Rutgers University
Math 152

Calculus 1 Review Worksheet - Solutions

1. Simplify the following expressions. Your answer should not involve any trigonometric or inverse trigono-
metric functions.

(a) cos™! (%)

Solution. Recall that cos™!(x) is the angle @ in [0, 7] such that cos(f) = x. Therefore

(b) sin™" (sin (IF))
. .1 ) ) T ) . . [T
Solution. Recall that sin™"(x) is the angle 6 in [75, 5] such that sin(f) = . Since sin T =

V2

—5 we deduce that

(¢) cos(sin!(x))

Solution. Consider a right triangle with acute angle § = sin~!(x). Then sin(f) = r = —. So we

can choose the sides to be opp = x and hyp = 1 as shown below.

V1—2z?

The Pythagoran identity then gives adj = v/hyp® — opp? = v/1 — 22. Therefore

cos(sin ! (x)) = adj _ VvV1—2a2|

=y




(d) sin(2cos™(x))
Solution. First, using the trigonometric identity sin(260) = 2sin(6) cos(d), we have
sin(2cos!(x)) = 2sin(sin~!(z)) sin(cos ! (x)) = 2xsin(cos™*(z)).

To simplify sin(cos~*(z)), we consider a right triangle with acute angle # = cos~!(x). Then cos(f) =

d
T = ]:—J. So we can choose the sides to be adj = x and hyp = 1 as shown below.
yp
1
V1— a2
0
x
The Pythagoran identity then gives opp = v/hyp” — adj* = v/1 — z2. Therefore
. _1 opp
sin(cos™ " (x)) = — =1 — 22,
(cos™(x) = P

We conclude that

sin(2cos () == 22v/1 — 22|,

(e) sec (tan_1 (%))

Solution. Consider a right triangle with acute angle § = tan~! (%) Then tan(f) =

can choose the sides to be opp = x and adj = 3 as shown below.

V9 + 22

3

The Pythagoran identity then gives hyp = v/adj? + opp? = v/9 + #2. Therefore

sec (taurf1 (g)) = };%) = Q%ZEQ .

(f) sin (cot‘1 (%))
2 _ adj

Solution. Consider a right triangle with acute angle 6§ = cot™! (%) Then cot(f) = — = . So
v VT opp

we can choose the sides to be adj = 2 and opp = \/z as shown below.



44z

2

The Pythagoran identity then gives hyp = v/adj* 4+ opp? = v/4 + 2. Therefore

2. Calculate the following limits.

(a) lim In(z)*

T —00 ﬁ

Solution. We can compute this limit using L'Hopital’s Rule twice with the indeterminate form 2.

This gives
. In(z)? pm .. 2In(z)i
lim = lim T
T—00 \/‘% 2 z—o0 SN
41n(x)
= 1
4
LH . -
= lim —
£ z—o00 m
= lim 8
T—00 x
5% — 3*
b) lim ———
(b) 250 sin(2x)
Solution. This limit is an indeterminate form %. We can resolve the indeterminate form using
L’Hopital’s Rule, remembering that for a positive constant a, we have
d
%am = In(a)a®.
We obtain
52— 3% pu .. In(5)5% —In(3)3*
im — = lim
=0 sin(2z) 0 20 2 cos(2x)
_ In(5)5° —In(3)°
~ 2cos(2-0)
In(5) — In(3)

2
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()

lim tan~!(2? — 23)
Tr—r0o0
Solution. We start by investigating the behavior of the “inside” #2—2® as  — oo. Since lim (2% — 2?)

Tr—r00
is an indeterminate form co — oo, we will need a bit of algebra to be able to compute the limit. We

have

1
lim (a:2 — a:3) = lim z° < — 1> = “00(0—1)" = —o0.
T—00 T—00 x

Therefore, letting u = 22 — 23, we have u — —o0 as £ — 00, SO

lim tan *(z® —2°) = lim tan '(u) =|—
T—00 U— — 00

B

2 xT
lim (1 + >
Tr—r00 €T

Solution. This limit is an indeterminate power 1°°. Warning: limits of the form 1°° need not be
equal to 1! We can resolve the indeterminate form by rewriting the power with an exponential using
the formula

(lb _ ebln(a)

and applying L’Hopital’s Rule in the resulting exponent. This gives

2 xr
lim (1+> = lim ewln(H%)
T

T—r00 T—r 00

T
-2 1
. 22 142
L’H lim A
e x

clo ||

I
]
no

2
im 2 + 3 cos(x)

T— —00 5% 4

Solution. This limit is an indeterminate form 2. However, we cannot use L’Hopital’s Rule here.

