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Estimation of Nonlinear Errors-in-Variables
Models for Computer Vision Applications

Bogdan C. Matei, Member, IEEE Computer Society, and Peter Meer, Senior Member, IEEE

Abstract—In an errors-in-variables (EIV) model, all the measurements are corrupted by noise. The class of EIV models with
constraints separable into the product of two nonlinear functions, one solely in the variables and one solely in the parameters, is
general enough to represent most computer vision problems. We show that the estimation of such nonlinear EIV models can be
reduced to iteratively estimating a linear model having point dependent, i.e., heteroscedastic, noise process. Particular cases of the
proposed heteroscedastic errors-in-variables (HEIV) estimator are related to other techniques described in the vision literature: the
Sampson method, renormalization, and the fundamental numerical scheme. In a wide variety of tasks, the HEIV estimator exhibits the
same, or superior, performance as these techniques and has a weaker dependence on the quality of the initial solution than the
Levenberg-Marquardt method, the standard approach toward estimating nonlinear models.

Index Terms—Nonlinear least squares, heteroscedastic regression, camera calibration, 3D rigid motion, uncalibrated vision.

1 MODELING COMPUTER VISION PROBLEMS

SOLVING most computer vision problems requires the
estimation of a set of parameters from noisy measure-
ments using a statistical model. A statistical model provides a
mathematical description of a problem in terms of a
constraint equation relating the measurements to the
parameters and of a noise model which characterizes the
errors affecting the measurements [12, Section 1.1]. Under
its most general form, the constraint can be multivariate,
nonlinear, and with an implicit relationship between the
ideal values of the measurements z;, and the ideal value of
a parameter 3,

f(zimﬂo):() i=1,...,n f()GIRm 2o € IR? ﬂOERq.

(1)
In computer vision problems, an additive measurement
noise can usually be assumed. In the most general case of

additive noise, the characteristics of the noise depend on the
data point, i.e., the noise is heteroscedastic

2 = 2o+ 062 6z ~GI(0,6°C,) i=1,....n z,<c R,
(2)

where GI(-) stands for a general, symmetric, and indepen-
dent distribution whose first two central moments are
available. The subscript “0” is used in the paper to distinguish
the ideal, noise-free value of a quantity from its noisy
measurement. The covariance matrices are assumed to be
known only up to a common factor, the noise variance o>
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A statistical model in which the noise affects all the
elements of the data vector z; is called an errors-in-variables
(EIV) model. The EIV model includes the situation when
some of the variables are not corrupted, i.e., their ideal
value is available. Since these measurements are determi-
nistic, the covariances J?,Czr become singular.

As will be shown later in the paper, in numerous
3D computer vision problems, the constraint (1) can be
factorized into two parts. In general, these factors are
nonlinear functions, the first depending only on the measure-
ments and the second only on the parameter vector

f(zimﬁo) = (P(Zio)O(ﬂo) =0 (I)() c IR™*P

Such a constraint is called a separable parameter. Note that (3)
can also be seen as linear in @ if the dependence on  is not
considered during the estimation process

f(zioa 00) = q)(ziu)oo =0 00 = o(ﬂo) . (4)

The estimation method proposed in the paper exploits this
observation. Furthermore, many computer vision problems
can already be solved without using an explicit reparame-
terization in S.

It can be demonstrated that (4) can be generalized to
account for the gauge matrix H € IRP*? [21], [22], [31]

0() e R (3)

(2, HH'0, =0 (5)

when the gauge matrix is orthonormal, H'H =1,. The
constraint (4) also has an ambiguity to multiplication with a
nonzero constant. To remove this ambiguity, an additional
restriction has to be imposed on 6,  Most often, 6, is
assumed to have unit norm or one of its elements is set to a
known value. The nature of the vision problem can impose
additional constraints on either 8, or 3,. We will discuss
such problems in Section 5.

The ideal values of the measurements, z;,,7 = 1,...,n, are,
in general, unobservable and are called in the statistical
literature nuisance parameters to distinguish them from g,,, the
main parameter of interest. The estimates of the nuisance
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Fig. 1. Direct calibration of a camera. The coordinates of a 3D point m;,
on a calibration grid are assumed known. Its projection z; on the image
plane is measured with error.

parameters, 2;, are the corrected values of the measurements
and, often, finding them is the main goal of the computer
vision task. Though the nuisance parameters can be treated as
stochastic, such as is done in structural statistical models, in
computer vision problems, it is difficult to make valid
assumptions about their distribution, hence, we will treat
them as fixed and unknown, as assumed in functional
statistical models. The difference between structural and
functional affects models more their respective statistical
analysis, rather than the manner in which the estimates of
parameters are obtained [36].

Numerous estimation techniques are available in the
literature depending on the objective function selected, the
manner in which the objective function is minimized, or on
how the intrinsic constraints in the parameter are treated.
Often, the objective functions are derived using the
maximum-likelihood estimation theory; however, their
actual minimization varies vastly due to simplifications
made in order to make a problem tractable or the actual
way in which the statistical properties of the noise are
handled. Linear(ized) algorithms have the appeal of
yielding close form solutions; however, they are notoriously
sensitive in practice to errors in the measurements and
result in biased solutions [19], [20]. Nonlinear objective
functions have a better performance, however, they result in
iterative algorithms which may not converge if initialized
far away from the correct solution. A rigorous study on
various choices made for the objective functions applied to
solve 3D computer vision problems (structure from motion,
triangulation) was published by Ma et al. [24] using
optimization on Riemannian manifolds [9].

The task of direct calibration provides a simple example
illustrating the importance of a correct treatment of the
statistical model selected. Since, in this paper, we are not
concerned with the issue of outlier tolerance, we will
assume that all the data points obey the model. Robust
techniques, especially developed for the employed class of
models, exist, e.g., [43], [4], and can be easily integrated into
the proposed estimator.

In direct calibration, the relation between a 3D point m;,
on a calibration grid and its 2D projection in the image plane,
Zio=|21i0 zgw]T (Fig. 1), is exploited to compute the intrinsic
and extrinsic parameters of the camera [16, Chapter 6]. The
ideal affine coordinates M;,=[m, 1]" of the 3D points (not
in the plane at infinity) are related to the ideal affine
image coordinates Z,, = [z;[) 1}T through P, an unknown
3 X 4 projection matrix
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Z,jOO(PMiO izl,...,n, (6)

where o means projective equivalence. The relation (6) can
be rewritten as

M; 0T _ZlioM;[,
p= A(ziwmio)p =0, (7)
OT MI) —ZQioM;I;)

where p = vec(P'") is the 12-dimensional column vector
obtained by stacking up the rows of the matrix P. See the
Appendix for the definition and properties of the wvec
operator.

In camera calibration, it is assumed that the available
3D coordinates of the calibration points m,;, are accurate,
while the image points z; are measured with independent
and identically distributed (i.i.d.) and zero-mean errors. The
goal of the estimation process is to find p, the vector
containing the elements of the projection matrix, from where
the camera parameters can be derived.

The linear solution of the estimation problem is the
simplest approach, sometimes used exclusively in text-
books, e.g., [39, Section 6.2]. It is also called the direct linear
transformation (DLT) algorithm [16, p. 167] and is based on
minimizing the algebraic errors. The algebraic error is
computed by replacing the ideal image point coordinates z;,
in (7) with the available measurements z; and minimizing

j(i,) _ iﬁTAT(Ziymio)zA(Zi,ml‘o)ﬁ. (8)
i=1 2l

The normalization factor ||p|? appearing at the denominator
of each term is required to explicitly account for the gauge
constraint and to avoid a zero trivial solution. The linear
solution to (8) is the total least squares (TLS) estimate pr;g,
proportional to the “smallest” right singular vector (corre-
sponding to the smallest singular value) of the 2n x 12 matrix

A(Zl, mlo)
B= : . 9)
A(z,, my,)

A TLS estimate, however, is optimal only if the measurement
noise associated with every row of the matrix B has the same
covariance 0”1 [42, p. 227]. In the direct calibration task, this
condition is violated since, in each pair of rows of B, the noisy
image coordinates zj; or 2y are multiplied by a different
vector M,, as seen in (7). For such a noise process, the TLS
estimate becomes biased [28] and should only be used as the
initial solution in a nonlinear estimation procedure minimiz-
ing geometric distances, i.e., the distance between a measured
image point and the unknown projection of the correspond-
ing 3D calibration point [16, p. 170]. We will return to the
problem of camera calibration in Section 5.1.

We can conclude that, in spite of a linear dependence on
the parameter p, the model of camera calibration is more
complex due to the presence of products between measured
quantities. A similar situation arises in numerous computer
vision tasks, in which information about the 3D environ-
ment is sought. Indeed, the fundamental property of
projective geometry, the incidence relation, implies the
presence of such products. The goal of this paper is to
provide, in the context of computer vision problems, a
unified approach for estimating models nonlinear, either in
the measurements, in the parameter, or in both.
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In Section 2, we present the linearization approach for
solving EIV problems with separable parameters. In Sec-
tion 3, the solution to the HEIV problem, together with
statistical properties and numerical implementation, are
discussed. The relationship of the HEIV estimator with other
techniques proposed in the literature is analyzed in Section 4.
Applications of the HEIV algorithm to 3D computer vision
problems which translate in multivariate constraints are
presented in Section 5. Finally, a discussion of other
applications of the HEIV is given in Section 6.

