Section 6.1: Volumes by Cross-Sections - Worksheet Solutions

#11. Calculate the volume of each solid described below.

(a) The base of the solid is the region bounded by the curves y = 22 and y = 8 — 22 and
the cross-sections perpendicular to the z-axis are rectangles of height 5.

Solution: The base of the solid is sketched below.

5
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The cross-sections are perpendicular to the x-axis, so we look at vertical strips in the region.
The length of the vertical strip at x is

Ux) = Yiop(T) — Ypot () = (8 — 2?) — 2? = 8 — 222

A rectangle of height 5 and base ¢ has area 5¢. With the length of the strip ¢(z) that we found
above, we get that the area of the cross-section at x is

A(z) = 50(x) = 5(8 — 22%) = 10(4 — 2?).

So the volume is




8
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320 . .
= =3 cubic units |.

(b) The base of the solid is the region inside the circle of equation x? + 42> = 16 and the
cross-sections perpendicular to the y-axis are squares.

Solution: Since the cross-sections are perpendicular to the y-axis, we will need to use a dy-
integral. So we need to express the boundaries of the region as functions of y by solving
22 + y? = 16 for x. This gives

2=16—1y> = Va2 =/16—y2 = |z|=/16—y2 = z==+/16 —12.

The solution with the positive sign corresponds to the right semi-circle and the solution with
the negative sign corresponds to the left semi-circle, see figure below.
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So the length of the horizontal strip at y is
U(y) = Tright (y) — Trer(y) = \/W - (—\/16 —y?) = 2\/16 — 2.

Since the area of a square of base ¢ is A = £2, the area of the cross-section at v is

Aly) = (y)* = (23/16 — y2)*> = 4(16 — ).

So the volume is

4
V= /_ Aly)dy




4
[t

3
64
=8(64—— -0
(01-5-0)
1024 . .
=3 cubic units

(¢) The base of the solid is the region between the graph of y = sec(3z) and the z-axis
for 0 < 0 < {5 and the cross sections perpendicular to the z-axis are semi-circles with
diameter in the base.

Solution: The base of the solid is sketched below.

y = sec (3x) /
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The length of the vertical strip at x is
() = Yeop(®) — Yot () = sec(3z) — 0 = sec(3x).

T¢2, so the cross-section at x has
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The area of a semi-circle with diameter ¢ is A = %W (
area

Therefore the volume is
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=|— cublc units |.
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(d) The base of the solid is the region bounded by the curves y = 2z, y = /x + 1 and the
y-axis, and the cross-sections perpendicular to the y-axis are isosceles triangles of height

3.

Solution: The base of the solid is sketched below.

=Vx 41
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(0,1) y=2x

Since the cross-sections are perpendicular to the y-axis, we consider horizontal strips in the
region. We will need to have both equations as functions of y by solving for x, which gives

Yy
27
y=vz+1l = Va=y—-1= z=(y—1)>

The right boundary of the region is Zyight(y) =
for 0 <y <1and meg(y) = (y—1)2 for 1 <y <

y=2r = x=

4. The left boundary is @i = 0 (the y-axis)
2. So the length of the horizontal strip at y is

f(y) = xright(y) — Tleft (y) = {
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The area of an isosceles triangle with base ¢ and height 3 is A = %E, so the area of the cross-




section at y is

Hence the volume is

= [1 cubic unit |

#12. Consider the region bounded by the curve
4

Y the y-axis and the line y = 2.

T B+
This region is revolved around an axis to form a
solid of revolution. Use the disk/washer method
to set-up an integral that calculates the volume of
the solid for each of the axes of revolution given

below. You do not need to evaluate the integrals.

(a) the z-axis (d) y=2
(b) the y-axis (e) =3
(¢) y=-5 (f) =-2

Solution: First, find the intersection points of the bounding curves:

4
3+ 1

3

=2 = 224+1=2 = 23=1 = z=1.

See the figure below for all intersection points.




(a)

(0,2)

To use the method of disk/washers, we need to revolve a strip perpendicular to the axis of
revolution. Since the axis is horizontal here, we revolve vertical strips and use integration
with respect to z. Revolving the vertical strip at x creates a washer with inner radius

rin(2) =2 — 0 = 2 and outer radius rou(z) = x3i+1 - 0= x%“. Therefore, the volume is

V= /017r (rout (2)? — rin(7)?) do = /Olw ((x;i 1>2 - 22> dz |.

Although not necessary, we can simplify further to the answer

V:/017r<(x31fl)2—4>dx.

