Section 8.2: Integration by Parts - Worksheet Solutions

#33. Evaluate the following integrals. Note: some of these problems use integration techniques
from earlier sections.

(a) /5$€8$+1dx

Solution: We use IBP with
u=5x = du = 5dz,

1
dv =¥ dy = v= ge&c“.

This gives
/5x68w+1d:p et /568I+1dx
8 8
5 8x+1 8x+1
_| oze - oe el
8 64
(b) /arctan(?:z:)dx
Solution: We use IBP with
Tdx
u = arctan(7z) = du = T 4922

dv=dx = v=ux.

This gives

/arctan(?x)da: = g arctan(7x) — /1+7Z92d95
T

This last integral can be evaluated by substituting ¢t = 1 + 4922, so dt = 98zdx. Then

Tx 7 In || In(1 + 4922)
LAY S P L e e el 0 Y}
/1—1—49x2 S Y u ¢ ¢

where we have dropped the absolute values since 1 + 4922 > 0 for all . Putting everything
together, we have

In(1 + 492?)

11 +C|

/arctan(?x)d:v = zarctan(7x) —




(c) /a:3 cos(bz)dx

Solution: We will evaluate this integral with three consecutive IBPs, taking u to be the power
of x each time. For the first IBP, we take

uw=1> = du=3zdx,

1
dv = cos(bx)dr = v = E sin(5x).

This gives
3 o i
[ s - rne) /335281“55%@’
3 .
- 3751151(595) _ :;/:cg sin(5z)dz.

For the second IBP, we take

uw=1> = du=2zdr,

1
dv = sin(bx)dx = v = ~F cos(5z).

This gives
3 2
3 z’sin(b5z) 3 [ xz°cos(bx) / cos(Hx)
= — — - _— —_ 2
/3: cos(bx)dx . 5 . T— dz
3 2
) 3 3(5 6
=7 SH;( 2) + 2 ng( z) _ 25/xcos(5x)d:r.

Finally, for the third and final IBP, we take
u=x = du=dxz,

1
dv = cos(bx)dr = v = E sin(5z),

and we obtain

/xg cos(52)di = 23 sin(5x) N 3z%cos(5x) 6 <:vsm(5x) B /sin(5x) dm)

5 25 25 5 5
w3sin(5r)  3x?cos(bzr)  6xsin(5x) 6

_ _ 2 [ sin(52)d

5 ' 2 25 125/Sm( @)
3 2 :
5) 3 ) 6 5) 6 5

| z°sin(5x) L3 cos(5z)  6zsin(5z) 6 cos(5z) Lol

) 25 125 625

(d) /xS cos(5xt)dx




Solution: This integral will use a substitution rather than an IBP. This is because of the form
of the integrand: we have an “inside function”, 5z*, whose derivative, 2023, appears as a factor
of the integrand up to a constant factor. So we choose to substitute u = 5%, which gives

du = 20x3dz. Then we have
/x3 cos(5zt)dx = /cos(u)du

20
_ sir;éu) LC
() /1 " (in(2))? da
Solution: We use an IBP with
uw=(In(z))* = du= ZIZ(x)dx,

dv=dx = v=ux.

We get
‘ € ¢ 2lIn(x)
/1 (1n(m))2 dr = [x (ln(i))?}1 —/1 dex
=e— 2/1 In(z)dz.

For this last integral, we again use an IBP with
d
u=In(z) = du= —x,
x
dv=dr = v=ux.

We get




() / 2% sin ™! (z)dx

Solution: We start with an IBP taking

dv = 2%de = v:%,

which gives
3 in—1 1 3
/:'L‘2 Sil’l_l(l‘)dx == xSH;@) — 3/\/1.%._7‘%2(11'

For this last integral, we perform the substitution v = 1 — 2, du = —2xdz. The numerator is
d
z?xdz, and we will replace 22 = 1 — v and xzdz = _?u' We obtain
/ r?xdx 1- ud
o
V1—z2 2\/u

