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Sections 5.5-6: Substitution Method - Worksheet Solutions

1. Evaluate the following integrals.
(a) / (32* 4 6) sec(x® + 10z)dx
Solution. We substitute u = x5 + 10z, so du = (5z* + 10)dx = 5(z* + 2)dz. We obtain

/ (32* 4 6) sec(2® + 10x)dx = / 3sec(x® + 102)(z* + 2)dx

1
= /3 sec(u)gdu

= %/sec(u)du
= gln | sec(u) + tan(u)| + C

3
=z In|sec(x® + 10z) + tan(x® + 102)| + C' |

dz
(o) / xy/3In(z) +5

Solution 1. We substitute u = 31In(z) + 5, so du = 3dz, which gives 9 = 2 Therefore,

/ x\/31flf$)+5 N / ?ff;a

2
2
= g\/Sln(x)+5+C )
‘ , _ _ 1 .3 s gives —dr __ _
Solution 2. We substituted u = y/31In(x) + 5, so du = AT “dz. This gives Py

%du, SO

| s = [

2

= %x/Sln(x)—&-f)—i-C.




(0) / 22V~ 1da
Solution. We use the substitution v = x — 1, so du = dz. Then we have z = u + 1, so we get
/mQ\/a:jdx = / (u + 1)*Vudu
- / (u? + 2u + 1)u'/2du

= / (u‘r’/2 +2u3/? + ul/z)du

w2 20,5/2 u3/2 o
- 7)2 * 5/2 * 3/2 *
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:(w7) +(x5) +(w3) il

(d) /m3 sin(z* + 2)dx

Solution. We use the substitution u = 2% + 2, du = 4a3dz. Therefore, z3dz = %, and we obtain

1
/x3 sin(z? + 2)dx = /1 sin(u)du

1
~1 cos(u) + C

1
= —Zcos(x4+2) +C|

1.3
e ——dx
© [ ==
Solution 1. We use the substitution v = 3 + 22. So du = 2zdx, that is zdx = %“. The extraneous

factor 22 in the numerator can be expressed in terms of u using 2 = u — 3. Finally, the bounds
become

r=0 = u=3+0>=3,
r=1= u=3+12=4.

So the integral becomes

T
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Solution 2. We use the substitution ©v = v/3 + 22. So du = \/g%. The extraneous factor z2 in the

numerator can be expressed in terms of u using 2 = u? — 3. Finally, the bounds become

r=0 = u=1/3+02=+3,
r=1= u=+v3+12=2.

So the integral becomes
/1 x3 /1 5 xdzx
——dr = | 2 ——
0o V3+x2 0 V3 + z2
2
:/ (u? = 3)du
Ve
1 2
= {u?’ - 3u}
3 V3

(L _3.0) o (L3P 33
(52 -22) - (557 -53)

(f) /t sec? (3t%) e7tan(31%) gy
Solution. We use the substitution v = 7tan (3t2). This gives
du = Tsec?(3t?) - 6tdt = 42t sec? (3t?)dt.

So p
2 (942 _au
t sec (3t )dt =13

We get,

1

Z§e“du

/t sec? (3t2) e7tan(3t2)dt =

1
= — w C
426 +
_ 1 7tan(3t2)
= 426 +C|




(&) / ¢ (c* — 2)2/3dy

Solution. We use the substitution © = e* — 2, so that du = e*dz. This gives

/ex(e’” —2)23dx = /u2/3du

3
= gu5/3 + C

- g(ew el

(h) /62‘1”(63’j —2)¥3dx
Solution. We again use the substitution u = e* —2, du = e*dx. But this time, we have an extraneous

factor e® since €?* = e%e®. We can express this extraneous factor in terms of u as e® = u + 2.
Therefore

/62”’:(6“C - 2)2/3dx = /e“(e” - 2)2/3exdx
= /(u + 2)u?3du

= / (u5/3 + 2u2/3) du

3 6
= cu¥P su e

3 6
— g(ez_2)8/3+5(ez_2)5/3+6«.

o at
() / t1n(t)

Solution. We use the substitution u = In(t), so that du = %. The bounds change as follows
t=e> = u=1In(e?) =3,
t=e® = u=In(e) = 6.