2 AN APPROACH THROUGH LINEARIZATION

The parameters of the separable EIV model are estimated by
solving the following problem. Given that the noise-free,
unobservable data zj,, . .., 2y, and the unknown parameter
vector B, satisfy the constraint (3), find from the measure-
ments z;, affected by additive heteroscedastic noise (2), the
estimates 2i,...,2, and B obeying

16(B)I = 1

f(z:,8) = 2(2)0(8) =0

1=1,...,n,
(10)

B() e R™? 0()cR’ BelR.

The covariance matrices C., of the noise are known, but the
value of the constant o2 is unknown. The constraint
|0(B)|] = 11is required only to eliminate the scale ambiguity.

The estimates are obtained by minimizing the objective

function

. R 1 n R R
TB 2, 20) = 52 (2 — %) CL (2 — 2),
i=1

(11)

i.e., the sum of squared Mahalanobis semidistances between
a measurement and its unknown corrected value. To account
for the case of rank deficient covariance matrices, the
pseudoinverse denoted with the superscript “+” has to be
used in (11). The common term o can be dropped since it has
no influence on the minimum of the objective function 7. Its
estimate 62 will be found after the main estimation
procedure. The estimation process belongs to the class of
maximum likelihood if the measurement noise is known to be
normally distributed.

To account for the constraints (10), we will introduce the
Lagrange multipliers 7, € IR™ and seek to minimize

~ 1 - ANT A+ ~
S Z) = 52 (2zi —2zi) C(zi — z)

1=1

+5 0] f(2:.B).
i=1

T(B, 2, ..
(12)

We show next that by treating the separable EIV model
(10) as linear in the parameter 0, an efficient minimization
of (12) can be done by iteratively solving a generalized
eigenvalue problem. The most general case of solving
explicitly in the parameter 8 is addressed in Section 3.3.

Our goal is to obtain the estimates %, ...,%, and @ by
minimizing the objective function J (9, 21,...,2,) obtained
from (12) by substituting 6 for Band letting f(z;, 0) = o(z,)6.
Note that, since we did not require the parameter 8 to be a unit
vector, a gauge freedom up to multiplication with a nonzero
constant is present.
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The main and nuisance parameter estimates must obey

J79(8:21,...,2,) =0 (13)

J7:(0,21,...,2,) =0 i=1,....n,

(14)

where Jj), denotes the gradient of the scalar objective
function with respect the vector u.
From (14), using vector calculus chain rules (A.17),
(A.18), we obtain
Cl(zi — zi) = J g, (2, 0)m;.
Note that a singular covariance matrix C,, implies that some
of the elements of the measurement vector z; may not be
corrupted by noise. For these elements, the measured value
and an unbiased estimate are identical, i.e., their difference is
zero. This observation allows us to express (15) after simple
manipulations with an orthogonal projector into the range of
the covariance matrix [14, p. 75] as

(15)

21’, =2z — Cz,,Jf\é,,(%ia 0)1]L (16)

Let 2, be an available estimate of z;,. Initially, in the
absence of any prior information, we can assume that
z; = z;. In the following, we use %; to discriminate between
an available estimate of the unknown ideal point z;, and the
measured value z;. The first order Taylor expansion of
f(z;, 9) around %;, for a given 0, yields

F(2:,0) = £(2:,0) + J5(2,0) (2 — ).
We will now make the assumption that the Jacobian matrix
does not change significantly when computed in %; instead
of 2;. Then, (16) can be written as

(17)

Zi—z =2 —2 —C.Jp;(%,0)n,. (18)

From (17), we obtain

£(2:,0) — £(2,0) = Jp5,(2:,0) (2 — 2) (19)
— Jy2,(2,0) " C.J gz, (21, 0)m,
and, taking into account (10), we have

f(z;, 0) + Jﬂgy. (27;, O)T(Z7 — 2,) = |:Jf|g/. (27;, é)TCziJf‘gl (2{, é)i| ;.
(20)

In a first order approximation, the left-hand side of (20) is
the Taylor expansion of f(z;,0) around 2; hence, the
Lagrange multipliers can be expressed as

o T s ol 0

One can recognize in the brackets the first order approxima-
tion of the covariance of the expression f(z;,0), i.e., the result
of error propagation from z; to f(z;, @), computed in 2;

(21)

Cr(2,0) 2 Jj:(%,0) C. T (5, 0). (22)

The rank r < m of the covariance of the constraint Cy(z;, 8)
is called the rank of the constraint. When r < m, the
constraint is called singular [20, pp. 131-133]. Thus, the
estimate of the ideal value z;, is obtained from (16) as
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27', = ZzZ; — Cz,;Jf\z, (27,9)Cf(21,9)+f(z,,9) (23)

Note that (23) represents the first order approximation of the
projection of the measurement z; onto the manifold defined
by the multivariate constraint f(z, 6) under the metric
induced by the covariance matrix C,,. Using (18), after some
simple manipulations, the objective function (11) can be an
expressed function of the previous estimate of the corrected
measurement %; and the current parameter estimate 0 as

Zf 2,0

Assuming that z; = z;, we can express the cost function (24),
only function of the noisy measurements z; and the value of
the parameter estimate 6.

Expression (24) is a sum of squared Mahalanobis semi-
distances, where each term is associated with the correspond-
ing error propagated covariance matrix. In the particular case
of univariate constraints, f(z;, ) becomes the algebraic
distance from the solution surface.

We have

jHEIV Cf 2, ) f(zi,é)- (24)

)= 30
= Z (n] ®1L,)p(2) =0,
i=1

00,21, 2,

where @(%;) = vec(®(%;) ') with the vectorization operation
vec(-) and the Kronecker product ® being defined in the
Appendix. Relation (25) is obtained by applying (A.13) for
the p x m matrix @' and the m-dimensional vector 7,. The
first order expansion of ¢(%;) around %; yields

@(z) = @(2:) + Iy (2:) (2 — 2) (26)
which can be written using (18) as
P(2) = () + 5 (%) [z — 2 — Co. Ty (2:,0)m]. (27)

Recalling that ¢(z;) is the vector obtained by stacking up
the rows of the matrix ®(2;) and the definition of the
Kronecker product (A.2), we have

f(2:,0) = 2(2:)0 = (1, ® 0) (%) (28)
from where, after applying the Jacobian (A.2) results,
Tz (%, 9) = Jo5(2) (L, ® é) (29)
and, therefore,
@(z) = (2:) + Iy (2:) (21 — 2) (30)

- Jp\é;(zi)TCz,J¢\2, (Zi)(Im & 9)"1

The covariance of ¢(z;) approximated through error
propagation in %; is

S A .

Cy(#) = Jyiz,(20) Codys, (1)

and, after recognizing in the first two terms the linear
approximation of ¢(z;) around %;, and using (A.13) for the
vectors @ and 75, , (30) becomes

(31)

Cw(éz‘)(fli ® Ip)a-

p(2;) = p(z;) - (32)
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Since the Jacobian J,; must vanish at the solution, it
follows from (32) that (25) can be written as

n n

d ol @L)p(z) =Y m,01,) Co(z)(n, ©1,)8,

i=1 i=1

where we made use of (A.4). The left side of (33) can be
rewritten after taking into account (21) and (22) as

Z@ zl ;

(33)

n

Z(n, ®1L,)

i=1

(34)

The gradient of the cost function with respect to 8 from (25)
can finally be written as

J74(8) = [S(8) — C(8)] 0 = N(B)8 =0 (35)
where the weighted scatter matrix S(8) is
S(0) = 3" 0(21) " C; (3, 0) D (z:) (36)
i=1
and the weighted covariance matrix C(8) is
) =Y o) CEmeL). ()

i=1

Note that several first order approximations were employed
while deriving the expressions of the matrices S(@) and
C(0). All these approximations were linearizations around
z;, the previous value of the corrected measurements, and 0
the current value of the parameter estimate.

Since both matrices Cy(2;,0) and C,(2;) are positive
semidefinite, S(d) and C (@) are also positive semidefinite.
The connection between the covariance matrices Cy(Z;,6)
and C,(2;) is obtained by substituting (29) into (22)

Cr(2,0) = 1, ©0) Cu(2) (L, 0).

Using the expression of the constraint and (36), the objective
function (24) can be written as

(38)

U P
J0) = 5oT S(9) 6. (39)

Solving (35) can be expressed as a generalized eigenpro-
blem type equation

S(0)6 = C(0)0 (40)

called the heteroscedastic errors-in-variables (HEIV) equation.
The gauge freedom up to multiplication of 8 with a
nonzero constant is preserved due to the special structure
of the two matrices, since, for any a # 0, S(ab) = a~2S(9)
and C(af) = a~2C(0).

The HEIV equation (40) generalizes for multivariate
constraints with a separable parameter the scalar case
described in [23], which is also equivalent to the funda-
mental numerical scheme (FNS) of Chojnacki et al. [7].
Being the most general expression for solving separable EIV
models linear in the parameter 8, the HEIV equation plays a
central role in many computer vision problems. In Section 4,
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we will show that different particular cases of (40) appear in
several techniques used in computer vision: the generalized
total least squares (GTLS) [18], the Sampson method [35],
[16, p. 97], and the renormalization method of Kanatani [20].

3 SoLvING THE HEIV EQUATION

The HEIV equation (40) is nonlinear since the unknown @
also appears in the matrices S(@) and C(). An iterative
solution can be found by iteratively solving the generalized
eigenvalue problem

S(0)6 = X\C(0)0 (41)

and, ateach step, the already available previous estimate of the
parameter @ is changed to the current value 8 obtained as the
smallest generalized eigenvector of (41), i.e., the generalized
eigenvector corresponding to the smallest generalized
eigenvalue. Such an estimation technique was proposed in
an equivalent form by Fuller [12, p. 217].

