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Le.o.mlnq Goals

Learning Goal Homework Problems
2.2.1 Find the limits of a function and evaluate the function using a 1-4, 83, 84.

graph of the function.

2.2.2 Understand and be able to explain concepts related to the 5-10, 78-82, 85-90.

existence of limits.

2.2.3 Compute the limits of polynomial and rational functions. Find 5,6,11-42,67-70.
the limits of difference quotients in preparation for computing

derivatives.

2.2.4 Compute basic limits of trigonometric functions. 43-50.

2.2.5 Find limits using the rules of limits. 51-56, 79-82.
2.2.6 Evaluate the limit of average rates of change. 57-62.

2.2.7 Solve applications of the Sandwich Theorem. 63-66, 78.

2.2.8 Estimate limits using tables. 67-76.




lim  £(x) = L | means that [f(x) geks arb'm’rmr'uld cese
o L when x geks dose %o a.

Tn thie sechon, we ore Soinj to learn techmques to  ompute

IR

1) Graphica.lljz l'-’»“:; f0<) = L means thot the y-values

on the geph  y= f(x) opproach L as the x- values

opproach o, x # a.

Exo.m\EIe.-. use.  the Sraph te  evaluate the following.
3&5 3:¥CK)

5 \# -3 -2/-0 | N 3 & X
-) -
|ivmq L) = -1, L£(4) DNE. | lim L) DNE, £0)=2
X~ X=
,!i-';“-\s P(x) = -2, £(-3): -2 )l(-m f(x) DNE, [f(2) DNE
m  f(x) DNE, L(1) =2 l:_::g L) = -1, f(3)= Q.
KA -1 X




\\

it) Subshitution : for comamon .Func,h'or\.s. on their domasn
| z :
b L(x) = f(a)

Common -(:u.nc.\';or\&: ra.honal (e3 Ix*+l )

x3-8
alsebrdnc (2.8. 3‘/;‘_+2.x)
QxPonenl-io.l (e.d 46‘”‘)
lo\go.r'll‘hlm‘tc, (Q.S- |031(3~5x)>
Hnsonome.l'ric, (s, on, ete.)
Inverse. Hsonomek'lc ( arctn , arckon elt.)

and thar combinahons  ( o.laebro.'uc, and  tomm positions ) .

In( 1+ xe***) o In(+ 1e*) In (2)

Examples : 1) limn -
' x 0 L+ 8&n(wx) 2+ §in (T 2

L) limn arcl-an(|+ln(x+l+)) = orcl‘an(n In(1)) = orctan(1) = .

X3-3

iii) A\sebm: L‘\ subshitubion S'NQo © , need to wee

o
a.lse.bro. b rewrte the eme.sc'oon before eva.luo.’:{nj.

/A 9 does nok necessarily mean the liamt DNE,
(o)

Exammples: 1) lim X2 Subshtubon givao 2. aore wpork
v -L—-'— =4
X2 -3 needed. .
. X=2 . | .
= liom = Lo (=) . limg -2x = |-&
x22  A-x X9 2-%  x-a
X Xg2

Ikﬂ x-l ) ...1x , x#z
< 1 =
2 \‘j j; p (M\J'AF-, X=|2
$ S X
-q...




2)  lien fr

X =] x"-l

subsh tuhion Slve.s © : more wode needed.
(9]

| irn Vx - Y
X2 (xe)xem) e or

mu.\l-'up\j tof» and  boltorm bd Cm:JugoJ'e_

X -1

= II'IW\ - Il'ﬂY\ | - | .
XA @) (RH) X Gen)(dRn) G LY
3) lien x-3 subsh tuhion S}Ve.s © . more wode needed.
X3 sz‘l'" -5 Is)
x-3 V%l + S

[i on

X233 e - S Vx%l6 + S

m\ulHP\g tor and | boltorm bd CMJLLJ&TQ.

=  limn (x-3)(Vo+lg +5) = i (x-3)(VP+l6 +5 )
X x*+16 - 25 X3 x*q

< lim (x-3)(Vs+l6 +5) i VX145 3 +5 1o _[3
x4 (x-3)(x+3) X3 X+3 s+ 6 |3

'l\l) Llﬂhl*' laws : 'L?- . liem .-?.(x) =L ana lion a(x)z M then:

X0 X=0

Ln'ﬁna Flx) + g(x) = L¥m liﬁ“a kf(x) = EL
lim  £0<) - glx) = L-w i Lee)” = U
Li(_t‘no .[l(x)s(_x) = LM limn Y £(x) = YL

X=to

lirony -F(K) = L_ M
x'-u; g(x) M ( 40)




Example 32 len IO L0 m Ll e g0,

X4 X XA

S0+ (fim 400) + (limg ?) S PSS [ SR P

x4 X lirn x 4
X 4 L=

\/) Squ.e,e.%e / Sandwich  Theorem -

J e Y- h(x)
. I ) < £69) ¢ WD)

W‘ g=$x) and  lim g(x) = lism hix) = L,

X o A= o

5 then | limn £(x) = L.

