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The adiabatic approximation in time-dependent density functional theory (TDDFT) is known to
give an incorrect pole structure in the quadratic response function, leading to unphysical divergences
in excited state-to-state transition probabilities and hyperpolarizabilties. We find the form of the
exact quadratic response kernel and derive a practical and accurate approximation that cures the
divergence. We demonstrate our results on excited state-to-state transition probabilities of a model
system and of the LiH molecule.

Until recently, quadratic response has received far less
attention than linear response. Most response applica-
tions had involved properties related to the optical spec-
tra of a molecule in equilibrium, while relatively few
ventured into non-linear regime to gain access to prop-
erties such as two-photon absorption, sum-frequency
generation, and hyperpolarizabilities which can be ob-
tained from the quadratic response of the ground-state
system [1, 2]. However, in the past few decades, non-
linear optical processes have emerged as key in a num-
ber of applications, including optical data storage and
switching, for examples. Moreover, an increasingly rel-
evant class of applications involve excited-state dynam-
ics, where a molecule is initially photo-excited and cou-
pled electron-ion motion ensues. Such applications in-
herently require the response of an excited state, ap-
pearing in the form of excited state-to-state transition
amplitudes. These amplitudes also appear even with-
out nuclear motion: when simulating the dynamics of
a molecule in a non-perturbative laser field by express-
ing the wavefunction in a superposition of eigenstates,
coupled by the laser field.

Response theory offers a way to obtain these quanti-
ties by circumventing the expensive calculation of the
excited-state wavefunctions, and may yield more ac-
curate properties when, inevitably, approximations are
used. However, response theories of approximate elec-
tronic structure theories suffer from an unphysical di-
vergence problem when the difference between two ex-
citation frequencies is equal to another excitation fre-
quency [3]. This had been first discovered in time-
dependent Hartree-Fock (TDHF) forty years ago [4] but
lay relatively dormant until the work of Ref. [3] who
showed the divergence also appears in response theo-
ries based on coupled-cluster, multi-configuration self-
consistent field, and in adiabatic time-dependent den-
sity functional theory (TDDFT) [3, 5–7].

Addressing this issue for TDDFT [8–11] is of great in-
terest: not only does TDDFT have a favorable system-
size scaling enabling the calculation of photo-induced
dynamics in complex molecules, it is in principle an ex-
act theory and so offers the possibility of finding more
accurate functional approximations that cure the un-

physical divergence, which is what we aim to achieve
here.

We find the form of the exact quadratic response ker-
nel of TDDFT and show explicitly why the adiabatic ap-
proximations used thus far are responsible for the incor-
rect pole structure of the second-order response func-
tion that creates the divergence, and that a relatively
gentle linear frequency-dependence in the quadratic re-
sponse kernel corrects the pole structure and tames the
divergence. Inspired by this, we derive a frequency-
dependent approximation for the quadratic response
kernel. Results on a two-electron model system and
on the LiH molecule show that our approximation pro-
vides a practical and accurate fix to the problem of di-
vergences in TDDFT quadratic response.

In TDDFT response theory, the central object at
each order of response is a density-response func-
tion expressed in terms of response functions of the
Kohn-Sham (KS) system, and exchange-correlation ker-
nels [10, 12]. The linear density response function
of the interacting system to an external perturbation
δvext(r, t), χ(r, r′, t − t′) = δn(r,t)

δvext(r′t′)
= −iθ(t −

t′)〈Ψ0|[n̂(rt), n̂(r′t′)]|Ψ0〉, has the spectral representation

χ(r, r′, ω) =
∑
a

(
n0a(r)na0(r′)

ω − Ωa + i0+
− n0a(r′)na0(r)

ω + Ωa + i0+

)
(1)

where n0a(r) = 〈Ψ0|n̂(r)|Ψa〉 is the transition density
between the ground state, Ψ0 and the excited state, Ψa

which has excitation frequency Ωa = Ea−E0 and n̂(r) is
the one-body density-operator; the 0+ indicates the shift
of the pole slightly below the real-axis to ensure causal-
ity and will be omitted hereon. In TDDFT, χ is instead
obtained from the non-interacting KS system, through
the Dyson-like equation [13, 14]

