Section 10.2: Infinite Series - Worksheet Solutions

#60. Each of the series below is either geometric or telescoping. Determine if each series converges
or diverges, and compute its sum if it converges.

n=0

Solution: This is a geometric series with common ratio » = —x. Since |r| > 1, we conclude

that Z (—;r) diverges |.
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Solution: Rewriting the series as
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we see that the series is geometric with common ratio r = % Since |r| < 1, we conclude that

the series converges ‘ Using the formula for the sum of a convergent geometric series, we have

i ong-n _ first term 18 |16
o 1-r 12 |27]
n=4 3

(c) i <2n4+ 1 2n4+5>

n=0

Solution: This is a telescoping series. We have

sy (ody (Ao Aoy (4 1)y (2 1
N=\175 37 5 9 ON—-1 2N +3 IN+1 2N +5

4 4 4 4

3 2N+3 2N+5
6 4 4

3 2N+3 2N+5

1
1

So

lim Sy = lim 6 4 4 ——_0-—0==
Nooo N T NS\ 3 2N+3 2N +5) 3 T3




Therefore, | the series converges‘ and
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So we have a combination of two geometric series, the first with common ratio % and the second
with common ratio %. Since % > 1, we conclude that
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Solution: After rewriting the general term as
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In <§Zi4> — In(3n + 1) — In(3n + 4)

we see that this a telescoping series. We have
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n=3
= (In(10) — In(13)) + (In(13) — In(16)) + - - - + (In(3N + 1) — In(3N + 4))
= In(10) — In(3N + 4).

Since In(3N +4) — oo when N — oo, we deduce that Sy — —oo when N — oo. Thus

iln 3n+1 diverges
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Solution: We can rewrite the general term as
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So this is a geometric with common ratio r = %. Since |r| < 1, ‘the series converges| Using
the formula for the sum of a convergent geometric series, we get
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Solution: We have a sum of two geometric series:
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Both geometric series converge since their common ratios (r = % and r = %) satisfy |r| < 1. So

the series converges ‘ Using the formula for the sum of a convergent geometric series, we have
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i tan” (n 4+ 1) — tan_l(n))
n=1

Solution: This is a telescoping series. We have

Sy = (tan~1(2) — tan"1(1)) 4 (tan"(3) — tan"1(2)) +--- + (tan (N + 1) — tan"}(V))
= —tan" (1) + tan (N + 1)




= —% +tan 1 (N +1)

Since lim tan™!'(N + 1) = Z, we have
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So | the series converges‘ and

T
T

o
Z (tan~'(n+1) — tan~'(n)) =
n=1

i) f: <51/n _ 51/<n+1)>

n=1

Solution: This series is telescoping. We have
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Since lim 5Y/V+D =50 = 1 we have
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So | the series converges | and
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#61. Use geometric series to express the repeating decimals below as a fraction of two integers.

(a) 1.5222--- = 1.52

Solution: We have

1.52 =1.540.024 0.002 + - - -
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(b) 0.126126--- = 0.126

Solution: We have

0.126 = 0.126 + 0.000126 + - - -
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#62. For each sequence {a,};2,, given below, determine

(i) whether the sequence {a,};>, converges or diverges. If the sequence converges, find

its limit.
oo
(ii) whether the series »_ a, converges or diverges. If the series converges, find its sum if
n=ng
possible.

o {0



Solution: (i) The limit of this sequence is an indeterminate power 1°°. We can write it in
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exponential form
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We can now compute the limit of the exponent using L’Hopital’s Rule as follows
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so | the sequence { (1 + ) } converges to the limit e?|.
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(ii) Since the limit of the general term (1 + %)n is not zero, the Term Divergence Test tells us
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that
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Z <1 + > diverges |
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Solution: (i) The limit of this sequence is an indeterminate form oo — co. We can resolve the
indeterminate by multiplying by the conjugate in the numerator and denominator:
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So | the sequence {\/n +1- \/ﬁ}n converges to the limit 0 |




(ii) To determine if the series converges or diverges, we can use the fact that this series is
telescoping. The partial sums can be expressed as follows

SNZ@@—¢®+bf—¢D+~A(¢Ni*—¢N)
=VN+1.

