
Section 10.3: The Integral Test - Worksheet Solutions

#67. Determine if the series below converge or diverge. In case of convergence, find the sum of the
series if possible. Note: the Integral Test is not possible/necessary for all the series. Some
of these use tests from earlier sections.

(a)

∞∑
n=1

(n− 1)!

n!

Solution: We know that n! = n · (n− 1)!. So the series simplifies as

∞∑
n=1

(n− 1)!

n!
=

∞∑
n=1

(n− 1)!

n(n− 1)!
=

∞∑
n=1

1

n
.

This is a p-series with p = 1, so it diverges by the p-series test.

(b)
∞∑
n=0

7

3n+1

Solution: The series can be written as

∞∑
n=0

7

3n+1
=

∞∑
n=0

7

3 · 3n
=

∞∑
n=0

7

3

(
1

3

)n

.

Therefore, this is a geometric series with common ratio r = 1
3 . Since |r| < 1, the series

converges . We can calculate the sum with the formula for the sum of a convergent geometric
series, which gives

∞∑
n=0

7

3n+1
=

first term

1− r
=

7
3

1− 1
3

=
7

2
.

(c)
∞∑
n=2

n

(n2 + 8)4

Solution: We use the Integral Test. Let f(x) = x
(x2+8)4

. Then f is positive and continuous on

[2,∞). We have

f ′(x) =
1 · (x2 + 8)4 − x · 4(x2 + 8)3(2x)

((x2 + 8)4)2

=
(x2 + 8)3

(
x2 + 8− 8x2

)
(x2 + 8)8

=
8− 7x2

(x2 + 8)5
< 0 when x >

√
8

7
.



So f is eventually decreasing and the Integral Test applies. We now determine whether the

improper integral

∫ ∞

2

x

(x2 + 8)4
dx converges or diverges, which we can do by direct evaluation.

We have∫ ∞

2

x

(x2 + 8)4
dx = lim

t→∞

∫ t

2

x

(x2 + 8)4
dx

= lim
t→∞

∫ t2+8

12

du

2u4
(
u = x2 + 8, du = 2xdx

)
= lim

t→∞

[
− 1

6u3

]t2+8

12

= lim
t→∞

(
− 1

6(t2 + 8)3
+

1

6 · 123

)
=

1

6 · 123
.

Since this limit is finite,

∫ ∞

2

x

(x2 + 8)4
dx converges. Hence,

∞∑
n=2

n

(n2 + 8)4
converges .

(d)
∞∑
n=2

n8

(n2 + 8)4

Solution: We have

lim
n→∞

n8

(n2 + 8)4
·

1
n8

1
(n2)4︸ ︷︷ ︸
=1

= lim
n→∞

1(
1 + 8

n2

)4 = 1.

So by the Term Divergence Test,

∞∑
n=2

n8

(n2 + 8)4
diverges .

(e)

∞∑
n=1

(
5√
n
− 5√

n+ 2

)

Solution: We observe that the series is telescoping due to the cancellation of positive and
negative terms in the partial sums, see below:

SN =

∞∑
n=1

(
5√
n
− 5√

n+ 2

)



=

(
5− 5√

3

)
+

(
5√
2
− 5√

4

)
+

(
5√
3
− 5√

5

)
+ · · ·+

(
5√

N − 1
− 5√

N + 1

)
+

(
5√
N

− 5√
N + 2

)
= 5 +

5√
2
− 5√

N + 1
− 5√

N + 2
.

Then we have

lim
N→∞

SN = lim
N→∞

(
5 +

5√
2
− 5√

N + 1
− 5√

N + 2

)
= 5 +

5√
2
.