χtddft
ij (ω) = χS,ij(ω) + χS,ik(ω)f

HXC,kl(ω)χlj(ω) (2)

where χS is the density response function of the KS
system and fHXC(ω) is the Hartree-exchange correla-
tion kernel. The indices i, j represent the spatial vari-
ables ri and rj and repeated indices imply summa-
tion. While χS(ω) displays residues given by transition-
densities between ground and excited states of the KS



system, and poles given by KS excitation frequencies,
the linear response (LR) kernel, fHXC,kl[n0](t − t′) =
δ(t−t′)
|rk−rl| + δvXC[n](rk,t)

δn(rl,t′)

∣∣∣
n=n0

, corrects these to those of

the true response function. Almost always, an adi-
abatic approximation is used, where the exchange-
correlation potential vXC[n](r, t) depends only on the in-
stantaneous density and is approximated by the func-
tional derivative of a ground-state energy functional,
EXC[n]. This results in a frequency-independent kernel,
fadia
XC,ij [n](ω) = δ2EXC[n]

δn(ri)δn(rj) . With an adiabatic approx-
imation, LR TDDFT has become a workhorse of elec-
tronic structure, yielding excitation spectra with an un-

precedented balance between accuracy and efficiency.
The adiabatic approximation is known to fail for cer-
tain classes of excitations, and improved, frequency-
dependent, approximations have been derived for some
cases, e.g. double-excitations [15, 16].

Going to second-order in the perturbation, defines
the quadratic response (QR) function [12, 17, 18],
χ(2)(r, r1, r2, t− t1, t− t2) = δ2n(r,t)

δvext(r1,t1)δvext(r2,t2) :

χ(2)(r, r1, r2; t− t1, t− t2) =
(−i)2

2
θ(t− t1)θ(t1 − t2)

× 〈Ψ0| [[n̂(r, t), n̂(r1, t1)] , n̂(r2, t2)] |Ψ0〉 + (1↔ 2) (3)

which has the spectral representation [18]

χ(2)(r, ri, rj , ωi, ωj) =
1

2

∑
a,b

(
n0a(r)nab(ri)nb0(rj)

(ωi + ωj − Ωb)(ωj − Ωa)
− n0a(rj)nab(r)nb0(ri)

(ωi − Ωb)(ωj + Ωa)
+

n0a(rj)nab(ri)nb0(r)

(ωi + ωj + Ωb)(ωi + Ωa)
+ (i↔ j)

)
(4)

where the state-a to state-b transition density is nab(r) = 〈Ψa|n̂(r)|Ψb〉, and can be extracted from double residues of
χ(2). The second-order response may be extracted from TDDFT linear response quantities together with a QR kernel
gXC(r, r1, r2, t− t1, t− t2) = δ2vXC(r,t)

δn(r1,t1)δn(r2,t2)

∣∣∣
n0

through [12, 19, 20]:

χ(2),tddft
mnp (ω1, ω2) = χmi(ω1 + ω2)χ−1

S,ij(ω1 + ω2)χ
(2)
S,jkl(ω1, ω2)χ−1

S,lq(ω1)χqn(ω1)χ−1
S,kr(ω2)χrp(ω2)

+ χmi(ω1 + ω2)gXC,ijk(ω1, ω2)χjn(ω1)χkp(ω2) (5)

(again using the index notation for spatial de-
pendences). In the adiabatic approximation,
gadia
XC,ijk(ω1, ω2) = δ3EXC[n]

δniδnjδnk

∣∣∣
n=n0

is frequency-

independent.
Eq. (5) is usually recast in terms of a matrix in

the space of KS single-excitations in molecular codes,
e.g. [21, 22], or written in a Sternheimer formula-
tion [10, 23], which have enabled calculations of a wide
range of non-linear optical properties of complex sys-
tems, e.g. [24–28] However, several works encountered
greatly exaggerated responses in domains where the dif-
ference between two excitation frequencies Ωb and Ωc is
equal to another excitation frequency, Ωa, i.e. Ωc −Ωb =
Ωa [3, 6, 7, 29, 30], which, in this work, we call the “reso-
nance condition”. Ref. [3] tracked this unphysical diver-
gence to an incorrect pole structure in χ(2),tddft when an
adiabatic approximation is made, pointing out the simi-
larity to the divergence observed in Ref. [4] for TDHF, as
well as in other response theories. The question arises:
Since TDDFT is in principle an exact theory, what is the
structure of the exact QR kernel that cures this diver-
gence? And can we build a practical approximation that
inherits this behavior?

