length is £ = 2z and the height is h = 3¢ +5 =
6z + 5. Hence the volume of the box is V(x) = fwh = (2x) - z - (6z + 5) = 22%(6x + 5).
(b) We must have that w+h < 26, or z+ (6z+5) < 26. This is equivalent to z < 3. Of course,

the width must also be non-negative, and so we must have x > 0. Hence the domain of
V(z)is 0 <z < 3, or the interval [0, 3].

W18. The total cost (in $) of producing ¢ units of some product is C(g) = 30¢? + 400q + 500.

(a) Compute the cost of making 20 units.
(b) Compute the cost of making the 20th unit.
(¢) What is the initial setup cost?

Solution
(a) C(20) = 30(20)2 + 400(20) + 500 = 20500
(b) C(20) — C(19) = (30(20)2 + 400(20) + 500) — (30(19)% + 400(19) + 500) = 1570
(¢) The sunk cost is C(0) = 500.

W19. The speed of blood that is a distance r from the central axis in an artery of radius R is v(r) =
C(R? — r?), where C is some constant.

(a) What is the speed of the blood on the central axis?
(b) What is the speed halfway between the central axis and the artery wall?
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Solution
(a) v(0) = CR?

) v(§) =0 (8 - (§)7) =€ (B - {R?) = fOR?

Miscellaneous
o . 2=z .
W 20. Simplify the expression 5 if x> 2.
Solution
2—z x-2
If x > 2, then 2 —x < 0,and so |2 —z| = —(2 —x) = 2 — 2. Hence 5 = 2:1.
x — T —

W21. Find all solutions to the equation 90’ =22 — g,

Solution

The equation is equivalent to 2% =2 — 23, or 22 — 2x = 3. After some algebra we have (z —
3)(x + 1) =0, and so the solutions are x = —1 and z = 3.

W22. Simplify the expression 21082(3)~10g2(5)

Solution
We have 2l0g2(3)—logy(5) — 9logy(3/5) — 3/5.

W23. Find an equation of the line through the point (—1,4) with slope 2.

W24. Find the domain of f(x) = o

‘W25. Solve the inequality
x

Solution
Use point-slope form of a line: y —4 = 2(x + 1).

In(z

g . Write your answer in interval notation.

Solution

Note that the domain of In(x) is (0, 00). Hence the domain of f is (0,2)U (2, 00) (the value z = 2
must be excluded since f(x) is undefined for z = 2 due to division by 0).

3r+ 6
+ < 0. Write your answer in interval notation.

(z —4)

Solution

Use the cut-point (or sign chart) method. For our sign chart, the cut points are found by setting
the numerator and denominator to 0 separately. Hence the cut points are x = -2, z = 0,
and x = 4. Now we test the truth of the inequality using one point from each corresponding
subinterval.
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interval  test point sign of R
x(x —4)
(=00,—-2) x=-3 % =
(=2,0)  z=-1 e
(0,4) z=1 =
(4, 0) x=D5 % =@
Checking the cut points themselves, we see the inequality is satisfied at x = —2 but neither x = 0
nor z = 4. So the final answer is: (—oo, —2] U (0, 4).

W26. An account in a certain bank pays 5% annual interest, compounded continuously. An initial deposit
of $200 is made into the account. How many years does it take for the $200 to double? You must
write an exact answer in terms of logarithms.

Solution

The value of the account ¢ years after the initial deposit is P(t) = 200e%%%. The time taken to
double in value is the time 7" such that P(T") = 400. Solving the equation 200e%%7 = 400 gives
T =1n(2)/0.05 = 201In(2) years.

W27. A radioactive frog hops out of a pond full of nuclear waste. If its level of radioactivity declines to 1/3
of its original value in 30 days, when will its level of radioactivity reach 1/100 of its original value?
Hint: Use the exponential growth formula P(t) = Pye™.

Solution
Let P(t) denote the radioactivity of the frog ¢ days after jumping out of the pond and let Py denote

1 1 In(3
the initial radioactivity. We are given that P(30) = §P0, or &30 = 3 whence r = — a ) Given
1 1
this value of r, the frog reaches 100 of its original radioactivity at time T', where P(T) = mPg,

1

rT

ore’ = 100" We thus find that

In(1 In(1
n(100) 20 n(100)

== ro In(3)

Page 242 of



Math 135 Practice Worksheets

2.2 Chapter 2: Limits

Page 243 of



Math 135 §2.1, 2.2 Practice Worksheets

§2.1, 2.2: Introduction to Limits

Difficulty guide for this worksheet:

Core or Beyond Core: 28, 30
Advanced: 29
Removed from syllabus: none

W28. Evaluate the following using the given graph.

\
il 3 4
—6
(2) lm f(z) () lim f(z) (i) lim f(z) (m) lim f(z) (a) lim f(z)
(b) lim f(z)  (f) lm f(z) () lim f(z) (n) lim f(z) (r) lim f(z)
(c) lim_ f(z) (g) lim f(z) (k) lim f(z) (0) lim f(x) (s) lim f(x)
(d) f(=3) (h) f(-2) 1) f(0) (p) f(1) (t) f(2)
Solution
() lim f(z)=-2 (g) lim f(x) DNE (n) lim f(z) = —4
(b) lim f(x) = -2 (h) f(-2)=2 (0) lim f(z) DNE
voo3t (1) lim f(z)=8/3
(c) lim f(z)=-2 a0 (b) f @ DNE
T () lim f(z)=8/3 (@) lim f(z)=—4
(d) f(=3)=-2 (k) lLim f(z) =8/3 (r) liI2n+ f(z) =00
(e) lim f(x)=—5 T o
T——2 (1) f(0)=4 (s) il_)mz f(z) DNE
(f) lim f(z)=0 (m) lim f(z)=4 (t) f(2)=—4

W29. Suppose lim (f(z) + g(x)) exists. Is it true that lim f(z) and lim g(z) also exist? Explain your
ATSWer. z—0 z—0 z—0

Solution
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||

No. Let f(x) be any function such that liH(l) f(z) does not exist. (For example, f(z) = '.) Let
T—>
g(x) = —f(x). Then it is trivial that

lim (f(x) + g(2)) = lim (f(z) — f(@)) = lim (0) = 0

z—0 z—0 z—0

Hence lim (f(z) + g(z)) exists but neither lim f(x) nor lim g(x) exists.
z—0 z—0 z—0

-3
W30. Suppose liné (%) =5 and lirré f(x) exists (and is equal to f(2)). What is the value of f(2)?
r— — T

Explain your answer.

Solution

Direct substitution of x = 2 in the limit gives the undefined expression (%) If f(2) were

anything other 3, this would give us an expression of the form § where ¢ # 0. This would mean
that the limit could not exist. (We will study infinite limits in more detail in chapter 4.)

The only possible way that the given limit could exist (we know it exists because it is equal
to 5) while still having the division by 0 from direct substitution is if there were actually some
cancellation in the numerator f(z) — 3. That is, we would need f(2) = 3 for direct substitution

to give us J. Hence f(2) = 3.
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§2.3: Techniques for Computing Limits

Difficulty guide for this worksheet:

Core or Beyond Core:
Advanced:
Removed from syllabus:

31 (all parts except j, k, 1, or u)

313, 31k, 311, 31u

none

W31. For each of the following, evaluate the limit or explain why it does not exist. Show all work.

(a) lim <

r—2

lim (24
z—1

22+ 3z -1
x + sin(mz)
—9z)'/3

2 =9

r—1

xlinfl:% (x3 + 22— 63:)
. <\/23—7x—4)
lim [ —————

r—1

) Tim <sm:m))

sin(2z)%c

s(3x)>

tan(5z) sin(7x)

1
=—1
() i1_>ml (\;5_ 1 (s) mgnjlg( x) where
(h) ilg(l)|$| () = 4 —5 r<—1
28 Tl ez
N n .
(i) Jlim ( PRy ) (t) lim f(z) where
, |2 — 64| 2_ o
G 1 ( 7= 2 ,
T8~ r—38 f({I,‘): z—9 , T <
1 1
(k) lim (- —— Ve+2 o, x>2
z—0+t \ T |$’
1 1 cos <H
(1) lim {——— (u) lim 2/
z—0" \ T ’w‘ T—=a T —a
Solution
a) Direct substitution.
Di bstituti
i 2?+3z -1\  22+43(2) - 9
a2\ +sin(rz) ) 2+sin(27r) 2
irect substitution.
b) Di bstituti
lim (2 — 92)1/3 = (1* = 9(1))/3 = (-8)V/3 = 2
T—
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(c¢) Factor and cancel.

Jm, <x3ig;96x) = lim (XJ?)%??)) =l (;,;(3395_?)2))
B =R

(d) Rationalize numerator, then factor and cancel.

i <¢%7w—4> i V23 —Tr —4 ¢%—ﬁ¢+4)
x—1 z—1 V23 —Tx+4
(23 — 7z) — 16 )
(x—1)(V23 =Tz + 4)
—T7(x —1) >
(z —1)(v/23 — 7z + 4)

r—1

[l

8=

LE
/\/—\/—\

-7 7 7
=1 - - - _Z
:BH1<\/23 7:):—|—4> V23 —-T+4 8

(e) Find common denominator, expand numerator, then factor and cancel.

lim (4 h) = - = lim 7ﬁ _ %2 = lim —x2 —(@+h)’
h—0 h  h50 h b0 \ ha?(z + h)?
) 2?2 — (2% + 2zh + h?) ) —h(2x + h)
= lim =lm|-———=
h—0 haz?(x + h)? h—0 \ hz?(z + h)?

) —(2x 4+ h) 2z 2
=lm|( 55— |=———=——=
h—0 \ z2(z + h)? x? . a2 a3
(f) Find common denominator, then factor and cancel.
. 1 1 . (x+1)—1 . x
lm(-———)=lm(—"——) =lim [ —
a—0\z 2+ =0\ x(z+1) =0\ z(x + 1)
. 1 1
= lim = =
xﬁo<x+1> 0+1

(g) Find common denominator for numerator. Then rationalize denominator, factor and can-

i -1 . = . 1—w
zl—% \/571 _xl—% \/Efl _xl—% x(\/i—l)

cel.

“im (o Ve i (SRS
— lim —(z-DHz+1) i (Vz +1)
_ H\I/T(+ 1 j(:_ Y > . < )

1
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(h) Write as piecewise function and compute one-sided limits.

] = -z , <0
o x , x>0

Hence we have

lim |z| = lim (—z)=-0=0
z—0~ z—0~

lim |z| = lim (z) =0

z—0t z—0t

The one-sided limits exist and are equal. Hence

lim |z| =0
z—0

(i) Write as piecewise function and compute one-sided limits.

-8 [ 28 p_8<0 [ -1, 2<8
r—8 8 zx-8>0 | 1 , z>8

Hence we have

The one-sided limits exist but are not equal. Hence

. |z — 8] .

lim does not exist.

z—8 T —8

(j) Consider absolute value as a piecewise function. If z — 87, then we may assume z — 8
is a small, negative number. (For example, z = 7.999 would be such a number.) That is,
0 <z < 8. Hence 0 < 22 < 64, or 22 — 64 < 0. This means that if  — 8, then

|22 —64] —(22—64) —(z—8)(z+8)
r—8  r-—-8 z—38 =—(@+8)

Computing the desired limit then gives

r—8~ r—8 r—8~

lim (|x2—64]> = lim (—(z+8)) =—(8+8)=—16

(k) Write as piecewise function and compute one-sided limits.

1 1 2
l_i: T "z SU<0: T <0
1 0, >0

Hence we have
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(1) From the work done in the previous problem, we now have

) 1 1 ) 2
lim < — > = lim (> = -
a—0- \T |7] =0~ \ T

We will study infinite limits in more detail later. For now, we arque as follows.

If = is very small, then % is very large. (Think of taking the reciprocal of a very small
number: what happens?) But since x — 07, we have that z is also negative. Hence % isa
negative, arbitrarily large number as x — 0~. Hence the limit is —oo.

6—0 0

lim (sm(wx)) — lim <7T. sm(7rx)> — . Tim (Sln(mc)>
z—0 T z—0 T z—0 T
=m- lim <sm(0)> =n-l=mn
6—0 0

(n) Write in terms of sine and cosine only first. Then exploit the Pythagorean identity cos(#)?+
in(6
sin(f)? = 1. Finally use the limit lim (SH;()> =1.

(m) Make the change of variable §# = 7z, then use the limit lim (sm(9)> =1

0—0
I~ -1 -
lim sec(x) — 1 i [ =@ — lim 1 — cos(x)
z—0 xsec(:r) =0\ x - Cosl(x) z—0 x
_ _ 2
— lim 1 —cos(z) 1+ cos(z) — lim 1 — cos(x)
70 x 1 + cos(x) z—0 \ z(1 + cos(x))
2 . .
~ lim sin(x) — lim sin(x sin(x)
=0 \ (1 4 cos(x)) z—0 1+ cos(x)

(o) Exploit the Pythagorean identity cos(6)? + sin()? = 1.

. (1 - cos(m)) . <1 — cos(z) 1 —I—cos(;v))

sin(z) sin(z) 1+ cos(z)

= lim <Sin§1x)_(1c (—)i—S(cf))SQ(x))> =2 <sin(a:)s(illil (f)czos(x))>
(o)~

(p) Make the change of variable § = 6 — 3z (note that if + — 2, then § — 0). Then use the

limit lim <SH;(9)> — 1.

6—0

i sin(¢) \ _ 3 lim sin()y _ 3 . 3
60\ —20 ) 5 -0\ 0 5 5
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(q) Write in terms of sine and cosine only first. Make the change of variable § = x — 7 (note

in(
that if = — pi, then ¢ — 0). Finally use the limit lim (Sme( )> =1.
—

Jim, <W> =l (('ac —Sil)(fog(; = m) =4 <98$$2)>
-t (52) - ()~ 11

in(0
(r) Write in terms of sine and cosine only first. Then repeatedly use the limit gin% <sm6( )) =1
H

with appropriate changes of variable and added factors.

_ . (sin(2z) sin(2x) cos(5z) cos(3x)
i |

20 sin(bx) sin(7x)
~ lim sin(2z) sin(2x) Sx Tx cos(bx) cos(3z) (27)(2x)
a0\ 2z 2z sin(bz) sin(7z) 1 (5zx)(Tx)
Note that each limit of the form lim <51n(aa;)> or lim < - ar ) is equal to 1. So con-
z—0 ax 2—0 \ sin(ax)
tinuing our work, we have
. 2
—1.1.1-1-lm cos(bx) cos(3x) 4w
x—0 1 3512
_ [cos(bz)cos(3z) 4 _ 1.1 4 4
B 1 3%) 35 35

(s) Compute one-sided limits.

lim g(z)= lim (4o —5)=4(-1)—-5=-9

r——1" r——1"
li = i 3 = (=12 +(-1)=-2
x;g+g(x) nglﬁ(w +x) = (=1)"+(-1)

The one-sided limits exist but are not equal. Hence

lim g(x) does not exist.
r——1

(t) Compute one-sided limits. For the left limit, factor and cancel.

lim f(z)= lim (”52_2“5) = lim (M) = lim (z) =2

T2~ 2=\ T — T2~ T —2 T2
| = 1li +2)=v2+2=2
S S@) = g (Vev D) = Ve

The one-sided limits exist and are equal. Hence

lim f(x) =2

r——1

(u) This limit is tough, but we can compute it with all of the methods we have learned so
far. Note that direct substitution of x = a gives 0/0, so we have to use some algebra or
trigonometric identities to compute the limit. Our first goal will be to write the expression
inside the limit symbol as an equivalent expression for which we can use the special limit
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lim sin(6)

=1
6—0 0

First we use the identity cos(a)) = sin (% — a).

cos (53) _ sin (5 — 53)

r—a r—a

Now we change variables. Since we want to use the special limit involving sine, we let 6
equal the argument of sine. That is, we let

T Ta
0=—-——
2 2z
When we change variables, we have to change both the limit symbol and the expression for
which we are computing the limit. First let’s change the expression. Given our definition
of 8, some algebra shows that

Second, observe that if x — a, then § — 0. So altogether we have the following.

cos (22 sin (2 — T4 in(0
lim ( 2x ) — lim ( 2 2x ) — lim iln( )
T—=a T — Q T—a r—a 9%017—%—a

™

Now look at just the denominator and use some algebra to simplify.

a 2a6
B
1— 2 ™ —26

™

Now substitute this back into our limit.

lim sin(6) ~ lim sin () i (T 20 sin(6)
0—0 1—aﬁ —a 6—=0 %ge 6—0 2a 0
Now we can finally use the special limit (limg_.qo Sine(e) = 1) to compute our limit.
limcos(%):lim m—20 sin(0) :71—0‘1:1
T—=a T —a 6—0 2a 0 2a 2a
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§2.4: Infinite Limits

Difficulty guide for this worksheet:

Core or Beyond Core: 32 (all parts except c), 33 (all parts except f)
Advanced: 32c, 33f
Removed from syllabus: mnone

‘W32. For each part, calculate the limit or show that it does not exist. Show all work.

22—z +4 272 + 8 |16 — 22|
li —_— b) li li —_—
(a) lim, <2m+sm<x>) (b) Jim ( 9) (©) x;%( P )
Solution

(a) Substitution of z = 0 gives %, which indicates that the one-sided limit is infinite. Now we
do sign analysis to determine the sign of infinity. If z — 07, we may assume z is a small
positive number. In that case, both terms in the denominator (i.e., both 2z and sin(z))
are also small positive numbers. Hence 2x + sin(x) approaches 0 but remains positive. So

we have
22—r+4

4
1' _— = — =
et (Zx + sin(:z:)> 0+ oo

(b) Substitution of z = 3 gives 20, which indicates that the one-sided limit is infinite. Now we
do sign analysis to determine the sign of infinity. If z — 37, we may assume =z is slightly
less than 3. In that case, the denominator (i.e., 2 — 9) is a small negative number. Hence
22 — 9 approaches 0 but remains negative. So we have

) 222 + 8 26
hm —_——— = — = —00
x—3~ 352 -9 0—

(c) Substitution of x = 4 gives %, which does not necessarily indicate an infinite limit, but
rather that there may be algebraic cancelation. Note that if x — 41, then we may assume
x is slightly greater than 4. This means 22 is slightly greater than 16, so that 22 — 16 > 0.
Hence |16 — 22| = 2% — 16. So now we have

16 — 22 216
i (2O=2) g (© = lim (z+4)=4+4=38
z—4+ Tz —4 z—=4+ \ T —4 z—4t

W33. For each function, find the vertical asymptotes and, at each vertical asymptote of f, find both
corresponding one-sided limits.

_ (z—=1)(2z +5) (x —4)sin(x) _ 2e"+3
(a) flz) = (z +1)(3z — 6) (©) f®) = 5521160 () fl@)=7—x
z? — 18z + 81
b) fl@) = —3 g (d) f(z)=In(z) (f) flz)=e /"
Solution
(a) Candidate vertical asymptotes occur at x-values where (z + 1)(3z — 6) = 0 Hence the
candidate vertical asymptotes are the lines x = —1 and = = 2. Direct substitution of either
x = —1orx=2into f(x) gives “nonzero number divided by 0”, hence both x = —1 and
x = 2 are vertical asymptotes. Now for the one-sided limits.
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First we calculate the one-sided limits at * = —1. Substitution of x = —1 gives (_20) (3),

which indicates that both one-sided limits are infinite. So we perform a sign analysis on
each factor in f(z). Remember that factors that approach a non-zero number have a
definite sign. But factors that approach 0 have a sign that is determined by whether the
one-sided limit is from the left or the right. (So this means that x + 1 can be negative or
positive depending on whether the limit is from the left or the right.)

lim ((3:—1)(2x+5)> @@ ~ e
z——1- \ (x 4+ 1)(3z — 6) =T=he

lim ((m—l)(21:+5)> @@ C
z——1+ \ (z + 1)(3z — 6) Y=k

Now we do the same with z = 2. Substitution of x = 2 gives %, which again indicates

the one-sided limits are infinite. So we perform a sign analysis on each factor.

lim <(m—1)(2x+5)> @@ _

z—2- \ (x + 1)(3z — 6) oo™

lim ((x—l)(2x+5)> @EB e

e (x+1)(3z — 6) oD
Setting the denominator to 0, we see that the only candidate asymptotes are x = —9 and
x = 9. Direct substitution of = —9 gives “%” (nonzero number divided by 0), whence
r = —9 is a vertical asymptote. Direct substitution of x = 9, however, gives “%”, and so

we need more analysis.

For x = 9, we have the following:

i 2? — 18z + 81 i (z —9)? i (ET2) 2 0
5o\ 2281 ) aso\(z—-9)(z+9)) aso\z+9) 18

Since this limit is not infinite, we conclude that x = 9 is not a vertical asymptote.

-9
For x = —9, we use the simplified form of f: f(z) = * o We already know that the
x
one-sided limits are infinite. We now perform a sign analysis. Testing x = —9.01 (for the

left limit) and x = —8.99 (for the right limit), we find the following:

, 18 18
i fl) = g= =dec o lim J(@) = G = -

Setting the denominator to 0, we have 2® — 8z + 16x = z(z — 4)? = 0, and so the only
candidate vertical asymptotes are x = 0 and x = 4. Direct substitution of either x = 0 or

x =4 gives “%”, which means we need more analysis.