Since the partial sums SN approach a finite limit as N → ∞, the series converges and the
sum is equal to

∞∑
n=1

(
5√
n
− 5√

n+ 2

)
= 5 +

5√
2

Remark: we could have also used the Integral Test to determine that this series converges.
Indeed, the function f(x) = 5√

x
− 5√

x+2
is continuous on [1,∞) and positive as

√
x+ 2 >

√
x,

so 5√
x
> 5√

x+2
. Its derivative is

f ′(x) = − 5

2x3/2
+

5

2(x+ 2)3/2
,

which is negative as (x + 2)3/2 > x3/2. Hence f is decreasing and the Integral Test applies.
Then we calculate∫ ∞

1

(
5√
x
− 5√

x+ 2

)
dx = lim

b→∞

[
10

(√
x−

√
x+ 2

)]b
1

= lim
b→∞

10
(√

b−
√
b+ 2− 1 +

√
2
)

= 10
(√

2− 1
)
+ 10 lim

b→∞

(√
b−

√
b+ 2

)
·
√
b+

√
b+ 2√

b+
√
b+ 2

= 10
(√

2− 1
)
+ 10 lim

b→∞

b− (b+ 2)√
b+

√
b+ 2

= 10
(√

2− 1
)
+ 10 lim

b→∞

−2√
b+

√
b+ 2

= 10
(√

2− 1
)
.

The limit is finite, so

∫ ∞

1

(
5√
x
− 5√

x+ 2

)
dx and

∞∑
n=1

(
5√
n
− 5√

n+ 2

)
both converge. How-

ever, the value of the improper integral and the sum of the series are not the same.
We still need to use limits of partial sums to find the sum of series.



(f)

∞∑
n=1

1

n
√
ln(n) + 4

Solution: We use the Integral Test. Put f(x) = 1

x
√

ln(x)+4
. Then f is positive, continuous

and decreasing (as the reciprocal of an increasing function) on [1,∞). Hence, the Integral

Test applies. We now determine whether the improper integral

∫ ∞

1

dx

x
√

ln(x) + 4
converges or

diverges with an explicit calculation. We have∫ ∞

1

dx

x
√

ln(x) + 4
= lim

b→∞

∫ b

1

dx

x
√

ln(x) + 4

= lim
b→∞

∫ ln(b)+4

4

du√
u

(
u = ln(x) + 4, du =

dx

x

)
= lim

b→∞

[
2
√
u
]ln(b)+4

4

= lim
b→∞

(
2
√

ln(b) + 4− 4
)

= ∞.

So

∫ ∞

1

dx

x
√
ln(x) + 4

diverges, and it follows that the series diverges as well.

#68. For each sequence {an}∞n=n0
given below, determine

(i) whether the sequence {an}∞n=n0
converges or diverges. If the sequence converges, find

its limit.

(ii) whether the series
∞∑

n=n0

an converges or diverges. If the series converges, find its sum if

possible.

Note: the Integral Test is not possible/necessary for all the series. Some of these use tests
from earlier sections.

(a) {n5−n}∞n=0

Solution: (i) The limit of this sequence is an indeterminate form ∞· 0, which can be resolved
by rewriting the expression as a fraction and using L’Hôpital’s Rule. This gives

lim
n→∞

n5−n = lim
x→∞

x

5x

L′H
=
∞
∞

lim
x→∞

1

ln(5)5x

= 0.



So the sequence
{
n5−n

}
n

converges to the limit 0 .

(ii) We use the Integral Test. Put f(x) = x5−x. Then f is continuous and positive on [0,∞).
We have

f ′(x) = 5−x − ln(5)x5−x = −5−x(ln(5)x− 1),

which is negative when x > 1
ln(5) . So f is eventually decreasing. Therefore, the Integral Test

applies.

We now need to determine if the improper integral

∫ ∞

0
x5−xdx converges or diverges, which we

can do by evaluating it. Let us start by calculating an antiderivative using an IBP with parts

u = x ⇒ du = dx,

dv = 5−xdx ⇒ v = − 5−x

ln(5)
.

This gives ∫
x5−xdx = −x5−x

ln(5)
−
∫

− 5−x

ln(5)
dx

= −x5−x

ln(5)
+

1

ln(5)

∫
5−xdx

= −x5−x

ln(5)
− 5−x

ln(5)2
+ C.

