
 Section 10.7 Power Series

Learning Goals



Conceptual introduction

A polynomial is a function of x of the form
c tax t ga t r t Cox É any

A power series about x o is an infinite series of the form
co tax gx't t ax t Ed ax

A power series about x a is an infinite series of the form
Cota x a t g x a at ten x a t É en x a

The interval of convergence Ioc of a power series is the
interval consisting of all values of x for which the series

converges It is an interval centered at a whose radius R
is called the radius of convergence Roc

Examples 1 f x É x txt x x't
Find the radius and interval of convergence of f

f x I x is a geometric series with common ratio x

So f converges when x I I excl

diverges

S
IOC lil

c f i
converges R 1

Sum of the series f x É x for i excl
I X
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Find the radius and interval of convergent f

This time f is not a geometric series We can try use the

Ratio Test

f dig f Int x ight
t x ign him

n x i

nti Bnt
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3 Inti In
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him 3

t
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Series converges absolutely when

p
t t L t lx it 3 32 1 3 22 x 4
3

Series diverges when p I i.e x 2 or x 4

Test inconclusive when p I I i e x 2,4
So we must test x 2,4 separately

At x 2 É 1 1 1217i n an É t É in diverges
n 3

p series with p s

At x 4 111 4 1
nzn É n

converges by the
AST since in is decreasing positive and him h o

Conclusion

c i s
diverges diverges

IOC 214

converges 12 3



Remark what if we change f to

I or E 3

Radius stays the same but behavior at endpoints changes

É t is É É n

yn pg
both converge pseries p 2 1

so IOC 214

É s is É E
n

yo p g
both diverge term DivergenceTes

so IOC 1214

3 f x1 É n 1 2 It 1 21 21 2 61 213 241 2 t

Find the radius and interval of convergence of f

We use the Ratio Test

f him
1 1 2 t

n 1 2 him Inti 21
o if x z

as if x 2

So f converges for x 2 only
diverges

Ioc 42I I
c interges R o

4 fix É Ii xt y't 27 t
Find the radius and interval of convergence of f

We use the RootTest

e himVin him s o



So f converges for any value of x

converges

Iec f o o

c T R s

Important remarks
A power series always converges absolutely in the
interior of the Ioc

If ocrea anything can happen at the endpoints
Series may converge absolutely converge conditionally or

diverge a test case by case

Ratio Root Tests are helpful to find Roc but

always inclusive at endpoints

Example if f x É enx converges at x 2 and

diverges at x 5 what can we say about convergence
or divergence at x 1 7 2

We know the radius R is at least 2 at most 5

x 1 absolute convergence since Ix R

x 7 diverges since 1 1 R
x 2 cannot conclude anything



Operations on power series

Substitution if I enx converges absolutely for INCR

then É cnf x converges absolutely for I fall R

Example Find a power series representation of g x 4

We ran write g as a power series using the power
series I

1 É x converges absolutely if 1 1 1

941 45 2 4 f É In and this

converges absolutely if I I L I i.e 121 4

i e 1 1C 2

Term by term differentiation and integration

If f x E e x a has radius of convergence R o

then

f x É non x a

I can omit n e since the term would be o

ffixldx E.cn x ajntnt
t C

and both series have same Roc as f R
Ioc behavior at endpoints may change



Examples 1 Find a power series representation of
1
i xp

and give its Roc

We know É x 12 1

So É x term by term differentiation

I

11 x É X R 1

2 Find a power series representation of Infitx and find
its Roc and Ioc

1We know É x for 1 1 1

I

it É x E 4 x for I x1 I 12 1

fax term by term
it x É f 1 fxndx integration

Incitx E fi It c with 12 1

To find C plug in x o in i C so c o

Conclusion

incite E y q i tin x Et
We already know 12 1 since termby term integration
does not change the Roc To find the Ioc we must



test the endpoinds x 1,1
At x 1 É I

n converges by AST

At x l
n ti t't I I diverges Ip series p

So Ioc lil

3 Find a power series representation of tan x and find
its Roc and Ioc

1We know É x for 1 1 1

I

it É x2 I 4 x for 1 4 1 a 12 1

term by termI 94 É f 1 ft integration

tan lx E fi x c with 12 1
2nA

To find C plug in x o

Conclusion

tan o C so c o

tan x E fi x x 53 55Int

We already know R l Test endpoints x lil

At x 1 É II

µ

both converge by Ast
At x 1 É th Iot Ein



Practice
1 Find the radius and interval of convergence of the

following power series

in
b É I c I Gasa É 14,3 3 nai

2 Find the radius of convergence of E 1 x

3 a Find a power series representation of 213 centered

at a I and give its interval of convergence
b Find a power series representation of In 2 3x centered

at a i and give its interval of convergence

4 Evaluate É In it 3 3 ft

Solutions

1 a Root Test
1 312

P himsY II time
any

1 31
4

The series converges when 112 1 1 312 4
1 3162 52 5 1

So the radius of convergence is R 2

We need to test for convergence at the endpoints x 5 1
0
45372At x 5 Is yarn É 47 n In diverges pgrief

At x 1 É 11372ang É n É in diverges p series.pl



So the IOC is f 5 1

b Ratio Test
1 1

e him x
x

him Ix Gn
inti 12hr21 him fail1221

0

So the series converges absolutely for any x
Therefore R is interval of convergence f o o

c Root Test
1 21 1 21

p him nix2
n

3 n'til
times

3 nai m n'im gazing hymn
t

3

So the series converges absolutely when 152121
1 21 23
5 x 21 R 3

Test endpoints
At x 5 I 15 23 nati É n I converges absolutely

by the DCT since of fi
n't t he and É n

converges

p series with p 2 1

At x 1 É 1 2
3 Init É n'at converges same argument

as before
So the interval of convergence is 5,1

2 Ratio Test

n g
htt Intf him

my an
him

nti Ht
2nd 2 2

R
212nA 12h21 II
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11th in
2 2 411221

1 1
8



S E 1 x converges absolutely when g Lt i.e 1 1 8
diverges if 14 I i.e 1 1 8

So R 8

3 a 213 5 31 11 15 z I É It If 34 17sht
Interval of convergence 34th 21 I c xti 53

3 3
3

b
2 3 If 34 17I

sat

2 3x If 3h Jayne
integrate termby term

f dx

In 2 34
3 If 3 txt

nt

5 t nti

In 2 3x É 3 xx
sht Int

C

Plug in x 1 I C In 5 So

In 2 3x In s É 3 ai

5 n

Interval of convergence 83 33

4 E In É nxt with x z

Let f x É nx Then I fix dx É n x dx



É x t c

C

So f x g Ix 1142

Therefore É In f I 11 1 2
4


