
 Section 10.6 Alternating Series and
Conditional Convergence

Learning Goals



Conceptual introduction recall that I an converges absolutely
when In an converges

We have seen that Absolute Convergence convergence

However the converse is false a series may converge but
not converge absolutely

Definition if Enea converges but does not converge
absolutely we say that it converges conditionally

So nÉn an converges conditionally if nÉn an converges

II lanl diverges
Summary of terminology

nÉn an nÉn ant Description of nÉn an

Converges Converges Converges Absolutely

Converges Diverges Converges Conditionally

Diverges Diverges Diverges

We have yet to see examples of series that converge
conditionally Common examples are some alternating series



Definition an alternating series is a series of the form

II f if an a azt as 94t with an o

for all n
or É ti an a t az az tag

So it is a series where the sign of terms alternates between
positive and negative

Examples É fi ith ith it

L are alternating

É 9ft 1 It t t ti

nt
is not signs do not alternate with a

Alternating Series Test let any be a sequence suchthat

fi an 30

Gi any is decreasing ant tan for all n n

iii tiny an 0

Then the alternating series Infilman Effi an converge

Examples 1 IE tin take an In then
fi 30



Iii n't e n
and finishing n

o

So by the AST I 1 n converges

However I t I n
diverges p series with pal

Therefore E f converges conditionally

2 For which of these series can you apply the AST

a É I
na

a É sinn
tan in

b costing

a É Inin an tanten
is positive decreasing

Ibut limo tan in
I 1,2 I 40 so Ast doesnot apply

f 1 nTerm Divergence Test limo tan cn
I 0 so

IT 1 istan in diverges

b É 955 Ei finan sin le Costin fi

an tan is positive decreasing since reciprocal nan is

increasing and him Ian o So the AST applies and

É Yi converges

Does it converge absolutely or conditionally



É Osten É ha Dot Os nine in and É Inconvergesn2n
Igeometric series with common ratio r I incl

So É Costin

nan
converges absolutely

Remark we could have tested for absolute converge directly
with the Dot without doing the AST first We could
have also used the Ratio or Root Tests

c I sinful is not alternating so Ast does not apply
We can use the Dot to test for absolute convergence
o e sinful

as
f
n
and I in converges p series with pass

So I sinluln
converges absolutely

Important remarks

The AST can never be used to show that a series

diverges

Just because the AST does not apply does not mean that

the series diverges
When the AST applies we can conclude that the series

converges but we do not know if the convergence is
absolute or conditional without further analysis

Ex É t É ti AST applies to both
Unt

Converges conditionally converges absolutely



Approximating the sum of an alternating series

g

É
decreasing and him an 0

spa
Sng oscillates back and forth

p

team mn

across the sum s with decreasing

I

Sn

s
Is Swig jane

The error made when estimating
S using Sn is at most

Swt Sn tf Want
I s Snl Anti Estimation Theorem

error

n t t an is ye ye mm y

Alternating Series

Upshot if an alternating series meets the conditions of the
AST then ant is the best estimate of the error S Sn

Examples 1 The alternating series If converges conditionally

How many terms must be summed for the remainder
to be less than an in magnitude

We are looking for N such that IS Snl coil We know

that I s Snl f ant so it suffices to have anti c o
I c lo



3Nt3 to 3Nt3 100 I 3N 97 N 93 32.33

So the smallest value of N for which the remainder
is less than O is N 33

533 fi
on

has 33 4 1 30 terms

2 How many terms of É I must be summed for
the partial sum to approximate S with an error of less
than 103

1We want ant L 10
3

guy
L 153 a Nti 71000

N NtiWe cannot solve this algebraically
9 I

so we solve numerically with a f x
x

3 24a calculator table of values
s 72 x
4 120 x

6 5040

The smallest value of N that works is N 6 So the partial
sum S I I has 6 0 1 7 terms

Practice determine if the following series converge absolutely
converge conditionally or diverge

f 1 n f i nII in n 2 É any
3 É fi In 3

12nA

4 I cosin

ne
5 É 4 sin n



1 AST an in is positive decreasing since in increasing

and him him 0

so É inly
converges

Observe that in n e n if n 2

so fi
inin I 30 and Is In diverges Ip series with pa

Therefore I til
Inin

diverges

so É in
converges conditionally

n2 him ant t se him t n PNE and by the
anti

Term Divergence Test É II diverges

3 Ratio Test
3 Intipanting fit him Knt 3 him

2nl n 3h n o 12h2112h3

ISince p I É f 1 In s converge absolutely

4 DCT of f e
n
and É I converges pseries

with p 2 1

So I costalna converges absolutely



5 AST an sin t is positive decreasing because

sin is increasing on e E and him sin n
sin e

So E fi sin h converges

To test for absolute convergence we use the LCT with bn

him
Ifi sin tn

him
sin

line
sin t

I I diverges Ip series with p i

So É fi sin t diverges

Therefore I f 1 sin h converges conditionally


