Sechon 10.37 Power Series

Learning Goals

J

10.7.1 Find the interval and radius of convergence for a 10.7: 2,4,5,8,14,15,22,23,26,30,37,39, 40
power series

10.7.2 Find the interval of convergence and using Theorem 10.7: 41,44,45,48
20

10.7.3 Find the power series representation of a rational 10.7: 50
function using the power series representation of 1/(1+x)

10.7.4 Find the power series representation of a new function | 10.7: 53,54,56,60; Also: 10.10: 61
by using the power series representation of other functions by
either term by term differentiation or integration

10.7.5 Using some information on convergence at some 10.7:62
values to find the convergence on other values.




Conceptual  introduckon :

A polynomial 18 a .Func\'fon o,F x o,‘.’ the 'Form\

Gt ax +ex?et g - 3 "

nso

A power Serief (abou.l" x=0) & on in{fin'\\'e, series of the  formn
C°+C,X+$x2+"'+ch><“*"' = ;cﬁxn

A power $erieo aboutr x:ca 1§ on 'm{l'm'l\'e, gerieg of the ,[brmr\
Cot G (x-0)+ &(x-a.)z-}-“-& Ca(x-0)"+- = iecﬁ(x—a)"

The interval of convergence (ToC) of a power %ries 18 the

inferval  consithng of oll values of x for which +he series

converges . TH ¢ an interval centered oF a, whoSe radws R

i1s called the radiue of cowergence (Roc).

“
e | " oo 2, .3,...
xo.mples ) £Cx) = n’ X +xh x4
Find the radive and interval q.(.’ tonvengence °’F _F
.F(x) & o Sepmr\e.’rrio geries  with ctommon raheo  x.
n"o

Se .F tonverges when x| <)V = -1<&x<u

dee.rseo \ S The - (.-1,1)

R= 1

N

Vv

St of the Seres: [[f(x) = 2. X" . ! P ~lexcn

ns o (=~ %




g_) fix) = i (-')"(;-‘)" Sl i M ) (x-1)2 ol

. n=) n 3 2:9 323
Find  the rcadive aad inrerval of Convergence of £.

Thie  tHime, e 18 pot a aepvme.l'n'c_ series, (e can h—d wse the
Rolio Tett .

PR S bl el N [ . ) B
n =00 QL'H) g G\)n(x‘_‘)n n-) oo 3(,\1-\) ‘T
- |irm _Ix-‘l = IX"'I
n- oo 3(|+JR) 3

Series Converges o.bsolcﬁe(d when

P = "‘3’" <\ = |x-1] ¢33 o4 -34x-1<3 = -24x <4

Series d'werau when P = @>l, e, xg-2 o x4,
3

Tab  intenclusive  when  p 2 Ixal I, Le X=-2,4.
S

So we muwt tear - 2,4 se.‘:o.ra.’ro.\d.

AL xe-as 2OV T evest o T

|
=) n3" nee w3 ns1 n

(P-— serite  with r:l)

diverau

° At x4 Z(-')n("")“ = Z. €0 Convergeo bd the

n<i n 3" n
AST  gtince {LS i decreading, Fos'akive.. and lim L:-o,.
n Nn~a00 N
Conelugion -
& = ' ; >
d}vcrau : d;vcrseg R« 3




Remark: what |.F we cho.nae, £ &
> ) (x-10" of > ) a(x-1) ?
nsz n*3" nz a" )
Radivs smys  the same but  behavior o endpoink changes.
x:"' ‘i l_
® i (.l‘)'\(x_‘)q /’ nc1 nt M Cpr\\lefae. CP'w"u' ?c.?‘)\),
n=z1 n*3" *>_’ i‘ (‘:");: o ToC. = [.1,!;] .
xe-2 i n
C 5 a0 both. diverge  (Termn Divecgence: Teat)
" 3" k»—p z'(-')“v\ o | Toc = (-uu)].

Z, nl(xra)"-

3) f(x) =

L+ (xta) + A(xt2)+ 6(x412)>+ 2 (xr2)* 4

Find  the radivs aad inrerval of convergence of £.
We wse the Ratio Test,
o a-
oo lim  [E0LE™ | iy (aa)xea] = i
n-rco n! (x+2)" nyeo o f xe-2
.F Cbnversu .Yor X=-Q onlt’.
diveraeos
am J ToC = -{2J
& ¢ > R - o
Oo " . a
L‘) 'F(") = xn = >‘+%+;—4+
n
Find  the radive ond inkerval q,(i oovwersen e o.F .F
We wse the Root Test .
= L X 2 e Lo
'o nt-ooo n" nl-voo n




Co .[f tonverges .‘br ang value 0,(.‘ x .

wc = ("°°l°°)

( ; : R 3 0o

T portant remaris :

° A power series always convefges o.bsoltd'eb wn the
interior of the ToC.

