
 Section 11.5 Areas and Lengths

in Polar Coordinates

Learning Goals



1 Areas
Consider a region defined by of re to as Of B
The region is bounded by the rays 0 2 O B and the

polar curve v flo

yn O B

r

g

region is said
be radially simple

o

We compute the area of the region by decomposing it
into tiny circular sectors

Iya O B

To r f o

0 2Thrify A typical tiny circular sector has
central angle do and radius

r f O

So the area of the circular sector is da Indo flop'do

To obtain the total area we sum integrate the areas

of all sectors between D x and O B

A I n'do I Lf o do



Remark for a region f lol Eve fatal a Of B
bounded by two polar curves v f lol and ra f lol
the area is given by

o a

no see

Ike
I filo f lo

2 do

Examples 1 Find the area inside one leaf of the three Have

rose r sin30
Ya

r singe

the leaf is the radially
simple region

i o o sini30 o 30 at a 0 0

So A sin301200 2
1 65160 do
2

410
sin o I square units

2 Find the area that lies inside the cardioid re 2 26510
but outside the circle r 3



ya The rays bounding the regionr 3

the curves
2 26510 3

x
cos10 L
O 51 I

A É 2265101 2 32 do

I 1,53 4 46510 4651032 9 do

I É 1465101 41 621207 5 do

L fi 46510 26s 20 3 do

I 148in o sin 20 30

555
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t square units

3 Find the area inside the circle x't ly 2 2 4 and

below the horizontal line y 3

Convert to polar y 3 a rsin10 3 a r 30 10

x't ly 2
2 4 a fans d t usinO 2 2 4

rags lol tr sin1072 4min10 4 4



r2 4min10 0

r 45inlol
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Intersection 45in o gang
sin1072 34
sino can restrict to

sin107 o

r 4siniol

The region is not radially simple we must use a sum

of integrals

0 25 a 0 3

r 3escio

A

rigginno

A 2A A2 symmetry

A 2 I 4sin10 do 2J a
30 107 d

16 I 651201 do 9 csc o do
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8 o singo af cottaÉ
8 5 1 9 85 B square units



Alternative method

n0 25
a

0 3 A Area of full circle A

4T A
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r 4siniol

A 28,5 I 16sin1072 9csc o 2 do
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sin o Gatto
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I 253 93 45 B

So A 45 A 45 45 53 85 B square units

4 Find the area inside the circle re aces o a o

and and above the line y x

IIE convert to polar

g g

re aces o y x I I a tan107 1

A faces107 do

Jj cos o do of J It65120
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do OtSinga



a
ta 1 square units

2 Length of a polar curve
ya O B

gg

we know that

L L'd do
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x roes10 Yo Yocosta rsinlol
y usin101 I dig Eosinlol trash

so g Io cos o t resin o 2udicosco sinio

Ig di sin lol't r cos o t 2nd cos o sing

E Id Io t r

So L B
v2 Ig do flo f ol do

provided the curve is traced exactly once as

O runs from 0 2 to O B

Examples 1 Find the length of the cardied r t costal
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The curve is traced once

on o e Ue 2k

r 1 cos101

go since



rat Io 1 26510 cos10 sin1012 211 as101 45inE

S L r Io do

2 sin E do

when 010525
2 singe

2
sin E so

4 as E 8

2 Find the length of the circle re aces107 where

a o is a constant

96510
The circle is traced once

from D I te 0 12110 r aceslol

go asinio

So r É a'coso t a'sin10 a

L Sgt retd do It Vatdo Ta