= ;/ <u1/2 —u_1/2) du

_1 <2u3/2 _ 2u1/2>
2\3

2\3/2
_ (1§ ) / —(1—952)1/2.
Plugging back in the above equation gives

/a:2 sin~!(z)de = W — % <<1_$2)3/2 —(1- x2)1/2)

wsin~Hz) (1 —2?)3/? n (1—x?)l/2
3 9 3

w/12
(g) /0 x sec(4x) tan(4x)dx

Solution: We use IBP with
u=x = du=dz,
sec(4x)
YR

dv = sec(4x) tan(4dz)dr = v =

This gives

/12 Az)]7™/12 /12 g0 (4
/ x sec(4x) tan(4x)dx = [msec(w)] _/ sec( x)dm
0 4 0 0 4




msec (5) In | sec(4x) + tan(4x)| /12

48 16 .
T In (sec (5) + tan (3)) — In(sec(0) 4 tan(0))
24 16
7T In(2+V3)
Tl 16

(h) /ln(x)dx

5

Solution: We use an IBP with

do — dx 1
v = 5 = U= —@
This gives
In(x) In(z) 1 [1
/x5d$:_ wt 1)
In(z) 1
=T e O

(i) / e d

Solution: We can start with the substitution ¢t = —22, dt = —2xdz, which gives

dt 1
/:);’ge_xQdac = /xQe_x2xdx = /(—t)et_2 = 2/tetdt.

We compute this new integral with an IBP taking

u=t = du=dt,
t

)

dv=e'dt = v=e
which gives
/tetdt =te! - /etdt =tel —el =e€l(t—1).

We plug back and replace ¢ by —z?:

t

/x?’e_xQd:c = % (t—1)




g2

= (—m2—1)+C.

. 6 dx
() / ——
3 V12x — x

Solution: This integral can be calculated using the reference integral

/ du .1 (u) L C
——— =sin —
Va2 — y2 a
after completing the square and using a substitution. We have

122 — 22 = 36 — (36 — 122 + 2°) = 36 — (x — 6)2,

SO

/6 dx B /6 dx
3 12z — 22 3 /36 — (z —6)2
0 du
= ——— (substitute u = x — 6
/3 V36 — u? ( )

SO

=sin"(0) —sin~! (—é)

T
6l

(k) / e sin(3x)dx

Solution: We perform an IBP twice and then solve for the unknown integral. For the first
IBP, the parts are

u=sin(3z) = du = 3cos(3x)dz,

e—Qz

2

dv=e¢®dr = v=—

This gives

—2x o; —2x
/6_2”” sin(3z)dx = _e i) / _C 5 3 cos(3x)dx




e ?sin(3x) 3

s St et —2x
= 5 + 2/6 cos(3z)dz.

For the second IBP, the parts are

u = cos(3z) = du= —3sin(3z)dz,

6—296
dv=e"dx = v=—
2
This gives
—9r - —2z < —2x
/6233 sin(3z)dx = _es21n(3x) + ; (—60205(356) - / _— 5 (-3 sin(3x))dx>

e 2 sin(3z)  3e *cos(3z) 9

=— - - /6_296 sin(3x)dx.

2 4 4

We can now solve the relation for the unknown integral. This gives

(1+2) e o = -220) 37 oo

1 —2x o —2x
43 /6_2”” sin(32)dz — e s;n(Sa:) B 3e Zos(Sx)
2¢ 2% sin(3z)  3e2% cos(3x)
—or -
d = | — —
/e sin(3z)dx 13 3 +C

We get

-1 2 qnp—1 -1 -1 2
1 x* sec (az)] / x
rsec” ' (v)dr = |—————=| - ——dx
/2 (@) [ 2 o Jo2 2Jz|Va? -1

—1 _1 _ 4 —1 _2 -1 2
_ sec ( ) sec ( ) _/ m—d;p (J:‘ < 0 so ’$| = _x)
2 —2 2(—x)Va? — 1

X

T — 4%” -1
= + —dx
2 /_2 2vVx? —1




T O dqt
=—-——+ ——  (substitute t = 2® — 1, dt = 2zdx
T [ )
_ o VAT
6 2 |,
_|_5m_ V3
L6 27

(m) /0 sec?(760)df

Solution: We use an IBP with the parts

u=0 = du=db,
tan(70)
7 9

dv = sec?(70)dx = v =

/08602(79)619 = %9 tan(76) — i/tan(?@)d&

1 1
= ?9 tan(760) — 9 In|sec(76)| + C'|.

(n) /sin(\/Bx +5)dx

Solution: We start with the substitution ¢ = /3x 4+ 5, which gives dt = 2\/3%. This last
relation can be written dzr = %x/?)a: + 5dt = %tdt. Therefore,

2
/sin(\/Bx +5)dx = /Stsin(t)dt = /t sin(t)dt.
This new integral can be evaluated with IBP using the parts

u=t = du=dt,
dv =sin(t)dt = v = —cos(t).

We obtain
/t sin(t)dt = —t cos(t) + /Cos(t)dt = —tcos(t) +sin(t) + C.

