
 
Section 10.2 Infinite Series

Learning Goals



Conceptual introduction an infinite series is the sum of
all terms in a sequence

Sequence a ay ay ay I list of numbers
Series a ta ta tay t infinite sum

Notation for series É an
Could start at any index does nothave

this refers to both the series itself the idea of summing
all terms

the value of the sum if it exists

How do we compute the sum of a series
We consider the partial sums

Sw I an a tart tan it an

Then we take the limit as n n

É an him.sn him an

We say that the series converges if the limit exists and is finite
diverges otherwise

Examples 1 For an in write out the first 4 terms of the
sequence an and the first 4 partial sums of the series

an

Sequence a I as 12 1 93 b 94 4



Partial sums S a I

Sa a tag It

S a ta ta it at3I I
54 ay 4

2

In the previous section we saw that the sequence ng
converges the numbers i L b 4 approach o

In the next section we will explain that the series I in
diverges if we sum more and more terms it at 3 4 t
the sum will eventually surpass any number
So we have É n

is

2 Evaluate E n int
We look at the partial sums Sw É t int
si Litt
sa tJ T 1 each term cancels out

with the positivepartof

CII.CI pg
In general we get the cancellation

Sn CitTHIITI.CIT TEI CiiI.T
Sw I n't so É h h timesSn times I na

1

This is called a telescoping series sum



3 Evaluate In 4
We still get cancellation but less overlap
S

2 e

sa a 1 4 8 6 1 1 4 j l
S z 1 y f 1 f 1 12 4 ie 12

negative part of each term cancels out with the positivepart
of the one after next Iskip one

Sn s 1 4 f 1 f 1 In2 Int In2ha

It 4 In inte first two positives last two negatives

Iim Sn It 4 34 so É In 214N is

4 Does the series I on converge or diverge
Observe that time
So in the sum É In we are summing infinitely many terms

very close to 3 Therefore IE g as a diverges

This is an example of
Term Divergence Test if É an converges then him an o

es nos
or if him an to then I an diverges

Intuitively the only way an infinite sum can be finite
is if the terms approach 0

Note the converse is false him h o but É in diverges

This is because
n
does not approach o fast enough

So if you just know that lim an O you cannot concludeneo

anything about I an
nine



Geometric Series Enarm r common ratio r 1

We have an explicit formula for the partial sums of a
geometric series

Én rn r Nt Ifirstterm termafterlast
1 common ratio

so In rn
first term if in e1 commonratio

diverges if Irl 1

Examples 1 It 12 4 t g t t
128

It It 4 t g t t geometric sum of common ratio128

E I
128

first term termafter last 156 255
1 common ratio I I

2 Evaluate In I É 4 5 or explain whythey diverge

nÉ I geometric series of common ratio Iso converges
first term
1 commonratio

8
1 12 4

É 4 5 É I diverges since common ratio 5431



3 Evaluate II 3 22hant using the rules for series

If É an É bn converge then

É an tbn É an II bn
IT can c É an Ic constant

n
3 22h
ant E I 34 E 1 E

3 11 I E 3 11 I E

4 Write the number 3.16161616 3.15 as a ratio of two integers

3 16161616 3 t 0.16 t 0.0016 to ooo 16 t 0.00000016 t

3 It t t 11,4 t

3 É Ion 3 16E fl 3 16 3 g's

gig

5 Let f x E 3x
2

Find the values of x for which

f x converges and find a formula for the sum when

it converges

f x É 3 f geometric sum with common ratio

r I and first term 3
2



f x converges when Irl I I I Lex 2

When 22 x 2 f x first term
1 commonratio

3
i g

3
2 x

Practice Evaluate the following series or explain why they diverge

a I 23n
ants

b É t
n

c É 312 31 8 d É 5 4
Solutions a I 331 É 2323 32 32 52 É

136
i y 9 s

b Term Divergence Test tiny ith him e th

and him nin ith dim
n th
I n it t

I
him

Ie

se hims ith e e to

Therefore E ith diverges

c É Catz sits is a telescopic series



Sw É Ints Ints

I 4 j 4 I a t an ants Intrsits

I t z 3hr5 3nt8 N S f t 8 14

so É sits sits te

su 54 I is a geometric seriesd É Jim I É 8

with common ratio I 1 so it diverges


