
 Section 10.1 Sequences

Learning Goals



Conceptual introduction a sequence is a function whose
domain is a set of integers Notation any or anyIn
We call n the index the input of the function an is
the nth term the output of the input n
We think about sequences as ordered lists of numbers

all 92 93 94 i I an is an anti

Examples
1 The sequence of even positive integers 2,46,8 10

Index Term
i

g

We have a formula for the general term
2 4 a of the sequence an 2n

6 a The sequence is In I8 94

Remarks sequences can start at any integer any is the

sequence 6 8 10 12

2 Constant sequence 3 In is the sequence 3 3,3
3 The sequence of positive odd numbers 13,517,9

General term In i I or anti both work

4 Alternating sequence 1,1 1,1 ti
General term an fi
The sequence can be written as f 1 Ji or finty



5 The sequence 8,2 8,2 8,2
To find the general term observe that

8 5 3
2 5 3

General term an 5 361 n o

6 The sequence 3,6 12,2448
Observe that the ratio between consecutive terms is always
the same 3 6 12,2448

Xyy
geometric sequence with

common ratio 2 Anti
an

General term an 3 2 n o

Geometric sequence an arm c do first term
re common ratio

7 The factorial sequence n where n nin i n 2 3 2 1

0 1 1 1 2 21 1 3 3 2.1 6 4 4 32 1 24
5 5.4.3 2.1 120 etc

8 The sequence defined recursively by
a 4

first term

a 4 9RecursionFORMULA
I La I 2.4 y

anti Zan

recursion formula for n l

Az 1 292 1 217 15 recursion formula for n 2

ay 1 293 1 21151 29

etc This is an example of a recursive sequence

Geometric sequences can be defined recursively
a c

ant ran
gives a geometric sequence with first term c

and common ratio r

The factorial sequence can be defined recursively
a

anti Athan



Limits of sequences the only type of limit that makes sense is

for n o

lim an L
no

if an can be made arbitrarily close to L when

n is arbitrarily large
We say that an converges if the limit exists and is finite
diverges otherwise

Examples 1 in 1 I b y't
an In limo in o in general any limit of

the form
constant is o

an

2 fi I 1,1 lit

1 I

i

tiny i ONE

Theorem

If an f n for a function f and if
Iim fix L then himan L

an

In practice we can treat n as a continuous variable and use
methods seen in Calc I to compute limits of functions provided
it makes sense



If Yim f x DNE we cannot conclude that high an DNE

a

y sinHx

Xx
For instance an singing to

fix sin tx

an lim fix PNE
no

but him an o

examples D him him him 5 35 3

or use L'Hapital's Rule him
dnt
i anytime Ithim 3
treatn as a
continuousvariable

2 Ling fi we cannot use the theorem and treat n as a
continuous variable because fix t is undefined

if x
even

Instead we can use the Sandwich Theorem

If bn fan s on and lim b
n o

n himon L then him an L

in In Here ie fi s i

I
is e

O and him n him4 0

So him fishn 0

2x3 Iim 2
n o na time x2

treat n as a continuous variable

2x
him In12722x

É limp
2 2

a
is so It divergesE x is



4 Limit of geometric sequences cry
I if r tii r s
DNE if re 1

So him it e him 2 one him 2 o

5 Useful common limits a him c so if kill

b him c n t if a o c him n I

d him i o forany c e him Iti é forany c

We saw a above so when n o

b lim
n o

c times e g
e i

e continuous at x o
ab ebinial

This is an application of the Continuous Function Theorem

If him an L and f is continuous at x L then

tinyflan flu

For indeterminate powers we 10 o like c e we can

rewrite the expression with ab eb or taking the in
and then use L Hipital's Rule



c hims n him e n

F use L'H

him e k treat n as a continuous variable

tiny et e i

a
It s him en t

let's calculate the limite him of the exponent

Ling nin it tiny YE ping
Ei ite

F Iz

tim c
x is it g

C

So lim it
n o f ee

6 him an where an is the sequence defined recursively by
9 4

Ant V8Lan

First few terms of an a 4

A2 8 29 8 214 0

93 V8 29 VOLT V8 252

94 6825 847 2127
etc

Assume we know that an converges to L How can we find L
Because him an 4 him anti L

same list of numbers just indexed
differently



Anti V8Lan
I take limit when nor

L 872L We can now solve for L
12 8 21

E 2L 8 0

L 4 1 2 0 1 4 or L 2

Since an o for n 2 we deduce 4 4

We assumed that any converges to dothis reasoning The following
theorem helps proving convergence
Theorem if Lang is bounded and monotonic then any is

convergent

Bounded for some M o we have fan EM for all n
Monotonic either increasing anti an for non

or decreasing anti fan for n no

Practice calculate the limits of the following sequences or

show that they diverge

1 Imy It sin 2 him
3651m 2n

htt

3 Iim 5 32h
no 7

4 him II.it



Solutions

1 tiny It sin him
enlnitsini

calculate limitofexponent

him nln itsing dim Iink IIping
3243 asinine

I I

tim
3611
sings

3

So him itsine es

2 lim 36s ne 2n
ht

Recall f cost y s
I s since s in o
E E tan it DEE

We have I f cosna f l

3 E 36sna E3
3 2n
n

E 36s n't
2n 3 2

ntl ntl

lim 3 2n
n co nt

lim In 2

to it y
0 2

1 0
2

nt
2

lim 3t2n g

him 36544
24

neo nt him
2 0 2

bythe Sandwich theorem
it In

3 him 5 32h
7 him

5.5
an 1 hi 51 I

5 o o is

4 him
3h tht

him n 3 in the
net n it in

him n't
tht 1 30 1
Vitrine