To use the method of disk/washers, we need to revolve a strip perpendicular to the axis of
revolution. Since the axis is vertical here, we revolve horizontal strips and use integration
with respect to y. We need to express the bounding curve as a function of y by solving
for x in its equation:

4 4 4
:>$3+1:*$$3:7—1:>x:37_1'
Y Y Y

y:x3+1

Revolving the horizontal strip at y around the y-axis creates a disk of radius r(y) =

i/g. So the volume is given by
4 4 4 2
V:/ mr(y)’dy = /w<3 —1> dy |
2 2 y




Although not necessary, we can simplify the answer to

4 4 2/3
V—/ﬂ(—l) dy |
2 Y

(¢) This is similar to part (a), only the axis of revolution y = —5 is shifted 5 units down and
further away from the region. Thus, the inner and outer radii are 5 units greater and
become 7y () =2 — (=5) =7, rout(x) = w%ﬂ —(=5h) = x%ﬂ + 5. Therefore, the volume

V= /Olﬂ (rout () — rin(7)?) do = /Olw ((xgi T+ 5>2 — 72) dx |

(d) This is again similar to part (a), only the axis of revolution y = 2 is shifted 2 units up and
closer to the region. Because y = 2 is also the bottom boundary of the region, the inner
radius is now 0, meaning we are using the disk method. Disks have radius r(z) = 2,
so the volume is given by

1 9 1 4 2

(e) This time, the axis is vertical and to the right of the region. So we revolve horizontal
strips and use integration with respect to y. The inner radius of the washer at y is

rin(y) =3 — ,3/% — 1 and the outer radius is rout(y) = 3 — 0 = 3. Thus, the volume is

V= [ 5 o - ra?) ay=| [ 7 (32 - (s- \/Ff) dy|

(f) This is similar to (b), only the axis @ = —2 is shifted 2 units to the left and further
away from the region. So the inner and outer radii increase by 2 units and become

Tin(y) = 0— (—2) = 2 and 7out(y) = \3/§ -1-(-2)= ,3/% — 14 2. Thus, the volume is
4 4 a 2
V= [ o ra@?) dy=| [ 7 <\3/y 1 +2) 9 ayl
2 2
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#13. Use the method of disks/washers to calculate the volume of the solids of revolutions obtained
by revolving the regions described below about the given axis.

(a) The region bounded by the curve y = \/%, the line y = 5 and the y-axis revolved

about the z-axis.



Solution: The region and axis of revolution are sketched below.

15¢ (0,15)
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To use the method of disk/washers, we need to revolve a strip perpendicular to the axis of
revolution. Since the axis is horizontal here, we revolve vertical strips and use integration with
respect to x. Revolving the vertical strip at x creates a washer with inner radius ri,(x) =

5 —0 =5 and outer radius rou(z) = m —-0= \/% Therefore, the volume is

-
o

(rout(x)? — rin(:n)Q) dx

)dz
/ <2:c+1 1) o
Sk
o (3

4
n |2z + 1] —:c]

0
gln >

251

—— (91n(9) — 8) cubic units |

(b) The region below the graph of y = In(x) on 1 < z < 3 revolved about the line z = 3.

Solution: The region and axis of revolution are sketched below.




(3,1n(3)) /

To use the method of disks/washers, we need to revolve strips perpendicular to the axis of
revolution. Since the axis is vertical here, we revolve horizontal strips and use integration with
respect to y. We need to express the curve as a function of y:

y=In(zx) = z=-¢".

Revolving the horizontal strip at y in the region around x = 3 creates a disk with radius
r(y) =3 — €Y. So the volume is given by

In(3)
Vv —/ 7r(y)>dy
0
In(3)
= 7r/ (3 —e¥)%dy
0

In(3)
= 7r/ (9 — 6e¥ + e*)dy
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(¢) The region below the graph of y = n 0 < z < = revolved about the z-axis.
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Solution: The region and axis of revolution are sketched below.
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To use the method of disks/washers, we need to revolve strips perpendicular to the axis of
revolution. Since the axis is horizontal here, we revolve vertical strips and use integration with
respect to x. Revolving the vertical strip at x in the region around the z-axis creates a disk

1
V25 + 4x2

5/2 52 gy
— 2 —
V—/O 7r(z) dx—w/o 5 1 da?”

This integral can be calculated using the reference antiderivative
/ dx 1 tan-! (U)

" _ Ztan z

a?+u?  a a
after substituting u = 2z, du = 2dx. This gives

5
du
V= —_—
i /0 2(25 + u?)

5
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with radius r(x) = So the volume is given by

0
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(d) The region bounded by y = e*, y = 4 — e” and the coordinate axes revolved about the
line y = 4.

Solution: The region and axis of revolution are sketched below.
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To use the method of disks/washers, we need to revolve strips perpendicular to the axis of
revolution. Since the axis is horizontal here, we revolve vertical strips and use integration with
respect to . Revolving the vertical strip at x in the region creates a washer. The outer radius
of the washer is 7oy () =4 — 0 = 4. the inner radius of the washer is

e if 0 <z < In(2),
i = 4o ey — e if In(2) <o < In(4).