To answer these questions, we construct the exact χ(2)

in a Hilbert space truncated to contain four many-body
states, denoted 0, a, c, c′, and solve for the exact form of
the QR kernel in this truncated space by inversion of
Eq. (5). The resonant case is met when Ωc = 2Ωa. We in-
clude the possibility of a double-excitation contribution
to the many-body states, where the states c and c′ are
approximately linear combinations of a single KS exci-
tation ν3 and a double KS excitation 2ν1 (see Fig. 1 for a
slightly more general truncation). In fact the resonance
condition is suggestive of a state of double-excitation
character: Ωc = Ωb + Ωa would have double-excitation
character if Ωa,b are predominantly single excitations
out of a Slater determinant reference and if the TDDFT
corrections to the excited state energies are small. We
will consider probing the second-order response at fre-
quencies ω1, ω2 much closer to Ωa than to Ωc.

To simplify the inversion, we assume that the KS
states have frequencies ν1, ν3 well-separated from each
other, and far enough from the ground-state, such that
the single-pole approximation may be applied [10, 13,
31, 32]. Then, constructing the linear response functions
χ and χS, and the KS quadratic response function χ

(2)
S

and using them in Eq. (5)(see Supplemental Material for
detail) gives
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FIG. 1. Depiction of a truncated Hilbert space. The true inter-
acting system (left) with three excited states of excitation ener-
gies Ωa,Ωb and Ωc, with corresponding KS system (right) with
excitation energies ν1, ν2, ν3 with 0 being the HOMO level.
The possibility of a KS double-excitation of frequency ν1 + ν2
(dashed line) mixing with the single excitation at ν3 yields an
additional excitation Ω′

c (grey on the left); in this case c and c′

have both single and double character. Displacement along the
red vertical arrow tunes the system out of the resonance con-
dition. In our model, we take the case Ωb = Ωa and ν2 = ν1.

χ(2),tddft
mnp (ω1, ω2) =

(
ac,mi

ω1 + ω2 − Ωc
+

ac′,mi
ω1 + ω2 − Ωc′

)[
a−1

S3,ij

ν2
1

2Ω2
a

(
AS13,jnp

ω2 − Ωa
+
AS13,jpn

ω1 − Ωa

)

+
a−1

S3,ij
ν2
1

Ω2
a
〈fHXC〉1(AS13,jnp +AS13,jpn) + gXC,ijk(ω1, ω2)aa,jnaa,kp

(ω2 − Ωa)(ω1 − Ωa)

 (6)

where AS13,jnp = nS01(rj)nS13(rn)nS30(rp),
aS2,ij = nS03(ri)nS30(rj), defined in terms
of the KS transition densities. The residue
ac,mi = n0c(rm)nc0(ri) and 〈fHXC(ω2)〉1 =∫
φ0(r)φ1(r)fHXC(r, r′, ω)φ0(r′)φ1(r′)d3r1d

3r2. All
quantities on the right can be obtained from LR TDDFT,
the QR kernel, or from the KS system directly.

When gXC is independent of frequency, the incorrect
pole structure is salient, with the last line of Eq. (6) hav-

ing a three-pole structure instead of the two appearing
in the exact χ(2) of Eq. (4) [3, 6, 30]. It follows that
gXC must carry a frequency-dependence that removes
the extra pole, which means the numerator of the last
term in Eq. 6 must be of the form: Xinp(ω1 − Ωa) +
Yinp(ω2 − Ωa) where Xinp and Yinp are functions of
{ri, rn, rp}. The permutation-symmetry of χ(2) under
(r1, ω1)↔ (r2, ω2) implies Yinp = Xipn, leading to:

Xinp(ω1 − Ωa) +Xipn(ω2 − Ωa) = gXC,ijk(ω1, ω2)aa,jnaa,kp + a−1
S3,ij

ν2
1

Ω2
a

〈fHXC(ω2)〉1(AS13,jnp +AS13,jpn) (7)

Eq. (7) shows that the exact QR kernel gXC in the vicinity
of ω1,2 close to Ωa has a linear frequency-dependence. It
remains now to derive an approximation forXinp which
yields a practical approximation for gXC,ijk(ω1, ω2).