With this at hand, we can evaluate the improper integral.∫ ∞

0
x5−xdx = lim

b→∞

∫ b

0
x5−xdx

= lim
b→∞

[
−x5−x

ln(5)
− 5−x

ln(5)2

]b
0

= lim
b→∞

(
1

ln(5)2
− b5−b

ln(5)
− 5−b

ln(5)2

)
=

1

ln(5)2
.

So

∫ ∞

0
x5−xdx converges. It follows that

∞∑
n=0

n5−n converges .



(b)

{
1

n (1 + ln(n)2)

}∞

n=2

Solution: (i) Since n, ln(n) → ∞ when n → ∞, we have

lim
n→∞

1

n (1 + ln(n)2)
= 0.

So the sequence

{
1

n (1 + ln(n)2)

}
n

converges to the limit 0 .

(ii) We use the Integral Test. Put f(x) = 1
x(1+ln(x)2)

. Then f is positive and continuous on

[2,∞). Furthermore, x and ln(x) are increasing on [2,∞), so f is decreasing on [2,∞) as the
reciprocal of an increasing function. Therefore, the assumptions of the Integral Test are met.

We now compute the improper integral.∫ ∞

2

dx

x (1 + ln(x)2)
= lim

b→∞

∫ b

2

dx

x (1 + ln(x)2)

= lim
b→∞

[arctan (ln(x))]b2

= lim
b→∞

(arctan (ln(b))− arctan(ln(2)))

=
π

2
− arctan(ln(2)).

Therefore,

∫ ∞

2

dx

x (1 + ln(x)2)
converges. Thus,

∞∑
n=2

1

n (1 + ln(n)2)
converges .

(c)

{
1

nlog5(3)

}∞

n=1

Solution: (i) Since 3 > 1, we have log5(3) > 0. So

lim
n→∞

1

nlog5(3)
= 0,

and the sequence

{
1

nlog5(3)

}
n

converges to the limit 0 .

(ii) Since 3 < 5, we have log5(3) < 1. Therefore, by the p-series test,

∞∑
n=1

1

nlog5(3)
diverges .



(d)
{
cos

(
n1/n

)}∞
n=1

Solution: (i) We have
lim
n→∞

n1/n = lim
n→∞

eln(n)/n

and

lim
x→∞

ln(x)

x

L′H
=
∞
∞

lim
x→∞

1
x

1
= 0.

so lim
n→∞

n1/n = e0 = 1, and by the Continuous Function Theorem,

lim
n→∞

cos
(
n1/n

)
= cos(1).

Hence, the sequence
{
cos

(
n1/n

)}
n

converges to the limit cos(1) .

(ii) Since the limit of the general term is cos(1) ̸= 0, the Term Divergence Test implies that

∞∑
n=1

cos
(
n1/n

)
diverges .

(e)

{
1

(n2 + 9)3/2

}∞

n=0

Solution: (i) We have

lim
n→∞

1

(n2 + 9)3/2
= 0

so the sequence

{
1

(n2 + 9)3/2

}
n

converges to the limit 0 .

(ii) We use the Integral Test. Put f(x) = 1
(x2+9)3/2

. Then f is positive, continuous and de-

creasing (because y = (x2 + 9)3/2 is increasing) on [1,∞). So the Integral Test applies.

To compute an antiderivative of f , we can use the trigonometric substitution x = 3 tan(θ), so
that dx = 3 sec2(θ)dθ and x2 + 9 = 9 tan2(θ) + 9 = 9 sec2(θ). This gives∫

dx

(x2 + 9)3/2
=

∫
3 sec2(θ)dθ

(9 sec2(θ))3/2

=
1

9

∫
cos(θ)dθ

=
sin(θ)

9
+ C.



To express this result in terms of x, we use the right triangle for this trigonometric substitution,
which has base angle θ so that tan(θ) = x

3 as shown below.

3

x

√
x2 + 9

θ

From this we see that sin(θ) = x√
x2+9

, so we obtain∫
dx

(x2 + 9)3/2
=

x

9
√
x2 + 9

+ C.