The Rayleigh quotient

B 0'S(0)0
N0 = 5o s (42)
satisfies [14, p. 465]
A(8) = argmin[S(0)0 — AC(0)0]2, (43)

where 0]/ is the squared Mahalanobis norm defined as
||0H20 = 07C"0. The smallest generalized eigenvalue A, of
(41) satisfies A, = ming A(#) and, thus, the corresponding
eigenvector is the solution of the update equation.

The matrices S(@) and C(@) are symmetric and positive
semidefinite and, thus, the eigenvalues of (41) are non-
negative, i.e., Ay, > 0. We restrict ourselves for the moment
to positive definite S(#) matrices, i.e., 8'S(0)0 # 0. Then,
from (B.1) at every iteration, we have

A
Ao =2 500

0'C(6)0 (44)

and, thus, 0 < A, < 1. At convergence, 0=120 up to the
allowed tolerance, which implies A, =1, thus S(é)é =
C (9)9 Asimilarargument was used in [20, p.283], thoughina
somewhat different context.

The second order Taylor expansion of the objective
function (39) around @ yields

A ~ 2 0 A ~
70) = 70) +1,,0) @0+ 20 -0 2T 05 g
= J(0)+ (6—0)'N(6)6 + % 0—0)"N(@)(0—0)

(45)

where we used the expression of the gradient (35)
computed for 6. From this expression, the Hessian matrix

was approximated as N(@) by disregarding the dependence
of S@ and C(0) on 6. We also took into account that

0'N(0)0 = 0. Then,
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7(0) - 7(8) = 307[3(0) - C(0)]0
1.+ S
L [Ammc(mo - C(H)H} (46)
- %(,\mm ~-1)8"C(0)8 <0

since C(@) is a positive semidefinite matrix. We conclude
that the value of the objective function decreases with
the iterations and convergence is reached when the
smallest eigenvalue of the generalized eigenproblem (41)
becomes one.

Note that, during the HEIV update equation, we select
the smallest generalized eigenvector at each step, as
opposed to the one which is closest to one. This choice
was experimentally validated through numerous simula-
tions. An insight can be obtained from (46) which shows
that the cost function decrease is highest when \,,;;, — 1 is
the smallest. Similarly, the HEIV is shown in Section 4.1 to
generalize the GTLS algorithm which also employs the
smallest generalized eigenvalue of a similar eigenproblem.

There is an exception to this convergence rule, that
of uncorrupted data. Then, the weighted covariance
matrix C(@) vanishes and the weighted scatter matrix
S.(@) becomes singular, where the subscript “o” makes
explicit the fact that the scatter matrix is evaluated at
the noise-free values of the measurements. Thus, we
have S,()8 =0 and the estimate @ is the eigenvector
corresponding to the eigenvalue A =0 for any 6 € IR”.

In our implementation of the algorithm, we detect
whether the TLS estimate yields very small residuals, i.e.,
the noise of the data is very small. In this case, any linear
estimate TLS, GTLS, and HEIV will yield the same solution.
This is a singularity of the algorithm in which the Rayleigh
quotient converges to zero instead of one.

In all the experiments, convergence was reached in a few
(typically, two or three) iterations. The iterations toward
solving the HEIV equation have some similarity (though, are
certainly notidentical) to the method of Rayleigh quotient for
solving generalized symmetric eigenproblems. The latter is
known to have cubic convergence [14, Section 8.2.4] related
to the fast convergence of our method.

3.1 Implementation Using Generalized Singular

Value Decomposition
A numerically robust scheme to solve (41) is based on the
generalized singular value decomposition (GSVD) [14,
Section 8.7.3]. Leedan and Meer [23] solve for the case of
scalar constraints, where a more detailed description of
GSVD can be found.

The square root of the positive semidefinite matrix
Cf(2:,0)" (22) can be computed with regular SVD which,
though more computationally intensive than the Cholesky
decomposition, has the advantage of handling singular
matrices. The square root is the matrix I'(2;,8) € IR™*™ such
that

Ci(2,0)" =T(2,0)'T(2,0). (47)



1542

The matrix K(@) € R"™™? is defined as

F(él, 9)@(21)

K(6) = (48)
['(2,,0)®(z,)
and, from (36), results
S(0) = K(8) "K(8). (49)

Similarly, the square root of C(8) (37) is the matrix L(8) €
IRP*? such that

C(0) = L(6) 'L(0). (50)

The GSVD of the matrix pair K(@) and L(#) is obtained by
simultaneous diagonalization with the help of two ortho-
gonal matrices U € R™"*"™", V € IR"*?, and a nonsingular
matrix Y € IRP*P. That is,

UTK(é)Y = diag(dKl, ey de) c R™Mxp de > dKfH > 0,

(51)
VTL(9)Y = diag(dy,,...,dr,) € R”? 0<d;, <dg,,,
(52)
where dj, +dj =1, i=1,...,p. The generalized singular
values are defined as
d
o= i=1,...,p (53)
d,

and the corresponding generalized singular vector is y;, the
ith column of Y. The solution @ of (41) is the generalized
singular vector corresponding to the smallest generalized
singular value.

The use of GSVD instead of eigendecomposition has
several advantages. It can handle the rank deficiency of the
involved matrices, the square root matrices are better
conditioned than their source, and, thus, the GSVD assures
a better numerical behavior for the iterative procedure.

3.2 Statistical Properties

To assess the accuracy of the HEIV estimates, the first two

moments can be computed in first order approximation. In

[25], itis shown that the HEIV estimate is consistent for linear

functions ®(z;) and heteroscedastic measurements and that

the parameter @ is unbiased in the first order approximation.
The theoretical covariance of the parameter  is

Cé = 012/80(00)Jr HOOH =1 (54)

Note that (54) requires that the gauge freedom of the
parameter must be removed by imposing the norm one on
0,. We have used the pseudoinverse of the scatter because, for
uncorrupted data, the scatter is singular, having a rank p — 1.
It can be shown [25] that an estimate of C; after the
convergence of the algorithm, is

. . EE
The estimate 62 of the noise variance o2 (for the proof, see
[25]) is
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Fig. 2. The additional constraints are obtained by projecting the solution 0
onto the manifold (@) = 0 in the metric induced by the covariance of the
parameter, C.

N
& = 0'5(0)0 ’ (56)

nr—p+1
where r<m 1is the rank of the covariance of the
constraint f(z;,0) expressed in (22).

Assuming that the noise affecting the measurements has
zero mean and @ is unbiased in the first order approxima-
tion, the estimates 2; are also unbiased in the first order
approximation [25].

3.3 Handling Additional Constraints
The parameter estimate may be required to satisfy an
additional constraint

¢(6) =0,

For example, the fundamental matrix must have rank two,

() e (57)
the ellipse must be a positive definite form, etc. The
nonlinear additional constraints {( - ) usually preclude the
use of (generalized) eigenproblems in directly finding the
solution @ which satisfies (10) and (57) simultaneously. A
special case of scalar additional constraints, homogeneous
of degree k, ¢ (t0) = t"¢(8), was explored in the CFNS
algorithm [41], [8], which showed that the constraint can be
elegantly included in the optimization scheme.

The approach proposed in the paper is generally applic-
able to multivariate constraints which are not necessarily
homogeneous in the parameter . We first find an estimate §
by imposing no other constraints than (10) and then force the
additional constraint (57) to obtain 8 which obeys ¢ (9) =0.
The additional constraints are imposed by projecting the 0
onto the manifold (59) under the metric induced by C,, as
shown in Fig. 2. A similar solution was proposed in [20,

pp- 286-289].
Formally,
6 — argmin(8— 6) C; (0 — 0) (58)
subject to
¢(6) = o. (59)

Introducing the Lagrange multiplier 5 € IR!, the solution 8
is found from
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0T 1/, a\7T .2 5
=0 3:5(970) cg(ofo)ﬂfc(()) (60)
from where we obtain
. 0"
0=0-C; 84@ 7. (61)
00
A first order Taylor expansion yields
5 [@
¢ =) + | == } (6-0) (62)
00
or
o [2@] . [
C(0)—{ 2 } Cg[ 2 }n, (63)
00 00
thus
o] focd
n= {[ C(x) :| Cé|: C(:) :|} C(é) (64)
00 00
The solution sought is
. T AT 1)
b—o—c,%0 {FC(‘Z) } ¢, FC@ ” o). ()
00 00 00

Equation (65) doesn’t have a close form solution; thus, the
following update may be employed:

o 2T ANl AU
P {{acgg[x ] ., [ac«f ) ]} o,

00
(66)
Since
C; x NA(0)" N,(0) = S(0) — X\,inC(0), (67)
(66) can be finally written as
. . R AUNT
0" = 6" — N, 0)" L(‘?[_ )
06" (©8)
AT T ANTTY T
oc(0 ~ . 10¢(0 s
{ [LM) NA(9)+ [%} } C(g[] ).
00 00

Equation (68) must be iterated two or three times until (59)
is satisfied since the manifold ¢(-) was approximated locally
by a hyperplane. Enforcing the ancillary constraints can be
incorporated into the main HEIV algorithm summarized in
Section 3.5 such that, at each HEIV iteration step, the
estimate satisfies (57).