This is because L’Hopital’s Rule only applies if the resulting limit exists or is infinite, but here, the
resulting limit

. 2 — 3sin(x)

lim —_—

T——00 5

does not exist. The Squeeze (or Sandwich) Theorem will work for this limit. Since —1 < cos(z) < 1
for all x, we have

2x — 3 < 2x + 3 cos(x) < 2x +3
oT 5T oT



for any x # 0. Furthermore, we have

I 2z —3 2 3 2
im =lim - - — =
z——oco b x5  bx 5’
2z 4+ 3 2 3 2
li =lim -4+ —=—.
L T
Since the two limits are equal, we conclude that

I 2z + 3cos(z) 2

1 _— = -

T——00 o5z )

lim z/®
xTr—r00

Solution. This limit is an indeterminate power oo

Y. Warning: limits of the form oo” need not be

equal to 1! We can resolve the indeterminate form by rewriting the power with an exponential using

the formula
a

b:

ebln(a)

and applying L’Hopital’s Rule in the resulting exponent. This gives

In(z)

lim z'/% = lim e =
Tr—r 00 xTr—r0o0
. In(z)
L’H  lim 2%
o
=
= 60

(1]

3. Find the horizontal asymptotes of the following functions.

112420 -1

(a) F@) =

Solution. This function is rational. We will be

able to compute its limits at infinity after dividing

the numerator and denominator by the highest power of x appearing in the expression, here 23. This

gives

1
a3

112% + 22— 1

m ————

z500 203 —x2 + 3
o 1lz3 422 -1
hm e e—
z——o0 23 — 12+ 3

1
3
1
a3

1
3

Therefore, the only horizontal asymptote of f is

2 1

im S te e U

n+Z-4 11

= lim ——& = = —

T——00 2_E+F 2
11
y—2.




_ 5z 41622 + 25

(b) fla) = 2

Solution. Note that
25 25
V1622 +25 = Va2 /16 + — = [z[4 /16 + —.
T T

When z — oo, we have |z| = z, so

_ br4+VI62+25 . St +le]/16+ 33
lim = lim
Z—00 180 — 7 T—00 18x — 7

o bz /16+ 2% 1
=T -7 1
5+4/16 + %
~ 5++16
18
1
=5
When 2 — —oo, we have |z| = —z, so
 Sw+I622125 | drlEly/16+ 3
lim = lim
5z—x\/@ 1
z—00 18z — 7 %
5—4/16+ %
= lim =
T—00 18—;
55— /16
18
1
18
1 1

Therefore the two horizontal asymptotes of f are |y = —

3e2® — 2e” + 42
22 — 6e2®

(¢) f(z) =

Solution. When x — oo, the dominant term in the expression is e?*, so we will divide numerator

and denominator by e?* to compute the limit when  — co. We obtain

1
L 362 —2eT 4 4g2 L 362 — 207 4 4g2 e
lim 5 5 = lim 5 5 C 5
T—00 x? — 6es® T—00 2 — ez 2=

2 422
= lim Smat e

2
T
T—00 o 6



Using L’Hopital’s Rule, we have

A 2z vH . 2
lim — = lim - = lim —
T—00 621 2 z—00 2@21 2 z—00 462"L

=

Therefore,

L 362 207 4 4g2 o 3-Z24 4?55 3 1
lim = lim —%—% = — = ——,
z—oo 1?2 — 6e® zoo L2 @ 6

When £ — —oo, the dominant term is x? as e%,e?* — 0. So we will divide the numerator and

denominator by z? to compute the limit when & — —oo. This gives

. 3e%T —2¢e% + 422 . 32 —2e" 4422 L
lim = lim .z
s——oco 12 — Be2 a——oco 12 — 6e2 %
3 2z 2e®
= lim —;2 — o +4
T——00 1— 66?
-
=4,
Note that lim ;—Z = lim Zi; = “%” = 0. These are not indeterminate forms and we cannot
r—r—00 Tr—r— 00
apply L’Hépital’s Rule (nor would we need to).
Therefore, the two horizontal asymptotes of the function f are |y = 3 Y= 4.

4. Calculate the following indefinite or definite integrals.

(a) /(3x+1)< 22)@

Solution. We fully distribute the integrand, then use the power rule. This gives

/(3x+1) (xQ—2>dx—/(3x3+x2—15—i>dﬂc

1
= 2x4+§x3—15x—5ln|x|+0.