We can now use this to compute the improper integral.∫ ∞

0

dx

(x2 + 9)3/2
= lim

t→∞

∫ t

0

dx

(x2 + 9)3/2

= lim
t→∞

[
x

9
√
x2 + 9

]t
0

= lim
t→∞

b

9
√
t2 + 9

·
1
t
1√
t2︸︷︷︸

=1

= lim
t→∞

1

9
√
1 + 9

t2

=
1

9
.

So the improper integral

∫ ∞

0

dx

(x2 + 9)3/2
converges. It follows that

∞∑
n−0

1

(n2 + 9)3/2
converges .

(f)
{
sec

(
π
n

)
− sec

(
π

n+1

)}∞

n=3

Solution: (i) Since π
n ,

π
n+1 → 0 as n → ∞, we have

lim
n→∞

(
sec

(π
n

)
− sec

(
π

n+ 1

))
= sec(0)− sec(0) = 0.



So the sequence

{
sec

(π
n

)
− sec

(
π

n+ 1

)}
n

converges to the limit 0 .

(ii) To determine if the series converges or diverges, we can use the fact that this series is
telescoping. The partial sums can be expressed as follows

SN =

N∑
n=3

(
sec

(π
n

)
− sec

(
π

n+ 1

))
=

(
(sec

(π
3

)
− sec

(π
4

))
+
(
sec

(π
4

)
− sec

(π
5

))
+ · · ·+

(
sec

( π

N

)
− sec

(
π

N + 1

))
= sec

(π
3

)
− sec

(
π

N + 1

)
= 2− sec

(
π

N + 1

)
.

Therefore,

∞∑
n=3

(
sec

(π
n

)
− sec

(
π

n+ 1

))
= lim

N→∞

(
2− sec

(
π

N + 1

))
= 2− sec(0) = 2− 1 = 1 ,

and in particular
∞∑
n=3

(
sec

(π
n

)
− sec

(
π

n+ 1

))
converges .

(g)
{
22n+15−n

}∞
n=0

Solution: (i) Observe that we have

22n+15−n = 2

(
4

5

)n

.

So we have a geometric sequence of common ratio r = 4
5 , which satisfies |r| < 1. So

lim
n→∞

22n+15−n = 0,

and the sequence
{
22n+15−n

}
n

converges to the limit 0 .

(ii) Since |r| = 4
5 < 1, the geometric series

∞∑
n=0

22n+15−n converges and we can evaluate the

sum as
∞∑
n=0

22n+15−n =
2

1− 4
5

= 10 .



(h)

{(
1 +

1

2n

)n}∞

n=1

Solution: (i) The limit of this sequence is an indeterminate power 1∞. We can write it in
exponential form

lim
n→∞

(
1 +

1

2n

)n

= lim
n→∞

en ln(1+ 1
2n).

We can now compute the limit of the exponent using L’Hôpital’s Rule as follows:

lim
n→∞

n ln

(
1 +

1

2n

)
= lim

x→∞

ln
(
1 + 1

2x

)
1
x

L′H
=
0
0

lim
x→∞

− 1
2x2 · 1

1+ 1
2x

− 1
x2

= lim
x→∞

1

2
(
1 + 4

x

)
=

1

2
.

Therefore
lim
n→∞

en ln(1+ 1
2n) = e1/2,

so the sequence

{(
1 +

1

2n

)n}
n

converges to the limit e1/2 .

(ii) Since the limit of the general term
(
1 + 1

2n

)n
is not zero, the Term Divergence Test tells us

that
∞∑
n=1

(
1 +

1

2n

)n

diverges .

(i)

{
1

n ln(n) ln(ln(n))

}∞

n=4

Solution: We have n ln(n) ln(ln(n)) → ∞ as n → ∞, so

lim
n→∞

1

n ln(n) ln(ln(n))
= 0,

and the sequence

{
1

n ln(n) ln(ln(n))

}
n

converges to the limit 0 .

