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Challenges	  for	  TDDFT
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Double  excitations
• Only  singles*  from  adiabatic  approximations

Charge  transfer
• Overlap  issues

Computational  effort
• Lower  cost  is  always  better,  if  accuracy  stays  
comparable



What	  is	  Ensemble	  DFT?
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Ensembles  built  of  ground  and  excited  states
• Different  kinds,  often  parameterized  weights

Monotonically  decreasing  weights
• Actually  non-increasing,  equi-ensembles  are  okay

Variational method
• Non-perturbative  method  for  excitation  energies

Formal  structure  mirrors  a  lot  of  other  DFTs
• Difficulties  are  reminiscent  as  well…



Variational	  Principle
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Gross,  Oliveira,  Kohn.  PRA  (1988).    Theophilou  (1975).

Equality  holds  when  trial  wavefunctions  are  lowest  
M+1  eigenstates  of  Hamiltonian



Energies	  and	  Densities
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Density  matrix:

Ensemble  density:

Ensemble  energy:



Ensemble	  Kohn-‐Sham
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KS  Density  matrix: Ensemble  KS  density:

Ensemble  energy  via  KS:

Ensemble  KS  Equations:

Hartree  definition
Weight  dependence



Ensemble	  Types
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• Finite  number  of  states  in  an  ensemble

• Ensemble  structure  can  vary

• Characterized  by  weighting  scheme

• Most  useful  ones  can  be  described  with  
parameter  



Equi-‐Ensemble
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Number  of  states  =  M  =  4

1/M 1/M 1/M 1/M



Equi-‐Ensemble
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1/4 1/4 1/4 1/4

Number  of  states  =  M  =  4



Not-‐Quite-‐Equi-‐Ensemble
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1� w

M � 1
<latexit sha1_base64="ZSdAxGKgseULU29rypsfVRO3pMI=">AAACAXicbVBNS8NAEN34WetX1IvgJVgELy1JFfRY9OJFqGA/oAlls920SzebsDtRS4gX/4oXD4p49V9489+4bXPQ1gcDj/dmmJnnx5wpsO1vY2FxaXlltbBWXN/Y3No2d3abKkokoQ0S8Ui2fawoZ4I2gAGn7VhSHPqctvzh5dhv3VGpWCRuYRRTL8R9wQJGMGipa+67gcQkdcou0AcASO+zLL0uO1nXLNkVewJrnjg5KaEc9a755fYikoRUAOFYqY5jx+ClWAIjnGZFN1E0xmSI+7SjqcAhVV46+SCzjrTSs4JI6hJgTdTfEykOlRqFvu4MMQzUrDcW//M6CQTnXspEnAAVZLooSLgFkTWOw+oxSQnwkSaYSKZvtcgA60hAh1bUITizL8+TZrXinFSqN6el2kUeRwEdoEN0jBx0hmroCtVRAxH0iJ7RK3oznowX4934mLYuGPnMHvoD4/MHrQyXCA==</latexit>

1� w

M � 1
<latexit sha1_base64="ZSdAxGKgseULU29rypsfVRO3pMI=">AAACAXicbVBNS8NAEN34WetX1IvgJVgELy1JFfRY9OJFqGA/oAlls920SzebsDtRS4gX/4oXD4p49V9489+4bXPQ1gcDj/dmmJnnx5wpsO1vY2FxaXlltbBWXN/Y3No2d3abKkokoQ0S8Ui2fawoZ4I2gAGn7VhSHPqctvzh5dhv3VGpWCRuYRRTL8R9wQJGMGipa+67gcQkdcou0AcASO+zLL0uO1nXLNkVewJrnjg5KaEc9a755fYikoRUAOFYqY5jx+ClWAIjnGZFN1E0xmSI+7SjqcAhVV46+SCzjrTSs4JI6hJgTdTfEykOlRqFvu4MMQzUrDcW//M6CQTnXspEnAAVZLooSLgFkTWOw+oxSQnwkSaYSKZvtcgA60hAh1bUITizL8+TZrXinFSqN6el2kUeRwEdoEN0jBx0hmroCtVRAxH0iJ7RK3oznowX4934mLYuGPnMHvoD4/MHrQyXCA==</latexit>

