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Shells

6.2 Vol ,mar

|C_Q

Learning Gools :

Learning Goal

Homework Problems

6.2.1 Set and evaluate an x or a y integral for a volume of
revolution of a region bounded by a unique function on an
interval about the x or the y axis using the method of
cylindrical shells

6.2:1,3,5,9,13,17,21,23,27,47

6.2.2 Set and evaluate an x or a y integral for a volume of
revolution of a region bounded by functions that cross about
the x or the y axis using the method of cylindrical shells

6.2: 11,35

6.2.3 Set and evaluate an integral for a volume of revolution of

methods

a given region about the line x=nonzero # or y=nonzero# # 6.2: 23,27
using the method of cylindrical shells

6.2.4 Set and evaluate integrals for the same volume of

revolution using the disk/washer and the cylindrical shells 6.2:29,37,39

6.2.5 Set and evaluate an x integral and a y-integral for volume
of the same solid

6.2:37,39

6.2.6 Set and evaluate the volume of a solid that is described
by words and no functions are given

6.2:41,43,49




Conce_Pl'ua.l infroduwction: in 6.1, we c,Qm\PuJ’Qd volumes us'ma

cross - sechions. Thig section we wse nested chells.

Consider the solid oblained bﬁ m\Iolv'mj the m_aion
below y: L(x) obout the d_o.xis.

HC\] We could "rj to use wathes , but
: P y: $(x) we would need to colve Y= {I(x)
H _?or X (so . ¥'md X = {:"(3)) which
P \. could be dufficalt.
S ' 5 We use shells inclead.

/X=°* XQ X=b X
(e,volv}n\q Hhis s{-r'.P about the g~ axis will creake o shell
J

i\
i

Volume of the shell = IR (<hell mdiua)(chell ho.}ahk)('fhickness>
= ,?Ti.x.‘:(x)dx

b
So the volume o.F the Solid 'l& V- f iTCx.F(x) dx

Gene_m\ .Formm,o.lo~ fo memorize :

b .
V- f AT ¢ (x) h(x)dx with, [0z shell radivs
o h(x)|= shell heght




Examples : 1) et R be the region  bounded by the
x-axis, the Y- axis and gs &- dx? -x +x*  Find the
volume of the solid obfained by cevolving R ahoutl the

3- Qx~|s.
J To use d'nsks) we Slice Per?endicularlj

to the axig o_F revolution (S-ax\c).

We would need fo solve the

Qﬂua.\'\'on y- 2-8x3-x +x* for x

to find the radiws r, but this s
s x  nob  possible !

X'-‘I ? ("10)

= So we use the chel method ‘instead.

To .Finc( the dimengions of a +3Pical

J shell, we tontider o ship Eam\\el to
(012) the axie of revelution (3-axis),
[EREE Let T * Shell radius = distance behoeen
N oxi8 of revoluhon and sh"']o
N 3
I (\) vx  *Shell height = lengin of ship
3
S Vo= { | I dx

- fo‘;l'rc ( )dx

AT Jl (&x- It ~ x* & xs) dx

asbic umbs

= &R{X"_gx_s-x_a,{.iq]‘ = 3Ic
s 3 4, 30




l) Let R be the re,sion bounded ys= AJx ond y < 2,
Set up on 'm\'e,sro.l thal c,ofmlml'es the volume of the
solid  obtained by revolving R obout the line y=-l u,s'mS
0.) the shell method.
b) the washer method

a.) Shell method : sheip parallel to the axie of rewlubion.
31\ (3_'3_5_)

= AIx
%: 3/ o Shell rodius = 3 ¢V = g+l
gl . I' e Shell hejshl' 3 i)

e Thicknest = d\\j

---: ............................ G 8:—' So V- j &Wa(s‘i-l)(sus-(%)z)dj

b) Washer method : s|~r‘.[> perpendiculor to the axis of revolubion.

3 T d = 2x (Llﬁ)
= x3/" e T \ o - X
o Y Lnner roadiwe : 6, (x) = X™*+]

° Outer radius: g, (x) = 2fx+)

3
NG

- Se |V-= f‘l?.[z{;‘u-n) (4 1Y]ex

How to decide between shells and washers 7

5 Find what ig easier ,(:or s\’r‘nfs befween Pam.\le,\ or Per?eud{culo.r
to '\'he. 0.)(.18 o.(: fQ,Volu.HOn.

Pocallel = uwse shells, Pe,r?e_ndQc,mlar - use washess.



3) Consider the redion Pid-u.red below. Colewlate the volume
of the solid  obtained b\‘j re,\lolvir\\a R obout x =2.