In order to determine Xinp, we interpolate between
two limiting cases. The first is to set gXC → gadia

XC when
ω1 = ω2 = 0 in Eq. (7), which gives an equation for
Xinp +Xipn. A possible solution is

Xinp =
−1

2Ωa

(
gadia
XC,ijkaa,jnaa,kp + a−1

S3,ij

ν2
1

Ω2
a

〈fHXC(ω2)〉1AS13,jnp

)
(8)

Using Eq. (8) in Eq. (7) gives gApp,1
XC (ω1, ω2) that cor-

rects the single-excitation contribution (AS13,jnp ) to the
quadratic response but appears not to include double-
excitation contributions to the transition density. It is
unclear whether the first term captures true double-
excitation character because an adiabatic QR kernel
yields a response that has poles at sums of LR-corrected
single excitations without any mixing with double-
excitations and even these poles are missing when only
forward transitions are kept [33, 34]. Our second limit-
ing case therefore focusses on the double-excitation con-
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tribution.
Thus the second limit is the opposite case when state

c is a close to a pure double excitation. Considering
Fig. 1 the KS state 3 is absent and we denote the KS state
with two electrons excited to orbital 1 at the dashed line,
as d. The KS residue appearing in Eq. (6), AS1d,ijk =
nS01(ri)nS1d(rj)nSd0(rk) = 0 due to the last factor, and
equating Eq. (6) to the true χ(2) in this limit yields

ac,mig
App,2
XC,ijkaa,jnaa,kp =

1

2
[(ω1 − Ωa)Aca,mnp

+ (ω2 − Ωa)Aca,mpn] (9)

The residue Aca = n0cnacna0, contains the ground-
to-excited transition densities of the true system n0a

and n0c which are accessible from LR, and substitut-
ing the KS excited-to-excited transition density n1d for
nac in Eq. (9) gives the second limit in our approxi-
mation for gXC. Our final approximation interpolates
between the two limits through the weighting of the
double-excitation component to the true state (details in
the Supplemental Material),

gApp
XC,iqr(ω1, ω2) = −

(
ω1 + ω2 − 2Ωa

2Ωa

)
gadia
XC,iqr −

(
a−1

S3,ij

ν2
1

Ω3
a

〈fHXC(ω2)〉1(ω1AS13,jnp + ω2AS13,jpn) (10)

+
a−1
c,im

2
(

√
1− aca−1

S3 )mo
n0c(ro)

2
[(ω1 − Ωa)nd1(rn)n0a(rp) + (ω2 − Ωa)nd1(rp)n0a(rn)]

)
a−1
a,nqa

−1
a,pr

Turning to the transition density obtained from the
double-residue

ξnca(rm) = lim
ω2→Ωa

ω1+ω2→Ωc

(ω2−Ωa)(ω1+ω2−Ωc)
χ

(2)
mmm(ω1, ω2)

n0c(rm)na0(rm)

(11)

where ξ = 1 for the resonant case, and ξ = 1
2 otherwise,

we find

nApp
ca (r) =

√
1− α2

cnS1d(r)+

(
ν1

Ωa

)3/2

αc

(
1− 2

〈fHXC(ω2)〉1
Ωa

)
nS,13(r)−n0a(r)

Ωa

∫
n0c(r1)gadia

XC (r1, r2, r3)n0a(r2)n0a(r3)dr1dr2dr3

(12)

Here α2
c is an r-independent approximation to aca−1

S,3: αc
ranges from ν3/Ωc in the case where the state c is pre-

dominantly a single excitation, to 0 when it is predom-
inantly a double-excitation. Eq. (12) can be compared
with the adiabatic approximation, for which

nadia
ca (r) =

(
ν1

Ωa

)3/2

αc

(
1 +

Ωa − ν1

Ωc − 2Ωa

)
nS13(r) +

n0a(r)

Ωc − 2Ωa

∫
n0c(r1)gadia

XC (r1, r2, r3)n0a(r2)n0a(r3)dr1dr2dr3 . (13)

The divergence is evident in the last two terms when the
resonant condition, Ωc − Ωa = Ωa is satisfied; further,
there is no contribution from any double-excitation.

