
 Section 8.4 Trigonometric Substitution

Learning Goals



Goal integrate expressions involving powers of
a2 bye Val by or by a a b yo constants

We try to choose a suitable substitution making the
inside of the square root a perfect square

I Expressions involving a b'x2 sine substitution

We will want to replace PYTHAGOREAN identity

a2 by at a'sin o I a'cos10
For this we need 62,2 azginpay go

tperfectsquare

Substitute x g sinlo with
IIIdx g cos o do

Then a by al algin1032

y Ia cos o
pg bx

acosta just
at 622

Examples l f ax

4 9 2 312

We will want 4 9 2 4 45in 0 9 2 4sin o

substitute x 3sin10 ax cos 9 do

Yo 3x

a g
Then V4 9 2 V4 45in1072 26510
The integral becomes

f ax

V4 9 2 13 f
36510 do

14 921312 126,10 3 112 f Cos1072



s f se o do 12 tan O t C use THE RIGHTTriangle to
Express in TERMS of x

3x 2

go
312 V4 9 2

C

V4 ax

V44,2 t C

g g
We want 25 x2 25 25sin1072

substitute x 5sin10 ax 56510 do

j X

V25 x2
Then V25 x2 V25 255in072 56s o

So JV25 x2 ax J 56s o 56s 9 do
useDoubleANGLEFORMULA

25 J cos10 do
1
cos1032 1 61120

25 1 65120 do
2

of singaogysin
2sincoscosio

useTHERIGHT TRIANGLE to 252 Ot sin1076510 C
Express in TERMS of x

5
225 sin g f

V25 C
70 r
V25 x2

225sin I
V25 x2
2

C
sin10 I costa Fj



2 Expressions involving a b'x2 tangent substitution

We will want to replace
at by a't attanto I a'secco perfectsquare

x y

For this we need b'x a'tanto so

Substitute x g tanto with
III

Then a by a't altan1032

y Ia b'x2 a secco

a

bx
10 r a secco Ise

Examples ft dx
o V64 x2

dx
o V82 x2

We want 64 2 64 64tan o

So we substitute x Stanco ax 8seco do

64 2
Then 64 2 64 64tan1072 8seco

8
70 r

Because this is a definite integral we also need to write the
bounds in term of O x o a 0 Stan10 O tan 107 0

x 8 8 8tanto D tan Ii E
So f dx

o V64 x2

8sec1032dg
8secto

secco do



In secco tanto In52 1

Remark if we computed the indefinite integral we would

have

f dx
V64 x2

secco do

In secco t tan o t C use THERIGHTTriangle to
Express in TERMS of x

In V6 t g c 64

3
In V64 x t t t t C secco any Fj

tanto B I

2 f ax
x2 6 11

am
x2 6 11 x2 6 9 9 11 x 3 2 2

We want 2 1 3 2 2tanto
Substitute x 3 F tanto or x 3 52tanto

dx I see10 do
2 1 3 x 3 Then x 3 2 2 2tan1072 2 2sec072
70 r

S J dx dx

x 6 11 x 3,2 2 a f Asec10 do
29110 2 4

secloya I f cos 9 2dg
useDOUBLEANGLEFormula

If do
cos1032 1 61120



I f 1 91201 do Ot singo C

EERIEYTIERIYYFE.to Ot sin10 cos o C

2 4 x 3 I tan i3 Fix 31
x372 2

t C

70 r

since III jÉIx312
CosO IF VIE312

3 Expressions involving b'x2 at x E only secant substitution

We will want to replace PYTHAGOREAN identity

62 2 a atsecco a I a'tan o perfectsquare
For this we need b'x a'see107 so

Substitute x g seclo with 100521
dx gsecco tanto do

Then be as asseco as Ia'tan o 2

a

b'x2 asbx altan o
tan70 r a tanto

Examples I f ax

49 2 no
for x E

We want 49 2 too 100sec1072 100



Substitute x f secco dx f seccotanto do

7 49 2 too Then 49 2 100 looseco too lotanlol
70 r
lo

Then f ax I seclostancoldo
x 492 too

S
ifseclo 2p tango S desecco

I f cos 9 do I sinO t C use THERIGHT TRIANGLE to
Express in TERMS of x

49 2 too
7x

C

49 2 too
box

C

2 f ax

151222
substitute Jx 2seco

25 2 4
ax

5dx 2sece tan10 do
5x 22 2tanto

J 2sec a tanloldo
5 2fan o

I f secco do fln seclo tanto t c

5
10 Sec10 52 tango 25 2 425 1 4

2

So f ax
25 1 4

15 In 52
25 2 4 C
2

I in 5x 25 1 4 C



Practice

1 Show that Jia sin E to Jaff a
tan

a
to

using trigonometric substitution

2 Calculate f x

tri axe

3 Calculate f x
2 4
d and ax

Solutions

1 J substitute x asin o
dx acos10 do
VAT a cos10

J acesto doaces10

f do Otc sin10 ta se O sin E
sin I C

f ax substitute x atan o
a x2 ax asec o do

a'txt a'se1072

Jase to doa'sec1072

I f do O t c tanto I so O tan E

a
tan ta C



2 f x

tri ay
f 56510 dosin10126510 3J do

sin1012

3 csc10 dob d

Fa CosO

36410 C
3x

10
Taxi

3x

UM e

Cotto V E

3 JAI ax substitute x 2tanto
dx 2seclol'd
UNIT 2sec10

f 2tan107722secto do
2seco

4 tanto secto do 4kg 45 547
Sec1012 I

Isectotanto flnsesto tanlol previoussection

2sec o tanto 21mseclo tanto t C

I
a

tan o I a Secto UZI
10

So f x22 4 a XVI 21h x Vx I t c

III ax substitute x 2tanto
dx 2seclol'd
UNIT 2sec10

f 12tan1011 2seco do
28110



8 S tan013sec o do 8 f tanto tantoseccodo

8 J see10 1 tanto secco do Isebcio du tanlolseccodo

8 fu 1 du 8 gu t c 8sec1073

3
8secco c

X

go
x tanto I a secto VII

2

So JI ax x 4 312

3
40 2 4 t c