Here, vertical stipe are easier becanw
we have o s'male, boundinﬁ cunve

.For the +o‘> and the boltom eadh.
= (We use shells.

i > % ¢ She,l\ radius = d-x
ek * Shell heigt - 3-_L_
! (
@ Ve [l ) - R ey

o

\
= AR [Gx - 3%2 - dhan”! () 4 ‘3_'"(”’(1)]9

T(T-T+ In(2)) cubic weih

Remark: we can  shll use woshers with horitontal seipe,
but we need bt uwse hw 'ml'eamls becaste there are
fwo d;f(-‘.ee.mr\\' Ve bou.ndir\d on the left. x-o Jor 1€ g43

\
g4 2 ond S:xlh qx:\,-’g_) ,For .‘z\<3\<l.

e ri,\(g): A-1 =1
2-0 = & '.J; 1€ ys3

Or\ (‘):
ou\za a- é" ;-r_ .\E\(JSI.

- |V= ‘_[l'if.[(,'{_\/g:)l- |7-]d\\j + J;i\'»(l’-. n)clj




L*) Use the shell method to find the volume of a
SPhere, o,(l radivs  R.

‘The, sPhere, ‘|3 obhx'mea\ ba re,\lo\\iltx\c’ the. semn| ~ c§rcle, J;,/R’:—x’-
o.bou} the x-axs.

J pys VAR x?
( \
-R R ®

o Shell helah\‘ = Xnght ~ Xiefe

We solve dz\/ﬂz'x” ,for x to ,Fnd Xt 0nd xn‘ahl-

3 X: tﬂr\‘j—‘ 3 nef,.z-m, x.;sm—a/kry
So shell height - Je g -(JRT.JT)
= AfRgr
o Shell radive - Y

/3 w- Sub
Se V- J REJ&JRl-d” d\‘j w= R"-S"' y=e = w=R?
° dw = -23&3 U:R 2 W=o0
LA Ir ~d
J i (- )
kﬂ-
= 4K [ 2 ufh]
3 )
rR3

\

3




5) et R be 4he re_s'lon below +he Sraph of
3: XSQC(R"3> on the inkerval [o.l].

4
Find the  volume of the md'non obtaned oy revolving
gy R obout : 0.) the y- oxis
T 3
3”(&2{’(%) b) the x-axis
Xzl il

d:x&M(’%? * Qhell radius: x

* Shell he.‘ush* : xse.c("‘T"’).

\
V- J. &Rxxsec(""‘3>dx

o 4
! 3

) 9:': J‘o SﬁC(Tl:i- >X"d\< w= B_? ) ClU. = _——3Exldx

T4 L
= an [ sec(u) 4o 5 xidx o e

0 3K ¢
_ 8 i
= -3—‘[, sec(u)dw

= % [lv\(l sec(w) ¥ tan (@\3]7«-

%ln (JI—H ) cubic umk




\o) Revolution obout the x - axis : we use dicks

31T ys xsec(’%’)

*Disk rodius: xse,c_("":s‘)

disi: radivs

= éc.sec(’%‘&') V- \f‘E(x&C(R:g\))ldx

/.
\ 3 2
sto.c(“" ) xdx

Xl=l &l, *

n

4 we B o du s X gy
o 4
*l4 2 x¥dx = 4w
= T(:‘J SQC((L)Q l(-d(L 3K
0 3T
LY
= ij sec(u.)"du
C I
4
= i[{‘o.n(uf)]
3 0
¥ cobie umk
3

G) Se}-u.F an lnh.sm\ e,ctu.a.\ to the volume of the solid obtained
b\tj reVolv3n3 the red'non below olbout the 4he line g ° 8

wsin 9 a) washers
b) chels.
J

T e ¢




o,> Washers : sh’\fs Per?u\c\'mu\a.r fo the the axis, o we wase

on  X- inhaml.

J
NP U —— ¢ .l

o

/ * 6, = Z'Qf—l

=ex-1 E

’ /[ & | V- Jltlt.(K’— (8-e*)")dx
: ‘ +

) Shells . dript  porallel  fo dhe the axis, o we wse a

we 8"0 :8

; Y- 'm\'eﬂml.

J: A I g * Shell radius = S-J.
e e *  Shell heleh\‘ : we have 2 left
e P o) X< ln(J)H— bound1n3 crves :

i PR . °'|,Y. 0€y<, heldhh, t-9-2
: E . °f 1€y e?, hdah)— e b= (Iny)+2)
" * = &-lnld)

So V- J' &E(X’d)(&)d\\j + J;e}mi (8“3)(2- ln(\tp)d\xj