So the volume is
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= 7T7‘t33277“inl‘2 T
v_/o (rout()? — i ()?) d

In(4)
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(e) The region below the graph of y = 2sin™! (562) on 0 < z < 1 revolved about the y-axis.

Solution: The region and axis of revolution are sketched below.

e

Y= 2 arcsin (x7)

(1.7)

-1

To use the method of disks/washers, we need to revolve strips perpendicular to the axis of
revolution. Since the axis is vertical here, we revolve horizontal strips and use integration with
respect to y. We need to express the curve as a function of y:

y = 2sin"'(z?) = 2% =sin (%) = |z|=4/sin (%) = x = 4/sin (%)

where the simplification |z| = x is because > 0 for the portion of the curve considered.
Revolving the horizontal strip at y in the region around the y-axis creates a washer with outer

radius 7oyt (y) = 1 and inner radius 7, (y) = 4/sin (%) So the volume is

V= /;7r (rout (¥)? — rin(y)?) dy
= /(:r’ﬂ' (1 — sin (%)) dy
s

=7 <7T + 2 cos <g) — 2COS(0))

= ‘ 7 (m — 2) cubic units ‘

#14. Consider the region R in the first quadrant bounded by the curve z = 4 — (y — 1)2.

(a) Sketch the region. Make sure to clearly label the curve and its intercepts.



Solution:

(0.3)

(b) A solid has base R and cross-sections perpendicular to the y-axis. Calculate the volume
of the solid if the cross-sections are (i) semi-circles with diameter in the base and (ii)
equilateral triangles with a side in the base.

Solution: The horizontal strip at y in the region is bounded on the right by x =4 — (y — 1)?
and on the left by « = 0. Therefore it has length

Uy)=4-(y—1°-0=4—(y" =2y +1) =3+2y —¢*.

(i) A semi-circle of diameter ¢ has area 37 (%)2 = Z(*. With the length of the strip £(y) we

found above, we can express the area of the cross-section at y as
™ 2
Aly) = Sly)

So the volume of the solid is

™

8

(3+2y—y2)2:%(9+12y—2y2—4y3+y4).

3
:/ %(9+12y—2y2—4y3+y4)dy
0
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=T (9-34+6(3)2 = 2(3)° — 31 + = (3)°
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= 10 cupblC units |.




(ii) An equilateral triangle with side length ¢ has area @EQ. With the length of the strip ¢(y)
we found above, we can express the area of the cross-section at y as

V3, V3

A) = Y2 = Y

2

3
(3+2y —4?) :\4[(9+12y—2y2—4y3+y4).

So the volume of the solid is

— (9+ 12y — 2y% — 443 —i—y4) dy

2 1:]°

= 9y + 6y° — gy?’ —yt+ 53/5}
0
1

2 5
9-34+6(3)? — §(3)3 -3+ =) )

= cubic units|.

Note: we could have used the integral that we had already compute in part (i) to minimize

computations:
63

3
/ (9+12y—2y2—4y3+y4)dy:€.
0

Only the factor in front of the integral changed for part (ii).

(c) A solid has base R and its cross-sections perpendicular to the x-axis are isosceles right
triangles with hypotenuse in the base. Calculate the volume of the solid.

Solution: We need to express the curve as functions of x:
r=4—-(y—12 = (y—12=d—2 =>y-1|=Vid—z = y=1+£V4— =z

The solution with the positive sign corresponds to the upper branch of the parabola and the
negative sign corresponds to the lower branch of the parabola, see figure below.
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The vertical strip at z is bounded on the top by y = 1 + v/4 — z. On the bottom, the vertical
strip at x is bounded by y =0 for 0 < z < 3 and y =1 —+/4 — z for 3 < & < 4. Therefore, the
length of the strip is

() 1+vV4d—2—-0=14++V4d—x if0<ax <3,
€Tr) =
A+Vi—a)—(1—-Vi-2)=2/4—z if3<x<4

The area of an isosceles right triangle with hypotenuse ¢ is iEQ, so the area of the cross-section
at x is

2

1 .
Ay = Ly = Ja (I VA—2) = et 2VA—a) 0w <3,
4 Levi—a)'=4-2 if3 <2 <4

So the volume of the solid is given by

4
V:AAmm
:/Ogi(5—x+2M)dx+/:(4—x)dfc
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= | —— cubic units |.
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(d) Calculate the volume of the solid of revolution obtained by revolving R about (i) the
y-axis and (ii) the line y = —2.