For z = 0 we have

— 4) si i i 1 1 1
i (&= 4)sin(z) | _ . sin(z) . (sin(z) P SR |
a—0 \ 23 — 822 + 16z =0 \ z(z — 4) a0\ x  x—4 0—4 4

Since this limit is not infinite, x = 0 is not a vertical asymptote.

sin(x)

r(r—4)

in the simplified form gives “nonzero number divided by 0”, whence x = 4 is a vertical

For z = 4, we use the simplified form of f: f(z) = Direct substitution of x = 4
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asymptote. Observe that 7 < 4 < 27, which means that sin(4) < 0. So now testing
x = 3.99 and x = 4.01 for the left- and right-limits, respectively, we have the following.

i -5 _ o0 im f(x)= =
A= e T 0 e

Candidate vertical asymptotes occur at xz-values not in the domain of f or at the boundary

of the domain of f. Since the domain of f is (0, 00), the only candidate vertical asymptote

is z = 0. Now recall the basic property of In(x) that lim+ In(z) = —oo. (The left-sided
z—0

limit makes no sense to consider since In(z) is not defined for z < 0.) Hence z = 0 is a
vertical asymptote.

Candidate vertical asymptotes occur at z-values where 1—e® = 0. Hence the only candidate
vertical asymptote is the line x = 0. Substitution of x = 0 gives “%” (nonzero number
divided by 0), whence x = 0 is a vertical asymptote. Now for the one-sided limits.

Note that if z is a small negative number (i.e., z — 07 ), then e” is slightly less than 1, and
so 1 — e” is slightly positive. Hence we have

) (26”34-3) 5
lim = — =400

z—0~ 1—e”

Simlarly, if z is a small positive number (i.e., x — 07), then e® is slightly greater than 1,
and so 1 — e” is slightly negative. Hence we have

_ <2ex+3> 5
lim = —=—-00

z—0t 1—e® 0—-

The domain of f(z) is all real numbers except = 0 and f is continuous on its domain. So
the only candidate vertical asymptote is z = 0. Note that f is not a fraction, so substitution
of £ = 0 alone does not yet determine whether x = 0 is a vertical asymptote. So we look
at the one-sided limits.

First we note two basic one-sided limits.

lim _—1 —_—1—4-00 lim _—1 —_—1——00
z—0— T o 0— a ’ r—0t €T - ot -

Letting u = —1/x and using the continuity of e, we have the following.
lim e Y% = lim e* = oo
z—0~ U—00
lim e /% = lim e“=0
x—0t U——00

Hence the line x = 0 is a vertical asymptote. (Note that the limit is infinite only one one
side, but this is okay!)
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§2.5: Limits at Infinity

Difficulty guide for this worksheet:

Core or Beyond Core: 34, 35 (all parts except e)
Advanced: 3be
Removed from syllabus: mnone

‘W34. For each part, calculate the limit or show that it does not exist. Show all work.

@) lm (3x—5> @ lm <((;U—3)(21‘+4)(:E—5)>

z—oo \ =+ 1 z——oco \ 3z + 1)(dz — 7)(z +2)
. 3x
o () @ Jim oo ;)
o i (L0 L
A2\ Br D)z -z 1 2) (f) Jim e

Solution
(a) Factor out dominant terms.
— 3_3 3_35
lim 3¢ =5 — lim [ 2. L] = lim <§> lim L
z—oo \ x + 1 z—00 \ T 1—|—% z—o0 \x/ x—00 1—}—%
3—-0
—1.2— - —3
1+0
(b) Factor out dominant terms. Remember that va? = |z|. If x — —oo0, we may assume
x < 0, so that |z| = —z.
y < 3z ) . 3z y x 3
m (———|=lm [ —— | = lim | ——
om0 \VIa? 19/ ammee | fagy 0y ) emme el
= lim | — 5
Hf J—
x 0o T 4+m%
= lim <x> lim
_ .3 _3
O VAtroo 2
(c¢) Factor out dominant terms.
o (E=3)Qet D@ —5) | _ . (2? 1=2+5)([ -3
z=oo \ 3z + 1)(4z —T)(x +2))  w=oo \ 2 (34 1)(4-I)(1+ 2)
_ . 1-0e+0e-0 1
(34+0)(4—-0)(1+0) 6
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(d) Same work as part (d). Note that the sign of the infinity symbol is irrelevant in the solution
since all of the reciprocals (terms like %) go to 0 whether z — oo or x — —o0. So the limit
is equal to %.

(e) As z — oo, we have that 1 — 0. Since the cosine function is continuous, we have

. 1 .1
lim cos () = cos ( lim > =cos(0) =1
T—00 T T—00 T
(f) Note that —23 — —oc0 as ¥ — co. So we have

. .3 .
lime™ = lim e*=0
Tr—r00 U—r—00

W35. For each function, find all horizontal asymptotes.

_(x_l)(2$+5) C x:2ew+3 e T :Q—x
(a) f($)_(x+1)(3a;—6) () fla)=~5—2 (e) f(z) —
(b) f(z) =In(a) (@) fa)=eV

Solution
(a) To calculate the limits as x — +o00, we factor out dominant terms.

(B -

lim
Tr—r—00

[SCRN )
I |+
g8 o
S~— | ~—
~—

Note that the work would be identical if we had x — oo (all the reciprocals would still
approach 0). Hence we have

lim
Tr—00

<Ex—1)(2x+5)) _ 2

z+1)(3x — 6) 3

The only horizontal asymptote is the line y = %

(b) The domain of In(z) is (0, 00), so it only makes sense to consider a horizontal asymptote of
f as © — oo. Since In(z) — 0o as © — 0o, we see that there are no horizontal asymptotes.

(¢) Recall that e* — 0 as © — —oo. So we have the following.

im <2e +3> _0+3 _ 4

a—-oo\ 1—¢e* )  1-0

Recall that e — 0o as x — 00. So we have the following.

r243e7" 2+ 3e7" 2+0
lim f(z) = lim <e'+e >:1im<+e >: * )
T—00 z—oo \ eT e % — 1] z—oo \ e T — 1 0—-1
Hence the horizontal asymptotes are the lines y = —2 and y = 3.
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(d) Note that —1/x — 0 as © — £oo. Since e” is continuous, we have:

lim e—l/x _ elimzﬁioo(—l/a:) _ 60 -1
r—+oo

Hence the line y = 1 is the only horizontal asymptote.
(e) Similar to question #1b above, we first algebraically manipulate f by factoring out highest
powers of x. We also recall that V22 = |z|. So we have:

2x

_ _ 2x _ 2x _ 2
r=vVal+10 5 o2 (1419) gz /149 1-bl 141

Now we calculate the horizontal asymptotes. For the limit x — —oco, we may assume x is

negative, whence |z| = —z and % = —1, and so

f(z)

2
f(@) = ——F—
1+4/1+%
So now computing the limit gives

2 2 2
14, 1410) 1+VI+0 1+1
T

lim f(z) = lim 1

T—r—00 T——00

So the line y = 1 is a horizontal asymptote.

Now for the limit x — 400, we may assume x is positive, whence |z| = x, and % =1, and

SO
2

1—/1+ 18

flz) =
So now computing the limit gives

2 2 2 2

lim f(z)= lim = = —

x—>+00 zofoo | 4 _ /1+% 1—+v14+0 1-1 0

This is an undefined expression, but recall that a limit of the form “nonzero number divided
by 0” indicates that the limit is infinite. So there is no other horizontal asymptote.

But as a bonus, what is the value of this last limit? The above limit must be either 400
or —oo. Now observe that 1 + 3 > 1, which implies that + /14 % > 1, and so

1
x
/ 10
1-— 1+72<0
X

So as © — 400, we see that 1 — /1 + ;—2 approaches 0 but remains negative. Hence we
have
2 2

lim f(z)= lim | —— | = — = -

T—400 T——+00 1— /1 + % 0~
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§2.6: Continuity

Difficulty guide for this worksheet:

Core or Beyond Core: 36, 37, 38, 39, 40
Advanced: 41
Removed from syllabus: 42, 43

W36. Detemine all points where the following function is continuous.
Make sure you give a justification for any x-value at which you claim f is continuous.

322 —x+1 , < -2
f(z) =< 15+sin(2rz) , —2<z<3
2 —4 , 3<zx

Solution

Each individual piece is continuous for all real numbers, so we only have to check continuous
at the transition points x = —2 and z = 3. To guarantee continuity at a point, the left-limit,
right-limit, and function value must all be equal at that point.

. (x=-2)
lim f(z)= lim (322 —z+1)=3(-2)> - (-2) =15
T——2" T——2"
lim f(z)= lim (15+sin(27z)) = 15 +sin(—4nr) = 15
z——27F z——27F
f(=2) = (154 sin(27z))|,__5 = 15 +sin(—47r) = 15
Hence f is continuous at x = —2.
. (@=3)
lim f(z)= lim (15 + sin(27z)) = 15 + sin(—67) = 15
T3~ T3~
li = lim 22 —4)=2(3)—4=2
i f(x) = lim (20— 4) = 2(3)

fB)= (2w —4)|,5 =203) —4=2
Hence f is not continuous at x = 3.

The function f is continuous on (—o00,3) U (3, 00).

3 — 9x
r+3
(a) What is the domain of f?

(b) Find all points where f is discontinuous.

W37. Let f(z) =

(c) For each z-value you found in part (b), determine what value should be assigned to f, if any,
to guarantee that f will be continuous there.

(For example, if you claim f is discontinuous at x = a, then you should determine the value
that should be assigned to f(a), if any, to guarantee that f will be continuous at x = a.)
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Solution
(a) (—OO, _3) U (_37 OO)
(b) Since f is a rational function, f is discontinuous only at points not in its domain. Hence
f is discontinuous only at x = —3.

(¢) A function is continuous at a point if and only if its function value is equal to the limit
value there. Hence the only possible choice for f(—3) to make f continuous is

F(=3) = lim f(z) = lim (953—9«’6) . <:E(x—3)(33+3)>

z——3 ——3 xr+3 r——3 T+ 3
= lim (z(z—3))=(-3)(-3—-3) =18
r——3

Hence if f is to be continuous at © = —3, we must choose f(—3) = 18.

V22 +1-1
22(x—3)
(a) What is the domain of f?

(b) Find all points where f is discontinuous.

W38. Let f(z) =

(¢) For each z-value you found in part (b), determine what value should be assigned to f, if any,
to guarantee that f will be continuous there.

(For example, if you claim f is discontinuous at x = a, then you should determine the value
that should be assigned to f(a), if any, to guarantee that f will be continuous at x = a.)

Solution
(a) Note that 222 +1 > 0 always, so the only points not in the domain of f are those for which
2?(x — 3) = 0. Hence the domain is (—o0,0) U (0,3) U (3, 00).
(b) Since f is an algebraic function, f is discontinuous only at points not in its domain. Hence

f is discontinuous only at x = 0 and = = 3.

(c) A function is continuous at a point if and only if its function value is equal to the limit
value there. Hence the only possible choice for f(0) to make f continuous there is

V22 +1-1
22z -3)

o (V2P FI-1 VP T4 _hm< 22 )
- 22 -3) V2 y141) o0 \a2(zx—3)(V2eZ +1+1)

f(0) = lim f(x) = lim

x—0 z—0

2 2 1

m%0<(fv—3)(\/2x2—|—1+1)> (=3)(1+1) 3

Hence if f is to be continuous at z = 0, we must choose f(0) = —%.
The only possible choice for f(3) to make f continuous there is

: (V2?11
f(3) = lim f(x) = lim (aﬂ(m—?:))

Observe that substitution of x = 3 gives the undefined form ‘/%_1, or a non-zero number

divided by zero. This indicates that the left- and right-limits are both infinite. Hence the
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overall limit is either infinite or does not exist. In any event, there is no value we may
assign to f(3) to make f continuous at x = 3.

W39. Find the values of the constants a and b that make f continuous for all real numbers.

ar’ -z , r<4

flz) = 6 , v=4
2> 4br , >4

Solution
Any values of a and b make each individual piece continuous for all real numbers. Hence we need
only force continuity at = = 4.

lim f(z) = lim (az? — z) = 16a — 4

r—4— r—4—

li = i 34 br) =64+ 4b

AT = B @b =0
f(4)=6

If f is to be continuous at x = 4, these three values must be equal. Hence we obtain the two

equations 16a — 4 = 6 (whence a = 10) and 64 + 4b = 6 (whence b = —2).

‘W40. For what values of a and b is the following function continuous for all z?

axr + 2b , <0
glx)=<¢ 22+3a—-b , 0<x<2
3r—5 , x> 2

Solution
Any values of a and b make each individual piece continuous for all real numbers. Hence we need
only force continuity at « = 0 and = = 2. For z = 0, we have:

lim f(x) = lim (az + 2b) =2b

z—0~ z—0~
li = lim (z2+3a—b)=3a—b
i (9= B, (7 + 30— 0) =3
1(0) = 2b
Hence we must have 2b = 3a — b (equivalently, a = b) to have continuity at x = 0. For z = 2, we

have:

lim f(z) = lim (2> +3a—b)=4+3a—b

T2~ T2~
li = lim 3z —5) =1
i (0= i, (B0 =)

f(2)=4+3a—b

Hence we must have 4 4+ 3a — b = 1 to have continuity at x = 2. We already have that a = b,
and so our condition for continuity at = 2 becomes 4+ 2a = 1, or a = —3/2. Hence for g to be
continuous for all z, we must have a = b = —3/2.
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Find the values of the constants a and b that make f continuous at x = 0. You may assume a > 0.

1—
COQS((Z:L’) e <0
x
f(z) = 2a +b , =0
2
x' < , >0
sin(z)

Solution
We need only force continuity at = 0.

1—cos(a:c)> . (1—cos(a$) 1+cos(ax)>

x? z—0- x? 1+ cos(az)

1 — cos(ax)? ): i <$2(sin(a33)2 >

22(1 + cos(ax)) 0~ 1 + cos(ax))

<sinia$)>2 1 Cis(ax)>
(a, Sina(;z:c)>2. 1+Cis(ax)> _ (a'1)2-1+11 :a;

in_(ﬁ) = e, <sinazm) (- b)> =1-(0-b)=-b

z—0~ z—0~

lim f(z)= lim (

lim f(z) = lim

z—07F z—07F
f(0)=2a+b
If f is to be continuous at x = 0, these three values must be equal. Hence we obtain the two
equations "2—2 = 2a + b and —b = 2a + b. Solving the second equation for b gives b = —a.
Substituting b = —a into the first equation gives % = 2a — a = a. Dividing by a (which we are
told is positive!) gives § =1, or a = 2. Hence we must choose a = 2 and b = —2.

W42. Prove that the equation y/z + 22 = 1 has a solution in the interval [0, 1].

Solution

Let f(x) = vz + 2 — 1. We need to show that there exists ¢ in the interval [0, 1] such that
f(c) = 0. Observe that f(0) = —1 <0 and f(1) =1 > 0. Since f is continuous on [0, 1] and 0 is
between —1 and 1, it follows by the intermediate value theorem, that such a value of ¢ exists.

'W43. Prove that the equation z* 4 322 + 2 = 423 + 8z has a solution.

Solution

Let f(x) = 2% + 322 + 2 — 423 — 8x. We need to show that there exists c such that f(c) = 0.
Observe that f(0) =2 > 0 and f(1) = —6 < 0. Since f is continuous on [0, 1] and 0 is between
—6 and 2, it follows by the intermediate value theorem, that there exists ¢ in the interval [0, 1]
such that f(c) = 0.
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2.3 Chapter 3: Derivatives
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§3.1, 3.2: Introduction to the Derivative

Difficulty guide for this worksheet:

Core or Beyond Core: 44, 45 (all parts except f), 46
Advanced: 45f, 48
Removed from syllabus: 47

‘W44. Suppose the line described by y = 5z — 9 is tangent to the graph of y = f(x) at x = 4.

(a) Calculate f(4
(b) Calculate f(3
(¢) Calculate f
(d) Calculate f

. If there is not enough information to do so, explain why.

~— ~—

. If there is not enough information to do so, explain why.

4). If there is not enough information to do so, explain why.

—~~

3). If there is not enough information to do so, explain why.

Solution

(a) The tangent line at © = a is defined to be the line to pass through the point (a, f(a)) with
slope f’(a). The line y5x — 9 passes through (4, 11) and is tangent to the graph of y = f(x)
at = 4. Hence f(4) = 11.

(b) The tangent line at x = 4 has no relation to the function f(z) at any other value of z. So
there is not enough information to tell the value of f(3).

(¢) See solution for part (a). The slope of the line y = 52 — 9 is 5, whence f’(4) = 5.

(d) See solution for part (b). There is not enough information to tell the value of f/(3).

W45. Use the limit definition of the derivative to calculate the derivative of f at x = 5. Then find an
equation for the line tangent to the graph of y = f(z) at = 5.

@) ) =20 =1 (©) fa)=
(b) f(z)=(2z — 1)2 \/25317_1
© S =vET 0 1=
(@ f)= 5

Solution
(a) Observe that f(5) =9. Then, by definition, we have the following.

5) - tim <f(5+h) —f(5)> . <2(5+h) —1 —9>

h—0 h h—0 h
o

=1 — | = 1lim(2) =2

Lﬂ(h) lim (2)

Hence the tangent line has equation y — 9 = 2(z — 5).
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(b) Observe that f(5) = 81. Then, by definition, we have the following.

) hm( (5+h) 15 )) . ((2(5+h)—1)2—81>

h—0 h—0 h
, (2h+9) — 81 . (4h% + 36h + 81 — 81
=lim|—F— ) = lim
h—0 h h—0 h
4h? h
— lim <+36) — lim (4h + 36) = 36
h—0 h

Hence the tangent line has equation y — 81 = 36(xz — 5).
(c) Observe that f(5) = 3. Then, by definition, we have the following.

f(5+h)—f(5)> <\/ 5+h —3)
h—>0

o= (5
:1im(*/2h+9_3):nm< 2h+9—9 )

e h h(V2h+ 9+ 3)

2 2 1
h—>0<«/2h+ +3> T V9+3 3

Hence the tangent line has equation y — 3 = % (z — 5).
(d) Observe that f(5) = . Then, by definition, we have the following.

1 1
£(5) = %im <f(5—i—h})L — f(5)> — tm (2(5+h)}:1 9)

h—0
~ lim %o~ 9 ~ lim 9—(2h+9)
h—0 h h—0 9h(2h + 9)

Y (I R
h—0\9(2h+9))  9(0+9) 81

Hence the tangent line has equation y — § = —Z (z — 5).

(e) Observe that f(5) = 1. Then, by definition, we have the following.

h—0 h—0 h

_1 1
£/(5) = lim <f(5+h2—f(5)) _ lim (\/Wl?’)

= ]
Wl

1
, T . (3—+2h+9
= lim | ¥“——— =lim | ———
h—0 h—0 \ 3hv2h+9
: — (2h+9)
= lim
h=0 \ 3hv/2h +9 (3 4+ v2h +9)

—9 -2 1
h0 (3\/% +9(34+Vv2h+ 9)) 3VO(B3+0) 27

Hence the tangent line has equation y — % = —%(x —5).
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1

(f) Observe that f(5) = TT0=

1

. Then, by definition, we have the following.

1

1

V2(5+h)—1

(

V2h+10-1

h
V10

—v2h+10

. 1
\/ﬁ1> = lim (
h—0

= lim

h(v/10 — 1

)(v2h +10 — 1))
10 — (2h + 10)

h

\/ﬁl>

V10 —1— (vV2h +10 - 1)

)

h(v/10 — 1)(v/2h +10 — 1)

(
i
(
(

h—0 \ h(v/10 — 1)(v/2h + 10 — 1)(v/10 + v/2h + 10)

-2

)

= lim
h—0

(s

(V2h +10 — 1
—2

)(v/10 + /2h + 10)

1

(V10 — 1)(v/10 — 1)(+v/10 + /0 + 10)

V10(v10 - 1)2

Hence the tangent line has equation y —

1
V10—-1

1
N «/E(\/ﬁ—l)Q(

x —5).

W46. The graph of y = f(x) is given below. Sketch a graph of y = f/(z).

important. Do not worry about scales.

Only the general shape is

N\

AN

Solution

The graph of y = f(z) is shown below in black. The graph of y = f/(z) is shown below in blue.
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W47. Consider the following function.

—— , <0

flx) =< 2%+ 2 , 0<z<1
6r—a>+c , z>1

(a) Is f differentiable at x = 07

(b) Is there a value of ¢ that makes f differentiable at x = 1?7 If so, calculate it. If not, explain
why.

Solution
(a) Observe that f(0) = 0. Then, by definition, we have the following.

£/(0) = lim (f(0+hfz_ f(0)> = lim (f(hh)>

h—0 h—0

Since f(h) is piecewise defined and changes definition at h = 0, we must compute the left-

and right-limits.
[ f(h) [ —h? .
1 D) =1 — ] = lim (=h)=0
h;%l_( ) =\ ) = i (R

2
lim (f(h)> = lim <h+2h) = lim (h+2)=2
h—0t h h—0t h h—0—

The one-sided limits are not equal, whence f’(0) does not exist. That is, f is not differen-
tiable at x = 0.

(b) Recall that continuity is a necessary (but not sufficient) condition for differentiability. That
is, if f is to be differentiable at x = 1, then f must also be continuous at x = 1. So first
we determine the value of ¢ that makes f continuous at = = 1.

lim f(z)= lim (2 +22)=1+2=3

z—1- T—1—
lim f(z) = lim (6z —2*+c¢)=6—-1+c=5+c
z—1+t z—1t

f)=(6z—a2"+¢c)|,_, =6—14+c=5+c

So we must have that 3 =5+ ¢, or ¢ = —2.

Page 266 of



Math 135 §3.1, 3.2 Practice Worksheets

Now we must check whether this value ¢ makes f differentiable at © = 1. Observe that
with ¢ = —2, we have f(1) = 3. So, by definition, we have the following.