Therefore, Sy — oo as N — oo, and

Z (\/n+ - \/ﬁ) diverges |
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Solution: (i) This is a geometric sequence of common ratio 7 = e~!, which satisfies |r| < 1.
So

lim e =0,
n—oo

and | the sequence {e*"}n converges to the limit 0 |
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(ii) Since |r| = e~ < 1, the geometric series g e~ " converges | and we can evaluate the sum
n=>0

as
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Solution: (i) The limit of this sequence is an indeterminate form 2. We can use L’Hopital’s
Rule to compute the limit:
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e5n
So | the sequence {3} diverges |.
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(ii) Since the limit of the general term 7%; is not zero, the Term Divergence Test tells us that

e 5n
SR

37 iverges |.
n=1

© { 3n + gsos(n) }jl

Solution: (i) To compute the limit of this sequence, observe that —1 < cos(n) < 1, so

3n —2 . 3n + 2cos(n) o 3n—|—2‘

5n 5n = 5n
We have
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By the Squeeze Theorem, it follows that

3n + 2 cos(n)

the sequence {
on
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converges to the limit =
n

3n + 2 cos(n)

3 is not zero, the Term Divergence Term
n

(ii) Since the limit of the general term
tells us that

i 3n+2008 3n + 2cos(n)

diverges |.
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Solution: (i) We have

Tim. <cos (%) — cos (n i 2)) — cos(0) — cos(0) = 0.




So | the sequence {cos <E) — cos (
n

T ) } converges to the limit 0|
n+2

(ii) The series is telescoping, so we can determine if it converges or diverges by explicitly
computing its partial sums Sy. We have

sv=(con (5) —eos (5)) + (oos (5) —eos (6)) + (o) o= (B)) +
o (COS (JV7T—1) - (Ni 1>> ! (COS (5) e (NT”))
son(3)ren () -en () - (575)

So

1 2
:2+\2fcos(0)cos(0)
1442 5
SEaALEY)

= ™ ™
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and the sum is

2. [sin(n)  sin(n +1)
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(a) Find an explicit formula for the partial sum Sy = E (sm(n) — Sm(i—; )> of the
n n

n=1
Series.




Solution: This is a telescoping series; the partial sum is given by

Sy — <sin(1) B sin(2)> N (sin(2) B sin(3)> L <sin(N) _ sin(N + 1))

1 2 2 3 N N+1
. sin(N + 1)
= sin) -

i 1
(b) Does the series Z <Sm n) Sln(?:fl )> converge or diverge? If it converges, find its
n

sum. If it dlverges explain why.

sin(N + 1)

F
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Solution: We need to compute the limit of the partial sums Sy = sin(1) —

this, observe that —1 <sin(N + 1) < 1, so

1 <sin(N+1)< 1
N+1> N+1 ~N+1
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Since Jm N1 = Jim N1 0, the Squeeze Theorem tells us that
. sin(N +1)
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So we have

. o . sin(N+1)\ . o
A}gnoo SN = A}gnoo <sm(1) — N—i—l) =sin(1) — 0 = sin(1).

Since the limit of the partial sums exists and is finite, we conclude that

i <sin(n) sin(n+ 1)) converges
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and its sum is equal to
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) = sin(1) |
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#64. Suppose that {a,},- ; is a sequence such that for all n > 1, we have
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(a) Determine whether the sequence {a,}, ., converges or diverges. If it converges, find

lim a,. If it diverges, explain why.
n—oo

Solution: We use the Squeeze Theorem. We have
) in
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lim 1+5Y" =14+5%=2,
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4
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SI A

Since the smaller and bigger sequence converge to the same limit, we conclude that

the sequence {an} -, converges to the limit 2 |.

oo
(b) Determine whether the series Z a, converges or diverges. Justify your answer and
n=1
name any test used.

Solution: Since the general term a,, does not converge to 0, the Term Divergence Test tells us
that
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#65. Let f(x) = Z PWESE Find the values of x for which the series converges and find the sum
n=0

of the series when it converges.

Solution: Observe that f(x) is a geometric series of common ratio = £. So it will converge

when .
Irl<1 = ’g’<1 = |z|<5 = [-5<=z<5]|

When —5 < x < 5, the sum of the series is

first term
fz) = .
1 — (common ratio)
1
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#66. Consider the series E <“> , where A is an unspecified positive constant.
n=0

(a) Find the values of the positive constant A for which the series converges.

Solution: The series is geometric with common ratio r = ﬁ. By the Geometric Series Test,
it converges when |r| < 1, so we get the condition

<1 = 5<|A-2|.
\AQI A2

This last inequality gives A —2 > 5 or A —2 < —5, that is A > 7 or A < —3. Since A is
assumed to be positive, the possible values of A are .

(b) For the values of A you found in part (a), evaluate the sum of the series.

Solution: Using the formula for the sum of a convergent geometric series, we have
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