
 Sections 3.8 3.9 Derivatives of
Inverse Functions

Learning Goals



Conceptual introduction suppose that f is a one to one

differentiable function How can we find the derivative

of the inverse function f

f x

The inverse function f is the reverse assignment

of f i.e f 1a b f b a

Reminder the graph of f is the symmetric of the

graph of f about the line y x

n y
f
slope f The tangent line to f at

b a is the symmetric

1
stop b to the tangent line to f at

a b about y x

Tifft
ÉÉd

So for any point b a x f 1 1 on the graph of f
f b filial

or f x
f f 1 1



Proof of formula with implicit differentiation

y f x want to find y

fly
fly y
y fily

9 f f H

Derivatives of common inverse functions to know

see below for full derivation

Logarithmic Functions

in x I 10901 1
in

Inverse Trigonometric Functions

sin x cos x it
tan x sec x

a

cot x csc ink



Examples 1 Find the derivatives of In x and loga x

for a so

If f x ex f x In x and f x e

If x ftpmy ein'm k

g In x

memorize

If f x a f x logo x and f x In a a

If x file inat'alogan
int'a

so legal in a
memorize

Remarks the second formula also follows from loga x

lega x a i inia 1 1 ha I inlaix

We can also use implicit differentiation to find these
derivatives

If y In x then e and we want to find
x

e

de I dy and e

1n I



2 Find the derivatives of sin cos_ tan sec cot and

CSC

O sin x aresin x is the angle in I I such

that sin 0 We want to find

Gas
ax do

To express cos10 in terms of use Pythagorean

identity cos 8 2 1 sinto 1 x2 since sinto

costs IE s s.Yisiois.o

so sin x1 vitx Imemorize

O cos x arccos x is the angle in it such

that cos 9 We want to find 9
Cos 9
6 since silo

To express sinto in terms of we use the Pythagorean

identity sin 9 2 1 cos 9 2 1 x2 since cosco

sino YET
s cos Ix Ix

memorize



O tan x aretan x is the angle in I such

that tan 0 We want to find
tanto

sector I secco

To express see10 in terms of use Pythagorean

identity sec 8 2 It tanto It 2 since tanto

so tan x1 it'x Imemorize

O sec x arcsec x is the angle in o E U Iii
such that sec 0 We want to find 9

sec 9

seclostanto serioltanto

We know sec 0 To express tanto in terms of
we use the Pythagorean identity tanto secco I x2 1

s tania

so
if in eE ie sento o

2
if 0 in Ein i.e sec101 co

g sec x exile l Imemorize



O cot x arccot x is the angle in fo w̅ such

that cotto We want to find
cotto

G ecco I Leo

To express escto in terms of use Pythagorean

identity csc 8 2 It cotto It 2 since at 10

so cot x1 it'x
memorize

O csc x arcase x is the angle in I a 0 0 I
such that csc 0 We want to find 9

CSCO

csc 9 cotto 0

csc cotto

We know isc 0 To express cot O in terms of
we use the Pythagorean identity cot1072 csc012 1 x2 1

So cotto in a 6 107 0 so t
when 0 in E 0 cotto to so

so
if in E 10 i.e.sc o xco

if 0 in 0 E i.e esco o

s csc x exile l Imemorize



3 Let f x x 2 7 Find an equation of the

tangent line to y f x at 7

First find f 7 For this we need to solve fix 7

2x 7 7

2x 0

x2 2 0

III L

Next find f 7 We k t
2f 1 7

f f All

f.io 2

So the tangent line to y f x at x 7
passes through 710
has slope

equation y f x 71

4 Suppose that the tangent line to y f x at x 2

has equation y 3 7 Find an equation of the

tangent line to y f x at f12

First find the point If 2 f f121 f 21,2

f 12 312 7 6 7 1

So the tangent line passes through 1,2



Slope f 1 f121
f 12

So the equation is y f x 1 2

5 Calculate the derivatives of the following functions
a f x In tan 15 7 b g x sec

c h x sin 7 5 Incx d k x ha in 11

a f x In tan 5

tan 5 1 1 115 12
5

tan 5 1 25 2

b g x sec
µ 2 NIE

4 x2

c h x sin 7 5 In x

Isin 7 want 2 nmx

d K x canal
nix 72

I



Logarithmic Differentiation method to compute derivatives

for functions involving many factors or exponents or

with base and exponents both depending on

Basic example y x calculate

This is neither an exponential base depends on

nor a power exponent depends on So we

cannot use any of the basic rules
With logarithmic differentiation

y
In y In 2 step 1 take in

Inly In x 2 step 2 simplify

g y In x I In th
2step3 solve for y

y y In x 1

y ing
2 step 4 replace y

Remark we could also use properties of logs to write

y ex and use the chain rule

Examples compute the derivatives of the following functions
using logarithmic differentiation

1 y 3 1 2 y 4

3 y 1 57 4 y If



1 y 3 1

Inly In 3x 1 f FxIn13 1

g y 1m13 1 f n

É 3

y y
n

E 3 3 1 n

E 3

2 y

In1g In C 17In x2 1 12In x 3 44In1 11

if
y y 3 21 3 44

y y 21 3 4

S ak.si II

3 y 1 515
in 13 1

Inly In 1 5 75 131 sin 3x In 1 5x

j y fax in 1 5 7 sin 137 5s f

y y 551

1 5 1 _5s



4

Inly In Inx1 In esc x 2in cot 7 7

Y I hive say I I
9 9 k hive say

I mail.sc