(1) = Jim (f(1+hl1—f(1)> — lim (f(1+h)—3)

h—0 h

Since f(1+ h) is piecewise defined and changes definition at h = 0 (equivalently, at = = 1),
we must compute the left- and right-limits.

lim <W> ~ Yim <(1+h)2+2(1+h)—3)

h—0— h G h

) <h2—|—2h+1+2+2h—3>
= lim
h—0— h
244
= lim <h i h) = lim (h+4) =14
h—0— h h—0—
_ _ 2 _ o _
oy (FOAM) =3Y (R — (k)23
h—0— h h—0— h
. <6+6h—(1+2h+h2)—2—3>
= lim
h—0— h
4h — h?
= i = lim 4—h)=4
h;%l( n ) i (4= 1)

The one-sided limits are equal, whence f’(1) = 4. That is, the choice of ¢ = —2 makes f
differentiable at x = 1.

W48. Use the limit definition of derivative to find the derivative of f(z) = x%/3.

Solution
By definition,

o @t h) = fl@) _ . (ath)? - a3
!/ — 1 f(a’ — 1
Ja) ) h B0 h
Note that we cannot expand binomials under fractional exponents. So we have to use a suitable
change of variable to compute the limit. First change the variable from h to u = (a4 h)/3 (which
implies h = u3 — a). Observe that if h — 0, then v — a'/3. So we have
2 _ .2/3
) = lim L
fla)= lm —o——

Now we just change the label of the constant a to make the algebra a bit clearer. Let w = al/3.

Hence our limit can be written as

uw—w ud3 — wd

At this point this limit can be computed with the usual methods we have learned. Factor

numerator and denominator, cancel common factors, and substitute v = w?.
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£(a) = 1 (u—w)(u+w) i U+ w 2w 2 2
a) = lim = lim = =—=_—
w—w (u—w)(u? +vw +w?)  wowu?+uw+w? 3w? 3w 3al/3

Hence we have shown that if f(z) = 22/3, then f'(z) = %x_l/S, as expected from the power rule.

Page 268 of



Math 135 §3.3, 3.4, 3.5, 3.9 Practice Worksheets

§3.3, 3.4, 3.5, 3.9: Rules for Computing Derivatives

Difficulty guide for this worksheet:

Core or Beyond Core: 49, 50, 51, 52
Advanced: 53
Removed from syllabus: none

W49. Calculate f’(z) for each function below. After computing the derivative, do not simplify your answer.

(a) f(z) = V2z + 32% + ¢ (e) f(z) =ae”

(b) f(r) = - +n(4) () f(x) = vz cos(x) — " sin(a)
© sy == (®) fir) = S0

@ )= ) 10 = et
Solution

(a) First write f(z) as
flx) = V2x'/? + 32 + &

Now use power rule and the sum rule. (Remember that e is just a constant!)

Simplifying coefficients gives

(b) First write f(x) as
f(z) =42~ 4+ 1n(4)

Now use power rule and the sum rule. (Remember that In(4) is just a constant!)
flz)=4-(-1)z72+0

Simplifying coefficients gives
4
fll@)=——

x
(c) First use algebra to simplify f(x).
f(z) =822 — 52753 4 472
Now differentiate using power rule and sum rule.

25
f(z) = 16z + ?Zﬂ_s/s — 2273

(d) Use quotient rule.
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(e) Use product rule.
f(x) = x3e® + 322"

(f) Use product rule on each term.
F(x) = (;pl/?(— sin(z)) + Lo~ 1/2 cos(x)) — (e® cos(x) + e® sin(x))

(g) Use quotient rule.

(In(z) — 4z)(sec(z)? + 18z) — (tan(z) + 92%)(2 — 4)
(In(z) — 4z)?

() =
(h) Use quotient rule. When differentiating the numerator and denominator individually, use

product rule.

(1 —e”cos(x))(zcos(z) + sin(x)) — (xsin(z))(e” sin(z) — e” cos(z))
(1 — e® cos(x))?

() =

W50. Use the quotient rule to prove a derivative rule for f(x) = cot(z).

Solution
First write f(z) as
~ cos(z)
f) = sin(z)
Now use quotient rule and simplify.
() = sin(z)(— sin(z)) — cos(z) cos(z)  —sin(x)? — cos(z)?
)= sin(x)? B sin(x)?
B _sin(:n)2 + cos(z)? o 2
B sin(x)? ~ sin(z)? ese(z)

We have thus proved the derivative rule

d
= (cot(z)) = — cse(z)?

W51. Find the z-coordinate of each point on the graph of the given function where the tangent line is

horizontal.
() f) = 5~ (©) 1) = Z=(z+9)
() f() = (& ~ )" (@) () = (1 - sin(x)) sin(a)
Solution

(a) Horizontal lines have zero slope and the derivative gives the slope of the tangent line at x.
Hence we must solve the equation f’(z) = 0. First we write f(z) as

flz)=2"2—273
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Now we compute the derivative using power rule.
fl(x) = —2273 + 3274
Now we solve the equation f’(z) = 0.

0=—22"3+327*
0-2% = (—2273 + 327 - 2
0=—-2x+3
3
r =2

2

Hence the function f(z) has a horizontal tangent line at z = 3.

Horizontal lines have zero slope and the derivative gives the slope of the tangent line at
x. Hence we must solve the equation f/(z) = 0. Now we compute the derivative using
product rule and simplify.

f'(z) = (2% = 8)e® + (2x)e® = (2 + 2z — 8)e”

Now we solve the equation f/(z) = 0. (Observe that e® # 0 for all x, so we may cancel it
from the equation.)

0= (2 + 2z — 8)e”
0=2"+22—38
0=(r+4)(x—2)

Hence the function f(z) has a horizontal tangent line at x = —4 and at z = 2.

Horizontal lines have zero slope and the derivative gives the slope of the tangent line at z.
Hence we must solve the equation f’(z) = 0. First we write f(z) as

flz) = 2?4 9g71/2
Now we compute the derivative using power rule.

oy L o129 g
fi(z) = 5% 5%

Now we solve the equation f/(z) = 0.

0= 112 _ 9 3

—x
2 2
2 2
0=2-9
z=9

Hence the function f(z) has a horizontal tangent line at x = 9.

Horizontal lines have zero slope and the derivative gives the slope of the tangent line at
x. Hence we must solve the equation f/(z) = 0. Now we compute the derivative using
product rule and simpligy.

f'(z) = (1 —sin(z)) cos(z) + — cos(x) sin(z) = cos(z) — 2sin(z) cos(z) = cos(x)(1—2sin(z))

Page 271 of



Math 135 §3.3, 3.4, 3.5, 3.9 Practice Worksheets

Now we solve the equation f’(z) = 0. Hence we have cos(z) = 0 or sin(z) = 1/2. The
equation cos(x) = 0 has two infinite sets of solutions: x = § +27n (where n is any integer)
or x = 3T 4 2mn (where n is any integer). The equation sin(z) = 1/2 also has two infinite
sets of solutions: z = % + 27n (where n is any integer) or z = 3T + 2n (where n is any
integer). Hence the graph of y = f(z) has a horizontal tangent line at any value of x in
any of these four sets of solutions.

3x+5
W52. Find equations for two tangent lines to the graph of f(z) = xj:l that are perpendicular to the line
T
20 —y = 1.
Solution
The line 2x — y = 1 has slope 2, whence the slope of our desired tangent lines is m = —%. The
slope of the tangent line at x is given by f’(z). Hence we must first solve the equation f’(z) = —%
to find the z-values at which the desired tangent lines occur.
We compute f’(z) using quotient rule and simplify.
f(2) = (x+1)(3) — (3z+5)(1) _ -2
(x+1)2 (x +1)2

Now we solve the equation f'(z) = —3.

1 2

2 (z+1)2

4= (z+1)*

+2=x+1
+2-1==x
Hence the z-values at which the desired tangent lines occur are + = —3 and « = 1. The
corresponding y-values are y = f(—3) = 2 and y = f(1) = 4. Hence the equations of the two
tangent lines are
1 1

W53. Find all points P on the graph of y = 422 with the property that the tangent line at P passes through
the point (2,0).

Solution
Let f(x) = 422. Denote the unknown point P by (a,b). Since P lies on the graph of y = f(x),
we have P = (a, f(a)) = (a,4a?). Now we find an equation of the tangent line at point P. (This
equation will depend on a.) The slope of the tangent line is f'(a). Calculating the derviative
of f(x) = 422 gives f'(x) = 8z. Hence f'(a) = 8a. The point-slope form of the equation of the
tangent line is the following.

y — 4a® = 8a(x — a)

Now we impose the condition that this tangent line must pass through the point (2,0). That is,
substituting x = 2 and y = 0 into the equation for the tangent line must give a true statement.

0 —4a® = 8a(2 — a)
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Now we solve this equation for a.

—4a® = 8a(2 — a)

—4a® = 16a — 8a?
4a% — 16a =0
da(a—4) =0

The solutions are « = 0 and a = 4. Thus the corresponding points for which the tangent line
passes through the point (2,0) are P; = (0,0) and P> = (4,64). (Note that the corresponding
tangent lines are y = 0 and y = 32z — 64.)
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§3.7: The Chain Rule

Difficulty guide for this worksheet:

Core or Beyond Core: 54, 55 (all parts except d), 56
Advanced: 55d, 57
Removed from syllabus: mnone

W54. Calculate f'(z) for each function below. After computing the derivative, do not simplify your answer.

(a) f(z) = \/sin(x) (k) f(z) = (sin ((4z — 5)%))"
(b) f(z) = sin(Vz) (Many authors will write this function as
(¢) f(z) = y/sin(v/z) f(z) = sin*(4a —5)2, despite the ambiguous
(@) flz) = (:17 3t 2) and inconsistent notation.)
S (1) f(z) = ¥/om(z) cos(a)
© 10 = G e
(1) fa) = (22 + sec(z)) SR
(&) f(x) =e *sin(x) (n) f(z) = In(In(z))
In(2z + 1) o) f(x) = sin(sin(sin(z
W s =L ©) 1) =sinlsnin)
(i) f(z) = (tan(z) + 1)* cos(2z) (p) f(z)= (“ (2 +sin(x)?) )
6\ (@) f(z)=lal

() flz) =
: <9 B 233) (Hint: use the identity |x| = Va2.)
Solution

(1) F(x) = 5 (sin(a))"2 cos(a)

(b) f(a) = cos(va) - ya”

(©) 7'(x) = 5 (sin(v) ™2 cos(va) - pa /2

(d) f'(z) = 2(z® — 3z + 2)(32% - 3)

(e) f'(z)=—-2Bx+1)"3.3

(f) f'(x) =22z + sec(x)) (2 + sec(x) tan(z))

(g) f'(x) = e 2 cos(z) — 2¢~ 2 sin(x)

20+ 1)2 1= 2—In(2z+1)-2(2z + 1) - 2

(h) f'(z) = 2ot ) mi (22 +(1)4+ )2 ]

(i) f/(x) = (tan(z) + 1)* (—sin(2z)) - 2 + cos(2z) - 4 (tan(z) + 1)* - sec(x)?

() f'(2) =6 (=8)-(9—22)"" (~2)

(k) f'(z) =4 (sin ((4z — 5)2))3 -cos (4o —5)%) - 2(4z — 5) - 4

1) f(z) = % (sin(z) cos(z)) "2/ - (sin(z)(— sin(z)) + cos(z) cos(z))

Lo 12— 1T (@t a)(20) — (22— 1)(322 + 1)
(m) f(z) 2 <x3+:c> . (23 + x)?
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) F@) = 7

(o) f'(x) = cos(sin(sin(z))) cos(sin(x)) cos(z)
3
(p) f'(z)=4 (ac + (z+ sin(x)2)3) : (1 +3(z+ sin(m)2)2 (14 2sin(z) cos(a:)))

(@) F(2) = @) 12 ) =~

2 E

W55. Find the z-coordinate of each point at which the graph of y = f(z) has a horizontal tangent line.

(a) f(z)=(22%-7)3 (¢) f(x) =In(3z* + 62% — 42> — 122 + 6)
63:10 673:1: 2

(b) f(a) = ael (@ gy =

Solution

(a) Horizontal lines have slope 0 and the slope of the tangent line is given by the derivative.
Hence we must solve the equation f’(x) = 0. Computing the derivative requires chain rule.

f'(x) = 3(22% = 7)% - (42)
0 = 12x(22% — 7)*

Hence either 12z = 0 (whence 2 = 0) or 222 — 7 = 0 (whence x = —\/g orr = \/g)

(b) Horizontal lines have slope 0 and the slope of the tangent line is given by the derivative.
Hence we must solve the equation f’'(z) = 0. Computing the derivative requires chain rule
and product rule.

f/(z) — x261—3$ . (_3) _|_ 21, . 61—3$
0 =e!3%(—32% + 22)

0= -3z + 2z = x(-32 +2)

Hence either z = 0 or —3z + 2 =0 (whence z = ).

(c) Horizontal lines have slope 0 and the slope of the tangent line is given by the derivative.
Hence we must solve the equation f’(x) = 0. Computing the derivative requires chain rule.

1
3t 4622 —423 — 12246
1222 + 122 — 1222 — 12
34 + 622 — 423 — 1224+ 6
0=122%+ 122 — 1222 — 12
O=a3+x—2? -1

O=z(2*+1)—(2*+1) = (z - 1)(z* + 1)

f'(x) (1223 + 122 — 1222 — 12)

0:

Hence either  — 1 = 0 (whence # = 1). (The equation 22 + 1 = 0 has no solutions.)
However, we see that = 1 is not in the domain of f, since the argument of a logarithm
must be a strictly positive number. (Attempting to substitute z = 1 into f(z) gives the
expression In(—1).) So there are no points where the tangent line is horizontal.

(d) Horizontal lines have slope 0 and the slope of the tangent line is given by the derivative.
Hence we must solve the equation f'(z) = 0. Before computing the derivative, we will
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simplify the function a bit. Combining all terms under one squaring operation gives the
following.

(eS:c _1_6733:)2 (€3x _1_673:0)2 3% 4 g3 2 52/2 C0n/2\ 2
f({E) = 6390 = (63x/2)2 — 831/2 = (6 / + & / )

Computing the derivative now requires just chain rule.

F(z) =2 <e3x/2 + 6—933/2) ] <%€3x/2 _ %e—gxm)

Now we solve f’(z) = 0, which gives us two equations to solve. The first equation, e3r/2 4
e 9%/2 — (), has no solution since e* is always positive for any z, and so the left-hand side
of the equation is the sum of two positive terms (and hence can’t equal 0). The second
equation we get from f/(z) = 0 is the following.

0= %63:0/2 - %e—Qx/2

0= 63x/2 - 367995/2

367933/2 — e3:v/2

3 — 6630
In(3) = 6z
tIn(3) =ux

Hence the only horizontal tangent line occurs at x = %ln(3).

W56. 1t is estimated that ¢ years from now, the population (in thousands of people) of a certain suburban
community is modeled by the formula
6
t) =20 — ——
p(t) t11
A separate environmental study indicates that the average daily level of carbon monoxide in the air
(measured in ppm) will be

L(p) = 0.5v/p? +p+ 58

when the population is p thousand. Find the rate at which the level of carbon monoxide will be
changing with respect to time two years from now. (Make sure to indicate units in your answer.)

Solution
Note that L is really a composition of functions. That is, L = L(p(t)). Hence the chain rule gives

us the following.
dL

= Lp(0) ¥ (1)

We are interested in the value of % when t = 2. Substituting ¢ = 2 thus gives us

dL

— | =T0Q) P2 =L08)p(©2)

t=2
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(We have used the fact that p(2) = 18.) Now we compute derivatives.

’ _ 1.2 -1/2 _ 2p+1
L'(p) =055 (p* +p+58) (2p+1) i
Y0 = =61+ ) (1) = 5

For both derivatives, we have used chain rule. Hence we have L'(18) = 2 and p/(2) = 2. The
desired rate (rate at which L is changing with respect to t) is then

dL 37 2 37

dt|,_, 80 3 120

(The units of this rate are ppm per thousand people.)

W57. Suppose g and h are differentiable functions. Selected values of g, h, and their derivatives are given
below.

2 1 7 2 3
4 =3 -9 1 5)
16 ) -1 1 —6

Define the function f by the formula

(a) Calculate f(4) or explain why there is not enough information to do so.

(b) Calculate f/(4) or explain why there is not enough information to do so.

Solution
(a) F(4) = g(VDR(42) = g(2)h(16) =11 =1

(b) First we calculate f’(x) using product rule and chain rule (twice!).
F@) =g (VA () 204 h (a)  (v3) - Ja 1

fw) = 22 gy ) + LMD

Now we substitute x = 4 and use the table values.

F1(4) = 8g(2)1(16) + 9/(2)4}“16) —gle(—6) Lo 180
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W58. For each of the following parts, calculate T

§3.8: Implicit Differentiation

Difficulty guide for this worksheet:

Core or Beyond Core: 58, 60, 61
Advanced: 59, 62
Removed from syllabus: none

dy

T
If y is given as an explicit function of x, then the derivative must also be an explicit function of x.

(a) 2> +y* =12 (¢) y =™
1
(b) v+ ” = a2 (f) sin(z +y) = x + cos(y)
- 1
© = §@o+1) @ -3y @u(Y)-2
a? zy y
(d) y= 1) (4 _7) (h) 622 + 3zy +2y* + 17y = 6
Solution

d
Throughout the solution, ¢y’ will denote d—y
x

(a) Differentiating both sides with respect to x gives
2¢ 4+ 3y -y =0

Solving for ¢/ gives
;2
y - 3y2

(b) First write ﬁ = 2z~ 1y~!. Differentiating both sides with respect to z gives
v+ (-Dy Yy (D =2

Solving for 3/ gives
r_ 20 + 2y~ !
1— a2 1y—2
(c) We use logarithmic differentiation. Start by taking logarithms of both sides of the equation
and simplifying.

In(y) = In < 1\8/ (210 + 1) (27 — 3)8>
—In ((a:lo + 1)o7 - 3)4/9>
=iz +1)+ 5 In(z" - 3)
Differentiating both sides with respect to = gives

1 1027 L4 720
6 2041 9 27-3

/

"y

S
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Solving for 3/ gives

, (1 102° L4 720
VU6 01 9 T3

Replacing y with its explicit definition in terms of = gives

1 102? 4 6
P TR TR O LA B

6 29519 27 _3

We use logarithmic differentiation. Start by taking logarithms of both sides of the equation
and simplifying.

6312
n(y) =1n (@:3 +1)? (4z — 7)2)
= 1n(€3x2) —In((z*+1)?) —In ((4dz — 7)7?)

= 32> —2In(z® + 1) + 2In(4x — 7)

Differentiating both sides with respect to = gives

1, 322 4
o =6r—2. =2 1 9.
y 4 “ 3 +1 + dr — 7
Solving for 3/ gives
3z 4
/
= 6 — 2 . 2 *
vy=u ( ¢ z3+1 * 4o — 7)
Replacing y with its explicit definition in terms of x gives
32 2
, e 3x 4 >
= 6x —2- +2-
y (:c3+1)2(4:z—7)2< z3+1 dr —7

We use logarithmic differentiation. Start by taking logarithms of both sides of the equation
and simplifying.
In(y) =In <$ln(ﬁ))
= In(v/z) In(2)
= ()

Differentiating both sides with respect to = gives

In(x)

1
1 —

o <1n§j:)>

Replacing y with its explicit definition in terms of = gives

) = 2D <1H(9C) >

X

< | =

Solving for 3/ gives
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(f) Differentiating both sides with respect to = gives

/

cos(z+y) - (1+y')=1-sin(y)y

Solving for 3’ gives
, 1 —cos(x +y)

cos(x +y) + sin(y)
(g) First simplify the left side of the equation to make the differentiation easier.

In(z —y) — In(z) —In(y) =y~

Differentiating both sides of this equation with respect to = gives

1 1 1 / -2/
r—y r y

Now rewrite the equation with negative exponents to make solving for 1/ easier.

(z—y) tA-y)—a -yl =—y

Solving for 3/ gives
’ ($ - y)_l —a!

oyt @y !

Y

(h) Differentiating both sides with respect to x gives
122 + 3xy + 3y +4yy’ + 17y =0

Solving for 3/ gives
, —12x — 3y

Y T 3rtay+ 17

W59. Suppose 22 + 32 = R?, where R is a constant. Find 3” and fully simplify your answer as much as
possible.

Solution
Differentiating both sides with respect to = gives

20 +2y-y =0

Solving for 3/ gives

T

Now substitute 3/ = —3 and simplify.

T
, y—x(—g)__y2+x2_ R2
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W60. Find an equation of the line tangent to the graph of

ze¥ = 2ry + 3

1
at the point (, 1>.
e—2

Solution
Differentiating both sides with respect to = gives

we¥ -y 4 e¥ = 2wy’ + 2y + 3y -/
Now substitute z = e_% and y = 1.

e
e—2

2
y+e=—— -y +2+3y
e—2

Solving for 3/ gives
, _e—2
Y=

line is given by

1 e—2 1
—_ — xr —
y 2 e_2

The desired tangent line has slope % and passes through the point (i, 1). Hence the tangent

W61. Find an equation of the line tangent to the graph of
sin(z —y) = zy

at the point (0, 7).

Solution
Differentiating both sides with respect to = gives

cos(z—y) - (1—y )=y +y

Now substitute z = 0 and y = .
(-1)A-y)=m

Solving for ¢’ gives
y =m+1

line is given by

y—7=(r+1)—-0)

The desired tangent line has slope m + 1 and passes through the point (0, 7). Hence the tangent

W62. Suppose x and y satisfy the following equation.
2% 4 2y + 3y* = 99

(a) Find all points on the graph where the tangent line is horizontal.

(b) Find all points on the graph where the tangent line is vertical.
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Solution
For both parts of the question, we need 3’. So first differentiate both sides with respect to x.