In practice, there are several ad hoc workarounds to
the unphysical divergence, including applying damp-
ing factors [21], neglecting the kernels in “simplified-
TDDFT” [35], setting the term to zero, and the pseudo-
wavefunction approximation [3, 5, 6, 36, 37] where or-
bital relaxation terms in the second-order response are
neglected, which is equivalent to solving the second-

order response equation at zero frequency. The sec-
ond term in Eq. (12) could be viewed as in the pseudo-
wavefunction spirit in the sense that it can be ob-
tained by setting ω1 to zero in the divergent term of
Eq. (13). The connections with the standard pseudo-
wavefunction approximation are left for future work,
including what the implied underlying gXC kernel is;
our work suggests it also has a linear frequency-
dependence. In any case, all the standard workarounds
miss any double-excitation contribution to the transition
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density (the first term in Eq. (12), which can be signifi-
cant as our first example below demonstrates.

Our first example is a model system of two electrons
in a one-dimensional harmonic plus linear potential,
vext(x) = 1

2x
2 + γ|x| where γ is a parameter in the

range[−1, 1]; varying γ tunes the system in and out of
the resonance condition. The electrons interact via a
soft-Coulomb interaction: λ√

(x1−x2)2+1
, where we con-

sider λ = 0.2a.u. as a weak interaction in which the as-
sumptions made in Eqs. (6)–(12) apply, but we also con-
sider the results at the full coupling strength λ = 1a.u. In
order to test our approximation for the QR kernel alone,
without conflating errors from approximations made to
the LR treatment, we will use the exact KS and LR quan-
tities in the equations. The LR thus includes double-
excitation contributions, which would be missing in an
adiabatic LR treatment.

Fig. 2 shows the transition dipole moment, µac =
〈Ψa|x̂|Ψc〉 between the first two excited states, Ψa and
Ψc for which the resonance condition, in this case Ωc =
2Ωa, holds as |γ| → 0. We calculate αc from the ratio of
the matrix element 〈Ψ0|x̂2|Ψc〉 to the corresponding ma-
trix element of the KS system. At the weaker coupling
strength λ = 0.2, our approximation Eq. (12) clearly
cures the divergence of ALDA shown, and is barely dis-
tinguishable from the exact result in quite a wide region
around the divergence. Tuning γ away from γ = 0, we
move away from the resonance condition, and eventu-
ally we expect that our approximation may decrease in
quality compared to ALDA: the error in our approxima-
tion from neglecting the mixing of other single excita-
tions may no longer be negligible compared to the large
error caused by the spurious pole in adiabatic approxi-
mations in the resonance region. For the particular case
here, our approximation continues to do well for posi-
tive γ where the system remains harmonic at large dis-
tances, while for negative values a double-well devel-
ops in vext which brings the two lowest energy levels
closer together as delocalized orbitals, deviating from
the more clearly separated levels of a single well, and
leading to a breakdown of the single-pole-like assump-
tions in the derivation of Eq. (11). Although our approx-
imation was derived in the limit of well-separated exci-
tations, we still observe a good performance at full cou-
pling strength λ = 1.0 (right panel in Fig. 2, not only
curing the divergence seen in ALDA but also giving pre-
dictions close to the exact.