The integral becomes

el 6
/ dt  [Cdu
e tln(t)  J3 w

= [In Jul]3
= In(6) — In(3)

e
_[n@)]
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Solution. We can first factor out a +/x from the denominator, which gives

/ dx B / dx
Sr+4vr ) Vo (5T +4)
We can then use the substitution v = 5\/x 4 4, which gives du = 5"17"%. This gives % = 2du_and
the integral becomes
[T
Vr(5yr+4) ) bu
2
=-1 C
~ Infu| +

2
= g1n|5\/§+4|+c.

dx
(k) Norwe

Solution. Recall the reference antiderivative

We can use this antiderivative after factoring out a 2 from the square root and letting v = % This

gives

dx _/ dx
VeEE N Y]
:/ dx

2
Vo= ()
du
V1—u?
=sin"(u) + C

= [sin! <\%> +C|

0 / b ogde
0oV 2 — x2
Solution 1. This time, the numerator is (up to a constant factor) the derivative of the inside of the

square root. Therefore, we can compute this integral with the substitution © = 2 — 22, du = —2zdz.
Thus we have zdz = —%“, and the bounds change to

t=0=> u=2-0>=2,



r=1=u=2-1*=1
We obtain
/1 zdx /1du
0 V2—a2 Jo  2Vu
= [-val,
=11-v2|

Solution 2. We can be more ambitious with the substitution and let © = v/2 — 22. The bounds
change to

r=0 = u=12-02=2,
z=1=> u=v2-12=1.
zdx

Differentiating gives du = — Nt which is the entire integrand up to a negative sign. So the

integral becomes
1 1
xdz /
— =] —du= -\/5 —1|
/0 V2 — 2 V2

23 4z
(m)/ 4+ 922
0 Z

Solution. This integral will make use of the reference antiderivative
d
/7u =tan"*(u) + C.
u

To get to this form, we factor out a 4 from the denominator to obtain

2/3 dz 2/3 dz 2/3 dz
[t L e

We can then use the substitution v = 37"', which gives du = 3%2, so dz = QdT“. The bounds change to

=0 = u=0,

‘We obtain




el arcsin(5x)

n —dux.
( ) V1 — 2522
20dz — du

; . qibetititi — = g — d
Solution. We use the substitution u = 4 arcsin(5x), so that du = Tigrr Therefore, \/ﬁw = 55
and we obtain

64 arcsin(5z) e
————dr = | —du
V1 — 2522 20
el
=—+4+C
20 +
4 arcsin(5z)

/10 sin®(5x)
(o) /0 cos(5x) + de'

Solution. We can write sin®(5z) = sin?(5z) sin(5z) = (1 — cos?(5z)) sin(5z), which allows us to use
the substitution v = cos(bx), du = —5sin(5z)dx. The bounds of the integral change as follows:

=0 = u=cos(0) =1,

iy = ()
.T—lo U = COS D) = U.

Therefore we get

w/10 . 3 /10 11— 2
/ sin® (5z) i / cos?(5x) sin(50)dz
0 0

cos(bzx) + 3 - cos(5x) + 3
0 2
1—
[ e
1M —w?
== du.
5/0 u+3 “

To evaluate this last integral, we can substitute w = u+ 3, so that dw = du. The v in the numerator
can be expressed in terms of w as u = w — 3. We get

14 _ .2 414 _9)\2
1/1 uduzl 1—(w B)dw
5 0 U,+3 5 w
N1—w?+6w—9
= ——dw
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1
=z (24—8—81n(4) — 18+ g +81n(3)>

5+ 161n(3/4)
10 '

_1 3
) / (tan=* (1)) "

1+41¢2
Solution. We use the substitution v = tan=!(t), so du = %. This gives
3
tan™!(¢ f
/( o ()) dt:/usdu
1+41¢2

1

= 1’&4 + C
1 1 4

=12 (tan~'(t)) +C|

2
€ dx
———dx.
@ /e x+/In(z)
Solution. We use the substitution v = In(x), so that du = dgﬂ—x. The bounds become

r=e = u=In(e) =1,

r=e¢* = u=1In(?) = 2.

We obtain
¢ dr 2 du
/e 733\/111(71")(” :/1 ﬁdu
= [2vA];
=|2(v2-1)}

T

) /tan(Sln(x))dm.

Solution. We use the substitution v = 31In(z), so du = %

/MdmZ/@du

X

and the integral becomes

1
=3 In [sec(u)| + C

1
= gln\sec Bn(z))|+C |
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Solution. We can start by splitting up the integral into a sum of two integrals:

23 +1 8 1
——dr = —d ——dx.
/9—!—3@2 v /9—1—1‘2 x+/9+x2 v

The first integral can be computed using the substitution v = 9 + 22, which gives du = 2zdz. The
extraneous factor 22 in the numerator can be replaced by u — 9, which gives

x> z2
/grﬁﬂ—/ﬁiﬁm$
u—9
—/ 70 du
1/<1g>du
2 U
1
5(u—91n|u|)+C
1
:§(x2+9—91n(x2+9))+0

= % (2° —9In(2* +9)) + C.

