
 Section 10.8 Taylor and Maclaurin Series

Learning Goals



Conceptual introduction in the previous section we have seen

that certain functions can be written as sums of power
series in certain intervals

it É x for I excl

In It x E ti xn
n for 1C xsl

tan x É fi antianti for I exe

How can we do this in general

Given a function f x we seek coefficients on such that

near x a we have

f x É anlx a Cota x alt six a six a

if x a
co fla

f x É annex a at 2g x alt 3G x a t 44 x a t

It x a a fila

f x É cann il lx a 2
21 654 a 129 x a t
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f lx É Cnnn 11In2 x a

3
6g 244 x a t

x a f a 6g or c f la



Continuing we find an f la
n

Definition let f be a function with derivatives of all orders
in an open interval containing a

The Nth degree Taylor polynomial of f at x a is

Tw x É t a x a

flat f al lx c FLI x a t f n'fal x a n

The Taylor series of f at x a is the power series

TIX É t 1a x a
n

n

flat f al lx c FLI x a t

Maclaurin polynomial series case where the center a o

Interpretation Tnk is the best N degree

P't
p

approximation of f near x a

y T txt

i ii istangentline P x fla f'talk al
linear approximation

y TCA



Examples 1 Find the 3rd degree Taylor polynomial of
f x x at x l and use it to approximate V1.4

We calculate G 9 Gig

n f x on f

x 12 I Io o

I Ix 12 I I
2 4

3

II t
3 3

512 É t

So I x It x 1 j x 17 11 13

Approximation of V7.4
IT f 1.4 and fix a T lx if x close to t

So VII a Tz 1.4 It 1.4 1 j 1.411 1.4113

1.184

Actual value V1.4 1.18321

We will investigate issues of accuracy of approximation in
the next section

2 Find the Maclaurin series of fix ex and its radius

and interval of convergence



We have f x ex

so an f lol e
n I

Therefore T x É M
Ratio Test hime Inti In him it so so convergence for
all x
So R co interval of convergence is f is is

3 Find the 4th degree Taylor polynomial and the Taylor
series of f x I centered at x 2

We calculate co G G E 4

n fl lx
o

Cn fly
X I

l x 2 I
2 2 3 I
3 6 4 I
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Ty x I x 2 81 272 f x273 321 2

We notice the pattern fin x t n

ant
so an f til
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Therefore x É 474 21
anti

Can we check that T x fix in this case



x I É 122 geometric series with common ratio

221 so converges if 1 25 it

I z 242 x I f x

It is not always the nose that Tix fix in

the interval of convergence of tix see example at the

end of notes

But if we have a power series representation of f centered
at x a fix É en x a then this power series

must be the Taylor series of f at x a so we must

have an f n la
n

Examples 1 Suppose that fix If 11,4 5
Find 17 5

We know that If 11 k 5 is the Taylor series of f

So 151 coefficient of x 537
7
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2 Suppose that fix É t t Find f o f's lo3 n

I I coefficient of 42 4 take n z
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impossible

x does not appear in
the

power series
o

so f's o o

Important Maclaurin Series to memorize

fixt T x Interval where ft

1
n

x I txt x x't fi

In it x E I X x ft fi

ex É I it x Eat It trio

Cos x f 1 x
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t If f o o
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ant
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For a computation of the Maclaurin series of coscx sink
see end of notes



We can use these reference Maclaurin series to compute
other Maclaurin Taylor series

Examples 1 Find the Maclaurin series of fix xe

Start with ex É I
Substitute 3 2 et 1327

n n
3

Multiply by x xe3t xÉ 34

If 3nx2ntn

2 Find the Maclaurin series of f x 65127

cos x E Ing cos 2x É.fi E HI dx12h

I

x2 my É x É.finx2n

Combine the two
cosx1

I x2 n
f 1 4hpm
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3 Find the first three non zero terms of the Maclaurin
series of flat In it x sin x

In It x É Ii I X It I t
sin x E 1111,4 x I
In it x sin x x x Y É

and collect

t Iii
degree

x2 Y f t

4 Find the first four terms of the Maclaurin series
of cos x two ways

a multiplying Maclaurin series

b using a double angle formula

a cos x 1 E It It
Cos x I I I I t l I It tf t

j t ItItI t.GE Ixt
I x2 3 35 t

b Cos x 2 It 6112 1
2 It 1 4 21 2x
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t



It t 41
16 4
48

64 6
144

t

I x2 7ft

5 Find the Maclaurin series of x'tan x x3
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Complements
1 Example of a function forwhich the Maclaurin series
does not converge to fix

f x
e if x e

o if x o

d I
so Thx Is f x o

TIX Converges on f is is but thx fix

a

malaurin

series

n f txt fine go
if n odd
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É ti anti
Knt

C

Plugging in x o gives c o

So sin x Is ti antKnt