To determine whether the series converges or not, we can use the Integral Test with f(x) =
1

x ln(x) ln(ln(x)) which is continuous, positive and decreasing (because y = x ln(x) ln(ln(x)) is



increasing) on [4,∞). We now compute the improper integral.∫ ∞

4

dx

x ln(x) ln(ln(x))
= lim

b→∞

∫ b

4

dx

x ln(x) ln(ln(x))

= lim
b→∞

∫ ln(ln(b))

ln(ln(4))

du

u

(
u = ln(ln(x)), du =

dx

x ln(x)

)
= lim

b→∞
[ln |u|]ln(ln(b))ln(ln(4))

= lim
b→∞

(ln(ln(ln(b)))− ln(ln(ln(4))))

= ∞.

So the improper integral

∫ ∞

4

dx

x ln(x) ln(ln(x))
diverges, from which we deduce that

∞∑
n=4

1

n ln(n) ln(ln(n))
diverges .

#69. (a) Determine for which values of p the series

∞∑
n=2

1

n ln(n)p
converges or diverges.

Solution: We use the Integral Test. The function f(x) =
1

x ln(x)p
is continuous, positive

and decreasing (because x ln(x)p is increasing) on [2,∞). Therefore, the Integral Test applies
and we can test for convergence of the series by testing for convergence of the corresponding
improper integral.

To compute the integral, we use the substitution u = ln(x), which gives du = dx
x . This gives∫ ∞

2

dx

x ln(x)p
= lim

b→∞

∫ b

2

dx

x ln(x)p

= lim
b→∞

∫ ln(b)

ln(2)

du

up

=

∫ ∞

ln(2)

du

up
.

This last integral is a type I p-integral, so it converges if p > 1 and diverges if p ⩽ 1. Therefore,

∞∑
n=2

1

n ln(n)p
converges if p > 1, diverges if p ⩽ 1 .



(b) Determine for which values of p the series

∞∑
n=1

ln(n)

np
converges or diverges.

Solution: We use the Integral Test. The function f(x) =
ln(x)

xp
is continuous and positive on

[2,∞). We have

f ′(x) =
1

x
· 1

xp
− p ln(x)

xp+1
=

1− p ln(x)

xp+1
.

Observe that f ′(x) < 0 when x > e1/p. So f is decreasing on [e1/p,∞). Therefore, the Integral
Test applies and we can test for convergence of the series by testing for convergence of the
corresponding improper integral.

To compute the integral, we will need to distinguish the cases p = 1 and p ̸= 1. When p = 1,
we have ∫ ∞

1

ln(x)

x
dx = lim

b→∞

∫ b

1

ln(x)

x
dx

= lim
b→∞

[
ln(x)2

2

]b
1

= lim
b→∞

ln(b)2

2

= ∞,

so we conclude that the series
∞∑
n=1

ln(n)

n1
diverges.

When p ̸= 1, we can use an IBP to compute an antiderivative. We will choose the parts

u = ln(x) ⇒ du =
dx

x
,

dv = x−pdx ⇒ v =
x1−p

1− p
.

This gives ∫
ln(x)

xp
dx =

ln(x)x1−p

1− p
−
∫

x−p

1− p
dx

=
ln(x)x1−p

1− p
− x1−p

(1− p)2
+ C

=
x1−p ((1− p) ln(x)− 1)

(1− p)2
+ C.

So the improper integral is∫ ∞

1

ln(x)

xp
dx = lim

b→∞

∫ b

1

ln(x)

xp
dx



= lim
b→∞

[
x1−p ((1− p) ln(x)− 1)

(1− p)2

]b
1

= lim
b→∞

(
b1−p ((1− p) ln(b)− 1)

(1− p)2
+

1

(1− p)2

)
.

In the case 1− p > 0, that is p < 1, we have

lim
b→∞

b1−p ((1− p) ln(b)− 1) = ∞,

so the improper integral diverges. In the case 1− p < 0, that is p > 1, we have by L’Hôpital’s
Rule

lim
b→∞

b1−p ((1− p) ln(b)− 1) = lim
b→∞

(1− p) ln(b)− 1

bp−1
= lim

b→∞

(1−p)
b

(p− 1)bp−2
= lim

b→∞

−1

bp−1
= 0,

so the improper integral converges.

In conclusion,
∞∑
n=1

ln(n)

np
converges if p > 1, diverges if p ⩽ 1 .
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