3.4 Nonlinear EIV Model with Separable Parameter
In this section, we present a solution for solving the
nonlinear EIV model (4) in its most general form when
there is a nonlinear dependency on the parameter 3,. In the
linearized algorithms, a solution can be obtained by finding
the minimum of the cost function in the linearized space
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(i.e., on the manifold |8 = 1), followed by estimating the
solution B which best approximates 8(8) ~ 8. However, in
some cases, minimizing the unconstrained objective func-
tion can lead to convergence to the incorrect solution as
shown by Matei et al. in the case of trifocal tensor estimation
[26]. Instead, the HEIV algorithm derived in Section 2 can be
extended to allow enforcing the constraint 8( B) ~ 0 at each
iteration of the HEIV algorithm.

Expressing (39) in the parameter §3, the cost function
which we want to minimize is

Tusiv(B) = 5008) S(B0(B), (69)

where S(8) = S(8(8)) is the weighted scatter matrix defined
in (36). Using the chain rule, the gradient of (69) must
satisfy

06(B)’
op
Using the Taylor expansion of #(8) around the current
estimate S,

[3(8) - c(B)]oB) - 0.

(70)

90B) -

and, by combining (70) and (71), the update equation becomes
g _|00B) o 00B)| 08B
B-p- [ s NP | T NBed)

N(B) =S(B) — C(B)-

Since both ‘M(g—ﬂf and N(fB) are unknown, the following
update rule can be employed:

. {amisf aou?)] “o0(B)"

NA(B) = 5(8) = AninC(B),
where A, is the smallest generalized eigenvalue solution
of (41). Note that the Hessian matrix used in (74) is different
than the one used in the least squares estimates.

Equation (73) has a different interpretation than (58).
Suppose that we are given an estimate 3 and we are initially
doing a minimization of the cost function over the parameter
0 € R”. Then, given @ = 6(f8), the updated estimator  is
obtained by solving the HEIV equation (41). To find the best
approximation of @ = 8(f3), we minimize the cost function

(74)

1/, NT a4 /s "

T=5(0-08) C;(0-0).
estimating the covariance C; of the estimator 0 similarly
to (67).

3.5 The HEIV Estimator
The HEIV estimator is summarized next.

(75)

1. Compute an initial solution 8, for example, the
TLS estimate obtained assuming i.i.d. noise. Note
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that a random initial value, however, suffices in

most case to achieve convergence. If needed, find

the corresponding B by minimizing (75) and let

0" = 0(3"). Let j—o.

2. Compute the current projection 2; of z; onto the
manifold solution 8” and estimate the Lagrange
multipliers 5; using (21). "

3. Compute the weighted scatter matrix S(0 )usmg (36)
and the weighted covariance matrix C(@ ) using (37).

4. Find the update estimate 6! by solving the
generalized eigenvalue problem (41) using general-
ized eigen(singular) value decomposition as dis-
cussed in Section 3.1. Update j = j + 1

5. If it is necessary, estlrnate B from 6V by imposing
(75) and recompute 9" = 0(8Y).

6. Iterate through Steps 2 to 5 until A, =1, up to a
tolerance. Convergence is achieved usually in two or
three iterations.

4 RELATIONSHIP OF THE HEIV EQUATION TO
OTHER TECHNIQUES

The relationship of the HEIV algorithm with other estimators
proposed in the literature for parameter estimation for
constraints linear in the parameter 8 is established next. We
prove that the HEIV estimator is the most general estimator
which is optimal in the first order. In particular, the
renormalization algorithm of Kanatani, the Sampson meth-
od, and the GTLS algorithm can be obtained from the general
HEIV equation by making various simplifying assumptions.

4.1 GTLS Algorithm

Assume that the constraint is univariate and linear in both
the measurements and parameter, ie., f(zi,0,) = 2.0,
Assume furthermore that the noise affecting the measure-
ments is anlsotroplc, but homogeneous C,, = C,. From

D(z;) = z and ¢(z;,) = 2i,, we have Jy;, (%, 0) 0, thus
S(0 ' = zz 76
(6) = ;ch,o T Z (76)
Using Jyz (2:) =1,
CO)=> nC.= (Z n?) C.. (77)
=1 =

1
Thus, the HEIV equation S(8)8 = C(8)@ can be written as

n
; ; T
Sarrs® = ACorrs® Scrs =Y  ziz,

i=1
@'C.0> n
i=1

and the solution @ sought is taken as the smallest general-
ized eigenvector of (78).

(78)
Corrs =C, A=

4.2 Sampson Method

In the Sampson method, we minimize the same objective
function (12) when the constraint f is f(zi,, 0,) = ®(2i,)0,.
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A key difference in the Sampson method is the assumption
that the gradient of the cost function J ‘0(0) can be
computed by discarding the dependence of the scatter
matrix S(ﬂ) on the unknown value of . Thus, by assuming
S(8) ~ S(@), where @ is an already available estimate
assumed constant, it is easy to see that the gradient becomes

JJSNW(@) =

thus the solution sought is obtained by the smallest
eigenvector of

S(0)0. (79)

S(0)0 = Xo.
Therefore, the Sampson method is obtained as a particular
case of the HEIV equation obtained by substituting C(6) =
Discarding the dependency of the scatter matrix S in (79) on
the current value of the parameter 8 leads to a simplified
calculation of the gradient, however, the solution obtained
will be biased, even for 8 = 0,

ElJ 76,16(05)] = E[5(6,)] 8, # 0.

We show next that any linearization of the constraint
function ®(z;,)0, = 0 involving the parameter 8 will result
in a scheme equivalent with the Sampson method. Indeed, a

first order approximation of the constraint f(z;,0) around
the current estimates (z;,8) yields

(80)

(81)

f(2,0) = f(2:,0) + Jp2(2:.0)" (2 — 2;) + (2:) (0 — 0).

(82)
From (12) and (82) and imposing J 7);, = 0, one obtains,
after some manipulations,

zi =2 — C.J 5 (2,0)Cp(2:,0)" (20, (83)

resulting in the cost function

o Loy T o+ 5 _ LaTaimng
T s (0)=50 ;@(z,;) Crl2i,0) @ ()0 = 567S(0), (s4)
which has the gradient expressed in (79), resulting in the
Sampson solution (80).

4.3 Renormalization Method

The renormalization method is an iterative method used to
eliminate the bias present in the least squares solution by
solving a generalized eigenvalue problem. The renormali-
zation was proposed by Kanatani [20, pp. 267-295] and
applied to a wide range of computer vision problems: conic
fitting, optical flow, and rigid motion estimation. Kanatani
[20] contains numerous applications of the renormalization
together with a complete estimation framework.
We assume now that

ZEI)T

(I)(ZZ) _ Zi Zz _ : ZT _ |:Z§])T . ZEWL)T} (85)
ZEAL)T

and note that ¢(z;) = z;. Let O'ZC(M) = cov(z; (k)T l)T) be the
(kl)th block of the covariance O'ZC of the measurements zi,
where 0 is a common factor, the noise variance, assumed
unknown, which can be estimated after the main estimation
process using (56). The covariance of the constraint (38) can
be written as
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Cr0) 2 (1,20 C. (1,0

function only on the covariance of the measurements and
on the estimate @. The scatter (36) has the simpler
expression

(86)

(87)

8) =S 7]C0)z
=1

The expected value E[S(0,)]0, can be expanded using (87) as

E[S(6,)0, = E|Y 7/ Cy, (ao)m} 0,
- (88)
=E|> (2},+62[)Cy.(0,) (Zio + 6Z;) | 65,
=1
which can be written as
E[S(8.)10, = S0(6,)0, + > C,(8,)" E[6Z:6Z/ 16,
! (89)
Z i, # o,
i=1 kl=1
where %-(kl) is the (kl)th element of the matrix C,(8)". In the

renormalization method, the bias of the gradient of the
objective function is removed by defining the unbiased
scatter matrix

Nk(0,) = —UZZZ l(k] (kT)
. - i=1 k= (90)
3> A (A - ,%ci’fl)
i=1 k=1
Let
Cx(0) = Y i'ykl CM) Ng(8) =S(8) — o>Ck(0). (91)

i=1 k=1

An unbiased least squares estimation can be obtained when
the objective function (84) is replaced by the objective
function
L 1. o
Tk(0) = §9TNK(9)97 (92)
which is minimized under the constraint ||@|| = 1. The
renormalization seeks a solution by iteratively solving the
following eigenvalue equation

N]((b) 9 = )\é (93)

We prove next that the renormalization equation approx-
imates the HEIV equation on average. Since the scatter matrix
expression S(8) is identical in both HEIV and the renorma-
lization, we will show that C(8) is proportional with C x(0).
Indeed, from (21), we have

"’l?"lzT = Cf;(9)+(17n ® é)-r

having the expected value

2z} (I, ® 9)0,)6 On

ZLT] (Im & 9)0,75 (9)+: U?/Cﬁ (9)+
(94)

E["h"lﬂ = ny (9)+(Im ® é)TE[z’i
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We have assumed unbiased parameter estimates, zero-
mean noise, and have discarded moments higher than two
Thus, E[nima) = 1/71( ! The coefficients multiplying C

the renormalization process are proportional to the ex-
pected values of the coefficients used in the HEIV equation,
the proportionality factor being given by the equivalent

noise variance o2.

4.4 The Fundamental Numerical Scheme

Chojnacki et al. proposed [5], [6], [7] a different approach
called Fundamental Numerical Scheme (FNS) as an alternative
for solving (11). The FNS was derived only for scalar
constraints, m = 1. Assuming that, in the objective function
from (12), we add the Lagrange multiplier corresponding to
the constraint ||§]| = 1

1 n
- 52 (zi — ) Cl(zi — 2)

+Zn

we similarly obtain from the derivation in Section 2 that the
gradient of the objective function is

J(0, %

— )00,

J76(8) = [S(8) — C(8)16 — )8

Hence, in order to obtain a minimum of the objective
function at §, we have to find the solution to the equation

[S(6)

The refined solution @ corresponds to the smallest in absolute
value eigenvalue of the matrix S(@) — C(@), which most
closely approximates the null space of S(8) — C(8). It is
assumed that, with each step of (95), a better estimate of this
null space is obtained. When convergence is reached, the
smallest eigenvalue of (95) must necessarily be zero. The
initial solution employed in the FNS is the total least squares
solution.

