Sechion 2.4 One - Side ks .

Learaing Goals

limits. Answer conceptual question about one-sided limits.

Learning Goal Homework Problems
2.4.1 Use graphs of functions to find one-sided limits. 1-10, 21, 22.

2.4.2 Compute one-sided limits algebraically. 11-20.

2.4.3 Find the limits of trigonometric functions using the limit of 23-46.

sinf /6.

2.4.4 Understand the relationship between one-sided and two-sided 47-50.




One - sided limnite :  in  the definikion of i £(x) , x s

X a

allowed to  opproach o on  both Sides  (left ond right).

We can  look of Limnike  when x o.PProache,s o from

one side or\l\\i.

Limik Lromn the ecight @ lim {L(x) X goes to oo and x3a.
e x- ot
Efb £() = L meons L(x) gets orbitrorily dose to L

when R o.pproochc.o a wth x 3 a

Limit  Lromn the [eft : lim L(x) x et to o oand X<a.

X= o~

liew  £(x) = L  mmeons £(x) Sel's arb}\-mrﬁ\d cdose Yo L

X=0."
when % opproache o wth (%X <a

Qelaﬁonch}p between one -sided and two-sided ligniks :

lim £(x) = L & (,l(i-‘mr\o:r L(x) = lim_ £(x) = L)

X o

More QxPlid{H, thi¢  meant that -
L, I.\f left and r'ssl\\- lieite  are dl,\?,(_‘emr\\', the o -sided

[ieniF  does  not  exist ( DNE).

* Tf left  and rishl- o ts  are chua.l, the twe - sided
limit  existe  and 18 Qqu.o.l 10  both one -sided

Lireena kg .



X=Qa

i ren {(x), i L(x) oand f(a) Lor o =-3,-2,,4,%.

X ot X~ 0
T4

1 y=+fx)

Examples: 1) Use the graph of f below o find  lim L),

A
o | D £0e) | limn, £(x) | e £(x) £(a)
-3 DNE | DNE 3
-2 L Ly 2 2
[ 3 L DNE DNE
2 ~ ~1 -1 o)
4 - | DNE ~2

3) Caleulate  liem |x- 2 or _QxPlu.'m wh\xj %k  does not exiSt.
x=23 x2- 44

X-3 'l.('. X 73
Recall thot [x-F| =
- (x-%) ."F x <+

S'mcc we have o d.l.-H.’eref\\' -QxPre.&&'wor\ te the Ie.Fl: ond
rism ol +, we we one -Sided I S
° R'isM— o b :

lK":H = "l‘M _L = lim ! = ! s A,

|i o
x=3T x2-4q 33 x-F) (1)  x-at x+# 3




° Le.F'l' v en e
o |%- 4l = lim ﬂ: lim -1 = - .

X230 x*-4q X337 (x-7F)(x+?) X3~ XtF 3
X<F o [x-F| 2 - (x-3)

Since L H o i 127 , | liem -+ >ue
X33~ x?-49 x=23*% x2-49 X% x?-49
~Y

0

Sin(6x) o
X
3) For ,F(x) = - a X e 6
X X?©
Vx1a - 3

Calcwlore  liem 2(x) or Lx?lo.'m why W does not exast.

X0

Since we have o dL@{.’eren\' .exPre.S('\on to the le,.Fl:

r'\sh\ ol O, we we one -Sided beats .

* R;SM' LimiE -
i £(e) = lim % 003 i x(Vxeaes)
X ot x~ot x19-3 Vx1443 X0t x+q-9

= liom X(m+3) = N (\/Xd“f 1'3) = ﬁ+3= 6.
X

X0t x30t

I

ond



¢ Lept limit
lim  p(x) = lim  Sioléx) 6

X=2o0" X~o"

liem S‘\I\LQX) ) ex
x 6x XAe” bx x

; &o(&x)
(L.':“, Y. € . ¢) =

Since ||mr\ 1(x) = L-m\+ t(x) =6, lim  4(x) = &

X~ o0~ X= o

Ay
az.F(_x)
6
~ i, >

Lk) Find  the values o.". the ctonstant a ,Fpr which the .FUACHOv\

tos (*x )+ x x<
,\‘,(x) = - Xz has o Lt ok 2.
0X + 1l X%

We need to  encure  that  lim J(x) = Tl f(x).
x= 9t

X= 9~
\ = i = A 3 =
li, £(x) ll-l?;-- eos (’x ) + x tos (Mm)+ 2 = 3
i = | ax+l =~ Qo+
xl_(:;\.* .(.(x) x:«;‘r x 4+ +
So we need do+ =3 = Q22 - -8

o= -4




5) Evaluate  lim Sin(t) wxplain  why & doco not
X=o \x\
2x\8k .
* Right linik
lon sin(3x?) T $in(3x2) 3 kim Sin(3x*)  3x*
X0t |X| X330t X At X220t 3x? X
= |im\ S]n(gx‘) (\lm = '0 - o
x=ot X—!°+
* Lepe  limik
Lo s.\h(SX‘L) = i $in(3x2) . 3x = i Sin(3x2) - et
X0~ Ix | Xd0" -X At X290~ 3kt  -x
X¢O So |x\|=-%X
= I;(ﬂ\ Su\(gx'l) (\um ‘3‘)( = '0 = o
X0~ 3x’- x-w
S.ll\f.e- l'l"“ M = [irn LSXL) = O, lieon S‘II\(—3X'1) = O
X=-ot | %) X=3 0t (%) 2= 0 1%\
_Ix+6 x<£-3
3x~'+
C) or .[:(x): -x+ k ~3<¢x ¢\
bkarcran(x) x>
.F'md the values of k. {or Wt £ hor o it ok a) x=-3
ond b) x =1
@) lim  pex) = lim e | G A0S g 3xCes) g
Xx=-3" x=-3" 3x~'4) x--3" i--.-] X -3 3+ x
lim  £(x) = lim  ~xtk = 3+k.
x--3t X -3%



We want 3+k - -¢ 3 k= ~2

b)  limn L(x) = lim -x+k = -I+k

X x 1~
H f(x) = i ooy kkarctan(x) = & karcran 0) = q_kTC = kR
X= (+ Xt x

We woank -1 +k: kE = k(r-1) =-)
k- - ¢

-1