1� w

M � 1
<latexit sha1_base64="ZSdAxGKgseULU29rypsfVRO3pMI=">AAACAXicbVBNS8NAEN34WetX1IvgJVgELy1JFfRY9OJFqGA/oAlls920SzebsDtRS4gX/4oXD4p49V9489+4bXPQ1gcDj/dmmJnnx5wpsO1vY2FxaXlltbBWXN/Y3No2d3abKkokoQ0S8Ui2fawoZ4I2gAGn7VhSHPqctvzh5dhv3VGpWCRuYRRTL8R9wQJGMGipa+67gcQkdcou0AcASO+zLL0uO1nXLNkVewJrnjg5KaEc9a755fYikoRUAOFYqY5jx+ClWAIjnGZFN1E0xmSI+7SjqcAhVV46+SCzjrTSs4JI6hJgTdTfEykOlRqFvu4MMQzUrDcW//M6CQTnXspEnAAVZLooSLgFkTWOw+oxSQnwkSaYSKZvtcgA60hAh1bUITizL8+TZrXinFSqN6el2kUeRwEdoEN0jBx0hmroCtVRAxH0iJ7RK3oznowX4934mLYuGPnMHvoD4/MHrQyXCA==</latexit>

w
<latexit sha1_base64="9ns5OkAfkurRRbz9JK3t/65qcE4=">AAAB8XicbVDLTgJBEJzFF+IL9ehlIjHxRHbRRI9ELx4xkUeEDZkdGpgwO7uZ6VXJhr/w4kFjvPo33vwbB9iDgpV0UqnqTndXEEth0HW/ndzK6tr6Rn6zsLW9s7tX3D9omCjRHOo8kpFuBcyAFArqKFBCK9bAwkBCMxhdT/3mA2gjInWH4xj8kA2U6AvO0Er3HYQnREwfJ91iyS27M9Bl4mWkRDLUusWvTi/iSQgKuWTGtD03Rj9lGgWXMCl0EgMx4yM2gLalioVg/HR28YSeWKVH+5G2pZDO1N8TKQuNGYeB7QwZDs2iNxX/89oJ9i/9VKg4QVB8vqifSIoRnb5Pe0IDRzm2hHEt7K2UD5lmHG1IBRuCt/jyMmlUyt5ZuXJ7XqpeZXHkyRE5JqfEIxekSm5IjdQJJ4o8k1fy5hjnxXl3PuatOSebOSR/4Hz+AFeXkVo=</latexit>

Number  of  states  =  M  =  4



Not-‐Quite-‐Equi-‐Ensemble
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1/3 1/3 1/3 0

Number  of  states  =  M  =  4



Not-‐Quite-‐Equi-‐Ensemble
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1� w

M � 1
<latexit sha1_base64="ZSdAxGKgseULU29rypsfVRO3pMI=">AAACAXicbVBNS8NAEN34WetX1IvgJVgELy1JFfRY9OJFqGA/oAlls920SzebsDtRS4gX/4oXD4p49V9489+4bXPQ1gcDj/dmmJnnx5wpsO1vY2FxaXlltbBWXN/Y3No2d3abKkokoQ0S8Ui2fawoZ4I2gAGn7VhSHPqctvzh5dhv3VGpWCRuYRRTL8R9wQJGMGipa+67gcQkdcou0AcASO+zLL0uO1nXLNkVewJrnjg5KaEc9a755fYikoRUAOFYqY5jx+ClWAIjnGZFN1E0xmSI+7SjqcAhVV46+SCzjrTSs4JI6hJgTdTfEykOlRqFvu4MMQzUrDcW//M6CQTnXspEnAAVZLooSLgFkTWOw+oxSQnwkSaYSKZvtcgA60hAh1bUITizL8+TZrXinFSqN6el2kUeRwEdoEN0jBx0hmroCtVRAxH0iJ7RK3oznowX4934mLYuGPnMHvoD4/MHrQyXCA==</latexit>

1� w

M � 1
<latexit sha1_base64="ZSdAxGKgseULU29rypsfVRO3pMI=">AAACAXicbVBNS8NAEN34WetX1IvgJVgELy1JFfRY9OJFqGA/oAlls920SzebsDtRS4gX/4oXD4p49V9489+4bXPQ1gcDj/dmmJnnx5wpsO1vY2FxaXlltbBWXN/Y3No2d3abKkokoQ0S8Ui2fawoZ4I2gAGn7VhSHPqctvzh5dhv3VGpWCRuYRRTL8R9wQJGMGipa+67gcQkdcou0AcASO+zLL0uO1nXLNkVewJrnjg5KaEc9a755fYikoRUAOFYqY5jx+ClWAIjnGZFN1E0xmSI+7SjqcAhVV46+SCzjrTSs4JI6hJgTdTfEykOlRqFvu4MMQzUrDcW//M6CQTnXspEnAAVZLooSLgFkTWOw+oxSQnwkSaYSKZvtcgA60hAh1bUITizL8+TZrXinFSqN6el2kUeRwEdoEN0jBx0hmroCtVRAxH0iJ7RK3oznowX4934mLYuGPnMHvoD4/MHrQyXCA==</latexit>