A comparison between the FNS and HEIV scheme reveals
the close relationship between the two estimates. The
methods employ different numerical solutions (ordinary
eigenproblem versus generalized singular value decomposi-
tion) to find a solution to the same cost function. Experimental
results showed that FNS and HEIV, when initialized from the
same solution, yield very close numerical results [7], with the
HEIV estimate being slightly better. It was also noted that the
HEIV scheme is more robust to the initial solution (conver-
gence to the same solution is obtained by starting with
random parameter) than the FNS. On the other hand, the FNS
scheme it is not affected by the singularity posed by the
perfect measurements as the HEIV scheme is.

~C(@)] 6=2x0. (95)

4.5 Levenberg-Marquardt Method

A widely employed optimization technique for least squares
problems is the Levenberg-Marquardt (LM) method [34,
pp. 683-689]. An excellent review of the topic is done by
Triggs et al. in [38]. Assume that the ideal values of the
measurements y,, € RY, z;, € IR™, i=1,...,n obey the
constraint

yiozg(xioaﬂa) i:1,...,n (96)
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and that only y;, was corrupted by noise

Y, =¥, + 0y, 6y, ~GI(0,0.C,,).

In the least squares method, the estimate 8 of 8, is found by
minimizing the sum of the squared Mahalanobis distances

R o e o
‘7(07—512:1:(% _g(xwaﬁ)> Cy,, (y7 _g(mwvﬂ))' (97)
Define
¥, — 9(z1,, B)
5Y (B) = : §Y(B) € R™,
Y, — g(znm B)
C, = bdiag(C,,,...,C,,) C, e R™ ™",
The gradient vector is
J(B
5 oY
. - (98)
I = 09(x1,, B) 9(Zno, B) RPXMn
=" 2 ey > € )
aB oB
The Hessian matrix becomes
PT (B
Aj(ﬁ ) J75Cy J;w
aBop"
nom 8297’ (xlo B) .
+ Aia? Cz+ yiig(xiovﬂ) )
;; 9B op" { J'( )],
(99)

where g¢;(-) is the ith component of g(-) and [z]; is the
Jth component of the vector z. In practice, the approximation

*IPB)

BB
is used. This approximation is valid for small errors ¢y, in the
metric defined by C,, or for functions g(z;,, 8) which are
quasi-linear in the parameter . During the LM iterations, the

update 68 is computed by solving the following linear
system:

+1T
J\ﬂCJ Jj\ﬂ

(Jmcy T+ KW) 6B =—1,,CroY (B). (100)
where W is chosen most often to be the identity matrix I, and &
is a constant which is used to switch between a Gauss-
Newton step, obtained for small x and a gradient descent step
when £ > 0depending on the error surface encountered. The
exact path followed in the error surface to reach the final
solution depends on the initial value B and on the heuristics
employed to modify the dampening factor «.

The LM algorithm requires a good initialization to
converge to the correct solution. On the other hand, the
HEIV is less dependent on the initialization and converges
in fewer steps to the final solution. In order to assess the
relative performance of the LM and HEIV, we have
performed a synthetic experlment for a linear problem y;, =

X, &+ a,=0,8,=, aa] € IR? in which the ideal values
zio = [Ti0, yio] , satisfying z, B, = 0, were affected by hetero-
scedastic noise
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(a) (b)

Fig. 3. Comparison between the convergence of the (a) HEIV algorithm
and (b) LM algorithm. Dots represent iterations steps on the error
surface. Note the more sinuous path of the LM when initialized from
further away from the ideal solution denoted by a cross.

bz; ~ GI(O, O.ZQRdeiag([zio]f, [Zz'oE? [zw]g)Rl),

where R; is a rotation matrix randomly chosen. The
experiments employed 30 measurements randomly selected
for B,=[111]" with [z;)],, € [~10,10]. For LM, we had
employed the implementation provided by the optimiza-
tion toolbox in Matlab and, for HEIV, we had employed our
own implementation in Matlab. In Fig. 3, the convergence
steps (denoted by dots) for the HEIV and LM in a typical
trial show the path toward convergence. While the LM
requires, in general, about 20-30 iterations, the HEIV
converges in two to three iterations.

5 APPLICATIONS

In this section, we describe applications of the HEIV
estimator and compare it with estimators such as total least
squares (TLS), Levenberg-Marquardt solutions, etc. The
HEIV estimator is obtained from the linearized algorithm
followed by the application of additional constraints if it is
necessary. In each case, the constraint can be written as
separable in the parameter 6.

5.1 Camera Calibration

Camera calibration was discussed in Section 1. The solution
has to satisfy (7)
Az, mi)p=0(z)0=0 0] =1

i=1,...,n, (101)

where ®(%;) is a 2 x 12 matrix and @ is a 12-dimensional
vector with @ having norm one to remove the scale
ambiguity. The projection matrix P is computed by
reshuffling the vector § and the intrinsic and extrinsic
camera parameters K, respectively, R, & are obtained from
the QR decomposition of P
P=K[R i, (102)
with K being an upper triangular matrix and R, # the
rotation and translation of the camera with respect to the
world coordinates. Further additional constraints on K, like
known aspect ratio of the pixels, can also be imposed. In
general, it can be assumed that k1o = 0.
The calibration error is defined as the norm of the
10-dimensional error vector of the four intrinsic and six
extrinsic parameters. For each measure, 500 trials of 50 points
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Fig. 4. Histogram of calibration error norms. o, = 0.5.

were performed with the ideal camera parameters being
f=117k, =k, =1,0, =250, and O, = 250.

The TLS solution is biased because each row in (9) has a
different covariance matrix. In Fig. 4, the increased error norm
is clearly shown in the TLS case. When the data is normalized,
as is recommended for TLS [16, p. 170], its performance
improves significantly but remains slightly biased.

The Levenberg-Marquardt algorithm starts with the total
least squares solution and, subsequently, refines it by
minimizing the following cost function:

R n R . R TMiO N TMio
J(P) = ; llzi — 2] subject to 2,; = ZiTMw 2o = ZzTMi(),
(103)

where ;" is the kth row of the matrix P. Because the image
points have ii.d. covariance matrices, the optimization
function is without weights. The output of the LM algorithm
is shown after 150 and 300 function evaluations in Fig. 4. The
LM algorithm requires about 300 function evaluations to
converge. The HEIV algorithm starts with a random initial
solution and converges in about three iterations. The LM
and HEIV estimates require about the same amount of
computation.

5.2 Three-Dimensional Rigid Motion

Estimating the rigid motion transformation between two
3D point clouds is a fundamental problem in 3D scene
reconstruction from unregistered 3D data acquired by range
sensors or stereo heads. Two popular closed-form estimators
are based on the SVD method proposed originally by Arun
et al. [1] and refined later by Umeyama [40], respectively,
using the quaternion method proposed by Horn et al. [17].
Both estimators were shown to numerically yield the same
results [10], [30] since they utilize different representation for
the same constraint solved by the SVD and the eigenvalue
decomposition. The SVD and quaternion-based representa-
tion are optimal only when the 3D measurements are affected
by ii.d. noise. When this assumption is violated, both
algorithms yield estimates having a significant bias even
when a large number of points are available. In practice, the
recovered 3D measurements are affected by strong hetero-
scedastic noise. For example, for range data, the 3D data is
acquired by emitting a radiation pulse (e.g., laser) toward the
target and measuring the time elapsed between sending and
receiving the pulse. Thus, the noise affecting the data is
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mainly along the line of sight between the sensor and the
scene. Also, when stereo heads are employed, the triangu-
lated 3D points are affected also by errors along the viewing
direction with noise increasing with the distance between the
points and the stereo head.

Let the two sets of ideal, noise-free matched 3D measure-

mentsbe U, = {u15, U2, - . -, Uno } and V, = {01, V20, . . ., Upo }-
The available 3D measurements u;, v; are
u; = uj, +0u; v, = v, + ov; (104)

bu; ~ GI(0,0°C,.) 6v; ~ GI(0,0°C,,).
The ideal values must obey the rigid motion constraint

Vip = Rouio + tm (105)

where R, is the 3 x 3 rotation matrix and ¢, is the
translation vector. The estimate R of R, must satisfy the
constraint RRT =1Is.

An elegant rotation parametrization is obtained by
using quaternions, which are four-dimensional unit
vectors ¢ =[q @ ¢ gs] . It can be shown [33] that
the constraint (105) is equivalent to

Z’iaqo + a, = 07 (106)
where Z;, € IR>** is the matrix of the carriers
Vlio — Ulio 0 —U3jo — U3io  V2io + U2io
Zio = | V250 — U2io V3o + Ugio 0 —Vlio — Ulio
U3io — U3io  —V2i0 — U2jo  Vlio + Ulio 0
(107)
and the intercept
—qoo —430 420
a, = Qato Qo = 430 —qoo —{q1o (108)
—G20 qlo —q00

The matrix Q, is nonsingular as long as gy, is different from
zero since the determinant of Q, is equal to —gg,. Because
doo = 0 represents a discontinuity in the quaternion repre-
sentation, the application of this approach is not recom-
mended for cases when the rotation angle is close to £ [27].
Note that (106) is of the form (4) with z| = [u v]]and 8] =
[¢) @)]and that ®(z;,) is linear in the measurements z;.

