
 Sections 4.2 3 Mean Value Theorem and

First Derivative Test

Learning Goals



Rolle's Theorem suppose f is continuous on a b and

differentiable on la b such that fla f b

ny

fia
f I then there exists at least one

point c in a b such that

f c 0
a c b x

Explanation since f is continuous on a b it has an

absolute max and min on a b by the EVT At a

point c in a b where f has an extremum we

have f c 0 by Fermat's Theorem lf.cc DNE is

impossible since f is differentiable

If the assumptions are not met Rolle's theorem can

fail Examples
my ny

y f x y fix

a b a b

flat fib flat flb
f is not continuous f is not differentiable

on a b on la b

In these two examples f is never 0 on a b

even though fla fib



Mean Value Theorem MVT this is a slanted version

of Rolle's theorem

Assume that f is continuous on a b

and differentiable on a b

m f c
Yr Then there exists a point

Yt
M t Ita c in a b such that

y fixt
f c fly at

b c a
or f c b a f b f a

Interpretation there is a point in a b where the

instantaneous rate of change is equal to the average
rate of change on a b

Concrete example if you drive 120 mi in 2 hours

at some point of the trip the instantaneous velocity
was 1 60 mi h

Examples I The function fix xti satisfies the

assumptions of the MVT on 3,8 Find the value of
c such that satisfies f c f b flat

b a

We have fib at fl
f



and f c V 2kt x c 2

So we want to solve
2 s

VI 5

CTI

C

2 Find the values of a b so that the function
3 tb if o

f x

yea if
satisfies the assumptions

of the MVT on E 1,1

We need f to be continuous on El and differentiable

on C1,1 The only point where one of these might
fail is 0

Continuity at x O IM _fix If fixt fle
b 76 7

b 7

Differentiability at o fig
3 if
7aea if so

We need 3 Fae so 3 Fa
a



3 Suppose that f is continuous on 1,5 differentiable

on 1,5 Assume that f i 2 and f x 3

What is the largest possible value of f 5

MUT f15 f c for some c in 1,51

f15 4 3

f15 f 1 3 5 1 12

f151 12 711 10

The largest possible value of f 5 is 10

Concrete interpretation if you leave at 1pm and walk
at 3 mi h at most you'll have traveled at most

12 mi by 5pm

Applications of MVT

A If f x 0 on I then f is constant on I

Indeed f x2 fix f e x2 x 0 so f x2 fix
So f x C for a constant c

If f x g x en I then f g x 0 so

f g is constant i e f x g x C



Examples I

If f x 2x then f x x C because 2x

g x
2
then g x tan f c because tan x

1 2

h x cos x then h x 12
2 sin x C

2 If an object moves with acceleration act 2

initial position s 0 4 and initial velocity v10 3

find the position set

V t a t 2 t att C to find C use

3 2 c 10 3

C 3

So t 2 3 Slt t 32 C

4 02 3.0 C C 4

So SH t2 3 4

B If f x 0 on I then f is increasing on I

Indeed if x2 flat flat x2 4 f 4 0

Likewise if f x 20 on I then f is decreasing on I

Indeed if x2 x2 flat fixi x2 x f let 20



First Derivative Test assume c is a critical point

of f my

If f changes from to f 20

at a then f has a local
fixtmax at C

n y y flat

If f changes from to

at a then f has a local
f

min at c

If f does not change sign at c then f does not

have a local extremum at

c.gry fth
off

o't
y fix

Examples 1 For fix x 5 find the intervals
where f is increasing decreasing and the local extrema

f x 5 43 f x 5 43_ 15 113 53 1 2

5353
Critical points f 1 1 0 2

f x DNE 0

We now use a sign chart for f to answer the

questions

I



f x
1

shape of f

sign of f
I A
3 1 1

Conclusion f is increasing on C 0,0 2,0

f is decreasing on 0,2

f has a local max at 0

f has a local min at 2

2 Suppose that f is differentiable on C4,6 Below
is the graph of the derivative of f y f x

I y f x

t

Critical points of f 2,1 3 5 If 0

3 If DNE

Intervals of increase of f 4 3 2,3 If 0

Intervals of decrease of f 31 2 3,6 f 0

Location of local max of f 3 f t to

Location of local min of f 2 f to



3 For f x 12 5 find and classify the critical

points of f

f x 3 2 12 3 x2 4 36 276 2

Critical points f x1 0 2 2

f Ix DNE none

I
f x

3 3 1 11 14 t
shape of f e ti t I A

sign of f I t 3 HIHIHI

So f has a local max at 2

and a local min at 2

4 Assume that f is continuous on C o o and

f x I Find and classify the critical points

of f

Critical points
f I L I I

7

iishape off
_one 4 Isign of f

So f has a local max at 3

and a local min at 5