Going back to the original integral, we have

/sin(\/m)dx = ;/tsin(t)dt




(—tcos(t) +sin(t)) + C

[GVRN )

(=V3z +5cos(v3z +5) +sin (V3z +5)) + C|.

GV V)

Solution: This integral can be calculated using three methods: substituting v = 5x + 1, sub-
stituting u = v/bx + 1 or integrating by parts.

Method 1: substitute u = 5z + 1, so du = 5dx. The extraneous factor x in the denominator
can be expressed in terms of u as x = “T_l We get

/xdx — /u—ldu
Viz+1 ) 25y/u

L L,
) \Va V)™
1 (UI/Q - uf1/2) du

T 25
= % <§u3/2 - 2u1/2) +C
2 (1 3/2 1/2
Method 2: substitute ©u = v/bx + 1, so du = 2¢;Iﬁd:ﬁ. The extraneous factor x in the denom-
2
-1
inator can be expressed in terms of u as x = Y . We get
/xdx — /W_l)du
vor+1 25
2
=% (u® — 1)du

2 (1 4

= % (;(5:1: +1)%2 — (52 + 1)1/2> +C|

Method 3: use an IBP with parts

u=1x = du=dr,




dx 2
R N
Ry A

We obtain

T 2 2
——dz = -2V 1—-/+v) 1d
/maj 5m xr + 5/ x + lax

2 4
= 3x\/m-%(5x+1)3/2+0.

Remark: This answer may appear to be different from the other two, but a bit of algebra shows
that they are the same.

#34. Calculate the volume of the solid obtained by revolving the given region about the given axis
using (i) the method of disks/washers and (ii) the method of cylindrical shells.

(a) The region between the graph of y = y/tan™!(z) and the z-axis for 0 < z < 1 revolved
about the z-axis.

Solution: (i) Revolving the vertical strip at x in the region about the z-axis forms a disk of

radius r(z) = \/tan~!(z). So the volume is
1
V= / mr(x)’dx
0

1 2
:/0 m\/tan~!(z) dx

1
= 71'/ tan~!(x)dz.
0
We calculate this integral with an IBP using the parts

u=tan '(z) = du=

241
dv=dx = v=uzx.

V= ([xtan_l(l‘)](l) - /leflr 1d$>

1
=T ﬂ/xdx .
4 0$2+1

This remaining integral can be evaluated with the substitution u = 22 4+ 1, so that du = 2zdz.
The bounds are © = 1 when x = 0 and v = 2 when z = 1. We get

T 2du
V—“(4‘/1m)

We obtain




= (- 3 mtulf)

In(2
T (W - n( )> cubic units |.

4 2

(ii) We will need to express the curve as a function of y:
y=/tan"!(z) = tan"'(z) =y® = z =tan(y?).

Then the region is bounded between the curves x = tan (y2) and x = 1 for 0 < y < \/?
Revolving the horizontal strip at ¢ in the region about the z-axis forms a cylindrical shell of
radius 7(y) = y and height h(y) = 1 — tan(y?). So the volume is

V= /0 pl/427rr(y)h(y)dy
/\/17/4

0

21y (1 — tan (yQ)) dy.

We can calculate this integral with the substituion u = 2, which gives du = 2ydy. The new
bounds are u = 0 to u = 7. We get

/4
V= /0 7 (1 — tan(u)) du

=7 [u — In [sec(u )|]

(T (e (T ))+1n sec(0)
o (- (48) +10)

n(2)
=7 (W ) cubic units|.

4 2

(b) The region bounded by the y-axis, the graph of y = sin(x) and the line y = 1 revolved
about the y-axis.

Solution: (i) The region can be described as the region between the y-axis and = = sin~!(y)
for 0 < y < 1. Revolving the horizontal strip at y in the region will form a disk of radius

r(y) = sin"!(y). So the volume is
1
V= / mr(y)?d
0




_ /0 i1 ()] dy.

We can calculate this integral with two successive IBPs. The first one uses the parts

2sin~ ! dy

Vg2’

U= [sin_l(y)]2 = du =

dv=dy = v=uy.

This gives

. 271 "2y sin~!(y)
V=mn [ sin ! } — ———-d
(y[ Wl = | Vi
Y L Oy
4 0 1—y2
In this last integral, we use an IBP with parts
dy
=1
u=sin""(y) = du= ,
V1—192
__ydy N g
dv=—""7—"x = v=—v1-—1y%

1—y?