The quaternion method is a TLS estimator in which the
quaternion ¢q is obtained as the smallest eigenvector of the
matrix

...,T ~
M=S"77
i=1
U1 — Uy 0 —U3; — U3; Ui + Uz
Zi= | Uy — Uy U3 + Uz 0 —01; — Ui |,
U3i — Uz; —Uo — Uy V1 + Uy 0
where
1 n 1 n
ﬂi:ui—'&. u=— u; ‘l~)i:‘l)i—'l~l v =— v; (109)
ni= nei=

are the centered measurements. The rotation estimate R is
obtained uniquely from g, ||g|| = 1, using the equation,
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Fig. 5. Comparison between the bootstrap (BT) and Monte Carlo (MC) error estimates for HEIV and the quaternion method. (a) Translation.
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2(quq3 + q0g2)
2(q2q3 — qoq1)
@ =4 —&+a
(110)

2(q12 — q043)
Q-G +6—a
2(q3q2 + qoq1)

B+a—a6—a
2(qeq1 + 9043)
2(qg3q1 — qoq2)

R =

The translation estimate is # = # — Ri. By exploiting the
relationship between (106) and (4), the HEIV estimator can
be applied directly.

5.2.1 Experiments with Synthetic Data

The simulated setting used in our experiments consists of a
stereo head moved around a fixed scene. The cameras had
zero vergence and focal distance f = 536, yielding a field of
view of 50° on both z and y axes. The baseline of the stereo
head was 100 and the image planes were 500 x 500, all values
being in pixel units. The n = 50 three-dimensional points
were uniformly generated inside a cube with the side length
800 placed at 1,300 in front of the cameras. The 3D points are
projected onto the image planes, corrupted by adding normal
noise with ag = 1,and then allocated to the nearest lattice site.
The 3D information is recovered using Kanatani’s triangula-
tion method [20, pp. 171-186]. For this type of triangulation,
there are closed, form expressions for C,, and C,,. Alterna-
tively, the bootstrap method described in [27] can be used.

The performance evaluation of the quaternion and HEIV-
based estimators was done using Monte Carlo trials and the
bootstrap using sampling of residuals z; — z;, whitened by the
corresponding covariance of the residuals. Note that the
Monte Carlo analysis assumes that the ideal values of the
estimates (R, and ¢,) are known, while the bootstrap does not.
Wehad employed B = 200 samples for both Monte Carlo and
bootstrap methods. For each Monte Carlo trial b, the estimates
aredenoted by Rb, t’, while, forthe bootstrap, the estimates are
denoted by R*, .

Fifty trials, each having the motion parameters randomly
generated (chosen such that the scene remains in the field of
view of the cameras) and different 3D point configurations
were performed. For each trial, the translation error ef is
estimated as the average of ||’ — t,|| for the Monte Carlo and
the average of |[t** — ||, b=1,..., B for the bootstrap. The
rotation forms a multiplicative group, thus, the rotation
estimation error €% is defined as the angle-axis representation
of the rotation matrix RR]. In the angle-axis representation,
using the notations from [19, pp. 100-103], R is represented by
the vector r = Q I, r € IR?, where

t R) -1
Q = ||r|| = arcos [%} and
p R — Ros (111)
I:W U'=|Ri3— Ry
Ry1 — Rys

We denote this operation by r £ ax(R). It follows that
the Monte Carlo rotation error is the average of
|ax(RPR])||, while the bootstrap rotation error is the
average of [lax(R™R")|.

In Fig. 5, the translation and rotation error for each 50 trials
defined as above are plotted for the HEIV and quaternion
algorithms using the bootstrap and the Monte Carlo
estimates. Note the excellent agreement between the boot-
strap and Monte Carlo error estimates and the larger
translation and rotation error yielded by the quaternion
method compared with the HEIV algorithm.

5.2.2 Experiments with Real Data

To evaluate the HEIV base’s rigid motion estimator, the
quaternion method, and renormalization, we have used two
sequences for which ground truth information was avail-
able, the Castle sequence from the CIL-CMU database which
has a significant translation but a relatively small rotation,
and the PUMA sequence, which has a dominant rotation
component. Typical frames for the Castle sequence and the
PUMA sequence are shown in Fig. 6.

From each experiment we have performed, four frames
were selected. Since the motion between the frames is known,
two “virtual” stereo-heads can be defined using the first two
and the last two frames. For each pair, 3D measurements are
obtained using triangulation and the uncertainty of the
triangulated points extracted using bootstrap. The relative
pose between the locations of the two stereo-heads is
subsequently estimated from the two sets of 3D points. The
information flow is summarized in Fig. 7, with a specific
motion estimator applied to the 3D data to estimate the
rotation and translation between the two stereo-heads.

For the HEIV, quaternion, and renormalization methods,
the bootstrapped covariance matrices of £ and R are used to
define the average estimation error as

&= trace(Cy) & = trace(Cp). (112)

The average estimation error for the rotation and
translation using the frames 5, 7, 9, and 11 from the Castle
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(a) (b)

(c) (d)

Fig. 6. Typical frames from the sequences with the matched points labeled. (a) and (b) Castle frames from the CIL-CMU database. (c) and (d) Frames

from the PUMA sequence.

sequence are presented in Table 1. There were 93 points
matched across the four frames using [44].

The estimation errors for the HEIV are much smaller
than for the quaternion method which is heavily biased
under heteroscedastic noise. The HEIV errors are also
smaller than the renormalization method, which failed to
converge in few trials. The bootstrapped covariance
matrices of the estimates R, ¢ for the quaternion and
HEIV methods are plotted in Fig. 8. As expected, the
quaternion-based algorithm has a much larger variability
than the HEIV since it assumes ii.d. data.

For the PUMA sequence, the frames 9, 10, 12, and 13
were used and 79 matched points retained. The results are
shown in Table 2 and illustrate the superior performance of
the HEIV algorithm. The renormalization method failed to
converge to the correct solution.

6 DISCUSSION

We next discuss several applications of the HEIV algorithm
proposed in the literature. The origin of the algorithm,
derived for univariate constraints, can be traced to Leedan
and Meer [23]. In [23], a slightly simplified version of the
approach described was applied to fundamental matrix
estimation and to conic fitting. The authors reported
improved behavior of the algorithm compared to other
known techniques.

The HEIV estimator, in a form similar to the one described
in this paper, was presented originally in [28] and applied to
camera calibration and fundamental matrix estimation. The

R ¢

Input Images

Robust
Matohi

3D Recovery [ | [ | 3D Recovery

Mid-point alg. Zhang et al., 1995 Mid-point alg.

Covariance
Estimation

Covariance
Estimation

Motion

Estimation HEIV

Performance

Evaluation

Fig. 7. Information flow in the experimental setup for estimating rigid
motion using real data obtained from a stereo head. Covariance of the
recovered 3D measurements is obtained using error propagation or
bootstrap.

authors reported improved behavior of the HEIV-based
estimator compared with techniques based on the Leven-
berg-Marquardt algorithm initialized by the linearized
solution obtained using the total least squares estimator.

It is important to point out that the HEIV provides a
different optimization approach for handling nonlinear
constraints of a particular type ¢(z)'8, =0 relating the
parameter 6, to the measurements compared to the usage of
generic tools such as the fmincon function from the optimiza-
tion toolbox within MATLAB. This translates into a particular
expression of the gradient, which can be solved through the
eigenvalue or singular value decomposition. The nature of
the the constraint and the manner in which the optimization
is carried out result in a large numerical robustness of the
HEIV algorithm to the quality of the initial solution. The
usage of fmincon function involves implicitly extending the
parameter space to include the nuisance parameters, similar
to the Gold Standard Method proposed by Hartley. More-
over, in order to achieve convergence to the correct solution,
generally, a good initialization would be required. Rather
than increasing the dimensionality of the problem, the HEIV
relies on factoring out the nuisance parameters and solving
for the parameter only. Thus, the resulted dimensionality of
the space over which the HEIV seeks the parameter estimate
is constant and independent on the number of measure-
ments. Employing out of the box optimization packages, such
as fmincon without addressing the sparseness of the Hessian
matrix induced by the nuisance parameters would result in
inefficient and slow execution time.

In [29], the HEIV algorithm was applied to conic fitting.
Simulations with synthetic and real data showed signifi-
cantly improved performance compared with the direct
least squares (DLS) method and was more numerically
robust compared with the minimization of geometric

TABLE 1
Performance Evaluation: Castle Sequence

Algorithm

HEIV 1.82 | 0.010
Renormalization 8.42 | 0.024
Quaternion 70.31 | 0.038
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Fig. 8. Uncertainty of the translation and rotation estimates for the quaternion and HEIV methods evaluated by bootstrap. (a) and (c) Translation and
rotation for the quaternion method. (b) and (d) Translation and rotation for the HEIV-based estimator. The ellipsoids assure a 0.95 coverage for the

ideal rotation and translation.

distances with the LM algorithm initialized from the DLS
solution. Confidence regions derived from the estimated
covariance matrices of the HEIV estimator were showed to
be in close correspondence with the bootstrapped con-
fidence regions using resampling of residuals.

The HEIV algorithm was applied for trifocal tensor
estimation in [26]. The authors demonstrated the robustness
of the HEIV algorithm for different sequences with respect
to the choice of the initial solution. For hard cases, the HEIV
was shown to be superior compared with the Gold-
Standard approach which failed to converge to the correct
solution in five out of 500 trials due to the bad initialization
provided by the linearized solution yielded by the TLS
algorithm. For stable configurations of the scene and
camera, the HEIV solution and the Gold Standard method
were shown to be numerically very close, with the HEIV
providing a faster convergence.