Solution: (i) Revolving the horizontal strip at y about the y-axis creates a disk of radius
r(y) =4 — (y — 1) = 3+ 2y — y%. So the volume is given by

V= /ngr(y)Qd

3
= 77/ (3—1—2y—y2)2dy

0

63

= | —— cubic units |.

(We have used the integral already computed in part (b)(i).)

(ii) Revolving the vertical strip at = about the line y = —2 creates a washer. The outer radius

of the washer is
Tout() =1+ V4 —2—(-2) =3+ V4 —x.

The inner radius is

() = 0—(—2)=2 if0<x
T VAT (-2)=3-vi—7 if3<w

So the volume is given by
4
V= / (Tout(z rm(az)g) dz
0
3 4
:/77 (B4 V4 —z)? —22)d1‘+/7r((3+\/4—x)2—(3— 4—;E)2)d3:
0 3
3 4
:7r/ 9—}—6\/ —m—x)dm—}—w/ 12v/4 — xdx
0

3
= ( 9x — 44— )3 — ;962]0 + [—8@};)
1177

= cubic units |.
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#15. Consider the region R bounded by the curves
x=1-3n(y+2), y=3and y = -2z + 1.
The region R is shaded in the figure to the right.
Use the disk/washer method to set-up integrals
that compute the volume of the solid obtained by
revolving R about each of the lines given below.

(a) x =2

Solution: We need to express the blue line as a function of y:

1—
y=—2z+1 = x:Ty

Revolving the horizontal strip at y in the region about the line x = 2 creates a washer with inner
radius 7y (y) = 2 — 1—?3,, = 3% and outer radius rou(y) =2 — (1 —3In(y+2)) =1+ 31In(y +2).
So the volume of the solid is given by

V= /317r ((1 +3In(y +2))* — (?’;y>2> dy

(b) y=3

Solution: We need to express the red curve as a function of x:

1—
r=1-3In(y+2) = In(y+2) = 395 S oy= 0B g,

Revolving the vertical strip at  in the region about y = 3 creates a washer of outer radius
Tout(l‘) - 3 - (e(l_x)/g — 2) = 5 — e(l_w)/3

The inner radius is

(2) 0 if 1 -3In(b) <z < -1,
Tin\T) =
3—(—2z+1)=2+4+22 if —1<z<L.

So the volume is given by

1

-1 2 2
V= / T (5 — e(l_x)/?’) dx + / T <<5 — e(l_m)/?’) —(2+ 2x)2> dz |.
1-31n(5) -1




(c) x=—4

Solution: Revolving the horizontal strip at y in the region about the line x = —4 creates a
washer with outer radius 7ou(y) = 1_Ty —(—4) = 95—‘” and inner radius 7, (y) = (1 — 3In(y +

2)) — (—4) =5 —3In(y + 2). So the volume of the solid is given by

V- /jw ((9;9>2 _ (5—3ln(y+2))2> dy |

(d) y=-2

Solution: Revolving the vertical strip at x in the region creates a washer with inner radius
rin(z) = e179)/3 — 2 — (=2) = ¢(1=2)/3_ The outer radius is given by

(2) 3—(=2)=5 if 1 -3In(5) <z < —1,
Tout\X) =
! 2 +1-(-2)=3-2z if —1<z<L1.

So the volume is given by

-1 9 1 5
1% :/ T (52 _ (6(14)/3) ) de +/ T ((3 _ 235)2 _ <e(1f:c)/3> ) de .
1-31n(5) 1

™

#16. Consider the region below the graph y = cot(5x) + csc(5z) for g5 < = < -

(a) Find the area of the region.

Solution: The area is given by

/10
A= / (cot(5x) + csc(bz))dx
/20

_ 5/7r/4 (cot(u) + csc(u)) du  (u = 52)

_ é In fsin(u)| — Inese(u) + cot(u) |72

:é(ln(l)—ln(lJrO)—ln <\2> ““(‘/5“))

1
=z In(2 + \@) square units|.




(b) Find the volume of the solid obtained by revolving the region about the x-axis.

Solution: We use the disk method. Revolving the vertical strip at = about the z-axis gives a
disk of radius r(z) = cot(5x) + csc(5x). Therefore, the volume is

V= /7r Z;Ow (cot(5z) + csc(5z))? d
-7 /ﬂ Tf (cot(u) + csc(u))? du  (u = 5z)
-7 /ﬁ jf (cot?(u) + esc?(u) + 2 cot(u) esc(w)) du
_ % /ﬂ Zz ((esc®(u) — 1) + csc?(u) + 2 cot(u) cse(u)) du
-7 /Tr ::2 (2 esc?(u) + 2 cot(u) esc(u) — 1) du

w/2
w/4

(—2-0—2—g+2+2\f2+5)

4
™ . .
(2\[ — Z) cubic units |.

_I [—2cot(u) — 2csc(u) — ul
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