We now turn to LiH, using PBE0 [38] with def2-SVP
basis set [39], within the Turbomole package [22]. The
fourth excited state frequency is close to twice the first
excited state frequency in the region around 2.6Å in
PBE0. Also around this bond-length, the frequency of
the lowest doubly-excited KS state matches that of the
4th single KS excitation (see top right panel Fig. 3).
The PBE0 excitation energies are only a little shifted

FIG. 2. Excitation frequencies (upper) and transition dipole
moments (lower panels), xac = 〈Ψa|x̂|Ψc〉 between the first
and 2nd excited states of the model system as a function of
parameter, γ, for λ = 0.2 (left) and λ = 1 (right): exact (black),
ALDA (green), our approximation Eq. (11) (blue). The dashed
lines term 1, term 2, and term 3 are the respective terms of
Eq. (12)

from those of the reference full configuration interac-
tion calculation taken from Ref. [3], while the transi-
tion dipole moment diverges in the resonance region
Ω4 = 2Ω1 [3]. Our approximation, applied together
with adiabatic PBE0 LR, shown in Fig. 3 tames this di-
vergence, and follows the trend of the exact result, but
with an overestimate; the adiabatic LR lacks the double-
excitation contribution and so only the second term in
Eq. (12) contributes. Further, we set the third term
to zero since, from the previous example, it is antici-
pated to be much smaller than the others. Likely, in-
cluding the double-excitation contribution with the LR
kernel of Ref. [15] should improve the performance of
our QR kernel; we leave for future work the investiga-
tion of oscillator strengths from a modified dressed LR
TDDFT [14, 40, 41] which would be used to determine
αc. The figure shows also the result from the pseudo-
wavefunction approximation that is often used [3, 6, 37],
which, despite being an ad hoc correction, appears to
perform a little better than ours on the left of the diver-
gence of the adiabatic result, while a little worse on the
right. Again, as we move away from the resonance re-
gion, our approximation deviates as expected.

In summary, we found the form of the exact
frequency-dependent kernel in QR TDDFT and derived
an approximate kernel based on this. Tests on a model
system and on the LiH molecule suggest it is a promis-
ing practical cure to the unphysical divergence problem
in adiabatic QR TDDFT. Our approach can be general-
ized to situations beyond the single-pole-type of analy-
sis made when more than one KS single-excitation con-
tributes to a given state. This work also stresses the im-
portance of including double-excitation contributions in
LR; the kernel of Ref. [15] needs to be generalized to de-
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FIG. 3. Upper panel: Full configuration interaction (fci) and
TDDFT frequencies between the ground and the first excited
state (solid blue), and the first and fourth excited state of LiH
(dashed red). The right panel also shows the KS lowest tran-
sition frequency (dotted ) and half of the fourth KS frequen-
cies (dotted ). Lower panel: Transition dipole moment, µ14 be-
tween the first and fourth excited states as a function of bond-
length; exact (black), our approximation Eq. (11)(light blue),
PBE0 (orange dashed), and pseudo-wavefunction approxima-
tion (green dashed). Note that for bond-lengths greater than
2.4Å the ALDA is out of the scale of the figure.

scribe how the oscillator strength gets redistributed in
this case [14, 40, 41]. We note that TDDFT can also be ap-
plied in the real-time domain to obtain non-linear opti-
cal properties [42] and the implications of the frequency-
domain divergences for the time-domain have yet to be
explored. Future work includes determining whether
the divergence is related to the spurious pole shift of
generalized LR TDDFT [11, 43, 44] in the adiabatic ap-
proximation, as was previously surmised [3]. The QR
kernel is the functional derivative, or response, of the LR
kernel evaluated at the ground-state, and in this sense
may be viewed as containing information about the lin-
ear response of an excited state. On the other hand, the
pole shifting occurs quite generally, not just in situations
where the resonance condition is satisfied.
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I. DERIVATION OF THE TDDFT SECOND ORDER RESPONSE EQUATION IN THE TRUNCATED HILBERT SPACE

The Dyson equation for the second-order response function was derived in Ref. [1] in terms of the linear response
xc kernel, the KS response function, and the quadratic response xc kernel. (We note a typo in Eq. (173) of Ref. [1]
where the step functions on the right should read θ(t−τ)θ(τ−τ ′)). To transform the time-domain expression into the
frequency-domain, we Fourier transform using the factors eiω1(t−t1)eiω1(t−t2) [2]. Combining the resulting equation
with the Dyson equation in linear response, we obtain

χ(2),tddft
mnp (ω1, ω2) = χmi(ω1 + ω2)χ

−1
S,ij(ω1 + ω2)χ

(2)
S,jkl(ω1, ω2)χ

−1
S,lq(ω1)χqn(ω1)χ

−1
S,kr(ω2)χrp(ω2)

+ χmi(ω1 + ω2)gXC,ijk(ω1, ω2)χjn(ω1)χkp(ω2) , (1)

where, as in the main text, the subscripts represent the spatial variables.
We will evaluate the terms explicitly within the assumption of the truncated subspace discussed in the main text.