2z +xy +y+6yy =0
Solving for 3/ gives

,__23:—|—y
T + 6y

(a) The tangent line is horizontal where 3’ = 0. This means the numerator of ¢ must be equal
to 0 and the denominator must be not equal to 0. Setting the numerator of 3’ equal to
0 gives the equation 2x + y = 0, or y = —2x. Hence any point on the graph where the
tangent line is horizontal must satisfy both the equation % + zy + 3y? = 99 and y = —2z.
Substitution of the latter into the former gives

99 = 22 + 2(—2z) + 3(—2x)* = 1122

Solving for x gives x = +3. Hence there are two points on the graph where the tangent
line is horizontal.

P, =(-3,6)

We may then verify that neither of these points causes the denominator of ¥’ to be equal
to 0.

(b) The tangent line is vertical where ¢’ is infinite. This means the denominator of y’ must be
equal to 0 and the numerator must be not equal to 0. Setting the denominator of 3/ equal
to 0 gives the equation z + 6y = 0, or © = —6y. Hence any point on the graph where the
tangent line is vertical must satisfy both the equation x? + zy + 3y?> = 99 and = = —6y.
Substitution of the latter into the former gives

99 = (—6y)? + (—6y)y + 3y* = 33y>

Solving for y gives y = ++/3. Hence there are two points on the graph where the tangent
line is horizontal.

P = (6[, _\/§)
P, = (=63, V3)

We may then verify that neither of these points causes the numerator of 4’ to be equal to

0.
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§3.11: Related Rates

Difficulty guide for this worksheet:

Core or Beyond Core: 63, 64, 65, 67, 68, 69, 70
Advanced: 66, 68
Removed from syllabus: mnone

W63. A rock is dropped into a lake and an expanding circular ripple results. When the radius of the ripple
is 8 inches, the radius is increasing at a rate of 3 inches per second. At what rate is the area enclosed
by the ripple changing at this time?

Solution
Let r be the radius of the ripple. At any time, the area A enclosed by the ripple is given by

A= mr?

Differentiating with respect to time gives us the following equation, which also holds for all time.

We now substitute the information relevant to the desired specific time. We substitute r = 8 and

% = 3 into both equations.

A =64n
dA
— =48
dt m

Hence the area is increasing at a rate of 487 in?/s.

W64. An environmental study of a certain community indicates that there will be

Q(p) =2p* +6p+1

units of a harmful pollutant in the air when the population is p thousand. The population is currently
30,000 and is increasing at a rate of of 2,000 per year. At what rate is the level of the air pollution
increasing currently?

Solution
Differentiating our equation relating ) and p with respect to time gives
dQ

X — (4
o (4p +6)

dp

dt

We now substitute the information relevant to the desired specific time. We substitute p = 30

and % = 2 into both equations.

Q = 2(30)% +6(30) + 1 = 1981

d
7?:(4.30%).2:252

Hence the pollutant is increasing at a rate of 252 units per year.
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Every day, a flight to Los Angeles flies directly over a man’s home at a constant altitude of 4 miles. If
we assume that the plane is flying at a constant speed of 400 miles per hour, at what rate is the angle
of elevation of the man’s line of sight changing with respect to time when the horizontal distance
between the approaching plane and the man’s location is exactly 3 miles?

Solution

Let z be the horizontal distance from the man to the airplane. Let 6 be the angle of elevation.
Since the height of the airplane is 4 miles, x and 6 satisfy the equation

4
tan(f) = —
x

See the figure below. (Note that the diagram on the right shows a specific time. The diagram on
the left shows a general time.)

Plane
3
i~ 4 3 4
‘\'}Q
\9 \\9
\ O
x x=3
Observer
Differentiating with respect to time gives

do 4 dx

sec(f)?— = ——

dt x? dt
Now we substitute the information relevant to the desired specific time. We substitute ‘fi—f = —400

(negative because the distance x is decreasing since the plane is approaching the man) and = = 3.

4

tan(f) = -

an(6) 3
do 1600
sec(8)* 7 = 5

We want an exact answer, so we use the identity sec(f)? = tan(f)* + 1. Given tan(f) = 3, we
obtain sec(d)? = 2. Hence our second equation above becomes

25d0 1600

9dt 9
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Solving for % gives
df 1600
—=—=04
dt 25

Hence the angle of elevation is increasing at a rate of 64 radians per hour.

W66. A person 6 feet tall stands 10 feet from point P, which is directly beneath a lantern hanging 30 feet
above the ground. The lantern starts to fall, thus causing the person’s shadow to lengthen. Given
that the lantern falls 16¢% feet after ¢ seconds, how fast will the shadow be lengthening exactly 1
second after the lantern has started to fall?

Solution
Let L be the length of the man’s shadow and let s be the vertical distance from the lantern to

the ground (point P). Using similar triangles, we see that L and s satisfy the equation

s L+10

6 L

(The distances 6 and 10 are constant since they represent the height of the man and the horizontal
distance from the man to the lantern, repsectively.) See the figure below. (Note that the diagram
on the right shows a specific time. The diagram on the left shows a general time.)

P L

If h is the distance the lantern has already fallen then s +h = 30 and h = 16t2. So s = 30 — 16t°.
Susbtituting s = 30 — 16t? into our previous equation and simplifiying gives us the following
equation that is true for all time.

8 10
5——t?=14+—
3 + L
Differentiating with respect to time gives
16, 10dL
37 L*dt

Now we substitute the information relevant to the desired specific time. We substitute ¢ = 1.

8 10
=14 =
g 3 7
16 _10dr

3 L2t

The first equation gives L = % = 7.5. Substituting L = 7.5 into the second equation gives

16 10 dL

3 (15/2)2 dt
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Solving for 4& gives

dt
second.
... Alternatively, we can solve for L directly from the equation

% = 30. Hence the man’s shadow is increasing at a rate of 30 feet per

8 10
5— =1+ —
3 + L
to obtain 5
L=—
6 — 4t2
Differentiating with respect to time then gives
dL 120t
dt (6 — 4t2)2

Substituting ¢t = 1 then gives
daL 120 120

dat - (6-42 4

We recover the same answer using the previous method.

=30

W67. The volume of a spherical balloon is increasing at constant rate of 3 in®/s. At what rate is the radius
of the balloon changing when the radius is 2 in.?

Solution

Let r be the radius of the balloon and let V' be the volume of the balloon. Then r and V satisfy
the equation

4
V=93
3
Differentiating with respect to time gives
dv odr
b a—'] -
at ~ " at
Now we substitute the information relevant to the desired specific time. We substitute » = 2 and
av _
S =3
327
V=—
3
dr
3 =16m—
dt

Hence % = %. So the radius of the balloon is increasing at a rate of % inches per second.

W68. At noon, a ship sails due north from a point P at 8 knots (nautical miles per hour). Another ship,
sailing at 12 knots, leaves the same point 1 hour later on a course due east. How fast is the distance
between the ships increasing at 2:00 PM?

Solution

Let y be the distance from P to the ship sailing north and let  be the distance from P to the
ship sailing east. If £ is the direct distance between the two ships, then Pythagorean theorem
shows that x, y, and ¢ satisfy the equation
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Differentiating with respect to time gives (after canceling a common factor of 2)

de  dy _ ,dt
Tar TV T

Now we substitute the information relevant to the desired specific time. At 2:00 PM, the north-
bound ship is at a distance of y = 8 - 2 = 16 nautical miles. At the same time, the eastbound
ship is at a distance of x = 12 - 1 = 12 nautical miles. (Note that the northbound ship has been
traveling for 2 hours, but the eastbound ship has been traveling only for 1 hour.) So into our
equations we substitute x = 12, y = 16, ‘fj—f =12, and ‘% =

122 4+ 16% = ¢2

de

12:124+16-8 = (—
+16-8 =L~

Solving for £ in the first equation gives £ = 20. Substituting ¢ = 20 into the second equation gives

arl
144 + 128 = 20—
+ dt
Hence % = % = 13.6. The distance between the ships is increasing at a rate of 13.6 nautical

miles per hour (or 13.6 knots).

W69. Recall that a baseball diamond is a square of side length 90 ft. The corners of the diamond are
labeled, in anti-clockwise order, home plate, first base, second base, and third base. Player A runs
from home plate to first base at a speed of 20 ft/s. How fast is the player’s distance from second base
changing when the player is halfway to first base?

Solution

B3 By

H By
rp

The bases are labeled H, B;, B, and Bj, in order. The player is at point P. The current
distance from home plate to the player is x and the current distance from the player to second
base is y. Since each side of the square is 90 feet long, Pythagorean theorem gives us

y? =90 + (90 — x)? (5)
Differentiating with respect to time gives

dy dx
2y— = —2(90 — z)— 6
y L = —2(90 - ) (6)
We are interested in the time when the player is halfway to first base and we know the player
runs at a constant speed of 20 ft/s. So we substitute ‘fl—f = 20 and x = 45 into equations and
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y? = 90% + 45°

dy
2= = —1800
Yt

Solving these equations simultaneously for % gives

dy 1800
dy 1800 45 s
dt /902 + 452 /

WT0. A particle moves along the elliptical path given by z? + 9y? = 13 in such a way that when it is at
the point (—2,1), its z-coordinate is decreasing at the rate of 7 units per second. How fast is the
y-coordinate changing at that instant?

Solution
Differentiating the equation 22 + 9y? = 13 with respect to time gives
dx dy

20— + 18y

~“ -0
dt dt

Now we substitute x = -2, y = 1, and fl—f = —7 to get the following.

dy
28418— =0
+ dt
Hence we find ‘% = —14/9 units per second. That is, the y-coordinate is decreasing at a rate of

14/9 units per second.
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2.4 Chapter 4: Applications of the Derivative
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§4.1: Maxima and Minima

Difficulty guide for this worksheet:

Core or Beyond Core:
Advanced: mnone
Removed from syllabus: 71f

71 (all parts except f), 72

WT1. For each part, find the absolute maximum and the absolute minimum of the function f on the given

interval. You may use a scientific calculator for parts (k) and (1) only.

(a) f(x) =2* —8z% on [-3, 3] (g) f(z) =223 —92% + 122 on [0, 3]
=z? — 24z — 72 on [—4,4 -z
(b) f(l‘) + 3(1) X 72 on [ s ] (h) f(.’E) — - 2 on [174]
(c) f(z) = Va(z—5)" on [0,6] v +2 N )
(d) f(x) =e *sin(x) on [0, 27] (1> fla) === s;nl(z) on [0, 2]
(e) f(z) =z (In(z) —5)% on [e™*, ] G) f@) = (:US —)on [_11’2]
9—dz . z<l (k) f(z) =2"—24In(z) on [5,3]
() flo) = { 22 +6z , z>1 " 10,4] (1) f(z)=3e" —e*® on [—1,1]
Solution
(a) The function f is differentiable everywhere. So we solve f’(z) = 0.
0= f(z) =42 — 16z
0=4z(x —2)(x + 2)
Hence the critical points are x = —2, x = 0, and x = 2. Checking the critical values and
the endpoint values gives the following.
f(z) =z — 822 = 22(2* — 8)
f(=3)=9
f(-2) = ~16
f(0)=0
£(2) = —16
fB3)=9
The maximum value of f on [—3,3] is 9 and the minimum value is —16.
(b) The function f is differentiable everywhere. So we solve f/(x) = 0.
0= f(z) =32° + 6z — 24
0=3(x—2)(z+4)
Hence the critical points are + = —4 and x = 2. Checking the critical values and the
endpoint values gives the following.
f(z) =23 + 322 — 242 — 72 = (2* — 24)(z + 3)
F(4) = (-8)(-1) =8
£(2) = (~20)(5) = ~100
F(4) = (=8)(7) = —56
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The maximum value of f on [—4,4] is 8 and the minimum value is —100.

(c) The function f is not differentiable at x = 5, hence z = 5 is a critical point. To find the
other critical points we solve the equation f’(z) = 0.

0=f'(e) =22 5

0= g 2w~ 52/ (20 + 3z~ 5))

x—5)7%3 4 %xil/z(x —5)1/3

1
0= 6:6_1/2(:15 —5)72/3 (52 — 15)

Solving this equation thus gives 5z — 15 = 0 (that is, = 3). Checking the critical values
and the endpoint values gives the following.

f(@) = 2!z~ 5)Y

f(0)=0

F(3) = 3/2(—2)/3 (negative number)
f(5)=0

f(6) =62 (positive number)

The maximum value of f on [0,6] is 6'/2 and the minimum value is 3'/2(—2)'/3,

(d) The function f is differentiable everywhere. So we solve f'(x) = 0.

0= f'(x) = e " cos(x) — e sin(x)
0 =e""(cos(x) — sin(z))
Solving this equation thus gives cos(x) — sin(z) = 0 (that is, tan(z) = 1). In the interval

[0,27] the equation tan(z) = 1 has solutions = T and 2F. Checking the critical values
and the endpoint values gives the following.

f(z) = e *sin(z)
f(0)=0
f(3) = e /. \}5 (positive number)
/ (%ﬂ) — oo/ L (negative number)
f(2m) =0
The maximum value of f on [0, 27] is 675/4 and the minimum value is —%.

(e) The function f is differentiable on its domain. So we solve f’(x) = 0.

0= f(x) :x-2(ln(x)—5)-%+(1n(:v)—5)2
0=2(In(z) — 5) 4 (In(z) — 5)

0= (In(z) —5) (2 + In(x) — 5)

0= (In(z) — 5) (In(z) — 3)

Solving this equation thus gives In(z) — 5 = 0 (that is, z = €®) or In(z) — 3 = 0 (that is,
x = e3). The only critical point is thus z = e (¢ is not in the interval [e~4, e4]). Checking
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the critical values and the endpoint values gives the following.

f(z) = & (in(z) ~ 5
ey =et-a—52 =2
f(e*) =e*(3 —5)% = 4¢®
fle') = e*(a — 5 = ¢t

To determine which value is the largest and which is the smallest, we look at the ratios of
the above values. We will use the fact that 2 < e < 4.
fe*) 4e* 4 e

feh T e et

Hence f(e?) > f(e*). We also have

flety et e 2% 256

— - S 2 "
fle ) TS TR T8 8l

Hence f(e*) > f(e™*). Putting this all together we find the following.

81

4€3>€4>74
e

The maximum value of f on [e~%, e%] is 4e? and the minimum value is %.

(f) First observe that f is continuous (the left-limit, right-limit, and function value are all
equal to 5 at © = 1, the only suspicious point). So the extreme value theorem does apply
to f on the interval [0,4].

The derivative of f is given by

, . —4 , v<l1
f(x)_{—2x—|—6 , x>1

The function f is not differentiable at x = 1. We may verify this by computing the following
limit.
iy i (AR = F)N L (f(A+h) =5
r = jim (P =\

Since f(1 + h) is defined differently depending on whether h is negative or positive, we
compute the one-sided limits.

lim (W) ~ (9—4(1+h)_5>

h—0— h h—0~ h
4h
— lim [ —2) = lim (—4)= 4
g%(h)h$<>
_ _ 2 _
i fA+h)—5 ~ i (1+h)*+6(1+h)—5
h—0+ h h—0+ h
—h214
~ lim <h+h> — lim (=h+4) =
h—0+t h h—0+

Since the two one-sided limits are not equal, f'(1) does not exist. This means x = 1 is a
critical point of f on the interval [0,4].
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To find any other critical point of f we solve the equation f’(z) = 0. Note that the “first
piece” of f’(x) (i.e., —4) is never equal to 0. Hence we only set the “second piece” of f/(z)
(i.e., =2z +6) equal to 0. The equation —2x + 6 = 0 has the solution z = 3. (Also observe
that © = 3 lies in the interval x > 1, i.e., the valid z-values for the “second piece” of f'(x).)

Checking the critical values and endpoint values gives the following.

f(x):{ 9—4x , z<1

—x% 4 62 , x>1

The maximum value of f on [0,4] is 9 and the minimum value is 5.

(g) The function f is differentiable everywhere on (0, 3), so the only critical points are those
z-values where f’ vanishes.

0= f'(x) =62* — 18z +12 = 6(x — 1)(z — 2)

Hence the only critical points in [0, 3] are 2 = 1,2. We now check the values of the function
at the critical points and the endpoints.

f(0)=0
f(1) =5
f(2) =4
fB)=9

Hence the minimum value of f is 0 and the maximum value of f is 9.

(h) The function f is differentiable everywhere on (1,4), so the only critical points are those
z-values where f’ vanishes.

, 2?2 +32)(=1) — (1 —x)(2x + 3 z—3)(x+1
OZf(ﬂU):( i )((xg—}—éx)Q A +):(($2_|)_(3;)_2)

Hence the only critical point in [1,4] is = 3. We now check the values of the function at
the critical points and the endpoints.

f1)=0

1
f3)= 9
=2

Hence the minimum value of f is —% and the maximum value of f is 0.

(i) The function f is differentiable everywhere on (0, 27), so the only critical points are those
z-values where f’ vanishes.
0= f'(z) =1—2cos(z)
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Hence the only critical points in [0,27] are » = %, % We now check the values of the

function at the critical points and the endpoints.

f(0)=0
%):g—\@<0

F5) =G+ VB2 (G- v3) o

Hence the minimum value of f is % — /3 and the maximum value of fis ‘%” + /3.

(j) The function f is differentiable everywhere on (—1,2), except where x — 22 = 0. Hence
x = 0,1 are critical points. The only other critical points are those x-values where f’
vanishes.

0= /() = 5 (o — )21 - 22)

Hence the only other critical point in [—1,2] is x = % We now check the values of the
function at the critical points and the endpoints.

f(=1) = =213
F(0)=0
f(p) =471
fy=o0
f2)=-27

Hence the minimum value of f is —21/3 and the maximum value of f is 471/3.

(k) The function f is differentiable everywhere on (1 3), so the only critical points are those

2
z-values where f’ vanishes.

Hence the only critical point in [%, 3] is * = 2. We now check the values of the function at

the critical points and the endpoints.
1
f3) = g T 24In(2) = 16.76
f(2) =8—24In(2) = —8.635
f(3) =27—241n(3) ~ 0.633

Hence the minimum value of f is 8 — 24In(2) and the maximum value of f is £ + 241In(2).

(1) The function f is differentiable everywhere on (—3,1), so the only critical points are those
z-values where f’ vanishes.

0= f'(z) = 3e” — 2e** = (3 — 2¢%)
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Hence the only critical point in [—3,1] is = In(3). We now check the values of the
function at the critical points and the endpoints.

Hence the minimum value of f is 3e — e? and the maximum value of f is %.

WT72. A particle moves along the x axis with position
z(t) = t* — 2t> — 12t 4 60t — 10

Find the particle’s minimum velocity for 0 < ¢ < 3.

Solution
The velocity of the particle is

v(t) = Z—f = 4t3 — 6t — 24t + 60

We must find the maximum value of v(t). Since v(t) is differentiable on all intervals, the critical
points of v(t) are those values of ¢ for which /() = 0.

0=1/(t) =12t — 12t — 24
0=12(t> =t —2) = 12(t — 2)(t + 1)

The only critical point is ¢ = 2 (the value ¢ = —1 is not in the interval [0, 3]). Now we check the
values of v at the critical point and the endpoints of the interval.

v(0) = 60
v(2) =20
u(3) = 42

Hence the particle’s minimum velocity is v(2) = 20.
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§4.3, 4.4: What Derivatives Tell Us and Graphing Functions

Difficulty guide for this worksheet:

Core or Beyond Core: 73 (all parts except g, j, k, and 1), 74, 75
Advanced: 73g, 73j, 73k, 731
Removed from syllabus: none

This worksheet assumes knowledge of §4.7 (Léspital’s Rule).

WT73. For each function, do all of the following.

e Calculate and fully simplify f/(z) and f”(x).

e Find all vertical asymptotes and all horizontal asymptotes.

e Find all first-order critical numbers.

¢ Find where the function is increasing and where the function is decreasing.

e Classify each critical value as a relative maximum, relative minimum, or neither.
e Find all second-order critical numbers.

e Find where the graph of y = f(z) is concave up and where it is concave down.

e Identify any inflection points.

e Sketch the graph of y = f(x).

(a) f(z) = 32®— 9z +2 (e) f(z)=1+2z+18z1 G) f(z)= 3331—#8

(b) f(x) = (z + 1)z —5) () fa)=1-— )

(© 1) = 5" (&) f(a) = Va7 =8z (9 flz) = ——

(d) f(z) =z — sin(2z) (h) f(z) =In(4—2? .
(on [0, 7] only) (i) f(z) =102% — 2° 1) f(z)= 3 _ 3y

Solution

(a) The derivatives of f are
flley=2"~9 . f'(z)=2

(i) Vertical asymptotes and horizontal asymptotes.
Since f is a polynomial, there are no asymptotes.
(ii) Intervals of increase and local extrema.
Since f is differentiable everywhere, the only first-order critical numbers are solutions
to f/(x) = 0.
?-9=0=—=2=-30rz=3
(iii) Intervals of concavity and inflection points.

We make a sign chart for f/(x).
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interval test point  sign shape

(—00,—3) f'(—4)=5 @D increasing
(-3,3)  f(0)=-9 © decreasing

(3,00) f/(4)=5 @& increasing

(iv) Sketch of graph.
There is a local maximum at (—3,20) and a local minimum at (3, —16).

Since f is twice-differentiable everywhere, the only second-order critical numbers are solu-

tions to f”(z) = 0.
2 =0=2=0

We make a sign chart for f”(x).

interval test point sign shape

(—00,0) f'(-1)=-2 © concave down

(0,00) ff)y =2 S5 concave up

There is a point of inflection at (0, 2).

—20 }

(b) The derivatives of f are
flle) =3+ 1)(x-3) , f'(z)=6x-1)

(i) Vertical asymptotes and horizontal asymptotes.
Since f is a polynomial, there are no asymptotes.

(ii) Intervals of increase and local extrema.
Since f is differentiable everywhere, the only first-order critical numbers are solutions

to f/(x) = 0.