For the second integral, we can factor out a 9 from the denominator and use the substitution v = %,

/ dx _1/ dx
9+a22 9 1_,_(%)2

_1/ du
T3] 14w

= %tanfl(u) +C

which gives du = %"’”. We obtain

= %tan_l (g) +C.

Putting the pieces together gives

23+ 1 3 1
——dr = ——d ——d
/9+x2 o /9+x2 x+/9+x2 “

| La 2 L./
= 5(5(: 9In(z +9))+3tan (3)+C.

/12
(t) / tan?(36) sec?(360)d6.
0
Solution. We substitute u = tan(36), so du = 3sec?(30)df. The bounds change as follows:
r=0 = u=tan(0) =0,

== = u=tan () =1
1‘—12 u = tan 1 = 1.



Then we get

w/12 1 u2
/ tan?(30) sec?(30)dh = ?du
0

S—

w [ md

Solution. We use the substitution u = €3

x, 50 du = 3e3*dzx. Then we get

/ e da:—/ du

Nz Bl W
1 (U
= gsm (?) +C

v) / Lt s,
—5/2 41’2+25 '

Solution. We can split up the integral into a sum of two integrals:

/5/2 1+QSiH(:E)dx/5/2 2dx Jr/5/2 siQH(x) I
75/2 43? +25 75/2 4.’1} +25 75/2 4.7/' +25

The second integral is the integral of an odd function on an interval symmetric about the origin since

sin(—x) —sin(z) sin(x)

A—2)2+25 422425 422+ 25

Therefore,

/"’” sin(e) 4o
,5/2 4.’E +25

For the other integral, we can use an arc tangent to get

=

/0/2 du 1 (%2 da
52 42225 25 ) 5 (%w)?+1
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Therefore

/5/2 1+ sin(z) dr = T
_sjp 424257 20

2. Suppose that f is an even function such that

5 9
/ f(z)dr = —13 and / f(z)dx = 4.
_9 0

Evaluate the definite integrals below.

@/ymm

Solution. Since f is even, by symmetry we have

/:f(x)dx = 2A9f(x)dx =

5

®>A<m—3ﬂmm$

Solution. Let us start by calculating / f(x)dx. By additivity of the integral, we have

/f m_/f m+/f

[}wm:Avmmz
_13:4+/05f(x)dm = /Osf(m)dx:—

Now using the linearity of the integral, we obtain

Since f is even, we have

So we get

11



(c) /wa(x)dx

Solution. Since f is even, the function g(z) = zf(z) is odd, as shown below:
9(=z) = (=2)f(=2) = —zf(z) = —g(2).

Since the interval of integration [—3, 3] is centered at 0, we deduce

/Za:f(a:)().

(d) /O ()

Solution. We can evaluate this integral using the substitution u = x2, which gives du = 2zdz, or
xdr = %“. The bounds become

=0 = u=0%=0,
r=3 = u=32=09.

/03xf(z2)d17 = /Ogéf(u)du
= ;/ng(u)du
1

2
2]

Therefore

3. Find the average value of the following functions on the given interval.

(a) f(z)= on [0,5].

3
V100 — 22

Solution. The average value is given by

av(

1 /P 3
= dx
/) 5—0/0 V100 — z2

3/5 dx
5Jo 100 (1 - £2)

Y —
P 10y1 - (55)°

_3 [ _du (u=2)
S5 V1—u? 10

= g [sin_l(u)]é/2

12



(b) f(z) =23z —Ton [2,5].

Solution. The average value is given by

av(f) 5_2/ /35— Tda = /xmdz

du

We can calculate the integral using the substitution v = 3z —7. This will give du = 3dx, or dx = 5.

The bounds will become

r=2 => u=3-2—-7=-1,
r=5 = u=3-5—-T7T=28.

Finally, the extraneous factor x in the integrand can be expressed in terms of u as x = “T” We
obtain

av(f) = 3/_1u+7f—

:217/_8 (u4/3—|—7u1/3) du

13 75, 21 41"
27{7 A

L (B 2L a3, s 2L las
—27<<78 + 28 S04 2 (-
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