In [3], the HEIV estimator was applied to 2D rigid motion
between two images. The approach was further extended by
Nestares and Fleet for affine motion estimation [32]. The
authors reported a significantimprovement of the accuracy of
the optical flow estimated with the HEIV scheme due to the
non i.i.d. nature of the noise affecting the measurements.

Forstner published an optimal algorithm for 3D points or
3D lines recovery from 2D points or 2D lines [11]. The
recovery of lines was achieved with Pliicker coordinates.
The author followed the HEIV algorithm presented by
Matei and Meer in [28], however, he obtained an ordinary
eigenvalue problem instead of a generalized one. Uncer-
tainty of the estimated quantities was also obtained in terms
of covariance matrices.

The HEIV algorithm was used by Georgescu and Meer to
initialize the bundle adjustment of parameters for the
recovery of 3D structure and camera motion from uncali-
brated video sequences [13]. Experiments using simulated

TABLE 2
Performance Evaluation: PUMA Sequence

Algorithm

HEIV 0.82 | 1.153
Renormalization 20.1 | 2.71
Quaternion 29.6 | 2.16

and real sequences showed the improved behavior of the
final estimates when the HEIV was employed at various
stages, such as trifocal tensor estimation, camera resection-
ing, in terms of faster convergence of the bundle adjustment
when initialized with the HEIV estimates, and no instances

of failed convergence to the correct solution.

Subbarao et al. [37] employed the HEIV algorithm for
estimating the camera pose for 3D tracking within an
augmented reality application. The authors reported super-
ior accuracy compared to using the Levenberg-Marquardt
optimization.

We encourage the readers to apply the HEIV algorithm
for all the tasks in which linearized algorithms are typically
employed, since the final bundle adjustment of parameters
can benefit from a more accurate and numerically robust
initial solution. Implementations of the HEIV algorithm in
C++ and Matlab are freely available to download at http://
www.caip.rutgers.edu/riul /research /hetero.html.

APPENDIX

The Kronecker product and the vec operator provide an
elegant mathematical framework for vector calculus and are
extensively used throughout the paper. The survey [2] or
the book [15] contain all the necessary background and also

cover vector calculus.
Given a matrix A € IRP*Y, the vectorization of A is

defined as the pg-dimensional vector

a;

A=la; a -+ a;] a €R’ vec(A)= (A1)

a4y
The Kronecker product between the matrices A and B €
IR** is defined as the ps x gt matrix

AHB
A®B=| --- A,B
ApB

A,B
(A.2)
A,,B

The ijth block A;;B is called the ij partition of the

matrix A ® B.
Let the following elements have the dimensions

F e R
z€e R’

Ce Rrxl
N € R™*"

D € R?*®
Q e IR**?

A, HelRP*?
G e RM*¢

B,ReIR**
M e Rﬂlx7ﬂ,
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“trace(-)” stand for the trace, “det(-)” for the determinant,
“rank(-)” for the rank of a matrix, and I, € IR”*? for the
identity matrix.

1.1 Properties of the Kronecker Product

(AeB)®C =A@ (B®C), (A.3)
(A®B)" =AT®B", (A.4)
(A+H@B+R) =A®B+A®R
+H®B+H®R, (A.5)
(AB)(D®G) = AD ® BG, (A.6)
trace(N ® M) = trace(N)trace(M), (A7)
det(N @ M) = [det(N)]™ [det(M)]", (A.8)
rank(A ® B) = rank(A)rank(B), (A.9)
(I, ® 2)B =B®= (A.10)
1.2 Properties of the vec Operator
vec(2) =vec(z'), (A.11
vec(A +H) = vec(A)+ vec(H), (A.12)
vec(AD) = (I, ® A)vec(D) = (D" ®I,)vec(A)
= (D" ® A)vec(l,), A13)
trace(ATH) = [vec(A)]" vec(H). (A.14)

1.3 Vector Calculus
The Jacobian of a vector valued function f(z) € R™ in the
variable z € IR’ is the s x m matrix

2 0f(x)" |77 & af(2)\"
SR of o, < 0z 1)
o . d_z,il

For a scalar valued function f(z), the Jacobian becomes
Js. = Vf, the gradient with respect to z. The Jacobian of the
composite function f(z(y)), y € IRY, is computed using the
chain rule

Ity = eIz (A.16)

Let g(z) € R™ be another vector valued function, then
Wz) = f(2) g(z) Ji.=Vh=1,.f(2) + Js.9(2). (A7)
Define the rows of the matrix A(z) as A" = [a/(z) - - a,(2)],

j( 2) € IRY, and the ¢-dimensional vector b(z), then

f2) = A@b2) I = [Juob(2) - dyob(2)]| +30A(R)

(A.18)
The particular cases
f(z)=Az J;,=A"and f(z) = 2" Az (A.19)
‘]flz:vf:(A"‘AT)z .

are frequently used throughout the paper.
We can show that 8 and J 7)9(@) are orthogonal, i.e.,

0" J74(0) =0 V6. (B.1)
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Indeed, using one of the Moore-Penrose conditions of a
pseudoinverse [14, p. 257],

TC0)0 =30 (n,01,) Culz)(m, @ 1,0

i=1

=> 0/ (1, ®0) C.(z) (1, @ O)
i=1

=Y 0/ Cy(z,0)n,
i=1

:if(zi,H)ch(éi,0)+Cf(2i,0)Cf(zl,a) (Z“ )

_o S(0) 0.

ACKNOWLEDGMENTS

The support of the US National Science Foundation under
the grants IRI 95-30546 and IRI 99-87695 is gratefully
acknowledged. The authors thank Bogdan Georgescu for
fruitful discussions and for the C++ implementation of the
algorithm. This work was done while Dr. Matei was with
Rutgers University.

REFERENCES

[1] K. Arun, T. Huang, and S. Blostein, “Least-Squares Fitting of Two
3D Point Sets,” IEEE Trans. Pattern Analysis and Machine
Intelligence, vol. 9, no. 5, pp. 698-700, Sept. 1987.

[2] J.W. Brewer, “Kronecker Products and Matrix Calculus in System
Theory,” IEEE Trans. Circuits and Systems, vol. 25, no. 9, pp. 772-
781, June 1978.

[3] J. Bride and P. Meer, “Registration via Direct Methods: A
Statistical Approach,” Proc. 2001 IEEE Conf. Computer Vision and
Pattern Recognition, pp. 984-989, Dec. 2001.

[4] H. Chen and P. Meer, “Robust Regression with Projection Based
M-Estimators,” Proc. Ninth Int'l Conf. Computer Vision, vol. 2,
pp- 878-885, Oct. 2003.

[5] W. Chojnacki, M.J. Brooks, and A. van den Hengel, “Rationalising
the Renormalisation Method of Kanatani,” |. Math. Imaging and
Vision, vol. 14, pp. 21-38, Feb. 2001.

[6] W. Chojnacki, M.]. Brooks, A. van den Hengel, and D. Gawley,
“On the Fitting of Surfaces to Data with Covariances,” IEEE Trans.
Pattern Analysis and Machine Intelligence, vol. 22, no. 11, pp. 1294~
1303, Nov. 2000.

[71  W. Chojnacki, M.]. Brooks, A. van den Hengel, and D. Gawley,
“From FNS to HEIV: A Link between Two Vision Parameter
Estimation Methods,” IEEE Trans. Pattern Analysis and Machine
Intelligence, vol. 26, no. 2, pp. 264-268, Feb. 2004.

[8] W. Chojnacki, M.]. Brooks, A. van den Hengel, and D. Gawley, “A
New Constrained Parameter Estimator for Computer Vision
Applications,” Image and Vision Computing, vol. 22, pp. 85-91, 2004.

[9] A. Edelman, T.A. Arias, and S.T. Smith, “The Geometry of

Algorithms with Orthogonality Constraints,” SIAM ]. Matrix

Analysis Application, vol. 20, pp. 217-234, 1997.

D. Eggert, A. Lorusso, and R. Fisher, “Estimating 3D Rigid Body

Transformations: A Comparison of Four Major Algorithms,”

Machine Vision and Applications, vol. 9, pp. 272-290, June 1997.

[11] W. Forstner, “On Estimating 3D Points and Lines from 2D Points

and Lines,” Festschrift Anliflich des 60. Geburtstages von Prof. Dr.

Ing. Bernhard Wrobel, Technische Univ. Darmstadt, pp. 69-87, 2001.

W. Fuller, Measurement Error Models. John Wiley and Sons, 1987.

B. Georgescu and P. Meer, “Balanced Recovery of 3D Structure

and Camera Motion from Uncalibrated Image Sequences,” Proc.

European Conf. Computer Vision, vol. II, pp. 294-308, 2002.

G. Golub and C.F. Van Loan, Matrix Computations, third ed. The

Johns Hopkins Univ. Press, 1996.

A. Graham, Kronecker Products and Matrix Calculus: With Applica-

tions. Ellis Horwood series in mathematics and its applications,

1981.