The frequencies ω1, ω2 are taken to be far closer to Ωa than to Ωc, while their sum ω1 + ω2 is far closer to Ωc than to
Ωa. Further, we make a single-pole (Tamm-Dancoff)-like approximation in that we neglect the backward transitions,
but we restore the oscillator strength sum-rule when relating the transition amplitudes of the KS and interacting
systems.

With these considerations, we find the first-order response functions:

χij(ω1(2)) ≈
aa,ij

ω1(2) − Ωa
where aa,ij = n0a(ri)na0(rj), with n0a(r) = ⟨Ψ0|n̂(r)|Ψa⟩ (2)

χS,ij(ω1(2)) ≈
aS1,ij

ω1(2) − ν1
, where aS1,ij = nS01(ri)nS10(rj)

(3)

where the subscript S indicates KS quantities, and similarly,

χij(ω1 + ω2) ≈
ac,ij

ω1 + ω2 − Ωc
+

ac′,ij
ω1 + ω2 − Ωc′

(4)

χSij(ω1 + ω2) ≈
aS3,ij

ω1 + ω2 − ν3
(5)

For the second order KS response function we have

χ
(2)
S,jkl(ω1, ω2) ≈

1

2

(
AS13,jkl

(ω1 + ω2 − ν3)(ω2 − ν1)
+

AS13,jlk

(ω1 + ω2 − ν3)(ω1 − ν1)

)
(6)

We make use of the single-pole approximation

Ωa = ν1 + 2⟨fHXC⟩1 where ⟨fHXC⟩1 ≡
∫

d3rd3r′ϕ0(r)ϕ1(r)fHXC(r, r
′, ω)ϕ0(r

′)ϕ1(r
′) (7)

and impose the oscillator strength sum rule within the single-excitation approximation

Ωaaa ≈ ν1aS1 (8)

to express

χ−1
S,kr(ω2)χrp(ω2) ≈

ω2 − ν1
ω2 − Ωa

ν1
Ωa

δkp (9)

Putting these together we finally obtain

χ(2),tddft
mnp (ω1, ω2) =

(
ac,mi

ω1 + ω2 − Ωc
+

ac′,mi

ω1 + ω2 − Ωc′

)[
a−1

S3,ij

ν21
2Ω2

a

(
AS13,jnp

ω2 − Ωa
+

AS13,jpn

ω1 − Ωa

)

+
a−1

S3,ij
ν2
1

Ω2
a
⟨fHXC⟩1(AS13,jnp +AS13,jpn) + gXC,ijk(ω1, ω2)aa,jnaa,kp

(ω2 − Ωa)(ω1 − Ωa)

 (10)

which is Eq. (6) in the main paper.
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II. APPROXIMATION FOR THE QR KERNEL

As observed in the paper, an adiabatic approximation for gXC(ω1, ω2) leaves the expression for χ(2),tddft with an
excess pole compared to the exact χ(2), which is ultimately responsible for the divergence in the residues. An ap-
proximation for gXC must have a frequency dependence that removes this pole which means the numerator of the
last term of Eq. (10) above must be of the form:

Xinp(ω1 − Ωa) + Yipn(ω2 − Ωa) (11)

Considering the symmetry of χ(2) under (rn, rp, ω1) ↔ (rp, rn, ω2), we deduce that Yipn = Xipn, and so the approx-
imation for gXC(ω1, ω2) reduces to finding an approximation for Xinp. Equating the numerator of the last term of
Eq. (10) to Eq. (11) with Yipn = Xipn, gives Eq. (7) in the main text.

As discussed in the main paper, our approximation is derived from two limiting cases for which we provide more
detail here.

