




















































































Section 3.7 Implicit Differentiation

Learning Goals























































































Conceptual introduction

Explicit functions y fix relation is solved for y as

a function of x

Implicit functions general relations between x and y defining

functions locally

Example y 9xy Fellium of Descartes

Each highlighted part is the graph
of a function that we call implicit
since we cannot solve algebraically

for y in x y 9xy

How to find y 9 for an implicit function

i Differentiate both sides with respect to x treating

y as a function of x chain rule

ii Collect the terms with y 9 on one side

iii solve for y 9

Examples 1 Find 9 for the following

a y 5 e b x y e Fx

c tan xty sinly d sin x sincy sincxy
e e t9 39 0 f cot Gesints y























































































a y 5 e

192 5 ed

29g 5 eby
2yg esy 5

y dy ed 5

y 2 1

b x y ed 7
6
1 2 y 2dg et 7

2 y y 2ely 7

y 2eY y 7 29

y x2 269 7 29 y 2
b tan xty sinly

seckty xty cosg
sec xty City It coslyly
sec xty sec xty2g It coscyly

secxty y cosly y 1 sec xty

y secxty costyl 1 secxty 2

y set Toscy

d sin x sincy sin xy6 sink sinly sink sing cos g y
cos x sinly sink costyly cos xy ytxy























































































sin x coslyily cos g y cos xy y cos x sinty

y sink cosly cos xy x coscxy y cos x sinty

y Cosky 9 cos sinly
sin x cos y cosky

e e ᵗ9 3g 0

e Y y By 0

e ᵗY 2 2yy By
22

2 9 2e gy 3g 0

y 20
292 3 20492

y
yes 3

f cot Gesints y
csc Gesing Gesin's cosg y 2x 2yy
2yy GcseGesing esintycosly y 2x

y 2 GcseGesing esinly cosly 2x

Y 2 Go esing esinycostyl

2 Find an equation of the tangent and normal lines to
2 7 392 21 at the point 3,1 Also find 2

First we find y 1
2 7 392 21

4 Ggg 0 Ggg 4 y y























































































II Y 3.9 9
ng r

NIRMAL

3 9 8s
13

Slope of tangent at 3,1
TANGENT

4 19
2

Equation of tangent at 3,1 y 1 26 3

Slope of normal at 311
slopeoftangent 12 2

Equation of normal at 13,1 y 1 12 x 3

3 Find the points on the ellipse x xy 492 15 where

the tangent line is a horizontal and b vertical

First find 9
2
xy 4y 15

dx 2x y xy 8yy 0

y x 8g g 2x

y

a To find the points xy where the tangent line is

horizontal we need to solve

11 0 Him II 9 2x

t xyt4y 15 C
plug in original equation and solve























































































2 2 1 46272 15
2 2 2 16 2 15

15 2 15
y 2

or
2

We get the points 1 2 and f 112

b To find the points x y where the tangent line is

we need to solve

adf.io ftp.mt I1 8gIo x

8yx2xyt4y2 15
plug in original equation and solve

f 8g t 8g y 4y 15

6492 892 4y 15

6092 15 y 615 4 y or y

8g 4 8g 4

We get the points 4 and 4
a

as

a 82 x xy 4y 15

a141

4

21























































































3 Find the points on x y 9xy where the tangent line is
a horizontal and b vertical

y 9xyFirst find 1632 zyay 99 99
3yy 9xy 9g 3 2

y 3y 9 7 99 3 2

y 99 3 2
3929

39 2

92 3
1

a The tangent line is horizontal when

In EI 39 2 0 g

3 93 9 9 plug in original equation and solve

345 9
3 3

2 3 0

2 8 2 0

3 2.27

15 undef 25 354
not a solution

The tangent line is horizontal at the point 352 3354

b The tangent line is vertical when

Hentai.ie year
3 93 9 9 plug in original equationandsolve

1 y 993g







































y6

g 2 If 2 0

y 3 2.27

1g
x y 352

354
not a solution

The tangent line is vertical at the point 354 352

13526

6 354,3352

Remarks we could have used symmetries to answer b

The curve is symmetric about y x since the equation
is unchanged by switching ly
Since the tangent line at 33523354 is horizontal

the tangent line at 3354 33k is vertical

There is no tangent line at 0,0 because it

is a double point



Practice Find for the following curves

1 Vy cotly 2 If seek

1 Vy cotly

a 21 y 3 cotly xt cotly

y 3 t Cotly 1 escly y
3 xt Cotly 3 xt cotly escly y

2 9
3 xt lot ly cscCy y 3 cotly

y Igt 3 xt cotly escly 3 xt cotly

y
gs

2 Effy secex

sinly y costyl1259
12 5912

sec x tan x

y sinly 5costyl 2Cosly secx tan x

y sinly scosly seclx tan x 26s y
y Sec tan x 20s y

sinly scosly