R K=o

2

. 2
Examr\!)les :o1) SuPPoee, that  1_ X7 ¢ L(x)¢ ¥ "I

2
Since i %2 o N 14X -0, we have [lim £(x) <\ | by
X=0 i R>0 a X~ 0
lhe  Squeeze.  Thesremn.
l) Faad l10m lx[s;n (L)
X0 X
Since -1 g si.«()L() ¢V, we have -|x| ¢ )xls'm(:_()sl,q.
Al&o) “m "lX\ = limn l&l = 0.
X= o X-n o

Se bd e Sciuec‘te, Theoremn, | lim |x] s'm('_x')=o

X= o
I\J




Vi ) SPedo.l trig  limnits

J
3:\
,_..s;n(x) limn Sin(x) T
X X0 X X~ 0 Sin(x)
£\ P s
VARV
P
. t=es(x)
ol y x % lim  \- ws (x) _L
-
Exo.mwgle.s: eveluate ) lim 5% 2)  liow tos (3x) -1
) X0 S;n(&()’ X= o X
sd 3) fim (R
X= o X S\n(3x)
1) lien Sx 2 M\ulﬁplﬂ by x| 4, get ..'lx .
X~ o0 Slln(lx) 2x Ax Sin(2x)
= lin 5% _2X (lum 5_>(lum - |5
X0 2X Sin(2x) X0 X o smu_x') 2
n.

l) H Los (3x) -1 .(3,()1 m““"'f"\‘j EU (ax)* Yo ger tos (3x) -

X0 X Lgx)z ng)z (3x )2
=l w8(3x) -1 (3x)? =(|imn tos (3x) -1 )( limn X2
X o (3x)" X X=o (3,():. X0 X

= (_ lim = “"3(3")>(I-m ‘Tx =-'.0 - J|o
X0 (3x)* A




R CS SO
X2 x&in(3x)  (Gx)* 3

L s () 3k ()]

- l;ﬂ“ .
X=>0 OOC(QX)" (?x)" Sin (3X) X (3)()
QT “““"‘) ) Gl (Imm ‘*"*‘)
xae  os(In) S\ %0 x-'o $in(3x) /L x=°  3x*
v-_\r*_/ T~ —~
A = lz=| l ﬂ
tos(o) 3
- |
)

Proctiee pmb\am\s: evaluote +the {ol\ow'md hewvats.

‘) i en V3x+l - 4 9~) li ooy Q""’")- + x
X285 [xt% -~ 3 X -| x4+ x
3) lim b k) lim  x*eoe (‘_)
h=o 1 _ X= 0 X
Varn 2
5) . fan (Ux)x 6) lion sec(Ix) -1 .
X0 S‘In(S)gsz X4 0o x*
Soluhons : l) |3 o0 Sx+l -4 Subshtuhon a'wu Vie-y = 2 : more
X285  fxt& -~ 3 vi-3 0o uwork

I oo Varl| -~ & .(3,‘“-'-4)(@4-3) mnu\hw 'l‘oP and boltorm
X35 Wxre - 3 (Vaxn + 4) (Vxrn +3) by both (Coyugates.

han (Xt = B)(V#m +3) | fien (3%~ 1S)(eu +3)
X2 (x+4 - q) (VEen +4)  **S (x-5)(Variru)

n

= lian (x-8)(vVx+g + 3) . lim 3(vxrg +3) . 3

af.
X286  (x=5)(vaxn +4) X35 Vaxs + 4 8 4




) lim @r2) +x" Subghtution S'NQA 9 . more work. needed.
X -| x*+ x °
__l_+ 1 X+ X+1
N 1 N B 7" L ot L 1 S o
x3-1 x(x41) x=-1  x(x+) x4 x> (x4)(x2)
= I 2 = - = |X].
xac W Ge) | @YER)
3) lim h = limn b = lim _FVih | deVeh
hoo A _ 1 h=o 2~ Vrn ho  A~Vith 2+ V44 h
foth 2 2iFn
= lien Virh (34 Vih ) lon ANVErR (4 VAR )
h>o LI. L (‘P"h) hAaeo -h
- L.,m ~ A Verh (84vER) = -abo (24+V/H0) = |16
-0
. kS )
£) fim e (5):
Sinee -1 ¢ m(%) ¢! , we have -x*¢ x"&os(_';) ¢ x2.
Also i rony (_x") = limm x* = O.
X- o X~e
8o by the  Squeere Theorem, lin s eo (i) : 0
X190
5) hm +&'\ (LI-X)X - l;‘m s.lf\(ll-‘() X . Q,,( . SK . Sx
X o Sin (5 )* x40  (08(ax) Sin(Sx)Sin(Sx) x Sx S
= limn ( . sin(Gx) . 5x 5 % -Yx
X 0  (os(4x) bx CGin(Sx) On(Sx) Bx- Sx
= [ liwm (um Sia (4x) )(l:m 5% \( liem )(l.m\ &
X=o0 Oos(Qx) X4 o Ux N X0 S'm(Sx (X0 sm(sx) x~o0 2T
i 1
i | N Ll-_ | i s?ao.al fﬁs liemats
Oos(o) &S as
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1= w8 (B)  (B)*
X0 x% o8 (%) (@)t




