
 Sections 11.1 11.2 Parametric Curves

Learning Goals



Conceptual introduction imagine that a particle moves in the

xy plane As it moves the particle traces a path on a

curve

In Pib Denote by xlt yet the

position of the particle at the
time tÉ a44

are parametric equations of the curve
or a parametrization

t is the parameter here time could be another

physical quantity such as an angle
a e t s b is the parameter interval could be open
and or unbounded

Pla initial point
Pib terminal point

Examples 1 Find an equation of the curve parametrized

by x 2 1

9 1 2
t 0

We ran find an equation by solving for t in one

of the equations and plugging in the other

x 2 1 t X I
2

So y It t

g i I psst



2 Find a parametrization of the line passing through
1 2 with slope 3

a n

g yo s t
Oct a

EP E
is a parametrization of the lineI magna.ge with slope

at m f
v Plo lxe.ge

Here
x it t

9 2 3t
and

1 It

y 2 et
are the possible

parametrizations of the curve

Remark a curve can have many parametrizations Each para
metrization represents a path on this curve with a certain

initial point direction and speed

3 Find a parametrization of the circle of center 12,3
and radius 4

El

p

Equation X 2 g 3
2 42

Pitt or 7 I
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pl 7

goesaroundcost
once

YI sinit
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4 Parametrize the ellipse 4 2 992 25

Y 3 137 1

cosHl

3 sing
Ecosit

Y Ising
Often

5 Match each parametric equation with its curve

I t t siniti a
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t o
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y I ask y sinEl
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Calculus with parametric curves

Tangent line the slope of the tangent line to a

parametric curve x fit
g g it

is given by

dy
ax If gie

fist

Example find the equation of the tangent line to
x see it

y tank
at the point corresponding to t t

We have dy
at

se t If seek tank

so sech 2

salt tanit
t acct

tanith

At t t
Sec E 2

3 y tan E D

dy ac E t

so the tangent line has equation y fg x 2 B

Second derivative if we apply 9,9 dyldt
dx at

te g 9,1
we get

day y needs to be expressed in terms
as

Ft
af of t to use this formula

x t 2
Example find a for

y esdx



y If
dyldt
Ndt É

so 471
Gt11 22 I 357621 65 Gt 2

1 2 72 4242

and dry
a

dyIdt
dat

Gt Getz

11 2 33

Area under curves
Ya P b

NI't't
A Iya

y get A by t at gitlfilt aty

ax p

Example find the area under one arch of the cycloid
x act sink

9 aft cosy
a 9

iPlo 1010

A yax x integral

y day at t integral

all cos t all coste at

a f i cosh It

a f fi 26s th t cosit 2 at



a f T 26s t it gal at

ad t 25in t I
sin124
4

3kg2

Ave length

IT ppb
x fit
gig it We can compute L with

an x integral

a g integral
section 6.3PFL

x x x
a t integral

L Jarre as with as ax't dyz

x integral L I it Ig ax provided day continuous

y integral L

t integral

Y provided dg continuous

l E g at fifty gilt at

provided II II do not equal zero simultaneously and the path
is traced once for a t t t b

Examples 1 find the length of one arch of the cycloid
x act sink

9 aft cosy
a 9



gy
Plo 1010

L V1 ftp.dt
a i cost t a'sin t at

a i 26s it cosit t sin t at

a 2 26s It at

a V4sing at

t 6514 2 in E a

2a sin E at 2af2cos I sa

2 Find the circumference of a circle of radius R using a

parametric integral

r
x Roosit
y R sinIt L 1 1 1 1 TatOE te 25

p e P12K
R'sin t R'cost at
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Areas of surfaces of revolution

y git
aftabT

4,1514

we revolve a curve fit

around the x axis
We can compute the resulting

I surface area using
an x integral

g neg
a t integral

A fare 2tyds 2kgK it 1 ax Sy ay Ig t I dy
x integral ly integral

With a t integral A style E tf Pdt

digit fit tgift at

Y n

Ifly
We can do the same for a
curve revolved around the y axisÉ

A fare 2Ixds Italy Ig t dy S a it 1 dx
yo

ly integral x integral



With a t integral A 2 14 1 tf at

diff fit tgift 2 at

Example the circle of radius 2 centered at 0,3 is revolved

around the x axis Find the resulting surface area

a

bit

g

Parametrization of the circle
26541
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25 3 2 init 4sinf 46s t at

4th 13 2sin t at 41 3 265147 24 2