1� w

M � 1
<latexit sha1_base64="ZSdAxGKgseULU29rypsfVRO3pMI=">AAACAXicbVBNS8NAEN34WetX1IvgJVgELy1JFfRY9OJFqGA/oAlls920SzebsDtRS4gX/4oXD4p49V9489+4bXPQ1gcDj/dmmJnnx5wpsO1vY2FxaXlltbBWXN/Y3No2d3abKkokoQ0S8Ui2fawoZ4I2gAGn7VhSHPqctvzh5dhv3VGpWCRuYRRTL8R9wQJGMGipa+67gcQkdcou0AcASO+zLL0uO1nXLNkVewJrnjg5KaEc9a755fYikoRUAOFYqY5jx+ClWAIjnGZFN1E0xmSI+7SjqcAhVV46+SCzjrTSs4JI6hJgTdTfEykOlRqFvu4MMQzUrDcW//M6CQTnXspEnAAVZLooSLgFkTWOw+oxSQnwkSaYSKZvtcgA60hAh1bUITizL8+TZrXinFSqN6el2kUeRwEdoEN0jBx0hmroCtVRAxH0iJ7RK3oznowX4934mLYuGPnMHvoD4/MHrQyXCA==</latexit>

w
<latexit sha1_base64="9ns5OkAfkurRRbz9JK3t/65qcE4=">AAAB8XicbVDLTgJBEJzFF+IL9ehlIjHxRHbRRI9ELx4xkUeEDZkdGpgwO7uZ6VXJhr/w4kFjvPo33vwbB9iDgpV0UqnqTndXEEth0HW/ndzK6tr6Rn6zsLW9s7tX3D9omCjRHOo8kpFuBcyAFArqKFBCK9bAwkBCMxhdT/3mA2gjInWH4xj8kA2U6AvO0Er3HYQnREwfJ91iyS27M9Bl4mWkRDLUusWvTi/iSQgKuWTGtD03Rj9lGgWXMCl0EgMx4yM2gLalioVg/HR28YSeWKVH+5G2pZDO1N8TKQuNGYeB7QwZDs2iNxX/89oJ9i/9VKg4QVB8vqifSIoRnb5Pe0IDRzm2hHEt7K2UD5lmHG1IBRuCt/jyMmlUyt5ZuXJ7XqpeZXHkyRE5JqfEIxekSm5IjdQJJ4o8k1fy5hjnxXl3PuatOSebOSR/4Hz+AFeXkVo=</latexit>

Number  of  states  =  M  =  4



Not-‐Quite-‐Equi-‐Ensemble
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1/4 1/4 1/4 1/4

Number  of  states  =  M  =  4



GOK	  Ensemble
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“Interpolates  between  equi-ensembles”

1� w

M � 1
<latexit sha1_base64="ZSdAxGKgseULU29rypsfVRO3pMI=">AAACAXicbVBNS8NAEN34WetX1IvgJVgELy1JFfRY9OJFqGA/oAlls920SzebsDtRS4gX/4oXD4p49V9489+4bXPQ1gcDj/dmmJnnx5wpsO1vY2FxaXlltbBWXN/Y3No2d3abKkokoQ0S8Ui2fawoZ4I2gAGn7VhSHPqctvzh5dhv3VGpWCRuYRRTL8R9wQJGMGipa+67gcQkdcou0AcASO+zLL0uO1nXLNkVewJrnjg5KaEc9a755fYikoRUAOFYqY5jx+ClWAIjnGZFN1E0xmSI+7SjqcAhVV46+SCzjrTSs4JI6hJgTdTfEykOlRqFvu4MMQzUrDcW//M6CQTnXspEnAAVZLooSLgFkTWOw+oxSQnwkSaYSKZvtcgA60hAh1bUITizL8+TZrXinFSqN6el2kUeRwEdoEN0jBx0hmroCtVRAxH0iJ7RK3oznowX4934mLYuGPnMHvoD4/MHrQyXCA==</latexit>