3z+1)(z—-3)=0=2x=—-1lorx=3
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(iii) Intervals of concavity and inflection points.
We make a sign chart for f/(x).

interval test point sign shape

(—o00,—1) f(-2)=300 @ increasing
(-1,3) f'(0) =308 © decreasing
(3,00) f'(4)=3BD D increasing

(iv) Sketch of graph.

There is a local maximum at (—1,0) and a local minimum at (3, —32).

Since f is twice-differentiable everywhere, the only second-order critical numbers are solu-
tions to f”(z) = 0.
6x—1)=0=zx=1

We make a sign chart for f”(x).

interval  test point  sign shape

(—o0,1) f"(0)=66 © concave down

(I,00)  f"(2)=6D D concave up

There is a point of inflection at (1, —16).

—40

(c) The derivatives of f are

1— 22 _ 2z(z? - 3)

f/(m):m , f@) = @+ 17

(i) Vertical asymptotes and horizontal asymptotes.
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Since f is continuous for all x, there are no vertical asymptotes. Now we have the

following.
1
lim (295 >£ lim <>:0
z—Foo \ x4 + 1 z—doo \ 22

So the only horizontal asymptote is the line y = 0.

(ii) Intervals of increase and local extrema.

Since f is differentiable everywhere, the only first-order critical numbers are solutions
to f/(x) = 0.
1—a?
(1.2 + 1)2
iii) Intervals of concavity and inflection points.
(i) Intervals of ity and inflection point
We make a sign chart for f/(x).

=0=—zx=—-1lorz=1

interval test point  sign shape

(—00,—1) f’(—2):% ©  decreasing

(-1,1) f'(0) = % ®  increasing
(1,00) fl(2) = % ©  decreasing
(iv) Sketch of graph.
There is a local minimum at (—1,—1) and a local maximum at (1, 3).

Since f is twice-differentiable everywhere, the only second-order critical numbers are solu-
tions to f”(z) = 0.

:O:>x:—\/§orx:00rx:\/§

We make a sign chart for f”(x).

interval test point sign shape

D

S ©  concave down

(—o0,—V3) f"(-2) =
(V3,00 f'(-1)=

concave up

0.v3) ()=

8 eff ST

)
©  concave down
(V3,00) f(2) = D

concave up

There are points of inflection at (—+/3, —‘{f’), (0,0), and (v/3, %)
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0.5

—0:5

(d) The derivatives of f are
f'(x) =1-2cos(2z) , f"(z)=4sin(27)

(i) Vertical asymptotes and horizontal asymptotes.

Since f is continuous for all x, there are no vertical asymptotes. Since the domain of
f is bounded, it makes no sense to compute the limit of f as * — 400, so there are
no horizontal asymptotes.

(ii) Intervals of increase and local extrema.

Since f is differentiable everywhere, the only first-order critical numbers are solutions

to f'(z) = 0.
m om 7w 1lm
1-2cos(2z) =0 =z = —, = T -1
cos(2x) =56 g
(iii) Intervals of concavity and inflection points.
We make a sign chart for f/(z).
interval test point sign shape

0, %) flo)=1-2=-1 ©  decreasing
@  increasing
©  decreasing

(Im Umy  p1(37y =1 - (-2)=3 P increasing
o

decreasing

(iv) Sketch of graph.
There are local minima at the points (g, § —

3
2 6
are local maxima at the points (0,0), (%r, %’r + ¥3), and (%, % + ¥3).
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Since f is twice-differentiable everywhere, the only second-order critical numbers are solu-

tions to f”(x) = 0.
T 37

4sin(2z) = =
sin(2r) =0 == 0,2,71',2

We make a sign chart for f”(x).

interval test point sign shape

(0, %) f1(3) = SP) concave up

(3.7) f”(f) =—-4 © concave down

(.25 f"((F)=4 @ concave up
o

concave down

(5.2m) () = —4

There are points of inflection at (%, %), (r,7), and (£, 3T).

8 &

/2 T 37/2 27

(e) The derivatives of f are
18 2(z —3)(z +3) 36
f/(x) =2- 22 = ) ) f”(l’) = 23

(i) Vertical asymptotes and horizontal asymptotes.

Observe that f is continuous on its domain, but is undefined for x = 0. Hence our
candidate vertical asymptote is the line x = 0. Indeed, direct substitution of x = 0
into the term % gives the expression —, which indicates that both one-sided limits
are infinite. We need only perform a sign analysis to determine the sign of infinity.

— = —00

18
lim <1 + 22 + ) = lim
x ()

z—0~ z—0~

<x+2m2+18> 18
€T

Page 301 of



Math 135 §4.3, 4.4 Practice Worksheets

Note that we have used that fact that if x — 07, then x approaches 0 but remains
negative. Similarly, we have

1
lim <1+2z+8> = lim

z—0t x z—0t

<x+2m2+18>__18

x

Hence the line z = 0 is a true vertical asymptote.

As for the horizontal asymptotes we have the following.

18
lim <1+2m+> =1+2(+00) +0==%00
rtoo T

Since neither limit (as either x — —oo or & — o00) is finite, there are no horizontal
asymptotes.
(ii) Intervals of increase and local extrema.
Since f is differentiable on its domain, the only first-order critical numbers are solu-
tions to f'(x) = 0.
2(x —3)(z+3)

2

=0=2=-3,3

(iii) Intervals of concavity and inflection points.

We make a sign chart for f’(x). Recall that since = 0 is not in the domain of f, we
must include z = 0 on our sign chart.

interval test point sign shape
(=00, —3) f/(—4) = 2%@ @  increasing
(=3,0)  f(-1)= 2%@ decreasing

S3)

(0,3 f(1)=22

@

o
©  decreasing
D

-
E

increasing

(3.00)  fi(4) =22

(iv) Sketch of graph.

There is a local maximum at (—3,—11) and a local minimum at (3, 13).

Since f is twice-differentiable on its domain, the only second-order critical numbers are

solutions to f”(z) = 0.

36 .

— = 0 = no solution

x
We make a sign chart for f”(z). Recall that since x = 0 is not in the domain of f, we
must include £ = 0 on our sign chart.

interval test point sign shape

(—00,0) f"(-1)= % ©  concave down

(0,00)  f'(1) = % @  concave up
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(i)

(i)

(iii)

There are no points of inflection.

(f) The derivatives of f are

20

10

—10 -5 5 10

—10 }

/ —4 1" 8
f(l‘):m ; f(x):m

Vertical asymptotes and horizontal asymptotes.

Observe that f is continuous on its domain, but is undefined for x = 4. Hence our
candidate vertical asymptote is the line z = 4. Indeed, direct substitution of x = 4
into the second term of f gives the expression %, which indicates that both one-sided
limits are infinite. We need only perform a sign analysis to determine the sign of

infinity.
im (1-—%) = mm (222) 8-
z—4— 4 —x z—=0- \ 4 —2x 0t

Note that we have used that fact that if x — 47, then 4 — x approaches 0 but remains
positive. Similarly, we have

. T . 4 —2x —8
lim (1-— = lim = — =
r—4+ 4 —x z—0+ 4 —x 0—

Hence the line z = 4 is a true vertical asymptote.

As for the horizontal asymptotes we have the following.

4 —2 -2
lim (1— z ): lim < m>£ lim <>:2
x—Fo00 4 —x x—too \ 4 —x r—+oo \ —1

Hence the only horizontal asymptote is the line y = 2.

Intervals of increase and local extrema.

Since f is differentiable on its domain, the only first-order critical numbers are solu-
tions to f'(z) = 0.
—4

m = 0 = no solution

Intervals of concavity and inflection points.

We make a sign chart for f’(x). Recall that since x = 4 is not in the domain of f, we
must include x = 4 on our sign chart.
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interval  test point sign shape

(—00,4) f’(O):%‘ ©  decreasing

(4,00)  f'(5) = gél ©  decreasing

(iv) Sketch of graph.

There are no local extrema.

Since f is twice-differentiable on its domain, the only second-order critical numbers are

solutions to f”(z) = 0.

L = 0 = no solution
(z—4)3

We make a sign chart for f”(z)
must include = 4 on our sign chart.

. Recall that since x = 4 is not in the domain of f, we

interval  test point sign shape

(—00,4) f”(()):% ©  concave down

5%

(4,00) [f'B5)=%& @ concave up

There are no points of inflection.

10 %

\ ‘ ‘ ‘
-2 2 4 6 8 10
-5
—10
(g) The derivatives of f are
2 2
, 2?16 o —32(a? + 16)
fla) = (23 — 482)2/3 7 fiw) = (23 — 48z)5/3

(i) Vertical asymptotes and horizontal asymptotes.
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Since f is continuous for all real numbers, there are no vertical asymptotes. As for
the horizontal asymptotes, we have

r—Fo0 r—3o00

1/3
lim (23 —482)'/3 = lim (a: (1 - 48) ) =400 (1-0)"3 = +o00

Hence there are no horizontal asymptotes.

(ii) Intervals of increase and local extrema.
First observe that f is not differentiable when 23 — 48z = 0, or at © = —/48,0, v/48.
So these three numbers are first-order critical numbers. We also get first-order critical
numbers as solutions to f’(x) = 0.

x2 —16

mz@ix:—él,él

(iii) Intervals of concavity and inflection points.
We make a sign chart for f/(z).

interval test point  sign  shape
(—o0, —V48)  f/(—7) = % @  increasing
(—V48,-4) f(-5)=2 @ increasing
(—4,0) f'(=3) = % ©  decreasing
(0,4) f'(3) = % ©  decreasing
(4,/483) FG)=2 @ increasing
(Vi8,00)  f()=% @ increasing

(iv) Sketch of graph.
There is a local maximum at (—4,4+/2) and a local minimum at (4, —4+/2).
First observe that f is not twice-differentiable when x® — 482 = 0, or at x = —/48, 0, v/48.
So these three numbers are second-order critical numbers. We also get second-order critical
numbers as solutions to f”(x) = 0.
—32(2? + 16)

W = 0 = no solution
T — T

We make a sign chart for f”(x).
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interval test point sign shape

(—o0, —VAB) fr(-7) ==L © concave up

%

concave down

(~V8,0)  f(-1) = =E2

8>
(0, V/48) (1) = {%@ S, concave up
8>

concave down

(Vi8,00)  f"(7) = =22

There are points of inflection at (—v/48,0), (0,0), and (v/48,0). We have not covered this
in class, but note the following

lim f'(x) =—o00 , lim f'(z)=—o0
z—0~ z—0t
Since the derivative has an infinite limit and it is the same sign of infinity for both one-sided

limits, there is a vertical tangent at x = 0. Similarly, there is a vertical tangent at both
r = —/48 and z = /48 also.

If this were a quiz or exam problem, a graph sketch would not be asked, but the other parts
of this problem are perfectly acceptable problems.

(h) The derivatives of f are

—2x woo o —2(x? +4)
im0 TWsmy

fi(z) =

(i) Vertical asymptotes and horizontal asymptotes.
The domain of f is all z-values such that 4 — 22 > 0; the domain is thus (—2,2).

So there are candidate vertical asymptotes at + = —2 and x = 2. Since x = —2 is
the left endpoint of the domain, it makes sense only to compute the one-sided limit
x— —27.

lim In(4—2?) = lim (In(2—-z)+In(2+42)) =mn4)+ lim In(2+z)

z——21 z——21 r——21
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Now we use the fact that

lim In(z) = —o0
z—0t

Note that as  — —27T, this is the same as 2 + 2 — 07. So now we have

lim In(242z) = lim In(u) = —oc0
z——2% u—07t
This implies that

lim In(4 — 2?) = —c0
r——2F

By a similar calculation, we find that

lim In(4 — 2°%) = —o0
r—2~

(Again, note that since x = 2 is the right endpoint of the domain, it makes sense only
to take the limit # — 27.) Hence the vertical asymptotes are the lines x = —2 and
T =2
Since the domain of f is bounded, it makes no sense to compute the limit of f as
T — 400, so there are no horizontal asymptotes.

(ii) Intervals of increase and local extrema.
Since f is differentiable on its domain, the only first-order critical numbers are solu-

tions to f'(z) = 0.
—2z

4 — 2

=0=2z=0

(iii) Intervals of concavity and inflection points.
We make a sign chart for f/(z).

interval  test point  sign shape

@  increasing

(=2,0)  f(-1)=

S/S%)

0,2)  fi()= ©  decreasing

&)

(iv) Sketch of graph.

There is a local maximum at (0,1n(4)) and no local minimum.

Since f is twice-differentiable on its domain, the only second-order critical numbers are
solutions to f”(x) = 0.
—2(2% 4+ 4)
(27— 4)?

We make a sign chart for f”(z).

= 0 = no solution

interval test point sign shape

(—2,2) f"(0)= % ©  concave down

There are no points of inflection.
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-2

(i) The derivatives of f are
fl(x) =52%(6 —2%) , f"(z)=20z(3 —2?)

(i) Vertical asymptotes and horizontal asymptotes.
Since f is a polynomial, there are no asymptotes.
(ii) Intervals of increase and local extrema.

Since f is differentiable everywhere, the only first-order critical numbers are solutions
to f'(z) = 0.
522(6 —2°) =0=x=0o0rz=—V6 or z = V6

(iii) Intervals of concavity and inflection points.
We make a sign chart for f'(z).

interval test point sign shape

(—00,—V6) f(-3)=B®O © decreasing
(—v6,0)  f(-1)=®® @ increasing
0,V6)  f(1)=®B B increasing

=

decreasing

(iv) Sketch of graph.
There is a local maximum at (\/6, 24\/6) and a local minimum at (—\/6, —24\@).

Since f is twice-differentiable everywhere, the only second-order critical numbers are solu-
tions to f”(z) = 0.

202(3 -2 =0=2=00rz=—V3orz=V3

We make a sign chart for f”(z).
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interval test point sign shape

(=00, —V3) f"(-3)=668 @  concave up
(—v3,0)  f"(-1)=©® © concave down
0,v3)  f'(1)=®d® @  concave up

S

concave down

(V3,00)  f'(3)=DO

There are points of inflection at (—+/3,21+/3), (0,0), and (v/3,21/3).

60 %

40+

20

(j) The derivatives of f are
—3z? 122 (2 — 4)
f,(CU) = =5 > f”(x) ="
(x3 +8) (x3 +8)
(i) Vertical asymptotes and horizontal asymptotes.

Observe that f is continuous on its domain, but is undefined for x = —2. Hence
our candidate vertical asymptote is the line x = —2. Indeed, direct substitution of
x = —2 into f gives the expression %, which indicates that both one-sided limits are

infinite. We need only perform a sign analysis to determine the sign of infinity.
I 1 1

im = — =—-

a——2- \ 23+ 8 0~

Note that we have used that fact that if + — —2~, then 23 + 8 approaches 0 but
remains negative. Similarly, we have

. 1 1

1m = — =
a——2+ \ 23+ 8 0t
Hence the line © = —2 is a true vertical asymptote.
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As for the horizontal asymptotes we have the following.

i ! _ ! =0
x—lgloo 3+8) +oo

Hence the only horizontal asymptote is the line y = 0.
(ii) Intervals of increase and local extrema.

Since f is differentiable on its domain, the only first-order critical numbers are solu-
tions to f'(x) = 0.
—3z?
(a3 + 8)2
(iii) Intervals of concavity and inflection points.
We make a sign chart for f'(x).

=0=z=0

interval test point  sign shape
(00, =2) f'(=3)= % ©  decreasing
(=2,0)  f(-1)= % ©  decreasing

(0,00) (1) = % ©  decreasing

(iv) Sketch of graph.

There are no local extrema.

Since f is twice-differentiable on its domain, the only second-order critical numbers are
solutions to f”(z) = 0.

12z(z® — 4)

_ _ _ 41/3
@ 1 8)° —0=2=0o0rz=4Y

We make a sign chart for f”(x).

interval test point sign shape

(—00,-2) f"(-3)= @ concave down
(=2,0)  f'(-1)=
(0,41/3) f”(l)

(413, 00)  f(2) =

concave up

R df o of

D
©  concave down
D

concave up

There are points of inflection at (0, %) and (4173, L).
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—0.2 |

—0.4 |

(k) The derivatives of f are

;o x2(2z —3) wo « 2x(a? =3z +3)

(i) Vertical asymptotes and horizontal asymptotes.

Observe that f is continuous on its domain, but is undefined for x = 1. Hence our
candidate vertical asymptote is the line z = 1. Indeed, direct substitution of z = 1
into f gives the expression %, which indicates that both one-sided limits are infinite.
We need only perform a sign analysis to determine the sign of infinity.

. x3 1
im = — = -
z—1- \x —1 0—

Note that we have used that fact that if x — 17, then  — 1 approaches 0 but remains
negative. Similarly, we have
I 3 1
1m = — =0
z—1t \z—1 0+

Hence the line x = 1 is a true vertical asymptote.

As for the horizontal asymptotes we have the following.

. 2\ w o 322
lim = lim — | =
z—d+oo \x — 1 z—+o00 1

So there is no horizontal asymptote.

(ii) Intervals of increase and local extrema.

Since f is differentiable on its domain, the only first-order critical numbers are solu-
tions to f’(z) = 0.
2?(2x — 3)
(z — 1)

(iii) Intervals of concavity and inflection points.

3
:0:>m:00rx:§

We make a sign chart for f/(x).
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interval test point sign shape

(—00,0) f’(—l):% ©  decreasing
S,

D

D
D

(0,1)  f(0.5) = S/
(1,1.5)  f'(1.25) = 5 ©  decreasing
D

decreasing

O]

(L5,00) /()=

increasing

(iv) Sketch of graph.

There is a local maximum at (1.5,6.75) and no local minimum.

Since f is twice-differentiable on its domain, the only second-order critical numbers are
solutions to f”(x) = 0.

Note: The quadratic 22 — 3z + 3 has discriminant A = (—3)? — 4(1)(3) = —3 < 0, and so
22 — 3z + 3 = 0 has no solution. Since z? — 3z + 3 passes through the point (0, 3), we see
that 22 — 3z + 3 > 0 for all z. We make a sign chart for f”(z).

interval test point sign shape
(—00,0) f"(-1)= % S5, concave up
0,1)  f"(0.5) = DD o concave down

o
(1l,0)  f"(2) = % ) concave up

There is an inflection point at (0,0).

101
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(1) The derivatives of f are

;o 3(1—a?) yo o 6(2z* — 327 +3)
f(x)_m ’ f (‘T)_ (ZE3*3ZC)3

(i) Vertical asymptotes and horizontal asymptotes.

Observe that f is continuous on its domain, but is undefined if z® — 3z = 0, or for
r=—3, 2 =0, and z = /3. Hence our candidate vertical asymptotes are the lines
r=—+/3,2=0,and z = v/3. Indeed, direct substitution of any of these z-values into
f gives the expression %, which indicates that both one-sided limits for each x-value
are infinite. Hence all three lines © = —/3, x = 0, and = /3 are true vertical
asymptotes.

As for the horizontal asymptotes we have the following,.

. 1 1
xkr:iloo (a;3—3a:> - g =0

Hence the only horizontal asymptote is the line y = 0.

(ii) Intervals of increase and local extrema.

Since f is differentiable on its domain, the only first-order critical numbers are solu-
tions to f’(z) = 0.
3(1 — 2?)

m:0:>$:—10rx:1

(iii) Intervals of concavity and inflection points.

We make a sign chart for f/(x).

interval test point  sign  shape
(—00,~V3) f(-2)=F © decreasing
(—v3,-1)  f'(-1.5) = % ©  decreasing
(-=1,0)  f/(—0.5) = % O increasing
(0,1) F(05)=% ©  increasing
(1,v/3) f(1.5) = % @  decreasing
(V3,00)  f(2)=F O decreasing

(iv) Sketch of graph.

There is a local maximum at (1, —2

1) and a local minimum at (—1,1).

Since f is twice-differentiable on its domain, the only second-order critical numbers are
solutions to f”(z) = 0.

6(2z* — 322 +3)

( 55 )3 = 0 = no solution
3 — 3x
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Note: To solve the equation 2z* — 322 + 3 = 0, we let u = z? and write the equation as
2u? — 3u + 3 = 0. The discriminant of this quadratic is A = (—3)? — 4(2)(3) = —15 < 0,
and so there are no values of u that satisfy the equation, and hence no values of = that
satisfy 22% — 322 + 3 = 0. Since the graph of y = 22 — 322 4 3 passes through (0, 3), we
see that 224 — 322 + 3 > 0 for all . We make a sign chart for f”(x).

interval test point sign shape
(o0, —V3) f"(-2) = % ©  concave down
(—/3,0) f'(-1) = % D concave up
(0,/3) (1) = % ©  concave down
(V3,00) f"(2) = % S5 concave up

There are no inflection points.

WT74. Sketch the graph of a function f that satisfies all of the following conditions.

® €T

f'(x)
f/(x) <0 when z > 5
f2)

2)=0

[ ]
%

>0 when x <2 and when 2 <z <5

() <0 when z < 2 and when 4 <z < 7
f"(x) >0 when 2 < x < 4 and when z > 7

Solution

There are many possible solutions. Here is one.
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WT75. Sketch the graph of a function f that satisfies all of the following conditions.

e the lines y = 1 and = = 3 are asymptotes

e f isincreasing for x < 3 and 3 < z < 5, and f is decreasing elsewhere

the graph of y = f(x) is concave up for x < 3 and for x > 7

the graph of y = f(x) is concave down for 3 <z < 7

f(0) = f(5) =4 and f(7) =2

Solution
There are many possible solutions. Here is one.
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2 4
1 4
-2 -1 1 2 3 4 5 6 7 8 9 10
-1
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§4.5: Optimization Problems

Difficulty guide for this worksheet:

Core or Beyond Core: 76, 77, 78, 79, 80, 81, 84, 85, 86, 88, 89
Advanced: 82, 83, 87
Removed from syllabus: none

WT76. The sum of two numbers is 80. Find the largest possible product.

