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4.6 Linear Approximation and

Differentials
Function is diff. at P Function is NOT diff. at Q (corner)
hTangent line at P
7 2 ~ ~ ~
"-The curve / §. . ..Magniﬁcaﬁon

does not remove
the corner at (.

approaches its
tangent as we
zoom in on P,

\

| Zoomin |

i

l\_'.

: Zoom in

i

Imagine plotting a smooth curve with a graphing utility. Now pick a point P on the curve,
draw the line tangent to the curve at P, and zoom in on it several times. As you succes-
sively enlarge the curve near P, it looks more and more like the tangent line (Figure 4.67a).
This fundamental observation—that smooth curves appear straighter on smaller scales—is
called local linearity; it 1s the basis of many important mathematical ideas, one of which

is linear approximation.
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Linear Approximation

Tangent line at (a, f(a)): . . . .
YA | L) = fla) + f'(::f)(_r — a) Figure 4.67a suggests that when we zoom in on the graph of a smooth function at a point P,

the curve approaches its tangent line at P. This fact 1s the key to understanding linear approxi-
mation. The idea is to use the line tangent to the curve at P to approximate the value of the
function at points near P. Here’s how it works.

7¢ o\T.[;F o~ T oty o

. (e Slop of He e kau:f*o
e we ot (a f(a §

L af he doned e
_V 6) AY(O) %0 7\3 (a) + (0) (= a)
L(X

This approximation improves as x approaches a.

Linear Approximation to f at a

Suppose f is differentiable on an interval I containing the point a. The linear
approximation to f at a is the linear function

L(x) = fl(a) + f'(a)(x — a), forxinl,
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L(x)- 71‘(u)tul"(a) (x-0)
J

EXAMPLE 2 Linear approximations and errors (’Q,‘: P 'r&
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a. Find the linear approximation to f(x) = Vx at x = 1 and use it to approximate

b. Use linear approximation to estimate the value of V0

- &= x "

A @p(_{) (-1
IR

(W1 X.
e W O?e(rL CQ\C How does a calculator evaluates sqrt(1.2) etc?

x L Error ' i
(¥) Exact Vx The calculator uses an approximation! In fact,

2 LO934... 46 x 107 (glculators and computers use approximations all the
— 1105 10488 @ time to evaluate mathematical expressions; they just

LOT 1.005  LOO49... 12 x 107  yse higher-degree approximations.

1.001 1.0005 1.0005... 12 x 10~ .
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Linear Approximation and Concavity

Vi VA

f concave down at (a, f (a}};ﬂ?
graph of L lies above :

-

fconcave ugat (a, f(§)):
graph of L ¥&s below

- graph of fndar a.

graph of f near a. |
\ A

(a. f(a))

v = flx)

¥y =f)
O (a. f(@))

(F - - {1
L overestimates

L underestimates | k_wﬂucs of fnear a.

values of f near a.
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EXAMPLE 4 Linear approximation and concavity
= x'/3 = la d = 217.
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