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Learning Goals
Learning Goal Homework Problems
3.11.1 Estimate the value of a function using an appropriate 1-18, 64-74.
linearization.
3.11.2 Compute differentials. Use them to estimate the error that 19-64, 69-74.

propagates through a computation.




Conce.pl'qu infroduchon :

y=40x)

/\ (o) £(2))

4 L(x)

= £'(a)(x-a).+ £(a)
hmae.nl- fo £ of a

~

EqU.;\Ialen‘\'B ) we  can

o.PProod mahon at a

let £ be o differentiable funchion
at x:a. Near x:a, the
graph of f K very cloe to
the fangent ne ot x:za.

L(x) = £'(@)(x-o) +4£(a)

linearization of £ of xsa

We coan wte L(x) to a.pproximale
.(-OC) when x 1¢ clote to a.

Stondocd  linear opproxamahon

cenfered ok oo

L) a L(x) f % do fo a

state the standard lineor

f(x) = £(a)(x-0a) + £ (a)
or  [(x)-{f(a) = f'(a)(x-a)

or A(l ~ .F’[a) Ax

Remark: in fack, L(x)

o,[‘. {. near x = o.

LF Ax & small.

18 the best linear o..Pme'\ﬂ“o.‘HOf\



Exomples :

I) Pmd the \'mea.r'\ao.{:;on q.F ..F(x) = V% at x-=I
and uwte it to  ethmate V106 .

. .{'.C\) = J—--l
L(X) = {‘-'(')(""‘) "-'Pcl) with 00 = d Iz
L(x) = %(K-l) +1 dx

.
le:i .'l&lxm

n

1) d

L-; neka.r

opprox'mho.h'on: Vioe = f£(1.06)

~ L(1o6) = f_a_(Los—u)-l—\

V106 a 1.03],
(Aci-uo.l value: /.06 = |.omss3c>|...)

1) Use linear o.PProx'\rmo.Hon fo estimnate  3/a

‘HQl"Z- .FC)C) = 3\/: = X‘,s
-(,-’CX) a .'_K’a’s .

3
To .(I'md where. 4o

center  ower o.pProx'\maAw'ou, we losk for

o value of a dose b U for wheh we know f(a)
and {£’(a) exodHy.
L Here o: ¥ till do .

- g" . 2
«tf“ ’ 8 a0 b oo = Ho0es) +408)
£'(8) = Sy = L (x-8)+2a

L 3a - f(q)

~ L(Q) = :_’.(q'g)-l'l
Y3 a 25
(P8




3) We linear o.Pme\mo.’rion to  estimate I (0.23%).

Here  [(x) = ln(x) , L'(x) = L

We can take 0=l os our center ance k& i dowe teo
0.98% ond we know (1) = W) =0, L) = L=
L(x) = £(1)C0e) + £0) = x-I.

So In(0.99%) = F£(0.99%) =z L(0.9%%) - 0.49%3-I
[n(0.22%) a -o0.003

‘(-) Wee  linear aPProx\NnaHan to  esktimate -\m(%-o.os)

Hee  [(x) = fan(x) , f'(x) = seclx)?*.
We can take a.-= ZZ; Since it 18 clo®e +o %_0.08 and
we  know 4he .Q_acad'a va.lu.ezao.(‘_ _(.('%) = 4an (%):'
ond  P(E) = see(T) ()% 2
L) = ()0 B) 4 £(5)
= 3(&-%)4.‘
So +an(%-o‘0‘8) = .F('%-0.0‘Z) ~ L(%-OD‘X) = 4(-oR) +I

ta.n E-o.o?) ~ 0.€4
7

5) Su??ok. the +an3e_rd' hne +o £ of  xz1  1¢ 4= er 3,
Ecbimate : o) L(1.04) b) g(0-2¢)  where S(x)zl{(x)ef-x.

o) The linearizabon of £ of x=l W8 %) = Ax+ 3
S f(lLo4) ~ L{lo4) = 2(ro%) +3 = [5.08




b) 8(() - .;I.F(\)e,"'= 2:5-e°
gy = S(afe)e™)

lo.

(2700 €7 - agee)er™)

= ap'(e - ap)e” - ko =-6.
S L(x) = =6(x1) +lo.

g(0%) =~ L(0.96) = -6(02~)tIo
g(c-96) & lo.a4|.

’D'n.pperenh'o.l& and enorg :

The  differenbiol of £ g df = f!(x)dx [ where dx
1L o pew independent  variable, ond df  depends on
both x ond dx.

Emrmelea ‘L(’. d x% , then dj = dxdx

E s (), then dy - 33 () ™ dx
$: o+ &%, then  de = (2+ % )ds

n

w= wWen(6w), then du = (Gn(bw)+ Gwtos (bw))aw
efe.

Linear aPProx{fmo.\")m: 'l,@ dx= bAx,

A.G a d..(i: .F’(x}Ax .

Truitively,  df el us

how nHtve the ouJ'Pu.'\' of £ i$
{:o (¢ §

change in  the 'mfud- x - the greater  £7(x) the
more  wmngitive. We can  we the  idea to

eqors ProPo.soan\s '}hr‘w.\cgh o- c.ompu’ro&ior\.

sk ate



Erors: £ x 18 meaturd  with emor  Ax, then the
propagated  effor 1S AL ~ L'(x)Ax
- Fa——

exoct efror o.PProx&m\a\-ion
ol ‘the enor

Relohve error: M ~ F&)ax
£ (%) (=)
Perce,v\\'a.qe, enor: A 0o o £(x)Ax oo
N <) $0x)

Exa.m\EIes: 1) Supposz, the  Qide of o cube 1§ aneatured

d em wHh  an  emer of *0.85 em. What g the
proPaaad‘ed ereor 1n the

at

computralion af 4he  volume 7

V= x3 o5 dV: 3xidx

AV.& Ax*Ax = 3:2* 04S -| 3 um?d

enor 1A

volurme

QQ'GHVQ— Qnor . A_V - 3_ - i . 0.3%%
Vv 23

Percen{'a.ae ercor ﬂ |90 = 31.S °/. .

.‘L) Ta +4he  oxo m\Plo, obove
of of most o
What i the

&uPPosL we want an  enor

in the measurement of the  volume.

MANQAX 10 LLPN Percen\'ase, ercor that can  be
made  Meaturing the gide

This fime, we know N o1 and we want bAx,

v x



We have AV o 3x*Ax

=) Ax a ﬂ
x>
A_X ~ A_V = l_& = ﬂ = 0.0333...

The mMasamumm pQrce,vd'aae, ervor that can ke made o  the

measure nnent of the Side e |33.3Y% .

3) SULPPO&Q g0 stand 3o ..":l: {n:mx o bu.ildins ond caleulate
+the heiak’r of the bu.':ldine 'i‘j mneamr'mj the elevahon o.ngle

Yo the top. Yoo  mneasure 60°. How acewrate Anust the
meaturerment be 4o have an evor of of anos¥ | b on
the hd«sl\}‘ 7

h= 3chn(®) 5 dh= 3 te(9)?dD

h So Ah a 30 s0c(9)*AO-
AS

© We know M - 00l ond we wank 89
3o h ]

Ah = 0.01'h = Ool' 3otan(d) = 0.0l -3otan (%) - 0.3/2
S AS - Ah . 033 | 0.0085 \/3  rad.

30 8ec (9)* ¥ - 4

A9 _ 0.008Y3 . oouia
)

T

3

The muoximnael emor +that can be made on the meaturenmend

of © ¢ o.U1 %,