Solution

We want to maximize P(z,y) = xy subject to the constraint « +y = 80. Hence y = 80 — z, and
we have to maximize the function

P(x) = 2(80 — x) = 80z — z*

on the interval (—oo,00). Since P is differentiable everywhere, the only critical numbers are
solutions to P’(z) = 0.
Pl(z)=80—-2z=0= 2 =40

Now observe that P”(x) = —2, which is negative for all z. This means the graph of P(z) is
concave down on the interval (—oo, 00). Hence = = 40 gives the global maximum of P.
The maximum product is P(40) = 1600.

WT77. The sum of two numbers is 10. Find the smallest possible value for the sum of their squares.

Solution

We want to minimize S(z,y) = x? + y? subject to the constraint x +y = 10. Hence y = 10 — ,
and we have to minimize the function

S(z) = 2? + (10 — 2)?

on the interval (—oo,00). Since S is differentiable everywhere, the only critical numbes are
solutions to S’(z) = 0.

S'(z)=22—-210—2)=0=42r-20=0=2=5

Now observe that S”(x) = 4, which is positive for all z. This means the graph of S(z) is concave
up on the interval (—oo,00). Hence x = 5 gives the global minimum of S.
The minimum sum of squares is S(5) = 50.

WT78. Find the dimensions of the rectangle of largest area that can be inscribed in a semicircle of radius 4,
assuming that one side of the rectangle lies on the diameter of the semicircle.

Solution

Let = be the half-length of the rectangle and let y be the height. Then we want to maximize the
function A(x,y) = 2xy. See the figure below.
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_r r
By Pythagorean theorem, x? + y? = r? (with » = 4), whence y = v/16 — 2. So we want to

maximize the function
Ax) =22/ 16 — 22

on the interval [0, 4]. Since A is differentiable on (0, 4), the only critical numbers are the endpoints
x =0 and z = 4, and solutions to A’(z) = 0.

o —2z ey 32— 4da® _

We now use the closed bounded interval test to verify x = v/8 gives the maximum. Observe that
A(0) = A(4) = 0 and A(v/8) is clearly a positive number. Hence the maximum of A occurs at
z = /8.

The dimensions of the rectangle of maximum area are 2v/8 (length) by /8 (height).

WT79. Find the dimensions of the rectangle of largest area whose lower vertices lie on the z-axis and whose

upper vertices lie on the graph of y = e~

Solution

Let x be the half-length of the rectangle and let y be the height. (This means the upper left
vertex has coordinates (—z,y) and the upper right vertex has coordinates (z,y).) Then we want
to maximize the function A(z,y) = 2xy. Since the upper vertices of the rectangle lie on the given
graph, we must have y = e~*". Hence we want to maximize the function

Ax) = 2ze ™"

on the interval [0,00). Since A is differentiable everywhere, the only critical numbers are the
endpoint = 0 and solutions to A’(xz) = 0.

1
Al(x) = 2$6_x2(—2$) 427 = 26_902(1 2N =0—=1r=——
V2
We will use first derivative test to verify we have found the z-value that gives the maximum.
Note that A’(0) =2 > 0 and A’(1) = —2 < 0. Hence A(x) is increasing on [0, %) and decreasing

on (—=,00). Hence A(z) has a global maximum at x = % on the interval [0, 00).

1
ﬁu
The dimensions of the rectangle of maximum area are v/2 (length) by ﬁ (height).

WB8O0. A farmer is constructing a rectangular fence on a straight river. The side of the rectangle bordering
the river does not need any fencing. If the farmer has 1000 feet of fencing, what is the largest possible
area he may enclose?
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Solution

Let x be the length of the plot perpendicular to the river and let y be the length parallel to the
river. We want to maximize the function A(z,y) = zy. See the figure below.

We must maximize the area subject to the constraint 2z 4+ y = 1000, whence y = 1000 — 2x. So
we want to maximize the function

A(z) = 2(1000 — 2z) = 1000z — 222

on the interval [0,00). Since A is differentiable on (0,00), the only critical numbers are the
endpoint = 0 and solutions to A’(z) = 0.

Al(x) = 1000 — 4z = 0 = z = 250

Now observe that A”(z) = —2, which is negative for all z. Hence = = 250 gives a global maximum
of A(x) on the interval [0, c0).
The maximum possible area is A(250) = 125,000 ft2.

WS8I1. A farmer with 1600 feet of fencing wants to enclose a rectangular area and then divide it into four
equal-area pens with fencing parallel to one side of the rectangle. What is the largest possible area
that a single pen can enclose?

Solution

Let x be the length of each pen (so the length of the entire enclosure is 4z) and let y be the
width of each pen (the widths are parallel to each other, so the width of the entire enclosure is
also y). We want to maximize the function A(z,y) = xy. See the figure below.
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We must maximize the area subject to the constraint 8x + 5y = 1600, whence y =
So we want to maximize the function

(1600 — 8z).

A(z) = - £(1600 — 8z) = £(16002 — 82?)

on the interval [0,200]. (These endpoints correspond, respectively, to the degenerate cases x =0
and y = 0.) Since A is differentiable on (0,200) the only critical numbers are the endpoints x = 0
and z = 200 and solutions to A’(x) = 0.

A'(z) = £(1600 — 162) = 0 => z = 100

We now use the closed bounded interval test to verify = 100 gives the maximum. Observe that
A(0) = A(200) = 0 and A(100) is clearly a positive number. Hence the maximum of A occurs at
z = 100.

The maximum area of a single pen is A(100) = 16,000 ft2.

WR82. A truck is 250 miles east of a sports car and is traveling west at a constant speed of 60 miles per
hour. Meanwhile, the sports car is going north at 80 miles per hour. When will the truck and car be
closest to each other? What is the minimum distance between them?

Solution

We consider a coordinate system in which the sports car is initially at the origin. The truck travels
along the z-axis, whence the coordinates of its position are (z(t),0). We know that z(0) = 250
and % = —60 for all t. Hence z(t) = 250 — 60t. The car travels along the y-axis, whence the

coordinates of its position are (0,y(¢)). We know that y(0) = 0 and % = 80 for all t. Hence
y(t) = 80t. In summary, the coordinates of each vehicle at time ¢ are given by

truck : T = (250 — 60¢,0)
car : C = (0, 80t)

The distance D between the car and truck at time ¢ is thus

D(t) = /(250 — 60t)2 + (80t)2

We want to minimize D(t) on the interval [0, 00). Since D is differentiable everywhere, the only
critical numbers of D are the endpoint ¢ = 0 and solutions to D’(t) = 0.
250 — 60t)(—60) + 2(80¢)(80) 10,000t — 15,000

sy 2( _ _ _
D) = 2/(250 — 60£)2 + (80£)2 /(250 — 60¢)% + (30£)2 V=t=15

We will use first derivative test to verify we have found the ¢t-value that gives the minimum. Note
that D'(0) = % <0and D'(2) = % > 0. Hence D(t) is decreasing on [0,1.5) and increasing on
(1.5,00). Hence D(t) has a global minimum at ¢ = 1.5 on the interval [0, co).

The truck and car are closest to each other 1.5 hours later, and their minimum separation is
D(1.5) = 200 miles.

W83. Suppose we want to construct a rectangular aquarium that must hold a volume of 4000 in®. The
length of the base will be twice the width of the base. The top and bottom bases of the tank cost
$1.50/in2. Each of the sides of the tank costs $3/in?. Find the dimensions (length, width, height) of
the cheapest tank.
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Solution

Let £, w, and h denote the length, width, and height of the aquarium. The cost of the top and
bottom bases is 1.5(2¢w) = 3¢w. The cost of the sides is 3(2¢h + 2wh) = 6h(£ + w). So we want
to minimize the total cost function

C(l,w,h) = 3lw + 6h({ + w)

One constraint is that £ = 2w, and the second constraint is that fwh = 4000. Substituting ¢ = 2w
into the volume constraint and solving for h gives h = %. Now writing £ and A in terms of w
in the cost function shows that we have to minimize the function

36,000
C(w) = 6w? + =
w
on the interval (0, 00). Since C is differentiable on (0, 00), the only critical numbers are solutions
to C'(w) = 0.
36,000
C'(w) = 12w — S =0l=uw= /3000 = 10v/3

Now observe that C"(w) = 12+ %, which is positive for all w in (0, 00). This means the graph
of S(w) is concave up on the interval (0, 00). Hence w = 10+/3 gives the global minimum of C.
The dimensions of the cheapest tank are £ = 20+/3 in. (length), w = 10v/3 in. (width), and

h = 37% in. (height).

W84. The total cost of producing x widgets is
C(x) = 2° 4 92% + 18z + 200

and the selling price per unit is
p(x) = 45 — 222

What is the optimal price? (That is, what price maximizes total profit?)

Solution
The total revenue is R(z) = xp(x) = 45x — 223. Thus the marginal cost and marginal revenue
are

MC(z) = 32% + 18z + 18
MR(z) = 45 — 62>

Profit is maximized when MC = MR.
322 + 18z + 18 = 45 — 622

922 + 182 —27=0
Iz +3)(z—1)=0

The only solution is = 1 (production cannot be negative). Thus the optimal price is p(1) = 43.
(Verification that = 1 gives maximum profit is not required for cost-revenue problems.)
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WB85. Suppose the total cost of producing x units is
C(x) =22 — 1023 — 1822 + 2 + 5

Find the smallest and largest values of marginal cost for 0 < x < 5.

Solution

The marginal cost is
MC(z) = 8z° — 3022 — 36z + 1

To find the local extrema of M C(x), we find the critical numbers of MC(z). Since MC(z) is
a polynomial (and hence differentiable for all x), the only critical numbers are solutions to the
equation MC'(z) = 0.

0=MC'(z) = 242> — 60z — 36 = 122z + 1)(z —3) = 2 =3

The minimum and maximum of MC’(x) on the interval [0, 5] must occur at either = 3 or the
endpoints.

MC(z) = 823 — 302% — 362 4+ 1 = (4o — 15)(22% — 9) — 134

MC(0) =1
MC(3) = —161
MC(5) =71

Hence the minimum marginal cost is —161 and the maximum marginal cost is 71.

WS86. Suppose the total cost of manufacturing x widgets is
C(x) = 32* + 52+ 75

What level of production minimizes the average cost per unit?

Solution

The average cost per unit is
C 75
AC) =S g5 T
x x

To minimize the average cost on the interval (0,00), we find the critical numbers. Since AC(x)
is differentiable on (0, c0), the critical numbers are solutions to AC’(x) = 0.

0:AC'(:E):3—7—§:>1‘:5
x

Now observe that AC"(z) = 13%9 > 0 for all x > 0. Hence the graph of AC(x) is concave up on
(0,00), whence x = 5 gives the global minimum of AC(z).

WR8T7. A tour agency is booking a tour and has 100 people signed up. The price of a ticket is $2000 per
person. The agency has booked a plane seating 150 people at a cost of $125,000. Additional costs
to the agency are incidental fees of $500 per person. For each $10 that the price is lowered, a new
person will sign up. How much should the price be lowered for all participants to maximize the profit
to the tour agency?
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Solution

Let = be the number of people signed up and let p be the price of a ticket. Then p is a linear
function of x (note the phrase “for each” in the problem). We know that p = 2000 if x = 100
and that Az =1 if Ap = —10. This means if we write p(z) = pg + m(x — z¢), we have the point
(zo,p0) = (100,2000) and the slope m = —10. Hence

p(z) = 2000 — 10(z — 100) = 3000 — 10z
The total revenue and total cost for the agency are thus

R(z) = xzp(z) = 30002 — 102>
C(z) = 125000 4 500z

The total profit is maximized when marginal cost is equal to marginal revenue.
MR = MC = 3000 — 20x = 500 = z = 125

Note that we are maximizing the profit on the interval = € [0, 150] since the plane holds at most
150 people. Since x = 125 is in the valid interval, x = 125 gives the maximum profit. (Cost-
revenue problems do not require verification as long as the candidate level of production is in the

valid interval.)
The optimal price is thus p(125) = 3000 — 1250 = 1750. So the price should be lowered by $250.

WB8S8. The total cost of producing x widgets is
C(z) = 23 — 622 + 15z

and the selling price per unit is fixed at p(z) = 6. Show that if you want to set a level of production
to maximize total profit, the best you can do is break even.

Solution
The total revenue from selling x widgets is R(z) = 6x, and so the total profit is

P(z) = R(z) — C(x) = -9z + 62% — 2°
If the profit P has a local maximum at z, then P'(z) = 0.
Pl(z) = -9+ 12z — 32° = —3(z — 1)(z — 3)

Solving P’(z) = 0 shows that the only candidate levels of production for maximum profit are
z =1 and x = 3. Note that P(1) = —4 (so we lose money if produce 1 unit) and P(3) = 0 (so
we break even if we produce 3 units). Since P(x) — —oo as z — oo and P(0) = 0, we see that
the maximum value of P(z) on the interval [0, 00) is 0. So the best we can do is break even.

WB89. The reaction of the body to a dose of medicine can sometimes be represented by an equation of the
form

where C is a positive constant and M is the amount of medicine absorbed in the blood. If the reaction
is a change in blood pressure, R is measure in millimeters of mercury. If the reaction is a change in
temperature, R is measured in degrees, and so on.
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The quantity j—ﬁ is called the sensitivity of the body to the medicine. Find the amount of medicine
to which the body is most sensitive.

Solution
First note that the sensitivity is

dR 1 cC M
= — =M*(-Z)+2M (= —-=)=CM - M?
s = gy =2 (3) 2 (5 - 7) =¢

Our goal is to find the maximum value of S(M). The maximum value must occur at a critical
number, which, since S is differentiable for all M, a solution to the equation S’(M) = 0. Note that
S'(M) = C —2M, and so the only critical number is M = C/2. Observe that S”"(M) = -2 < 0
for all M, and so M = C/2 does, indeed, give a global maximum. The body is most sensitive to
medicine when M = C/2.

Page 324 of



Math 135 §4.6 Practice Worksheets

§4.6: Linear Approximation and Differentials

Difficulty guide for this worksheet:

Core or Beyond Core: 90, 91, 92
Advanced: none

Removed from syllabus: 93

W90. Use a linear approximation to estimate the value of each of the following.
You must express your answer as a single exact rational number.

aeo'l C 1 (§
(&) © 75 (e) V96

(d) (sec (% —0.02)) (f) (5.01)3 —2(5.01) + 3

Solution
(a) Let f(z) = €®. Our goal is to estimate f(0.1) using the tangent line to f(x) at x = 0.
fO)=e"=1
fl(a) =e"
F)=e =1

Hence an equation of the tangent line to f(x) at z =0 is

y=1+z
Substituting x = 0.1 into the tangent line gives the desired approximation.

= f01)=1+01=1.1

(b) Let f(x) =In(z). Our goal is to estimate f(1.04) using the tangent line to f(x) at x = 1.

1

!/
1) =
Hence an equation of the tangent line to f(x) at z =1 is
y=x—1

Substituting = 1.04 into the tangent line gives the desired approximation.

In(1.04) = f(1.04) ~ 0.04
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()

Let f(z) = 2~'/3. Our goal is to estimate f(25) using the tangent line to f(x) at 2 = 27.
1
fr) =211 =2
1
/ _ _ = —4/3
1 1 1 1
M) =—-.27743 = 2. — =
e = 7 3 3t 243

Hence an equation of the tangent line to f(z) at = 27 is

1 1

Yy=3

Substituting x = 25 into the tangent line gives the desired approximation.

1 11 81 2 83
=@~ — (-2 = e e =
7! @) ~5 530" a3 T a3~ 213

Let f(z) = sec(x)?. Our goal is to estimate f (Z — 0.02) using the tangent line to f(x) at

£ (3) =see (1) = (V2)* =2
f(z) = 2sec(x) - sec(x) tan(z) = 2sec(x)? tan(z)
F1(E) = 2sec (2)’tan (F) =2-2-1=4

Hence an equation of the tangent line to f(x) at x = 7 is
=2+4 (95 - %)
Substituting z = 7 — 0.02 into the tangent line gives the desired approximation.
(sec (2 —0.02))% = f (T —0.02) ~ 2 4+ 4(—0.02) = 2 — 0.08 = 1.92
Let f(z) = v/z. Our goal is to estimate f(96) using the tangent line to f(z) at = = 100.

£(100) = V100 = 10

1

/ = —
1 1
/ 1 — _
F) 21100 20

Hence an equation of the tangent line to f(x) at =z = 100 is

10 4 — (2 — 100)

TN

Substituting x = 96 into the tangent line gives the desired approximation.

—4
~1 —100) =1 — .
£(96) 0+ 20(96 00) 0+ 20 =9.8
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xr = b.

f(5)=5>-2.-54+3=118
f'(a) = 32% =2
f'(1)=3-25-2=173

Hence an equation of the tangent line to f(x) at x =5 is

3
3

y =118 4+ 73(x — 5)

£(5.01) ~ 118 + 73(5.01 — 5) = 118.73

(f) Let f(x) = 2% — 22 + 3. Our goal is to estimate f(5.01) using the tangent line to f(x) at

Substituting = 5.01 into the tangent line gives the desired approximation.

WOI1. A manufacturer’s total cost (in dollars) when the level of production is ¢ units is

Clq) =q¢" —2¢* +3¢° — 2

The current level of production is 3 units, and the manufacturer is planning to increase this to 3.01

units. Estimate how the total cost will change as a result.

Solution

The exact change in cost is
AC =(C(3.01) — C(3)

AC = (C(3.01) — C(3) ~ C'(3) - (0.01)
(Alternatively, C'(3.01) is estimated using the tangent line to C(q) at ¢ = 3.)

C'(q) = 5¢" — 64> + 6q
C'(3)=5-3"—6-3°+6-3=1405— 54+ 6 = 369

Hence our estimation of the change in cost is

AC = (369)(0.01) = 3.69

The cost will increase by approximately 3.69 dollars.

But using a linear approximation, this change can be estimated using the marginal cost.

W92, A manufacturer’s total cost (in dollars) when the level of production is ¢ units is
C(q) = 3¢*> + ¢ + 500

(a) What is the exact cost of manufacturing the 41st unit?

(b) Use marginal anaysis to estimate the cost of manufacturing the 41st unit.

Solution
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(a) The exact cost is

AC = C(41) — C(40) = 3 - (412 — 40?) + (41 — 40)
= 3(41 — 40)(41 +40) + 1 =3(81) +1 = 244

dollars.

(b) The exact cost of producing one more unit is estimated using the marginal cost. That is,
AC = C(41) — C(40) ~ C'(40) - 1
(Alternatively, C'(41) is estimated using the tangent line to C(q) at ¢ = 40.)

C'(q) =6q+1
C'(40) = 241

Hence our estimation of the cost of producing the 41st unit is
AC = 241

dollars.

W93. You measure the radius of a sphere to be 6 inches, and then you use your measurement to calculate

the volume of the sphere with the formula V = 4{7'3. If your measurement of the radius is accurate

to within 1%, approximately how accurate (to the nearest percent) is your calculation of the volume?

Solution

Let 79 denote the measured radius and let V{y denote the volume as calculated from the measured
radius. (That is, 7o = 6 and Vp = 4{7‘8’ = 2887 in this problem.) Let » and V denote the exact
radius and volume of the sphere. (So V = 4713.)

Recall that the error between the measured volume and the exact volume is defined as

AV =V -1
If we let f(r) = 4?”7"3, note that this error can be written as
AV = f(r) = f(ro)
Using a linear approximation (i.e., tangent line approximation), this error is estimated as
AV =~ f'(rg)Ar

where we have defined Ar = r — rg, which is the error in the radius. Calculating the derivative
gives
AV =~ dnrg Ar

We are interested in the relative error in the volume, which is %. So dividing our approximation

by V gives the following.
AV N 47TT8AT‘ B 47TT'8AT‘ AT
R 7

Observe that % is the relative error in the radius (which is 1% for this problem). Hence we have
found that the relative error in the volume is about 3 times as large as the relative error in the
radius. So the relative error in the volume is about 3%.

Page 328 of



Math 135 §4.7 Practice Worksheets

§4.7: L’Hopital’s Rule

Difficulty guide for this worksheet:

Core or Beyond Core: 94 (all parts except e, g, k, m, and p)
Advanced: 94e, 94g, 94k, 94m, 94p
Removed from syllabus: mnone

W94. For each part, calculate the limit or show that it does not exist. Show all work.
If you use L’Hospital’s Rule, you must justify its use.

(a) lim <62x—1—2x—2x2> (0) lim (WT_z)

20 23 lim | 5=

o) 1 (57) 0 i (VEFTz—a)
’ — : 1 1

(c) Ly <i4 - i) 1) lim <Sm(x) - x)
@ b (553) )t ()
@ tm (153) @ 5 ()
@) 1, (30 © Jm (5res)
(; i%f(grtl?ggir?(x)) (p) lim (1 — s—i;(2;p))1/ tan(3z)
) g, 7 i) @ i (%50)

0t (g () lim ((x—3) tan())

z—7/2

Solution
Recall that L’Hospital’s Rule (LR) can be used only for indeterminate quotients of the form
% or 2. With some algebra, we can transform indeterminate products (0 - o0), indeterminate

exponents (1°°, 0°, or oc”), and indeterminate differences (0o — oo or —oo+00) into indeterminate
differences. We must justify use of LR by verifying which indeterminate form we have at each
step. This verification will be shown at each step.

