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Section 3.11: Linear Approximations - Worksheet Solutions

1. Use a well-chosen linear approximation to estimate the following quantities.

(a) V62
Solution. For f(z) = {/z at x = 64, we have f(64) =4 and f'(64) = 16472/3 = L so
1
L(z) = 15 —(z —64) +
\ 95
Therefore, ¥/62 ~ L(62) = 5 (62 —64)+4= 2l

(b) ¢0%

Solution. For f(x) = e® at x = 0, we have f(0) = 1 and f’(0) = € = 1, so L(x) = x + 1. Therefore,

e 08 ~ [(—0.8) = —08 +1=[0.2]

(¢) v49.6
Solution. For f(z) = /z at z = 49, we have f(49) =7 and f'(64) = 149712 = L 5o
1
L(z) = ﬁ(aﬁ —49)+17.
1 493
Therefore, v/49.6 ~ L(49.6) = ﬁ(49'6 —49)+ 7= 0 |

(d) In(1 + 5sin(0.06))

Solution. For f(x) = In(14+5sin(z)) at x = 0, we have f(0) =0 and f'(0) = (m) =5,
1 |z=0

S0
L(z) = 5z.

Therefore, In(1 + 55in(0.06)) ~ L(0.06) = 5(0.06) =[0.3].

™
(e) cot (6 + 0.02) —V3
Solution. For f(z) = cot(z) at z = %, we have f () =3 and f' (%) = —csc? (5) = —4. So

&
cot (% +0.02) — V3= Af (%) Aw = —4(0.02) =[0.08]



(f) V7 — V16

Solution. For f(z) = ¢/z at x = 16, we have f(16) =2 and f/(4) = 21673/* = 3. So

1 1
VIT=V16=Af~ f(16) Az = — -1=|— |
7 f=~f(16) Ax 3 3

2. Suppose that f is a function such that f(3) = —7 and f/(3) = 2. Use a linear approximation to estimate
the following quantities.

(a) f(3.07)
Solution. The linearization of f at v =3 is L(z) = f'(3)(x —3) + f(3) =2(z — 3) — 7. So

£(3.07) = L(3.07) = 2(3.07 — 3) — 7 = —6.86 |

(b) [Advanced] f(1 + cos(0.1) + €%2)
Solution. Put g(z) = f(1 + cos(z) + €2¢). We have g(0) = f(1 + cos(0) +€°) = f(3) = —7 and
g (z) = f'(1 + cos(z) + €**) (—sin(z) + 2¢*7) ,
so ¢'(0) = f'(3)(2) = 4. Hence the linearization of g at z = 0 is L(z) = 4x — 7. So

F(1+ cos(0.1) + €™2) = g(0.1) ~ L(0.1) = 4(0.1) — 7 =[ 6.6 ]

3. Find the differential dy of the following functions.

(a) y = arcsin(3z?)

1 6x
Solution. dy = ——————=(6x)dr = | ——d
otution. dy = — s (bw)dw = | “i—gmgde

5)
(b) 1/24\%—?"'63

4
Solution. |dy = (31‘_2/3 + 1Ox_3) dx |

(¢) y = csc(b0)

Solution. ’ dy = —5 csc(b8) cot(50)do ‘

(d) y=5""

Solution. | dy = 1n(5)53_t2(—2t)dt .




cos(2z)

() y=x
Solution. We have y = e©s(22)In(z) ¢

2
dy = ecos(20) In(@) <—2 sin(z) In(z) + COS(I)) da
T

(f) y =sin(3e™7?)

Solution. ’dy = —21cos(3e™*)e” T dz|.

4. The volume of a sphere is computed by measuring its diameter.
(a) Suppose that the diameter of the sphere is measured at 5 cm with a precision of 0.2 cm. What is

the percentage error propagated in the computation of the volume?
Solution. Call x the diameter of the sphere. We have V = %’ﬂ' (%)3 = %x?’. From this we deduce

av = g:r2dx,
1% a3 T
The relative error propagated is
AV dV dx 0.2
— =~ — =3— =3— =0.12
174 1% x 5 ’

which means that the pencentage error is .

(b) [Advanced] Suppose that we want a measurement of the volume with an error of at most 1.5%.
What is the maximum percentage error that can be made measuring the diameter?

AV — 0.015, so

Solution. We want to have 57
d 1AV
& 22— 0.005.
x 3V
Therefore, the maximum percentage error that can be made measuring the diameter is .