. 'I_F O< R4 o, o.v\\xj'l'h'ms can  hoppen ot 4he er\d?o'mh.
Series may - Converge olpsolutely | Lonvesge. tondionally or
c\iverse; =ttt case by case

* RoHo[ Root Tests oare hapful *o find Roc, lur
alwoys inclusive ab  endpoinks .

060

Exam\ple, : ‘I.F .FCx): Z C,.X“ con\re.reu ot x=2 and

n= 9

clivcrau ot x=-5, what can we way olbout convergence

or diverﬁer\ce of yxz-1, F,-2?

We know the radive R s of leaat 2, of most S.
x=-1: obsolute tonvergence Since.  |x]<R.
xz T: dive.rse,o Since  |x|>R.

x= ~& + canmot  conclude o.ndi'h'ug.



OpQraHons on power gacrieg -

o Subshtubon - '.,(: 2. cnx" converges abmlul'eb for 1x1<R

n=o

then '\Z, e -F("Y 001\‘(0‘8& O.b.So\urd\\j ..gor \.f.(x)\ <R.
Examlgle.: Find o power series wepresestakion of  g(x) = 43,‘1.
We can waite 3 0s O Poer series u's;':ﬂ the power
gecis ‘ = Z. x" Converges ab.!olu"e.b L{! |x]<I
' - x n= 9
g2 =23 .37 (ﬁ)“ 2 35 OV and this
Gex* & o (g) G omee Vb G hzo g

® Teran - b‘q- ferom dLF.FerQnHo.Hor\ ond iﬂ\’e.c‘(*a.ﬁon:

TL f(x) = 2 c.(x-a)"  hat rodiut of  convergence R>o,

then

F'(x) = 2. ne,(x-0)

n=\

f.[:(x)dx = i Cn(x-a)™ + C

n=ze n 4

ond both seres have same Roc as £ R.
A IOO/ behovios af Qndpo'm\x rmay d\ar\de.



Example: 1) Fnd o
(

power senes m?me.ni‘od{or\ of

and  give s Roc.
(1-%)>
We know L 2L K" R=
l- x Nn:zo

o 9 - 2. 3 (tem-by- keem  differentiation)

dx \V1=-x nzo dx
' = Z. ﬂ)ﬁn-' / R = |
(l_x)a. ns

.’L) Find o power seried representahon of  In(i+x) and find

b Roc ond TocC.

We know ‘ DAY for |<| < |
1-x nzo
- L 2 L k) s 200X for x| <1 s Re
4+ % nso° n<o
dx _ S [P [on (fevam - by - ferm
= 1+ % - n?o ( l) fX fhe ;nharQHon)
|V\(“|’&) = Z e')“ X:H + C w;‘H\. R: l.
n=o n+\

Te .Fs'nd C, Plud-in Xz O : In() = C & C-:=0.
Conelusion :

|n(l+x) - .:2;, (—I)" x™ :z::" (—))""X_n ) x2 %3

n+H n 2 3

We a.[raad\xj know |R <

since hzmn-%- Yerrm 'm\'edmﬂm
doex not change the Roc. To find the TOC, we muwk



tet the endpoindy ¥z -1,

e A = : (ﬁ)m r
t x=I .zl, - tonverges bd AST
At x = -|: % E")n-‘ﬂ = z-' i d‘l\/Efak (F- serico, f:l)

So TolC = (—I, |]

3) Fnd o power seried rq)ro.sen}-o.ﬁov\ of tan (%)

ond ..Fi«\d
ik Roc oanad ToC.
We know ‘ = 2 X" for x| <
1-x% nzo
= : = Z: (’K‘)n': ZE‘))“)(M ,(‘or I’X"I Z | = R= 1.
| + X" nzo n=so
dx _ 5 A" an (I’Qﬂm—b—v‘enm
= T n?o ( ') fx ;nherHOn)
"&n-‘(x): Z C")“ x’-""' + C UJ;‘H\. R= l.
neo 2n+1

To .Fn'nd C, Plus-in xz O : i’an"(o): C so C-=o.
Condution -

. = " o2n¥
tan™' (%) = l“Z;__‘,(—l) ’;ﬂh c x_%sq.x?s-..
We o.\re.o.dj know [R=1]. Test endpo'mh Xz =1,1;
e At x:=1 : i "
nze  Inti
_ both tonvesge by AST

° At Xz -\ . -(0)°
nee  Jdat

=3 IoC = E-l.l]




Pmch‘ce:
\) Find the rodive and inrerval of tonvergence of the.

