Rutgers University
Math 151

Section 2.6: Limits Involving Infinity - Worksheet

1. Evaluate the following limits. If a limit does not exist, explain why. If a limit is infinite, specify it and
determine if it is co or —oo.

(a) lim 7172 +3r 2
r——1- (l’ + 1)2

Solution. Substitution gives %, so we need more analysis. We have

. 22+ 3z +2 . (z+1)(z+2) . x4+ 2
lim ———= lim ——————= = lim :
z——1-  (x+1)2 T——1- (x +1)2 z—s-1- x+1
In this simplified form, substitution gives % so the one-sided limit is infinite. To determine if the
limit is co or —oo, we use a sign analysis. Asx — —17, 2+ 2 >0and z+1 < 0, so i—ﬁ < 0.
Therefore
. 22 + 32 +2
lim ——— =-
e——1-  (x+1)?

3 2
(b) lim M
z—00 /413 4+ 1
Solution. Observe that xv/x = Va3 when z > 0. So

=

lim 3x\/5+2: lim 3ava+2 Um
S G v
2
= lim 3+\/”TS
340
VAT 0

¢) lim ———.

(©) e—2r cos(x) — 1
Solution. Substitution gives %’T, so both one-sided limits are infinite. We need a sign analysis to
determine if the limit is co or —oo on each side. Observe that cos(z) — 1 < 0 for all = since the
range of cos is [—1,1]. It follows that as  — 27+ and 2 — 27—, the values of m are negative

(positive numerator and negative denominator). Hence,

. T
lim

oot cos(z) =1 Of




. r—5
(d) g, x? — 2z’

Solution. Substitution gives %3, so both one-sided limits are infinite. We need a sign analysis

to determine if the limit is oo or —oo on each side. When x — 27, we have 0 < z < 2 so
2? — 2z =z(z —2) <0 and L%) > 0. Therefore,

x(x—

When z — 2%, we have 0z > 2 so 22 — 2z = z(z — 2) > 0 and 36(27’_52) < 0. Therefore,

. r—>5
lim 5 = —00.
z—2+ x4 — 21

-5
We conclude that | lim 2o, does not exist |.
T

(© lim 22
e 11m —_—.
200 /1620 + 1

Solution. Observe that V26 = |23| = —2® when z < 0. So

. 3 42 . 342
lim —————= Ilim
T——00 161:6 + 1 T——00 /556 (16 + Ls)
. 23+ 2 &
= lim ———
r—r —00 —II,'S /16 + ?16 F
, 1+ %
= lim
140
- —V/16+0
1
=71

(f) Jim V9t2 + 8t — \/9t2 — 5t.
— 00
Solution.

V912 + 8t + /92 — 5t
lim \/9¢2 + 8t — \/9¢2 — 5t = lim ( 962 + 8t — /912 — 5t)
t—o00 v v t—00 v v V92 + 8t + /9t2 — 5t

(Vo) - (Vo —5t)’

= lim
t—o0 V92 + 8t + V912 — 5t

. 9t + 8t — (9% — 5t)
= lim
t—oo /92 + 8t + /9t2 — 5t
lim 13t
t—oo /92 + 8t + /9t2 — 5t
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[Advanced]
i 26 + 5sin(36)
@ jim HEERE
Solution. Observe that
20 +5sin(30) _ 2 . 5sin(36)
70 7 70

Since —1 < sin(30) < 1, we have —5 < 5sin(30) < 5 and —% < 551%30) < 75—9. Additionally, we have

. . 5
9213100 7% o OEIPOO % =0
So by the Squeeze Theorem, . lim %ége) = 0. Therefore
——00
. 20 +5sin(36) 2 5sin(30) 2 |2

o 70 = hm T _?4_0_ 7
I 1 1
m (—-—|.
z—0t \3/5 \/E
Solution. For x > 0, we have

1 11 1 zl/f S B e |
% - ﬁ T opl/3 0 p1/2 T p1/341/6 0 p1/2 0 p1/2 0 /2 41/2

Substituting x = 0 in this expression would give _Tl, so we know that the one-sided limit is infinite.
To determine if the limit is co or —co, we look at the sign of the expression. For z > 0, \/z > 0. As
1/6 _

1
x — 0T,  is close to 0 so /¢ —1 < 0. It follows that xT < 0 and
x

1 1
li — = ) = -
o0+ (ﬁ ﬁ) >

. tarctan(3t)
lim ————
t—o00 t2+1

Solution.

. tarctan(3t) . tarctan(3t)
ilm —2 = 1lim —————.
t—o0 t2+1 t—o0 t2+1
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— lim arctan(3t)
t— o0 /1+ %2
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2. Find the vertical and horizontal asymptotes of the following functions, if any. Also, determine the limit
to the left and right of any vertical asymptote.