In all of the work below, the notation «Z» Wil denote that LR has been used in that step.
Consider the following expressions.

g, oo = i, (72 £ i (755) = i, (-1 =0

T—
0-(—o0) —_——

0
0

Note that the indeterminate form is noted at each step. LR is used in the second step only; all
other steps follow from algebra or computing simple limits.
Note that not every problem will use L’Hospital’s Rule.
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(a) Standard applications of LR.

. e —1 -2z —222\ g . 2% — 2 —Ax\ H .. 4e2r — 4
lim =lm|—————— | =lm [ —
z—0 [,U3 z—0 3$2 z—0 6x

o

olo

(b) Factor and cancel.

(c¢) Direct substitution.

(d) Standard application of LR.

) r—1\ g .. 1
lim = lim (=) =1
z—oo \ x + 2 z—o0o \ 1

(e) We use the result of part (d) to determine the indeterminate form.

) x—1\"
lim =L
z—oo \ x + 2

—_——

100

Now consider In(L).

In(L) = lim (mln ($+1>> ~ lim @

T—y00 x+3 T—00 l/aj
oco-0 N———
0
0
242 (z+2)-1—(z—1)-1
T 200 —1/:52 2500 (x—l)(a?—i—Q)
= lim aj =3 = lim -3
I G () AN (Y ey
-3
e ——— _3
1-0)(1+0)

Since In(L) = —3, it follows that L = e 3.
(f) Simplify and cancel. (LR is applicable, but you will get caught in an endless loop.)

2 () = 2 (s ) =23 () =
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(g) Write the product as a quotient, then use LR.

lim (sin(2z)In(z)) = lim ( o) > = lim (-2cax1/x )

a0t e —— 2 20+ \ csc(2x) z—0+ 2x) cot(2x)
0-(—00) ~

oo

— lim <—$n@x>wmﬂ2@>::—l-020

2x
(h) LR is not applicable here.

lim (z7*In(z)) = (+00)(—00) = —00

z—0t

(i) Find a common denominator and fully simplify. No need for LR.

4 -2
lim L — 4 = lim Vot 2 — = lim Vo
z—4 \/>—2 xr—4 T—4 x—4 xr—4 T—4 xr—4

e ((x—;(_fiw)) e <ﬁ1+ 2)
ZQizzi

(j) Standard application of LR.

ot L 1
lim (:H_Q> H 11%( PNES] ) _ : 1
z— .

=3\ 23 — 72 —6

x2 2
—_—
0
0
~ lim _sin(z) 3cos(z) _ 1. 3.1 3
z—0 T 2 2 2

Since In(L) = —3, it follows that L = e 32,
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(1) Factor out dominant terms. (LR is applicable, but you will get caught in an endless loop.)

. < x > 5 x i z 1
m | ——|=llm | —F/—m————— | = llm | — —/——
T—00 \/m T—00 22 (3 + %) T=00 ‘:C| 3+ %
T x
1 1
= lim = lim |1
1 1
=1- =

(m) Factor out dominant terms. (LR is applicable, but you will get caught in an endless loop.)
I et —e * oy e 1—e Y 1—e 2 _1 1—0_1
mlanc}o et + e ® —xlﬁ\rgo 67 14 e 22 —:chgo 14+e22 ) 1+0

(n) First determine the indeterminate exponent.

lim (1 — sin(22))Y/ 400G .= [,

z—0

1£o0

Now consider In(L).

In(L) = lim (cot(3z) - In (1 — sin(2z))) = lim

<ln(1 - sin(2x)))

0 20 tan(3x)
+00-0
%
g e (C2es@)) g (-2) 2
T 250 3sec(3z)2 31 3

Since In(L) = —2, it follows that L = e 213,
(o) Standard application of LR.

. < zsin(z) ) o (xcos(ac) —i—sin(m)) . (

z—0 \ 1 — cos(x) 2—0 sin(x) z—0

: 1]=1-141=2
Sn (@) cos(z) + > +

olo
olo

(p) Write the product as a quotient, then use LR.

lim ((z - %) tan(x)) = lim (M)Smm>

x—7/2 2v x—7/2 COS(%)
0-(F+o00)
0
0
Ho (z—3%) cos..(:r) + sin(x) _0-0+1 1
T—7/2 — sin(x) -1
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§4.9: Antiderivatives

Difficulty guide for this worksheet:

Core or Beyond Core: 95, 96, 97
Advanced: none
Removed from syllabus: none

W95. Find each of the following antiderivatives.

(a) / 6054(9) 9 (e) / (8617 — /1) dt

(b) /(4 — 92 +2%) dx
(c) /(1269” + sin(x)) dz

33 — 6yt — 2
[renta

(f)

(d) /(Gy—y3)2dy (g) /(1 - i) <2+ j&) du

Solution
(a) Use trigonometric derivative rules backwards.

/cos(@) do — sin(0) LC

(b) Use power rule backwards.

1
/(4—9x+x2)dx:4:r—Zm2+3x3—|—0

(¢) Use exponential and trigonometric derivative rules backwards.

/ (126" + sin(z)) dz = 12¢” — cos(z) + C

(d) Expand the integrand, then antidifferentiate.
12
/(Gy —y*) dy = / (36y% — 12y + 45) dy = 12> — €y5 "

(e) Use power rule backwards.

/(86t7 —Vt)dt = %tB — Zt4/3 +C

(f) Write the integrand as a sum of power functions then antidifferentiate.

3t — 6yt —?
/t\/tdt:/<3t2—6t_1/z—9t_2> dt = 13 — 12¢1/2

17
—y'+C
T
+9t7t+C
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(g) Expand the integrand, then antidifferentiate.

/<1 - i) <2+ %) du = / (2+3u_1/2 ~ oy —3u_3/2) du

= 2u+ 6u'/? — 2In(|u]) + 6u"2 + C

W96. The marginal revenue of a certain commodity is
MR(z) = —92° + 242 + 48

Find the price that maximizes total revenue. (Assume that R(0) = 0.)

Solution
Revenue is maximized when M R(z) = 0 (since M R(z) = R/(x)).

0=MR(zx)=-908z+4)(z—4) =z =4

So revenue is maximized when x = 4. To find the price, we first need to find the total revenue,
which we obtain by antidifferentiation.

R(z) = /MR(:E) dr = / (=922 4 24z + 48) dx = —32> + 122° + 48z + C

Since R(0) = 0, we find that C' = 0. So the total revenue is
R(z) = =323 + 1222 + 482
Since revenue is generally R(z) = zp(z), it follows that the price is

R(z)

p(z) = = —32% + 122 + 48

Hence the price that maximizes the revenue is p(4) = 48.

W97. A particle moves along the x-axis in such a way that its acceleration at time ¢ > 0 is

1

The particle’s velocity at time ¢ = 2 is v(2) = 5.5. What is the net distance the particle travels
between the times t = 3 and t = 67

Solution
First we find the particle’s velocity by anti-differentiating a(t).

o(t) = /a(t)dt—/(l —t?)dt=t+t"'+C
Now we find the value of C' by using the fact that v(2) = 5.5.

1
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Hence the velocity of the particle is
1
v(t) =t+ +3

Now we find the position of the particle by anti-differentiating v(t).

x(t):/v(t)dt:/<t+1—l—3> dt:%t2+1n(|t|)+3t+0

The value of C' is not needed since we are only interested in a difference of position. The net
distance traveled between ¢t = 3 and ¢t = 6 is

Az = z(6) — z(3)

= <;~36+ln(6)+18—|—0) - (;-9+ln(3)+9+0)

= 22,5+ 1In(2)
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2.5 Chapter 5: Integration
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§5.1, 5.2: Introduction to the Integral

Difficulty guide for this worksheet:

Core or Beyond Core: 99, 100
Advanced: none
Removed from syllabus: 98

W98. For each part, first sketch the region under the graph of y = f(z) on the given interval. Then
approximate the area of each region by using a Riemann sum with right endpoints and the indicated
number of rectangles.

(a) f(z) = $i4 on [0,2] for n =4 (b) f(z) =+vV3+2x2o0n [l1,4] forn =26

Solution
(a) The width of each rectangle is Az = % = 0.5. The approximate area is calculated below.

Rectangle # Width Right endpoint  Height  Area

(z-value) (y-value)
1 0.5 0.5 1/45  1/9
2 0.5 1 1/5 1/10
3 0.5 1.5 1/55  1/11
4 0.5 2 /6 1/12

The total approximate area is
1 1 1 1

A= — 4=+ —
9+10+11+12

(b) The width of each rectangle is Ax = % = 0.5. The approximate area is calculated below.

Rectangle # Width Right endpoint  Height Area
(z-value) (y-value)
1 0.5 1.5 Vv5.25  0.5v5.25
2 0.5 2 VT 0.5V/7
3 0.5 2.5 V9.25  0.5v9.25
4 0.5 3 V12 0.5v/12
5 0.5 3.5 V15.25  0.5v15.25
6 0.5 4 V19 0.5v/19

The total approximate area is

A=05- (\/5.25 VT 41925 + V12 + V15.25 + \/ﬁ)

W99. Use geometry to calculate each integral.
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9
(a) / (27 — 3z) dx

-1

(b) / " 34 15) do

-2

12
(c) /0 (2x — 10) dx

5
(@) /3<\xr 1) da

0
e) / V16 — 22 dx
—4

f) /210 V64 — (x —10)2 dx

W100. Use the graph below to calculate the following integrals. Write your answer in terms of a, b, and c,

if necessary. If there is not information to calculate the integral, explain why.

vy = flx)
}

E
) 6 ] C

VA

o\o

0

Vv

\f )| da
Q\f )+ 3/(
f

(x)) dx
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§5.3: Fundamental Theorem of Calculus

Difficulty guide for this worksheet:

Core or Beyond Core: 101 (all parts except j), 102 (all parts except b and ¢), 103, 104

Advanced: 101j
Removed from syllabus: 102b, 102c

W101. Evaluate each of the following integrals.

5 9 w/2
@ [ (-8 @ [ Ve -arna w [ e
_3 0 o
10
a
’ © [ o 2
(b) / V2 da 2 (i) ‘ / sin(z) da
: (f) V16 — 22 dx o
—4
In(8) 5 /2
© [ seds @ [ @o-lahds Q) [ lsinta)] do
—1In(3) -2 -7
Solution
(a) Use FTC part 1.
5
/3 (—8)dz = (~8a)[" 5 = (—40) — (24) = —64
(b) Use FTC part 1.
36 36 9 36
V2zx dx :/ \/ixl/zdx =2 Zg3/2
4 4 3 4
= (m.216> _ (mgg) — 4162
3 3 3
(c) Use FTC part 1.
In(8) 115
T dr = 5e*|™®) —(5.8)— (5.1) = =2
/_1n(3)5€ do = 5e"| ) g =(5-8) — (5-3) = 3
(d) Use FTC part 1.
9 9
/ \/5(3:2—:1:+1)d:6:/ (335/2 —:c3/2+3:1/2) dx
0 0
(2722 50 2 5[
= (73; 5:c + 31: .
2 2 2 19,098
= 7.37_7.35 ,,33 — 0= )
(7 570 T3 ) 35
(e) Use FTC part 1.
10
/ %dm = aln(|z])|s’ = aIn(10) — aIn(9) = aln <190>
9
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(f) The integral represents the area under the curve y = /16 — 22 and above the interval
[—4,4] on the z-axis. This region is a half-disc centered at the origin with radius r = 4.
Therefore the area (and the integral) is

4 1
/ V16— a2de = —m-4* =8r
4 2
(g) First we write the integrand y = 2z — |z| as a piecewise function.
20 — |2 = 20 —(—z) , <0 )| [ 3z , <0
o 2r — x , x>0 |l x , >0

Now we split the integral into two separate integrals.

5 0 5 .
/_Z(Zx—|x|)d:c:/_2(2x—|x\)dx+/0 2z — |z|)d / 3$dﬂ$+/0xdx
— <%x2|22> + <%$2‘2> —(0-3(=2)?) + (352 —0) = 2

(h) Use FTC part 1.

w/2
/ sin(z) de = — cos(:z:)|7i/7r2 =—cos (%) —(—cos(m)) =0—-1=-1

w/2
/ sin(z) dzx

(j) Let f(x) = sin(z). Note that in the interval [—m, Z], we have that f(z) =0 when z = —7
and x = 0. Sign analysis of f shows the followmg

(i) Use the previous part.

=|-1=1

Interval Test point Sign of f

(—=m,0) sin(—3)=—1 S,
0,%) sin(}) = % P

Hence we may write the integrand y = |sin(z)| as the following piecewise function.
. —sin(z) , —7<z<0
sin(z)| = .
| sin()| { sin(z) , 0<z<73
Now we split the integral into two separate integrals.

/W/2 | sin(z)| dz = /0 (—sin(z)) dr + /OW/2 sin(z) de

—Tr —Tr

= (cos(w)\gﬂ) + (—Cos(x)]g/2>
= (cos(0) — cos(—m)) + (— cos (%) - (- cos(O)))
— (- (1) +(0—(-1) =3

‘W102. Find the derivative of each function.
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_ T - 41 * Sln(aﬁ)
) Fla)= [ @ Fo= [ g,
0 T
(b) F(u) = / ln(“ﬁ;_ 4 d (d) F(z)= /_ Yw(w? — 2w+ 5) dw
Solution
(a) Use FTC part 2. L
foy ot —at+1
i

(b) First switch the limits of integration and use integral identities.

P = - [ D08,

ey

Now use FTC part 2.

1 4
P (R
e
(c) Use FTC part 2 and chain rule.
, sin(t?)
F'(t) = > 2t

(d) Use FTC part 2.

W103. Let f(z) be the function below.

A — 2% |, <2

fz) =
8
— , T>2
x
(a) Show that f is continuous on the interval [—1,4].
4

(b) Draw a sketch of a region whose area is given by the integral / f(z)dz.
-1

4
(c) Evaluate the integral/ f(x) dx.
-1

Solution

(a) Each “piece” of f(x) is continuous on the respective domain. Hence the only point of
possible discontinuity is * = 2. Now observe that

lim f(z) = lim (40 —2*) =8 —-4=4

r—2~ r—2~
8 8
I —lim (2)=2=4

J(2) = (da - 2%)|,_, =4

Since these three numbers are all equal, f(x) is continuous at z = 2.

(b) Graph each piece separately.
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(c) Since the definition of f(x) changes at x = 2, we split the integral into two separate

integrals.
/f dm—/ f(z da;—i-/f d:c—/(4x—$2)dx+/24ida:

(22° :63)\_1+ n(|z[)[5
— ((8 — %) —(2+1)) + (8In(4) — 8In(2)) = 3+ 81In(2)

W104. The graph of the function f is given below. The graph consists of line segments and a semicircle.

2 &

16

Define g(x / f(t)

(a) Where is g increasing?

(b) At what z-values does g have a local extremum in (0,8)? Classify each as either a local
maximum or a local minimum.

@)

~ o~
o,
— —_

Where is the graph of g concave down?
At what z-values does g have an inflection point?
Evaluate ¢(8).

Is the statement “g(4) > g(2)” true or false? Explain your answer?

—

Solution

Note that the graph given is that of y = f(x), not y = g(x). When we analyze g(x) we will need
its derivatives. So observe that by the FTC part 2, we have
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So asking questions about ¢'(z) is equivalent to asking the same questions of f(z).

(a) The first-order critical numbers are where ¢'(x) = f(x) does not exist (nowhere) or ¢'(z) =
f(z) =0 (x =2,4,6). Now we make a sign chart for ¢’ = f.

interval  test point  sign shape of g

0,2) ¢ (1)=f(1) €D increasing

(2,4) J¢B)=f(B) © decreasing
(4,6) ¢ (5B)=f(5) D increasing
(6,8) ¢(7)=f(7) D increasing

Hence g is increasing on (0,2) and (4, 8).
(b) The sign chart in part (a) shows that g has a local minimum at x = 4 and a local maximum
at z = 2.

(c¢) The second-order critical numbers are where ¢”(z) = f'(x) does not exist (z = 2,3,4,6) or
g"(z) = f'(z) =0 (z = 5). Now we make a sign chart for ¢” = f’. (Recall that f’ is the
slope of the given graph.)

interval test point sign shape of g

0,2) J"(1) = f'(1) ©  concave down

concave down

(2,3)  ¢"(2.5) = f'(2.5)
(3,4)  ¢"(35) =f'(3.5)

concave up

(4,5) g"(4.5) = f'(4.5)

concave up

(5,6)  ¢"(5.5) = f'(5.5)

concave down

& O & & O

(6,8) ¢"(N=r(N=®

concave up

Hence g is concave down on (0,3) and (5,6).

(d) The sign chart in part (c) shows that ¢ has inflection points at x = 3, z = 5, and = = 6.

3

(e) The number ¢(8) is the area “under” the graph of y = f(x) and over the interval [0, 8].
This region consists of three triangles and a half-disc. Area above the z-axis is positive
and area below the z-axis is negative.

1

1 1 1 -
) ==-.2.1—-2.29.24+-7.1242.2.9=1+ =
9(8) =3 2 tom Ty T3

(f) The statement is false. The sign chart in part (a) shows that g is decreasing on the interval
(2,4). Hence g(4) < g(2).
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§5.5: Substitution Rule

Difficulty guide for this worksheet:

Core or Beyond Core: 105 (all parts except d), 106 (all parts except f), 107 (all parts except b)
Advanced: 105d, 106f, 107b

Removed from syllabus: none

W105. Find the following antiderivatives.

(a) /(5x_7)14dx (c) /COS(4—$)d$ (e) /ﬂfln(x)lln(ln(x)) dx
23
(b) /Mdlﬁ (d) /am/2a:+1d:v () /de

Solution
(a) Substitute u = 5z — 7.

u=>bxr—7
du = 5dx
du
dr = —
Ty
/(53: — N de = / 1u14 du = iul‘r’ +C = i(5x - +C
5 75 75
(b) Substitute u = 9 — 2*.
u=9— 2
du = —4z3 dx
du
dr = g

g;3 x?) du 1 1 1 o 1
[t o (o) e o e

(c) Substitute u =4 — z.

u=4—x
du = —dzx
dr = —du

/cos(4 —z)dx = / (—cos(u)) du) = —sin(u) + C = —sin(4 —z) + C

(d) Substitute u = 2z + 1.
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u=2r+1
. u—1
2
du =2dz
dr = d—u
2
xV2x + ldx = T\/ﬁ?: Z(U —u'?)du
L2502 230 _1 52 _ 1 3/2
—4(5u U +C—10(2x+1) 6(2:U+1) +C

(e) Substitute u = In(z).

1

]/.xln(x)

o
uln(u)

/

(f) Substitute u = /w + 7.

1
— _dw=

Vu(Vw +7)

/

In(In(x)) d

Now make a second substitution of w = In(u).

/

u:/l-udw:/1dw:1n|w\+C':ln\ln(u)|+C:ln|ln(ln(x))\+0
uw w

1

Vwu

u = In(x)
1

du = — dx
x

drz =z du

1
T = / ——xdu = / 1 du
zuln(u) uln(u)

w = In(u)
1

dw = — du
U

du = udw

u=\w+T
1
dw = 2v/w du

2
-2\/wdu—/du—21nu\+C’—2ln‘\/w+7‘+C
u

W106. Calculate the following integrals.
52

1
(a)/o 33 +2 "

o [ //3

tan(36) do

2 ¢ In(z)
© [ (@ Pda @ [0,
0 1 T
1 boog
—_ f d
l—i—e—tdt ()/121:—9 v

@ [ "
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Solution
(a) Substitute u = 323 + 2

u=37"+2
du = 922dy |[|2=0=u=2
du r=1=u=5
dr = —
922
1 51172 5 51,2 du 5 51 5 5 5
sgigdr=[ —— 5= [ odu=gl — 2(In(5) — In(2
/0 3$3 +2 v /2 u 91’2 /2 Ju u 9 Il(’LL) 9 9( 11(5) 1’1( ))
(b) Substitute u = cos(36) and write tan(36) = i;‘;(éz))
u = cos(360) - 1
du=—3sin(30)a0 ||’ = 1 U5
du U
= 0=_-=u=-1
a6 —3sin(36) 3
/3 1 . _1
/ tan(30) df = / sin(36) . du = / <_1 : 1) du
—m/4 —1/v2 U —3sin(30) “1va\ 3w
-1
= _1 In |ul — _1 (ln(l) . 111(1/\/5)) _ _ln(2)
,1/\@ 3

(c) First expand the integrand.

2 2
/ (3% — e73%) 2 dx = / (663” -2+ 6_63”) dx
0 0

Observe the following simple antiderivatives.

6636 8—696
/66mdl‘:6+0 , /e‘ﬁmda::— 5 +C

(These antiderivatives can be determined by inspection or by substitution of u = 6z or
u = —6x.) So now we have the following.

(d) First rewrite the integrand using algebra.

1 et

14+et  et+1

Now substitute u = e + 1.
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u=c¢e +1
du = e dt t=0=u=
du t=In2) = u=
e
In(2) .t . 3ot du 31d | | |
[ e [ 5= [ L du= mwl} = 1) - )
(e) Substitute u = In(z).
u = In(z)
1 r=1=u=0
du= —dx 3
x r=e = u=3
dr =z du
3
e ] 3 3 3
/ n<$)da:=/ u‘xdu:/udu=u2 Zg
1z 0z 0 0o 2
(f) Substitute u = 2z — 9.
u=2r—9
ut9=2r ol u=-11
du = 2dz r=1=u=-7
du
de = —
T
1 2 -7 —71 1 =7
/ ;13 d:x:/ u+9.du:/ = lJrg du= - (u+9ln|u|)
-1 2r—9 11 u 2 11 2 u 2 11
1 1 9 7
—2(—7—1—91n(7))—2(—11+91n(11))—2+21n<11>

W107. Find the area of the region under

(a) y=tvt>+ 9 on [0,4]

() y=z(z—3)/3 on [3,11]

the given curve.