V=m <7r2 -2 ([—sin_l(y) 1 —yz}; - /01_“1_y2dy>>

(720 [»))

2
T <4 — 2) cubic units |.

We get

(ii) Revolving the vertical strip at x in the region about the y-axis creates a cylindrical shell of
radius 7(z) = x and height h(x) = 1 — sin(x). Therefore the volume is

w/2
Vv :/0 2rr(x)h(x)dx
w/2
= 27r/0 x (1 —sin(x)) dz.

We can compute this integral with an IBP, taking the parts

u=z = du=dz,




dv=1—sin(z) = v =z + cos(x).

We get

9 /2
z(x + cos(z ]g/ - / (x+ cos(x))dx)
0

( 2
(g T40)-0- [x; + sin(w)]:/ )
(5-
(5~

3

e

2
8
) cubic units |.
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(¢) The region between the graph of y = In(z) and the z-axis for 1 < = < e revolved about
the line z = —2.

Solution: (i) The region can be described as the region between z = e¢¥ and x = efor 0 < y < 1.
Revolving the horizontal strip at ¢ in the region about the line x = —2 forms a washer with
inner radius 7ip(y) = €¥ — (—2) = e¥ + 2 and outer radius 7out(y) = e — (—2) = e + 2. So the
volume is

1
V— /O 7 (rous ()2 — rin(9)?) dy

/017r ((e+2) — (¢ +2)) dy

1
_7r/ e+2 — —egy—4ey)dy
0
ey !
:w[ ((e +2) y——4ey]
2 0
e? 1
= 22 —4—— —4 4
7T<e+ 2 e+2—i—>
7T(€2+9

= cubic units |.

(ii) Revolving the vertical strip at « about the line © = —2 forms a cylindrical shell with radius
r(z) =x — (—2) = v + 2 and height h(z) = In(z). So the volume is

V:/1 27r(z)h(x)dx




= 27r/1 (x +2) In(z)dx.

We compute this integral with an IBP, taking the parts

u=In(z) = du= d—x,
x

2
dv = (z +2)dx = v:%+2x.

This gives
2 € e 2
V:2ﬂ<[<x+2m>ln(x) —/ <x+2x> dx)
2 1 1 2
€2 ¢z
—27?(2+26—/1 <2+2>dx>
2 2 e
—or (S 2e— |Z 4o
2 4 1
o2 o2
=or(— 42— — —2 2
(2+ €~ +4+>
2
= m(e 9+ 9) cubic units

#35. Express /sin7(2:c)da: in terms of/sin5(2x)da:.

Solution: We split off a factor sin(2z) and use IBP with parts
u = sin®(2z) = du = 12sin°(2z) cos(2x),
1
dv =sin(2z)dx = v = —3 cos(2x).

This gives
/sin7(2x)d:1; = /sin6(2x) sin(2x)dx

_ _sin (22) cos(2 /12 sin®(2z) cos(2z) (—COS(M> dz
2 2

)

2

sin%(2z) cos(2

-|-6/ sin®(2z) cos®(2z)dx.




In this last integral, we use the Pythagorean identity cos?(2x) = 1 — sin?(2x) to obtain

/sin7(2x)dx = _sin6(2x)2005(2x) + 6/ sin®(22) (1 — sin®*(22)) da
sin®(22) cos(2x
2

) + 6/ sin®(2z)dx — 6/ sin” (2x)dz.

We can now solve for the original integral by moving the term —6 / sin7(2x)dx to the left-hand
side. We get

sin%(22) cos(2z)

/sm (2x)dx + 6/ sin (2z)dx = — 5 + 6/ sin®(2z)dx

.6

= 7/ sin (2z)dx = _— (2m)2cos(2x) + 6/ sin®(2x)dx
in®(2z) cos(2

= /sin7(2m)daz = ( :1:1):05( z) + g/sin5(2:c)dm

#36. Express /secg(4x)da: in terms of /sec7(4a:)da:.

Solution: We split off a factor sec?(4z) and use IBP with parts

u=sec’(4z) = du = Tsec®(4x)sec(4z) tan(4x)(4)dz = 28 sec” (4x) tan(4z)dz,
tan(4x)

dv = sec?(4z)dr = v = 1

We get

/ sec®(4z)da = / sec” (4z) sec?(4z)dx

sec”(4x) tan(4

) tan(4x)
4
)
4

dx

/2886(: (4x) tan(4x)

sec”(4x) tan(4

/sec (4z) tan?(4z)dz.