[10]

[12
[13]

(14]

(15]



1552

[16]

(7]

(18]

[19]

(20]

(21]

(22]

[23]

(24]

[25]

[20]

(27]

(28]

(29]

(30]

(31]

(32]

(33]

(34]

(35]

[36]

(371

(38]

(39]

[40]

[41]

IEEE TRANSACTIONS ON PATTERN ANALYSIS AND MACHINE INTELLIGENCE, VOL. 28, NO. 10, OCTOBER 2006

R. Hartley and A. Zisserman, Multiple View Geometry in Computer
Vision. Cambridge Univ. Press, 2000.

B. Horn, H. Hilden, and S. Negahdaripour, “Closed-Form
Solution of Absolute Orientation Using Orthonormal Matrices,”
J. Optical Soc. of Am., vol. 5, pp. 1127-1135, 1988.

S.V. Huffel and ]J. Vandewalle, “Analysis and Properties of GTLS
in Problem AX ~ B When Some or All Columns of A Are Subject
to Errors,” SIAM ]. Matrix Analysis and Applications, vol. 10,
pp- 294-315, July 1989.

K. Kanatani, Geometric Computation for Machine Vision. Oxford
Science Publications, 1993.

K. Kanatani, Statistical Optimization for Geometric Computation:
Theory and Practice. Elsevier, 1996.

K. Kanatani and D. Morris, “Gauges and Gauge Transformations
for Uncertainty Description of Geometric Structure with Indeter-
minacy,” IEEE Trans. Information Theory, vol. 47, pp. 2017-2028,
2001.

J. Koenderink and A. van Doorn, “The Generic Bilinear Calibra-
tion-Estimation Problem,” Int’l |. Computer Vision, vol. 23, no. 2,
pp- 303-353, 1998.

Y. Leedan and P. Meer, “Heteroscedastic Regression in Computer
Vision: Problems with Bilinear Constraint,” Int’l ]. Computer
Vision, vol. 37, no. 2, pp. 127-150, June 2000.

Y. Ma, J. Kosecka, and S. Sastry, “Optimization Criteria and
Geometric Algorithms for Motion and Structure Estimation,” Int’]
J. Computer Vision, vol. 44, pp. 219-249, 2001.

B. Matei, “Heteroscedastic Errors-in-Variables Models in Com-
puter Vision,” PhD thesis, Dept. of Electrical and Computer
Eng., Rutgers Univ., 2001, http://www.caip.rutgers.edu/riul/
research/theses.html.

B. Matei, B. Georgescu, and P. Meer, “A Versatile Method for
Trifocal Tensor Estimation,” Proc. Eighth Int'l Conf. Computer
Vision, vol. II, pp. 578-585, July 2001.

B. Matei and P. Meer, “Optimal Rigid Motion Estimation and
Performance Evaluation with Bootstrap,” Proc. Computer Vision
and Pattern Recognition Conf., pp. 339-345, June 1999.

B. Matei and P. Meer, “A General Method for Errors-in-Variables
Problems in Computer Vision,” Proc. Computer Vision and Pattern
Recognition Conf., vol. II, pp. 18-25, June 2000.

B. Matei and P. Meer, “Reduction of Bias in Maximum Likelihood
Ellipse Fitting,” Proc. 15th Int'l Conf. Computer Vision and Pattern
Recognition, vol. I1I, pp. 802-806, Sept. 2000.

B. Matei, P. Meer, and D. Tyler, “Performance Assessment by
Resampling: Rigid Motion Estimators,” Empirical Evaluation
Techniques in Computer Vision, pp- 72-95, 1998.

D. Morris, K. Kanatani, and T. Kanade, “Gauge Fixing for
Accurate 3D Estimation,” Proc. IEEE Conf. Computer Vision and
Pattern Recognition, vol. II, pp. 343-350, 2001.

O. Nestares and D. Fleet, “Errors-in-Variables Likelihood Func-
tions for Motion Estimation,” Proc. IEEE Int’l Conf. Image
Processing, 2003.

N. Ohta and K. Kanatani, “Optimal Estimation of Three-
Dimensional Rotation and Reliability Evaluation,” Proc. European
Conf. Computer Vision (ECCV '98), pp. 175-187, June 1998.

W. Press, S. Teukolsky, W. Vetterling, and B. Flannery, Numerical
Recipes in C, second ed. Cambridge Univ. Press, 1992.

P. Sampson, “Fitting Conic Sections to “Very Scattered” Data: An
Iterative Refinement of the Bookstein Algorithm,” Computer
Graphics and Image Processing, vol. 18, no. 1, pp. 97-108, Jan. 1982.
G.W. Stewart, “Errors in Variables for Numerical Analysis,”
Recent Advances in Total Least Squares Techniques and Errors-in-
Variables Modeling, pp. 3-10, 1997.

R. Subbarao, P. Meer, and Y. Genc, “A Balanced Approach to 3D
Tracking from Image Streams,” Proc. IEEE and ACM Int’l Symp.
Mixed and Augmented Reality, pp. 70-78, Oct. 2005.

B. Triggs, P.F. McLauchlan, R.I. Hartley, and A.W. Fitzgibbon,
“Bundle Adjustment—A Modern Synthesis,” Vision Algorithms:
Theory and Practice, pp. 298-372, 2000.

E. Trucco and A. Verri, Introductory Techniques for 3-D Computer
Vision. Prentice Hall, 1998.

S. Umeyama, “Least-Squares Estimation of Transformation Para-
meters between Two Point Patterns,” IEEE Trans. Pattern Analysis
and Machine Intelligence, vol. 13, no. 4, pp. 376-380, Apr. 1991.

A. van den Hengel, W. Chonacki, M.]J. Brooks, and D. Gawley, “A
New Constrained Parameter Estimator: Experiments in Funda-
mental Matrix Computation,” Proc. British Machine Vision Conf.,
pp- 468-476, Sept. 2002.

[42] S. Van Huffel and ]J. Vandewalle, The Total Least Squares Problem.
Computational Aspects and Analysis. Soc. for Industrial and Applied
Math., 1991.

[43] R.H. Zamar, “Robust Estimation in the Errors-in-Variables
Model,” Biometrika, vol. 76, pp. 149-160, 1989.

[44] Z. Zhang, “Image Matching Software,” 1995,
inria.fr/robotvis/personnel/zzhang.

http:/ /www.

Bogdan C. Matei received the DiplEngn and
MSc degrees in electrical and computer engi-
neering from the Polytechnic University of
Bucharest, Romania, in 1994 and 1995, respec-
tively, and the PhD in electrical engineering from
Rutgers University in 2001. Between 1994 and
1997, he was with the Department of Electronics
and Telecommunications at the Polytechnic
University of Bucharest as a teaching fellow
and research associate. In 1994, he was
awarded a TEMPUS scholarship funded by the European Union at
Polytechnics of Turin, Italy, to research optical character recognition
using neural networks. He received research fellowships at the
Technical University of Darmstadt, Germany, in 1995 and 1996. From
1997 until 2001, he was with the Center for Advanced Information
Processing affiliated with Rutgers University, researching the application
of modern statistical methods for optimal parameter estimation under
heteroscedastic noise and performance evaluation of computer vision
algorithms. From 2001 until the present, he has been with the Vision
Technologies Group from Sarnoff Corporation, first as a member of the
technical staff and lately as a senior member of the technical staff. His
research interests include object recognition, statistical learning, video-
based aerial and ground autonomous navigation, real-time aerial video
surveillance, and georegistration. He has coauthored more than
15 papers and book chapters in the areas of computer vision and holds
several patents awarded or pending. He was in the program committee
at numerous international conferences and workshops such as CVPR,
ICCV, and ECCV. He received the best student paper award at the IEEE
Computer Vision and Pattern Recognition Conference in 1999. He is a
member of the IEEE Computer Society.

Peter Meer received the DiplEngn degree from
the Bucharest Polytechnic Institute, Romania, in
1971 and the DSc degree from the Technion,
Israel Institute of Technology, Haifa, in 1986,
both in electrical engineering. From 1971 to
1979, he was with the Computer Research
Institute, Cluj, Romania, working on R&D of
digital hardware. From 1986 and 1990, he was
an assistant research scientist at the Center for
Automation Research, University of Maryland at
College Park. In 1991, he joined the Department of Electrical and
Computer Engineering, Rutgers University, Piscataway, New Jersey,
and is currently a professor. He has held visiting appointments in Japan,
Korea, Sweden, Israel, and France, and was on the organizing
committees of numerous international workshops and conferences. He
was an associate editor of the IEEE Transactions on Pattern Analysis
and Machine Intelligence between 1998 and 2002, a member of the
editorial board of Pattern Recognition between 1990 and 2005, and was
a guest editor of Computer Vision and Image Understanding for a
special issue on robust statistical techniques in image understanding in
2000. He is the coauthor of an award winning paper in pattern
recognition in 1989, the best student paper in the 1999, and the best
paper in the 2000 IEEE Conference on Computer Vision and Pattern
Recognition. His research interest is in the application of modern
statistical methods to image understanding problems. He is a senior
member of the IEEE and the IEEE Computer Society.

> For more information on this or any other computing topic,
please visit our Digital Library at www.computer.org/publications/dlib.




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles false
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (None)
  /CalCMYKProfile (None)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.6
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 0
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo false
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo false
  /PreserveFlatness true
  /PreserveHalftoneInfo true
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 36
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 2.00333
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 36
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 2.00333
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 36
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.00167
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /False

  /Description <<
    /JPN <FEFF3053306e8a2d5b9a306f300130d330b830cd30b9658766f8306e8868793a304a3088307353705237306b90693057305f00200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e30593002>
    /DEU <>
    /FRA <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
    /ENU (Use these settings with Distiller 7.0 or equivalent to create PDF documents suitable for IEEE Xplore. Created 29 November 2005. ****Preliminary version. NOT FOR GENERAL RELEASE***)
  >>
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice


