
 Section 8.3 Trigonometric Integrals

Learning Goals



Goal compute integrals of the form
fixing x Max

where f g are trigonometric functions

I Sask sink mdx

Key identities cos x t sin x 1

Cos x 2 It cos121

sin x 2 I ask

I ask sink
2 sink cost
2

Strategies

If at least one power is odd

split off one factor from the odd power and rewrite

the remaining factors using cos x t sin112 1

do a u substitution

If powers of cos sin are both even decrease powers

using
us 2 it 65121

sin x 2 i costa
double angle identities2

2

If we have a single sin or cos to a power we can also

decrease the power using IBP as seen in 8.2 this

would give us a reduction formula



Examples

l f cos x Pdx power of sin is odd splitoff one factor

f
singFossinix dx

J sin x cos x sinixldxdyresiwnriteusirengmaisinning.ptwI fy

S l cos x cos f sink
dig a subu cos x du sin x dx

J i u2 a
8 du

f v4 La a 8du

J ult w t 260 du

Y 13 29 c

cos x 19

19
Cos x 23

23
26s a a
g

t C

2 f sin x dx both powers even o and 4

Method 1 double angle formula
I sink dx sink 2 ax

S t cos121 dx
2



4 1 26s 2x Cos 2x dx

4 x sink É gieformulaagain for the remainingintegral

4 x sin 2x f it6141 dx

4 x sin 2x I singh C

3g sing
2x sinkx

32
C

Method 2 IBP

f sink ax fsisingyda It singsda 3sin x osix d I
5 1 4

f sin x dx sin x cos x 3J sin x cos x dx
replace by 1 sinx2

sin x dx sin x cos x t 3 sin x dx 3 sink dx
we solve for Ssin x dx

4 sin x ax sin x cos x 3 sin x dx

f sin x dx 4sin x cos x Ssin x dx
werepeattheprocess for
this integral

f sin x ax si sing
sin x cos x t fans x dx

1 sinx2
sink cos x x f sinxp d

solve for
Ssink dx



2 sin x dx sin x cos x tx

S sin x2 I sin x cos x

We plugback I
f sin x dx 4sin x cos x Ssin x dx

4sin x cos x t 34 sink cos x 2 to

38 sink cos1 1 35in
g
costal c

Remark the results look different but they are equal up
to an additive constant

3 it cos x dx double angle formula It cos x 20s I

V2cos E dx D ws E ax A cos E ax
cosE o if exe

5212sin E 52 F o 2

4 f cosAxl ax
sink D Power of cos odd splitoff one factor

f cos Fx cos Fx dx
sin 776

J i sin177 as

rewrite remaining factors in terms
of sin

sinAx



yay
du le sub u sin17 1 du 7cosCtx dxf t ur

I f tu
G a 4 du I Yj I t c

I
215in1713 35 nays

C

2 Stan x see x
m dx

key identities it tan x see x

tan x se ik I sec x seckltan x

Stan x dx Insectx tc Ssectx dx Insecco tank Itc

Strategies

If power of tan is odd
split off a factor seck tank and rewrite the remaining
factors in terms of sec using fancy secy I

do the a sub u see x

If power of sec is even and positive
split off a factor see x and rewrite the remaining
factors in terms of tan x using seclx tan x 2 1

do the a sub a tan x

If power of fan is even and power of Sec is odd or 0
rewrite integrand as sum of powers of see
use IBP with du seck dx and rewrite tan x as

sec x I in resulting integrals



solve for original integral and repeat for unknown
integrals

Examples
l El seck tdx power of tan is odd splitoff sectan

e g tangents
terms of tank
rewrite remaining factors in

seccxi 1 Sec x tan x sick dx

f u2 1 abdu
I hey du seok tank ax

J ut ut du Y
at C
7

sectx 9 Sachi t c
9 7

2 I see x dx power of sec is odd power of tan even
use IBP to getreduction formula

J Lysergic
IBP
a sech
du secexitanixia I If dx

Sec x tan x f sec x tan x dx
seccx 2

Sec x tan x 1sec x ax t f sec x dx

Sec x tan x f sec x dx In tank seceil
we recover the original integral
we solve for fsecx dx



2 sec x dx secy tan x In tanixit se x

f secy dx secy tan x In tanixit se x C

3 Stan x dx

Method 1 f tan x dx tan x dx sack 2 1 ax

J Sec x 2sec x 1 dx

fsec x dx 2tan x x

compute this one with method for even power of sec

f Sec x ax f seck sec x dx

tan x ti sec x dx

J Étanexflu't du du seccxildx

Y a tan tank

so Stan x dx fsec x dx 2tanfx x

tan x1
3

tan x atan x x

tank tan x x t c
3



Method 2

f tan x d x f tan x tan x dx

f tan x Sec x 1 dx

I
ggdx

Stanetax

du secexidx

J u'du f see x 1 dx

43
3

tan x t x

tan113
3

tan x t x t c



Practice

1 Express fast dx in terms of fcos x ax

2 Express f sec 5x dx in terms of fsec 5 3 I
Use this to compute 5sec sx d

3 Calculate tan x sec x dx

4 Calculate f cos x In ws x dx

Solutions
IBP

1 fws x dx dynasty
u costa
du In lossy'sinixidx
du costadx a ve sink

cos x sin x f it fast sin x dx
1 Cos172

cos x sin x Cn1 f cos x dx fn i cos x dx
recover the original integral
solve for Suskind

n fees x dx cos x sin x t n I fas x dy

f cos x dx cos x sin x ni
n

t
n fans x dx

2 5sec six dx
IBP

Stsecffy
u selsyn a
da 5 n 2 sec5x tan D dx
du sec six dx ve tan sx

Sec 5 7 tan 5 1
g

n 2 see 5 7 tan153 dx
se 5 12 I



Sec 5 7 tan151 y 2 fsects dx n 2 sects tax
5

recover the originalintegral
Solve for Sseclsxindx

n 1 see six dx Sec Sx tan151
5

n215secJx 2d

f see 5 dx sec 5x 2 tan six n z
5 n 1

t
n f sec 5x dy

We now compute fsec 5x sdx using the reduction
formula we found for n 5

f sec 5 75dx Sec 5 7 tan 5 1 fsec5x ax
20

use the reductionformula
for n 3

Sec 5 7 tan 5 7
2
sects tan153

le
t 21secsx dx20

Sec157 fan 5 7 3sec six tan sx
4

31hsects tan1571 c
20 40

3 tan x sec x dx power of sec is even split off a sect

StaniIsecthsecia
ax

in terms of tan
Stan x tank it secy

rewrite remaining factors

a tan x du sech dx
S u ult du

a sub

flu ta du a

14 I C



tan x 4

14
t
tan1 112
12

t C

4 f cos x In cosy a
IBP
U Infoski
da Ginga

du costalax
v Sinixt

In cos x sin x y f sinkscos x
dx

In cos x sin x f t cos1 12cos x
At

In cos x sin x J sec x costxt dx

In cos x sin x In see x tan x sin x C