In this last integral, we use the Pyhtagorean identity tan?(4x) = sec?(4x) — 1. This gives

sec”(4x) tan(4

\]

sec’ sec2 (4z) — 1) dx

/ sec’ (4z)dx =

-7

e
sec (43:)4tan /

sec? (4x)dx + 7/ sec’ (4x)dz.




We can now solve for the original integral by moving the term —7 / sec” (4z)dx to the left-hand
side. We get

"(4z) tan(4
/secg(4x)dx+ 7/ sec? (4z)dx = sec’(4z) tan(dz) + 7/ sec’ (4x)dx
"(4z) tan(4
= 8/ sec? (4x)dx = sec’( x)4 an(4e) + 7/ sec’ (4z)dx
7 4
= /secg(4x)d$ =X (4$;2tan( ?) + ;/8607(4$)d$ )

#37. Find reduction formulas for the following integrals.

(a) / cos"(3x)dx

Solution: We split off a factor cos(3z) and use IBP with parts

u=cos" 1 (3x) = du= —3(n— 1)cos" *(3z)sin(3z)dz,
sin(3x)

dv = cos(3x)dr = v = 3

This gives

/cos"(Sx)dx = /cos"1(3x) cos(3z)dx

cos" 1 (3x) sin(3z)

/ cos™ (32)dz — : _ / _ 3(n— 1) cos"2(32) sin(3z)

cos™ 1 (3x) sin(37)

/cos"(?)x)dx = 3 +(n — 1)/(:05”2(336) sin?(3x)dz.

sin(3z) e

In this last integral, we use the Phytagorean identity sin?(3z) = 1 — cos?(3z) to obtain

cos™ 1 (3x) sin(37)

/cos”(?;x)dx = 3 +(n— 1)/005”_2(3x) (1 — cos(32)?) dz

cos™ 1(3x) sin(3x)

/cos”(S:z:)dx = 3 + (n— 1)/cos"2(3x)dx —(n— 1)/cos"(3:c)d:1:

We can now solve for the original integral by moving the term —(n — 1) / cos" (3z)dz to the
left-hand side.

cos™1(3z) sin(37)

/cos”(Sx)d:U + (n — 1)/003"(3x)dx = 3 + (n— 1)/603"‘2(3x)dx




cos™ 1(3x) sin(3x)
3

n / cos”(3z)dxr = +(n—1) / cos"?(3x)dx

We now divide by n to obtain the reduction formula

cos"1(3z)sin(3z) (n—1)
_|._
3n n

/cos"(?)a:)dx = /cos"z(?)x)dx .

(b) / (In(z))" dz

Solution: We use IBP with parts

u=(In(z)" = du= n(ln(xl)”_ldx’

dv=dxr = v=ux.

This gives

n (In(z))" "

/ (In(z))" dz = = (In(z))" — / . da

/(ln(:r))" dz = z (In(x))" — n/ (In(z))" ' da

(c) /sec”(Sx)dq:

Solution: We separate a factor sec?(5z) and use IBP with parts

u = sec" %(5z) = du=5(n—2)sec" *(5z) tan(5x)dz,

dv = sec?(5z)der = v = tané5m)‘

We get

sec” (bx)dx = /sec”2(5x) sec?(5x)dx

sec”2(5x) tan(5z)

/
/ sec” (bx)dx = - / 5(n — 2) sec"?(5z) tan(5x)
/

tan(5x) Iz

5

sec"2(5z) tan(5x
sec” (bx)dx = (55)t (z) _ (n— 2)/860”_2(51') tan?(5x)dx




In this last integral, we use the Pythagorean identity tan?(5z) = sec?(5z) — 1, which gives

sec”2(5z) tan(5x

/sec"(5:c)d$ = 6 5) tan(5z) _ (n— 2)/860"‘2(53:) (sec2(5x) —1)dz
sec”2(5x) tan(5x

/Sec"(5x)dx = (5 5> tan(5z) _ (n— 2)/sec”(5x)dx + (n— 2)/sec”_2(5$)dx

We can now solve for the original integral by moving the term —(n — 2) / sec” (bx)dx to the
left-hand side.

sec"2(5x) tan(5x)

sec"(bx)dx 4+ (n — 2) | sec" (5x)dx = + (n —2) [ sec” %(5z)dx
)

sec”~2(5z) tan(5x)

(n— 1)/sec”(5x)dz = 3 + (n— 2)/sec"2(5x)dx

Dividing by n — 1 gives the reduction formula

sec" 2(5x)tan(5x)  n —2

sec” (bx)dx = = + — sec" % (5z)dx |
5(n—1) n—1
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