(b) /x3 sin(z* + 2)dx
Solution. We use the substitution u = 2% + 2, du = 4z°dz. Therefore, 23dz = %, and we obtain
3 . 4 1.
/x sin(z” 4 2)dz = /Z sin(u)du

= 7% cos(u) + C

1
4cos(:v4+2) +C|




1 .1'3
© [ ot

Solution 1. We use the substitution v = 3 + z2. So du = 2zdx, that is zdx = %“. The extraneous

factor x2? in the numerator can be expressed in terms of u using 22 = u — 3. Finally, the bounds
become

=0 = u=3+0%=3,
r=1= u=3+1>=4

So the integral becomes

1 3 1 2
X X
0 V3 4+ x2 0 V34 x?
4
u—3
= ——du
[z
171 3
(B )
[ (Gvi-a
_ |12 3/2 !
]
= (;)43/2 - 3\/Z> - @33/2 - 3\/??)

10
=l2v3-—|
V3 3

Solution 2. We use the substitution v = v/3 + z2. So du = \/%. The extraneous factor x in the

numerator can be expressed in terms of u using 2 = u? — 3. Finally, the bounds become

=0 = u=+/3+02=1/3,
r=1 = u=+3+12=2.

So the integral becomes
/1 x3 dx—/1x2 rdx
0 V3+a? 0o V3+a?
2
:/ (u? — 3)du
V3
2
1
= [ug —34
3 V3
1.3 1 -3
=(52°-3.2) - (V3 —-3V3
3 3
10
=|2v3—— |
Sy




(d) /t sec® (3t?) e7tan(31) gy
Solution. We use the substitution u = 7tan (3t2). This gives
du = Tsec?(3t?) - 6tdt = 42t sec?(3t?)dL.

So J
2 (0,2 _au
tsec” (3t%) dt = o

We get

/t sec? (3t°) e tan(3%) gy — /%e“du

1
= —e¥ C
426 +

1 7tan(3t2>
=|— C|
426 +

(o) / ¢*(e® — 2)2/3da
Solution. We use the substitution u = e* — 2, so that du = e*dx. This gives

/e“’(ez —2)?3dy = /u2/3du

3
= EUB/S + C

=2 -2y o)

() / e?(e” — 2)*3dx

Solution. We again use the substitution v = e®* — 2, du = e*dz. But this time, we have an extraneous
factor e® since e?* = e¥e®. We can express this extraneous factor in terms of u as e* = u + 2.
Therefore

/62‘”’3(6”0 —2)23dx = /er(ez —2)?3erdx
= /(u + 2)u?/3du

- / <u5/3 + 2u2/3) du

3 6
o AR AR

— %(61_2)8/3+§(€m_2)5/3+0.




< gt
(&) / 0)

Solution. We use the substitution v = In(?), so that du = %. The bounds change as follows

The integral becomes

O

Solution. We can first factor out a y/z from the denominator, which gives

/milzﬁ:/ﬁ(sil/xﬂ@'

We can then use the substitution u = 51/z + 4, which gives du = 24 . This gives 4L = %, and the

2z NCEE
| o=

2

integral becomes

2
= 5ha|5\/a?+4|+c.

dz
V2 — 2

Solution. Recall the reference antiderivative

(i)

x

We can use this antiderivative after factoring out a 2 from the square root and letting u = ok This

10



gives

i) / L gdx
J 0oV 2 — .%'2
Solution 1. This time, the numerator is (up to a constant factor) the derivative of the inside of the

square root. Therefore, we can compute this integral with the substitution v = 2 — 22, du = —2zdz.
Thus we have xdx = —%“7 and the bounds change to

r=0 = u=2-0>=2,
r=1=u=2-1"=1
We obtain
/1 zdx /ldu
0 V2—u1? s 2v/u
= [-val,
=[1-v2|

Solution 2. We can be more ambitious with the substitution and let u = /2 — 22. The bounds change
to

r=0 = u=12-02=v2,
r=1= u=y2-12=1

Differentiating gives du = — \/%, which is the entire integrand up to a negative sign. So the integral
becomes

1 1
xdx /
_wdr [ g =[va—1]
/(J\/Q—x2 NG)
23 qy
(k)/ 4+ 922
0 z

11



Solution. This integral will make use of the reference antiderivative

du 1

To get to this form, we factor out a 4 from the denominator to obtain

2/3 dz 2/3 dz 2/3 dz
/o 4+9Z27/o 4(1+3i2)/o 1(1+(%)%)

We can then use the substitution v = 372, which gives du = %, so dz = MT“. The bounds change to

=0 = u=0,

We obtain

dx
O [ o
¢ + 62 + 34
Solution. We will need to complete the square first to see a sum or difference of squares in the

denominator:
22+ 6z +34= (22 +62+9) —9+34=(x+3)?+25

Therefore the integral becomes

/ dx _/ dx
r24+6x+34 ) (z+3)2+25

_ dx
_/25((“”;?)2+1)
1 dx

B )

1 Sdu z+3

1
=z tan™!(u) + C

1 3
— 5tan_1<$—; )+C.
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