(¢) y = sin(2z)? cos(2z) on [0, Z]
NG

(d) y on [1,9]

Solution
(a) Substitute u =2 + 9.

u=t>+9
du=2tdt |[t=0=—=u=9
du t=4=—y=25
dt = —
ot
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4 25 du
A:/ t\/t2+9dt:/ t\/ag:
0 9

25 25
— du = = =_—(125-27) = —
; F¥ du= zu . 3( 5—27) 3
(b) Substitute u =z — 3.
u=x—3
r=3=—=u=020
zu + 3
z=11=—u=28
du = dx

11 8 8
A:/ x(af—?’)l/gdfv:/ (u+3)u1/3du:/ (u*? + 3ul/?) du
3 0 0

3 73,9 43 *
<7u +4u

(c) Substitute u = sin(2z).

3 9
=2.128 + = -~
7 8+4 7

u = sin(2x)

du = 2 cos(2z) dx r=0=u=0

d T =
dzx Y

~ 2cos(22)

/4 1 d 11
A= / sin(2z)? cos(2z) dx = / u? cos(2z) - - / ’
0 0 0

2 cos(2z)

(d) Substitute u = /x.

U=+
1 =1l=u=1
du = ——=dx o “
2\/5 r=9=—u=3
dr = 2v/z du

A /geﬁd /36“ 20z d /32%1 2¢u[3 = 2¢3 — 2
= xr = —a rau = e u = ze€ = Z€e — Ze
1 VT 1 VT !

1
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Unit #2 Review: Limits and Continuity (2.1 — 2.6, 3.5)

Difficulty guide for this worksheet:

Core or Beyond Core: 108, 109, 110, 111, 112, 113, 114
Advanced: none

Removed from syllabus: none

W108. For each part, calculate the limit or show that it does not exist.

. sin(bx) . 22+ 3z +2 _ 1 1
(2) limy < p C°S<4””)> (b) Jim, <x2+xz> (c) lim <x e x>
Solution

sin(az) =1 for any a # 0. Hence we have

(a) Recall that lim

z—0 ax
) sin(5x) ) 5 sin(5z) 5 5
| —_— 4 =1 - . 4 =—--1-1=—2
e < P :”)) 250 (3 5p st | =3 3
(b) Cancel common factors, and then use direct substitution.
2
. x4+ 3z + 2 . (x+2)(x+1) . x+1 -2+1 1
lim (———— )= lim ([ ——————) = lim = =_
a——2\ 22+ —2 a——2\ (z+2)(x—1) a——2\z—1 -2—-1 3
(¢) Find a common denominator, cancel common factors, and then use direct substitution.
. 1 1 ) r+1-1 , 1 1
lim | — — =lim | ——— ] =lim = =1
=0 \x 2?2+ =0\ 2247 =0 \x+1 0+1

W109. The graph of f(z) is given below. Find all values of x in the interval (—4,4) for which f is not

continuous.
4 .
°
VAR
4 \2 .ﬁ | \4

91

-4
Solution
The function f(z) is discontinuous at x = =3, x = —1, x = 1, and = = 2.
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W110. Find the values of the constants a and b that make f continuous at x = 9.
sin(2rx) —2azx , <9
b , =29
z—9
VI —3 ’
You must use proper calculus and notation to give a complete and clear justification for

your answer.

fz) =

z>9

Solution
If f is to be continuous at x = 9, then the left-limit, right-limit, and function value must all be

equal at x = 9. So we first calculate each of these values.

lim f(z)= lim (sin(27z) — 2az) = sin(187) — 18a = —18a

r—9~ rz—9~
lim f(z)= lim 79 ) L gim (Vz+3)=6
z—9t z—9t f—S r—9t

f9) =

These three values must be equal, so that —18a = 6 = b, whence a = —1/3 and b = 6.

2e* — 5
W111. Find the equation of each horizontal asymptote of f(z) = 3€$ T Write “NONE” as your answer
e

if appropriate.

Solution
We calculate the limits of f at infinity. For the limit £ — oo, we have the indeterminate form

=, so we use L’Hopital’s Rule.

. 2¢* —5\ g .. 2e” 2
lim = lim [ =— ) ==
z—oo \ 3eT + 2 z—o00 \ 3e%* 3

For the limit x — —oo recall that e — 0, and so

i 2e* — 5 0-5 5
lim = =—=
z——oo \ 3e¥ + 2 042 2

So the two horizontal asymptotes of f(x) are y =2/3 and y = —5/2.

2
—2
W112. Find all vertical asymptotes of f(x) = %33_1_3 Justify your answer. At each vertical asymptote,
x? —Adx

also calculate the corresponding one-sided limits.

Solution

Since f(z) is a rational function, it is continuous on its domain, and so a vertical asymptote can
occur only where the denominator vanishes. Solving 2 — 4z + 3 = (x — 1)(z — 3) = 0, we find
that a vertical asymptote can occur only at z = 1 or x = 3. Now we check each of these z-values

individually.
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For x = 1, we observe the following:

lim f(z) = lim (MM> = lim <$+2> _ 3

z—1 z—1 (:c — 1)($ — 3) z—=1\x —3 2

Since this limit is not infinite, there is no vertical asymptote at x = 1.

For x # 1, we have already observed that we may write

T+ 2
xTr) =
For x = 3 in particular, we see that direct substitution gives the (undefined) expression “%H, a

nonzero number divided by zero. Hence both the left- and right-limit at x = 3 are infinite, and
so x = 3 is a true vertical asymptote. As for those one-sided limits, we observe that if x — 3,
then (z 4+ 2) — 5, and so the numerator of f(x) remains positive. However, the denominator
(x — 3) remains negative if z — 3~ and remains positive if x — 37. In summary,

2
Jim (o) = i (52) = Boo— o0
) ) x+2 D

W113. For what values of a and b is the following function continuous for all z?

ax + 2b , x <0
gz)={ 224+3a—-b , 0<x<2
3x —5 , x> 2

Solution
Any values of a and b make each individual piece continuous for all real numbers. Hence we need
only force continuity at x = 0 and x = 2. For « = 0, we have:

lim f(z)= lim (ax + 2b) = 2b

z—0~ z—0~
li = lim (z*+3a—b)=3a—b
g S 0) = Jig (o da = by = S
F(0) = 2b
Hence we must have 2b = 3a — b (equivalently, a = b) to have continuity at z = 0. For x = 2, we

have:

lim f(z) = lim (2°4+3a—b)=4+3a—b

r—2~ r—2~
li = lim 3z —-5)=1
Jip, S(@) =l (3 =)

f(2)=4+3a—b

Hence we must have 4 + 3a — b = 1 to have continuity at x = 2. We already have that a = b,
and so our condition for continuity at = 2 becomes 4 + 2a = 1, or a = —3/2. Hence for g to be
continuous for all z, we must have a = b = —3/2.
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W1l4. Let f(z) = 216 3
— €

(a) Find all horizontal asymptotes of f, if any.

(b) Find all vertical asymptotes of f. Then at each vertical asymptote, find both corresponding
one-sided limits.

Solution
(a) Recall that e* — 0 as © — —o00. So we have the following.

im <2e +3> _0+3 _ 4

a—oo\ 1—e* ) 1-0

Recall that e — 0o as x — 00. So we have the following.

T2 - 2 - 2
lim f(z) = lim <e'+36>:lim< 3¢ >— +0 -2

T—00 r—=oo \er e T —1 e -1 C0—-1

Hence the horizontal asymptotes are the lines y = —2 and y = 3.

(b) Candidate vertical asymptotes occur at z-values where 1—e” = 0. Hence the only candidate
vertical asymptote is the line z = 0. (In the following work, we verify that = = 0 really is
a vertical asymptote.)

Note that if  is a small negative number (i.e., x — 07), then e is slightly less than 1, and
so 1 — e” is slightly positive. Hence we have

, <2e$ + 3) 5
lim = — =400
z—0- \ 1 —e”

Simlarly, if z is a small positive number (i.e., z — 07), then e” is slightly greater than 1,
and so 1 — e” is slightly negative. Hence we have

, 2e* + 3 )
lim = —=-
z—0+t \ 1 —e* 0~

Page 353 of



Math 135 Unit #3 Review Practice Worksheets

Unit #3 Review: Derivatives and Tangent Lines (3.1 — 3.9)

Difficulty guide for this worksheet:

Core or Beyond Core: 115, 116, 117, 118, 119, 120, 121, 123a, 124, 125, 126, 127
Advanced: 122, 123b
Removed from syllabus: none

W115. For each part, calculate f’(x). Do not simplify your answer after computing the derivative.

@ 1) = -0 (©) F(@) = VIn(@® T ) T zoin(22)
T — seclx el/x

(b) f(x) = cos (e%%) @) @)= 55

Solution

(a) Use quotient rule.

™ —8Secx secZ:z: — (tanx ){ —secx tan x
(=) ( )(sec”x) — (tanz)( tan z)

(m —secx)?
(b) Use the chain rule twice.
fl(z) = —sin(e7") - e . (=3)

(c) Use chain rule first on the outermost square root function. Then use chain rule and product
rule to compute the derivative of the inner function.

2z

fi(x) = x2 +4

N

(In(z? +4) + = sin(2:c))_1/2 : < +sin(2z) + 2x cos(2w)>

(d) Start with quotient rule. When differentiating the numerator, use chain rule.

o1z (%) (@23 4 21/3) — el (%x—l/S 4 %J:—Q/B)

f’(x) = (x2/3 + $1/3)2

W116. Some values of g, h, ¢’, and h’ are given below. Use this table to answer parts (a) and (b).

z glx) g'x) hz) W(z)
0 1 T2 3
2 -3 -9 1 5
4 5 -1 1 -6

(a) Let f(z) = 3g(z)h(z). Calculate f'(2).
(b) Let F(z) = g (vz). Calculate F’(4).

Solution
(a) Use product rule.

Page 354 of



Math 135 Unit #3 Review Practice Worksheets

Then substitute x = 2 and use the table of values.

f1(2) =3(=9)(1) +3(=3)(5) = -T2

(b) Use chain rule.

1
Fl(z) = ¢ R
@ =4 (V) 5
Then substitute £ = 4 and use the table of values.
1 9
F, 4 = / 2 ¢ —_— = — —
4 =902) 55 1

W117. Find an equation of the line normal to the graph of f(x) = 222 —In(z) + 3 at « = 1. (Recall that the
normal line is perpendicular to the tangent line.)

Solution

The derivative at a general point is
1

/
—dg— =
Fa) =z~
Henece f/(1) = 3, and so the slope of the normal line is —1/3. The normal line must pass through
(1, f(1)) = (1,5). Hence the equation of the normal line is
1

y—5:—§($—1)

W118. Let f(z) = 3y/z. Use the limit definition of the derivative to find f’(x). Show all work.

Solution
We have the following work.

fl(z) =1 f(90+h>—f(w):hm3\/m—3ﬁ
h—0 h h—0 h
— lim 9($ + h) — 9z — lim 9h
) h (3\/m+ 3\/.%)  h—0 h (3m+ 3\/5)
9 9 3

= lim = =
h—03vVr+h+3yx 3WVr+0+3/z 2y

(2% + 15) where the tangent line is

-

W119. Find the z-coordinate of each point on the graph of y =
perpendicular to the line x + 5y = 1.

Solution

The slope of the given line x + 5y = 1 is —%, whence we want to find all tangent lines with slope
1

5. Let f(x) = 7(333 + 15). So we must solve the equation f'(x) = 5. First we calculate f’(x)
x

by rewriting f(z) in terms of power functions and using power rule.

fl@) =2 41527V = f'(z) = gxsm 3 ?x,m
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Now we set up and solve the equation f'(z) = 5.

g$3/2 B §$—3/2 _
523/2 — 15273/2 = 10

232 — 32732 =2
23 — 3 = 20/
2® — 2437 —3=0
(x3/2 n 1) (:c?’/? - 3) —0

The equation #3/2 4+ 1 = 0 has no solution since 23/2 > 0 for all z. The equation z3/2 —3 = 0 has

the unique solution z = 32/3 (which can also be written as z = 91/3). Hence the only solution to
f'(x) =5, and thus the only z-coordinate at which the tangent line is perpendicular to x+5y = 1,
is oz = 91/3.

'W120. Find the slope of the tangent line to the curve z3 — % = y — 1 at the point (1,1).

Solution
Implicitly differentiate the equation with respect to x to obtain

dy _ dy
2 _q2 %Y _ a4y
37— 3y dr dz
Substituting the point (x,y) = (1, 1) gives

dy _ dy

3—3—=—
de dz
d d
Finally solving for d—y gives the slope of the desired tangent line: d—y = Z
T T

W121. Calculate the derivative of f(z) = 2*. Your final answer must contain only x.

Solution
Let y = z%, so that In(y) = xIn(z). Implicitly differentiating this last equation gives

d
Solving for d—y and substituting y = x® gives
x

W122. Suppose x and y satisfy the following equation.
2 + zy + 3y% = 99

(a) Find all points on the graph where the tangent line is horizontal.

(b) Find all points on the graph where the tangent line is vertical.
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Solution
For both parts of the question, we need 3’. So first differentiate both sides with respect to x.

2z +xy +y+6yy =0
Solving for 3/ gives

,__23:—|—y
T + 6y

(a) The tangent line is horizontal where 3’ = 0. This means the numerator of ¢ must be equal
to 0 and the denominator must be not equal to 0. Setting the numerator of 3’ equal to
0 gives the equation 2x + y = 0, or y = —2x. Hence any point on the graph where the
tangent line is horizontal must satisfy both the equation % + zy + 3y? = 99 and y = —2z.
Substitution of the latter into the former gives

99 = 22 + 2(—2z) + 3(—2x)* = 1122

Solving for x gives x = +3. Hence there are two points on the graph where the tangent
line is horizontal.

P, =(-3,6)

We may then verify that neither of these points causes the denominator of ¥’ to be equal
to 0.

(b) The tangent line is vertical where ¢’ is infinite. This means the denominator of y’ must be
equal to 0 and the numerator must be not equal to 0. Setting the denominator of 3/ equal
to 0 gives the equation z + 6y = 0, or © = —6y. Hence any point on the graph where the
tangent line is vertical must satisfy both the equation x? + zy + 3y?> = 99 and = = —6y.
Substitution of the latter into the former gives

99 = (—6y)? + (—6y)y + 3y* = 33y>

Solving for y gives y = ++/3. Hence there are two points on the graph where the tangent
line is horizontal.

P = (6[, _\/§)
P, = (=63, V3)

We may then verify that neither of these points causes the numerator of 4’ to be equal to

0.

W123. For each part, find f'(z) as a function of z only. Do not simplify your answer.

(@) @) = @+ )"0 (b) () = 2

Solution
(a) f'(x) =10(z3 + 2)°(32% + 1)
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(b) Let y = 25°(2%) 50 that In(y) = sin(2z) In(z). Now implicitly differentiate.

1 1
— -9/ =sin(2x) - — + 2cos(2x) In(x)
y x

Solving for 3’ and substituting y = 5% gives

sin(2z)

f(z) = 25 . < + 2 cos(2x) ln(m))

W124. If 22 + 2y + y?> = 7, find Z—y at (1,2).
x

Solution
Implicitly differentiating with respect to x gives

322 +ay +y+2yy =0

Substituting (x,y) = (1,2) gives 5 + 5y’ = 0, whence ¢y’ = —1.

T+ 2

W125. Let f(z) = ——3

Use the limit definition of derivative to find f’(2).

Solution

Start with the definition of the derivative and then use algebra to eliminate the indeterminate
form.

f(2) = lim

h—0

(2802) g () o250

o (hAEAR-4N 5h N\ _ 5 \_ 5 _ .
“aso\ a(h—1) ) wso\nth—-1)) T iso\n-1) " 0-1

W126. Find the derivative of each function.

(a) f(z) =tan(3z% + e) (b) f(z) = /@D

Solution
(a) f'(x) = sec(3z% + e)? - 6z

(b) f/(fE) _ em/(m—i—l) . <($ +(;)+11)—2.17 . 1) _ 6gc/(m—ﬁ—l) . (:B i 1)2

W127. Find the equation of the line normal to the curve 5z2%y + 2y = 22 at the point (2,1).

Solution

Implicitly differentiating with respect to x gives us

522y’ 4+ 10zy + 6y%y =0
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Substituting (z,y) = (2,1) gives 26y’ + 20 = 0, whence 3’ = —%. Hence the normal line has a

slope of m = % and passes through the point (2,1). An equation for the normal line is thus

13
=14+ (-2
y +10(w )
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Unit #4 Review: Applications of the Derivative (3.11, 4.1, 4.3 — 4.7, 4.9)
Difficulty guide for this worksheet:
Core or Beyond Core: all except 131b, 141, and 150
Advanced: 131b, 141, 150
Removed from syllabus: none
200

W128. The total revenue from selling  units of a certain product is R(z) = 40 — n
x

analysis, estimate the revenue from selling the 6th unit.

5 Using marginal

Solution

200
(x +5)2

200
(5+5)2

R(z) = = MR(5) ~ R'(5) 2

The revenue from the 6th item is M R(5), which may be approximated by R'(5).

W129. Use a linear approximation to estimate the value of (16.32)"/4.

Solution
We put f(z) = #'/* and find the linearization (tangent line) of f(z) at = = 1

1 1
f(16) =2 and f'(16) = 1 1673/ = 3 So the desired linearization is

1
x1/4%2—|—§(x—16)

which is a valid approximation if x is close to 16. Hence

1
aawﬂﬂz2+§;um2—w):zm

6. Observe that

W130. The surface area of a sphere is changing at a rate of 167 in?/s when its radius is 3

is the volume of the sphere changing at that time?
You must include correct units as part of your answer.

in. At what rate

Hint: If a sphere has radius R, then its surface area A and volume V are given by

4
A = 47R? ,V:%W

Solution
Implicitly differentiating each of the given formulas with respect to time ¢ gives

equations gives
16m = 247rd—R
dt

av
dt

)

dA
We are given that o 16m when R = 3, and substituting this information into this last pair of
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dR dR 2
Solving for g in the first of this last pair of equations gives T3 and substituting this value

dv
into the second of this last pair of equations gives i 247. Hence the volume of the sphere is

changing at a rate of 247 in3/s.

W131. For each part, calculate the limit or show that it does not exist. If the limit is infinite, write “c0” or
“—o0” as your answer, as appropriate.

(a) lim <x2+6> (b) lim (1 —sin(3z))"/ (¢) lim ((e+3)tan (%))

>3-\ 3—x z—0 z——3 2

Solution

(a) Direct substitution of z = 3 gives the expression “12”, which is not indeterminate, but

instead indicates that the one-sided limit is infinite. Observe that the denominator 3 — x
approaches 0 as x — 37, but remains positive. (Recall that the notation  — 37 implies

x < 3.) Hence we have
2246 >
lim = —00 = +00
(57)-%

Tz—3~ 33—z

(b) Direct substitution of # = 0 gives the indeterminate exponent 1¥>°. So we will ultimately
use L’Hopital’s Rule, but we must perform some algebra first to get the expression into the
form of a quotient. Put

L = lim (1 — sin(3z))"/*

z—0

and consider In(L).

In(L) = lim n [ (1~ sin(32))/*] = lim (1“ (1= Sin(?w)))

z—0 z—0 T

Direct substitution of x = 0 now gives the indeterminate form %, and so we may use
L’Hopital’s Rule.

1 1
————— (=3 cos(32)) —— (=3-1)
In(L) = lim | 2=50037) =1=0 = -3
z—0 1 1

(We have used direct substitution in the last step.) We have determined that In(L) = —3,
whence we find that L = e~3.

(c) Direct substitution of x = —3 gives the indeterminate product 0-oco. So we will ultimately
use L’Hopital’s Rule, but we must perform some algebra first to get the expression into the
form of a quotient.

lim ((;U + 3) tan (gﬁ)) — lim <(m +3) sin(mc/Q))

a——3 z——3 cos(mx/2)

0

Direct substitution of # = —3 now gives the indeterminate form 5, and so we may use
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L'Hopital’s Rule.
. <(x +3) sin(m:/Z)) . ((g; +3) cos(nz/2) - (7/2) + sin(m/z)>

cos(mx/2) ——3 —sin(rx/2) - (7/2)
0+ (—1) 2

(=1 (n/2) =«

(We have used direct substitution in the last step.)

r——3

W132. The position of a particle on the z-axis (measured in meters) at time ¢ (measured in seconds) is
modeled by the equation f(¢) = 100 + 8t3/4 — 5t. Use a linear approximation to estimate the change
in the particle’s position between ¢t = 81 and t = 83.

Solution

We want to estimate the difference Af = f(83) — f(81) using a tangent line approximation to
x(t), based at t = 81. Observe that f/(t) = 6t~'/* — 5, whence f’(81) = —3, and so the tangent
line to f(t) at t =81 is

y— f(81) = =3(t — 81)

This means that if ¢ is close to 81, we may use the approximation
f(t) = f(81) = =3(t — 81)
Substituting ¢t — 83 gives
Af=f(83)— f(81) ~ —3(83 —81) = —6

So the particle’s position decreases by about 6 meters.

W133. A hot-air balloon flying at 10 ft/sec. and traveling in a straight line at a constant elevation of 400 ft
passes directly over a spectator at an air show. How quickly is the angle of elevation (between the
ground and the line from the spectator to balloon) changing 40 seconds later?

Solution
Let x be the horizontal distance on the ground from the spectator to the balloon and let 6 be
the angle of elevation. The height of the balloon is a constant 400 ft, and so, by elementary
geometry, we have

xtan(f) = 400
for all time ¢. Implicitly differentiating this equation with respect to time ¢ gives

do

R
dt

d
& tan() + z sec?()
dt

: : . . do ]
We are ultimately interested in the quantity I at the moment 40 seconds after the balloon flies