(a) f(z) =

(b) f(z)

22 -3z —4
Vi-2
Solution. To find potential vertical asymptotes, we set the denominator equal to 0. This gives

VT —2 = 0, that is x = 4. Substituting 4 in f(z) gives %, so we need to do more analysis to
determine if z = 4 is indeed a vertical asymptote. The limit at 4 is

=3 —4 Jr+2 . (a—-4+D)(r+2) _
lim N ~\/5+2—}CILI}1 — = lim (¢ +1)(Va +2) = (4 +1)(V4+2)20.

Since the limit as x — 4 is finite, x = 4 is not a vertical asymptote. So ’ f has no vertical asymptote ‘

To find the horizontal asymptotes, we compute the limits at co and —oo. Note that f is undefined
for x < 0, so only the limit at co makes sense. We have

2 _ —4 2 _ —4 1
m Ay, o804
T—00 \/E -2 T—00 \/> -2 —
vz
232 _341/2 _ 4
= lim 1 5 e
T—00 —
Nz
_ too
1
= 00.
Therefore, | f has no horizontal asymptote |
_ 2?2 —1
IR ESTE
Solution. To find potential vertical asymptotes, we set the denominator equal to 0. This gives
|z 4+ 1|2 = 0, that is # = —1. Substituting —1 in f(x) gives %, so we need to do more analysis to
determine if x = —1 is indeed a vertical asymptote. The left and right limit at —1 are
| -1 1 -1
Sl gy @ DeEsh o @)
zo—1t |z + 13  z5-1+ (x+1)3 a1t (x4 1)2
21 -1 1 -1
i Sl gy, EoDE+D o @)
e——1- |+ 1P  an-1-  —(z+1)3 z——1-  (x+1)2
So |x = —1 is the one vertical asymptote of f ‘




To find the horizontal asymptotes of f, we compute the limits at co and —co. We have

22 -1 . | ?13 I %—% 0—-0 0
im ——— = lim —— % = lim =
T—00 |{L' + 1|3 T—00 (x =+ 1)3 % T—00 (1 + l)g (1 + 0)3 ’
i 2 -1 i 2?2 -1 ;,713 i %_?13 0-0 0
1m —_— = 1m —_— s " T = 11m — = — = U.
T——00 |.T + 1|3 T——00 —(1‘ —+ 1)3 mi T——00 (1 + 1)3 (1 —+ 0)3

So ’ y = 0 is the one horizontal asymptote of f ‘

(€ fr) = 220

Solution. To find potential vertical asymptotes, we set the denominator equal to 0. This gives

4
5e” —4 = 0, that is e = %, sox =In (%) Substituting this value in f(x) gives 7+§ 5. This has the

4
form %‘Mber, so|x =1In <5> is the one vertical asymptote of f|.

To find the horizontal asymptotes of f, we compute the limits at co and —co. Recall that lim e* = oo
Tr—r00

and lim e® = 0. Therefore

T——00

I T+2" 7420 7
im = =—-

z——o00 he* —4 5-0—4 4’

ey 26" L i L+2 042 2
im - £ = lim =— =-.

eo0 5e? —4 L wseo 54 5-0 5

7 2 .
So |y = ~1 and y = 5 are the two horizontal asymptotes of f |

_ Va? 425+ 3w

d
(@ 5= VL2
Solution. To find potential vertical asymptotes, we set the denominator equal to 0. This gives
22 +5=0, or x = —2. Substituting this value in f(z) gives the form %‘mmm. It follows that
2
z=-¢ is the one vertical asymptote of f |.

To find the horizontal asymptotes of f, we calculate the limits at co and —co. We have

25
V%43 22 (14 33) + 32
lim — = lim
T——00 2x+5 r——00 2x+5
|z[y/1+ 2% + 3z
= 1-
. —J;\/@ﬁ-fix %
—/1+ 5 +3
T——00 2+;



_ —V/IF0+3

240
:1,
 VaZZr 43 . PP+ E)+3e
lim ————— = lim
z—00 2z + 5 T—00 2+ 5
|z|y/1+ 23 + 3z
= lim

T—00 2z + 5

x,/l—&-%—i—?)x
= lim —m——

V1+2+3

V14043
240

(z>0)

8 I8 =

=2

So ’ y =1 and y = 2 are the two horizontal asymptotes of f ‘

sin(7x)
fl@) = x2 4+ 3z
Solution. To find potential vertical asymptotes, we set the denominator equal to 0. This gives
z(x +3) =0, or x = —3,0. Substituting x = —3 in f(z) gives %%21), which has the form
%ﬂ“mm, so x = —3 is indeed a vertical asymptote of f. Subsituting x = 0 gives %, so we need

more analysis to determine whether x = 0 is a vertical asymptote or not. We have

sin(7x) ) sin(7z) Tz
im =1 7 =
=0 224+ 3x  2-0 x(r+3) Tx

— lim sin(7z) 7w

z—0  Tx x(x + 3)