.(-'ol\owins power geries .

@) f_ M b) E_ x" ¢) °°z; (’:-1)"
nee Yt n (@n)! nze  3(nta1)

"l) Find the radius of tonvergence of Z. L')zx"

nsi 17- (1"-)!

cenfered

3) &) Find o power SQTieo re.szn’raHOn o_(! ryrw
et o= -\ and aive_ its  interval of wnverae.nce..

b) Ffind o pouer serieo representation of In(3-3x) centerd

at o = -1 and 8ive, it aterval of Convergence..
LI-) Evaluate Z- L 1+ E.‘.é;.i.r
nz) 2\"-‘ 2 4 3
Solu.Hont :
|> a} Qoof: Teot -
px lim \[JEDET . lan w8V Dedl
N oo ¢ {n n- 0o q,,\‘lz.n 4

bR
The senr oanveraes when 42 2\ @ [x#3\2<Lt
4
2 |x#3|<¢2 5 -8<x<-1

So the rdiw  of Convergence 8 |[Rz 2
We need to m\ c oonverde.nce, at the el\d,)omh x=-§)-.

At x--§ : Z ("g+_3’)m’\ (_>_ 1 diverge (F.sen'u
e e pevs)

A,l; x = =1\ ge (:::3>:" : oiz. 920 - i v d'“nrsa (?— &er;%rrf"t)

S
0
S
EL
S
°

£



So  the T0C 18 (—S, -\)

b) Ra.Ho Te,%\‘ :
Pz liem x™ (2n)! = lim %) @' | e = ©
oo | @e)l Xt e (am2)l | "R Qe (ama)

S the  ceries tonvergus abso\ui'o.\j ,Go(' ang x.

Therefore, |R = 0o |, inerval of convergence = |(-oo, o)

C) Root  Test:
< lim ';/ o) |l 142) | g 02 . A
)0 n- oo 3" (A1) n-oe 3('\1,,,“)‘In n- oo 3nn(|+l/“1_)"" 3

So +he serie» converges o&osolui'@b when _1¥t2)
3
Ix+2) Z 3

n
»

-5 4dx <\ s |R

Test ond f)o'l als -
At x- -S - Z Cs+2)” - 2 N GADM ogmruae,o abSolu.I'elj

n=2 " (ath) nze nla3)
b& the DCT  gnece o« | " <& and 2.4 tonverges
“L+] n'.' ns! nz
(P- eney (A).YPV\ P:&)l)
At x=1. T Qv _ ¥ ! converges ( tame ar'jwmen*
nzo 3N (4t4) nseo n23
0w bz,{foro.).
o the nterval of convepgence i | £51]
2) QGHO Test :
p= licm «!\H)‘_‘),’x"ﬂ' X" (2n)) = lim () 2 Ix) - e
il 2™ @nt2)! (n)* x" naee d(@nh)(@ma)

= |lﬂ‘1’\ (H"',:)Lb('\ = lx_‘
Nee  g(244%)(20%) 8




Ix|

8o T (Y o comlevau o.bsolwl'e_d when = 21, 1e. [x1<8

. . 8
dnve.rau 1.{1 lX%I > ;e Ix]> K.

3) o) = _° -

[ |
- 3x §-3(xh) 5 1- 30«-\) s

:i_ (3(%\ )“ i 3 (xm)"

S n=o SM-\

S

Takerval o.(} wuvmdanca:

M)u o _ S ¢ xn ¢S
5 3 3

_8 o xe¢e 2
g8 2 N i
a (‘3'3>
b) 1 - i S ()
4-3x =] S > 'mhgmte tecm - by- reran
dx 5 @ "
= MZ; o j(x-n) dx
D N -
3 n=e 5™ (nh)
|n(9~-3x) = -2 3" (xn)™ +C
nee g™ (n+0)
Plu\q n xz=-\ a3 C= ln(S), So
In (&- 3x> = In(5) - Y, Feny
nEl 6%
Tatervel of tonvergence. : . ,g, ?.3-)
) 20N o 2L ax™ Wk xe L
nz) lﬂ"l Nz 2
Let ,F(x) 2. nx Then f{(x)dx = 2 njx""dx

3
n



2. x" +C

n=?

=%