(i) First limiting case: We set gXC → gadiaXC when ω1 = ω2 = 0 in Eq (7) of the main text, which gives Eq. 8 of the main
text for Xinp. Such an approximation leads to the QR kernel

gApp−1
XC,iqr (ω1, ω2) = −

(
ω1 + ω2 − 2Ωa

2Ωa

)
gadiaXC,iqr − a−1

S3,ij

ν21
Ω3

a

⟨fHXC(ω2)⟩1(ω1AS13,jnp + ω2AS13,jpn)a
−1
a,nqa

−1
a,pr (12)

which, when inserted into Eq.(7), gives

χ(2),App−1
mnp (ω1, ω2) =

(
ac,mi

ω1 + ω2 − Ωc
+

ac′,mi

ω1 + ω2 − Ωc′

)[
a−1
S3,ij

ν2
1

2Ω2
a

(
AS13,jnp

ω2 − Ωa
+

AS13,jpn

ω1 − Ωa

)(
1− 2⟨fHXC(ω2)⟩1

Ωa

)
− 1

2Ωa

(
1

ω1 − Ωa
+

1

ω2 − Ωa

)
gadiaXC,ijkaa,jnaa,kp

]
(13)

If we were then to extract the transition density between states a and c (Eq. 11 of the main text), we obtain

nApp−1
ca (r) =

(
ν1
Ωa

)3/2 (
1− 2

⟨fHXC⟩1
Ωa

)
αcnS,13(r)−

n0a(r)

Ωa

∫
n0c(r1)g

adia
XC (r1, r2, r3)n0a(r2)n0a(r3)dr1dr2dr3 (14)

where we have defined α2
c as an r-independent approximation to ac,ija

−1
S3,jk:

ac ≈ α2
caS3 (15)

Physically, αc reflects the ratio of the true transition density to the KS one. Due to the oscillator-strength sum-rule
applied within the separated levels assumption, α2

c ≈ ν3/Ωc when the interacting state is predominantly a single-
excitation. When there is mixing with a KS double-excitation however, α2

c decreases, reducing to zero in the limit of a
pure double-excitation. This approximation Eq. (14) however appears not to include double-excitation contributions
to the transition density. The first term corrects the single-excitation component, while it is unclear whether the
second term, which tends to be much smaller than the first, captures true double-excitation character: an adiabatic
QR kernel yields a response that has poles at sums of LR-corrected single excitations without any mixing with
double-excitations but even these poles are missing when only forward transitions are kept [2]. Our second limiting
case therefore focusses on the double-excitation contribution.

(ii) Second limiting case: Here we consider the case when state c is close to a pure double-excitation of the KS system,
denoted d. There is no single KS excitation in the vicinity, so no pole in the KS LR function nearby. This means
that the KS residue AS1d,ijk = n01(ri)n1d(rj)nd0(rk) is strictly zero because nd0(r) ≡ 0 since a one-body operator
cannot connect determinants different by two orbitals. The interacting residue is small but non-zero because the
corresponding term nc0 involves the state c which has small contributions from single-excitations to the KS double
excitation that dominates the interacting state in this limit. In this limit the exact interacting χ(2) has the form

χ(2)
mnp(ω1, ω2) =

1

2(ω1 + ω2 − Ωc)

(
Aca,mnp

ω2 − Ωa
+

Aca,mpn

ω1 − Ωa

)
, Aca = n0cncana0 (16)

so that equating Eq. (10) to this, gives Eq. (9) of the main paper. We now approximate the part of the residue Aca that
is not accessible from LR, nca simply by the KS transition-density nd1, yielding

ac,mig
App−2
XC,ijk aa,jnaa,kp =

n0c(rm)

2
[(ω1 − Ωa)nd1(rn)n0a(rp) + (ω2 − Ωa)nd1(rp)n0a(rn)] (17)
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Our complete approximation interpolates between limits (1) and (2) through

gApp
XC = gApp−1

XC +

√
1− aca

−1
S3 g

App−2
XC (18)

as in Eq. (10) of the main text, with the rationale that 1− aca
−1
S3 represents the fraction of the true oscillator strength

arising from the double-excitation component of the state.
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