. sin(7x) ) 7
= | lim lim
z—0 Tx z—=0x + 3

7

3

wlx =

)

so x = 0 is not a vertical asymptote of f. In conclusion ’ x = —3 is the one vertical asymptote of f ‘

To find the horizontal asymptotes of f, we calculate the limits at co and —oo. We have —1 <
sin(7x) <1 so

1 sin(7x) 1
r2+3r  22+4+3x 22+ 32’
. . _ 1 . _ 1 _ . sin(7x) _
Additionally, wll)rinoo e = A o = 0. So by the Squeeze Theorem, zgrinoo 2732 = 0.

In conclusion, | y = 0 is the one horizontal asymptote of f ‘




Solution. The function f is continuous on its domain, that is (—oo0,0) U (0, 00). Therefore, the only
potential vertical asymptote is x = 0. For any x # 0, we have

2
—z? < 22 cos () < xQ,
T

and lim —22 = lim 22 = 0. So by the Squeeze Theorem, liH(l) 2% cos (2) = 0. Hence, | f has no vertical asymptote |.
z—

z—0 z—0 z

To find the horizontal asymptotes, we must compute the limits at co and —oco. We have

lim 22 cos (2) =00-cos(0) =00-1=o00,
x

r—r—00

Tr—00

2
lim 22 cos <) =00-cos(0) =001 =o0.
x

So ’ f has no horizontal asymptote ‘

[Advanced]

_ 3zarctan(x) +7
B x—1 ’

(g) f(z)
Solution. To find potential vertical asymptotes, we set the denominator equal to 0. This gives

37
x—1=0, or x = 1. Substituting z = 1 in f(x) gives 40+7. This has the form %ﬂ“mm, SO

‘LE =1 is the one vertical asymptote of f ‘

To find the horizontal asymptotes, we must compute the limits at oo and —oo. Recall that lim arctan(z) =
r——00

s _ T

—Z and lim arctan(z) = %, so we have
2 T—00 2’

. 3zarctan(z) +7 . Jarctan(z) + I 3-(=F) +0 3T
lim ———F—— - F = lim — = ==
T——00 x—1 P T——00 1—E 1—-0 2
. 3zarctan(z) +7 1 3arctan(z) + L 3-Z+0 3r¢
im —— 72 . Z — lim T — = —.
—00 r—1 1 T—00 1— 1 1—-0 2
X xr
3 3 .
Hence, |y = —5 and y = — are the two horizontal asymptotes of f |

3e2T — b %
2e=7 4 et

(h) f(z) =

Solution. Since the denominator of f(z) is positive for any value of z, the function f is continuous

on R. Hence, ‘ f has no vertical asymptote ‘

To find the horizontal asymptotes, we must compute the limits at co and —oco. We have

, 3e2® — 5o~ L , 3¢ -5 3.0-5 5
llm —M . el = lim = =——,
z——oo 2e” % + et z——oco 24 €% 240 2

e—T




322 —5e™® 3¢ — e  3.0-5-0

li — = =1 = =0.
s 26 f e LT anleo T 2er 41 2.0+1
5 .
Hence, |y = —— and y = 0 are the two horizontal asymptotes of f |
) 1 — cos(bx)
(1) f(‘r) - .’1?2 +.%‘3

Solution. To find potential vertical asymptotes, we set the denominator equal to 0. This gives
2?(z+1) =0, or z = —1,0. Subsituting 2 = —1 in f(z) gives the form ner=zeronmmber 'gq 5 — _1 jg

a vertical asymptote of f. Subsituting x = 0 gives %, so we need more analysis. We have

lim ——o0T) -
250 22 4 23 250 22(x+1) (5x)2

1 — cos(5z) (5z)2

1 — cos(bx) I 1 —cos(bz) (5x)?
)

So z = 0 is not a vertical asymptote of f. It follows that | x = —1 is the one vertical asymptote of f ‘

To find the horizontal asymptotes, we must compute the limits at oo and —oco. We have —1 <
cos(5x) < 1,50 0< 1 —cos(bz) < 2 and

1 — cos(bx) 2
< < .
x? + a3 x? + 23

lim 0 = 0. By the Squeeze Theorem, it follows that lir:il 1=cos2) _ . So

Also, lim :
[ r—+o0 r—too TPHE®

2 —
Foo T3HT3 T

y = 0 is the one horizontal asymptote of f ‘