1� w

M � 1
<latexit sha1_base64="ZSdAxGKgseULU29rypsfVRO3pMI=">AAACAXicbVBNS8NAEN34WetX1IvgJVgELy1JFfRY9OJFqGA/oAlls920SzebsDtRS4gX/4oXD4p49V9489+4bXPQ1gcDj/dmmJnnx5wpsO1vY2FxaXlltbBWXN/Y3No2d3abKkokoQ0S8Ui2fawoZ4I2gAGn7VhSHPqctvzh5dhv3VGpWCRuYRRTL8R9wQJGMGipa+67gcQkdcou0AcASO+zLL0uO1nXLNkVewJrnjg5KaEc9a755fYikoRUAOFYqY5jx+ClWAIjnGZFN1E0xmSI+7SjqcAhVV46+SCzjrTSs4JI6hJgTdTfEykOlRqFvu4MMQzUrDcW//M6CQTnXspEnAAVZLooSLgFkTWOw+oxSQnwkSaYSKZvtcgA60hAh1bUITizL8+TZrXinFSqN6el2kUeRwEdoEN0jBx0hmroCtVRAxH0iJ7RK3oznowX4934mLYuGPnMHvoD4/MHrQyXCA==</latexit>

1� w

M � 1
<latexit sha1_base64="ZSdAxGKgseULU29rypsfVRO3pMI=">AAACAXicbVBNS8NAEN34WetX1IvgJVgELy1JFfRY9OJFqGA/oAlls920SzebsDtRS4gX/4oXD4p49V9489+4bXPQ1gcDj/dmmJnnx5wpsO1vY2FxaXlltbBWXN/Y3No2d3abKkokoQ0S8Ui2fawoZ4I2gAGn7VhSHPqctvzh5dhv3VGpWCRuYRRTL8R9wQJGMGipa+67gcQkdcou0AcASO+zLL0uO1nXLNkVewJrnjg5KaEc9a755fYikoRUAOFYqY5jx+ClWAIjnGZFN1E0xmSI+7SjqcAhVV46+SCzjrTSs4JI6hJgTdTfEykOlRqFvu4MMQzUrDcW//M6CQTnXspEnAAVZLooSLgFkTWOw+oxSQnwkSaYSKZvtcgA60hAh1bUITizL8+TZrXinFSqN6el2kUeRwEdoEN0jBx0hmroCtVRAxH0iJ7RK3oznowX4934mLYuGPnMHvoD4/MHrQyXCA==</latexit>

w
<latexit sha1_base64="9ns5OkAfkurRRbz9JK3t/65qcE4=">AAAB8XicbVDLTgJBEJzFF+IL9ehlIjHxRHbRRI9ELx4xkUeEDZkdGpgwO7uZ6VXJhr/w4kFjvPo33vwbB9iDgpV0UqnqTndXEEth0HW/ndzK6tr6Rn6zsLW9s7tX3D9omCjRHOo8kpFuBcyAFArqKFBCK9bAwkBCMxhdT/3mA2gjInWH4xj8kA2U6AvO0Er3HYQnREwfJ91iyS27M9Bl4mWkRDLUusWvTi/iSQgKuWTGtD03Rj9lGgWXMCl0EgMx4yM2gLalioVg/HR28YSeWKVH+5G2pZDO1N8TKQuNGYeB7QwZDs2iNxX/89oJ9i/9VKg4QVB8vqifSIoRnb5Pe0IDRzm2hHEt7K2UD5lmHG1IBRuCt/jyMmlUyt5ZuXJ7XqpeZXHkyRE5JqfEIxekSm5IjdQJJ4o8k1fy5hjnxXl3PuatOSebOSR/4Hz+AFeXkVo=</latexit>



GOK	  Ensemble
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“Interpolates  between  equi-ensembles”

1� w

M � 1
<latexit sha1_base64="ZSdAxGKgseULU29rypsfVRO3pMI=">AAACAXicbVBNS8NAEN34WetX1IvgJVgELy1JFfRY9OJFqGA/oAlls920SzebsDtRS4gX/4oXD4p49V9489+4bXPQ1gcDj/dmmJnnx5wpsO1vY2FxaXlltbBWXN/Y3No2d3abKkokoQ0S8Ui2fawoZ4I2gAGn7VhSHPqctvzh5dhv3VGpWCRuYRRTL8R9wQJGMGipa+67gcQkdcou0AcASO+zLL0uO1nXLNkVewJrnjg5KaEc9a755fYikoRUAOFYqY5jx+ClWAIjnGZFN1E0xmSI+7SjqcAhVV46+SCzjrTSs4JI6hJgTdTfEykOlRqFvu4MMQzUrDcW//M6CQTnXspEnAAVZLooSLgFkTWOw+oxSQnwkSaYSKZvtcgA60hAh1bUITizL8+TZrXinFSqN6el2kUeRwEdoEN0jBx0hmroCtVRAxH0iJ7RK3oznowX4934mLYuGPnMHvoD4/MHrQyXCA==</latexit>

1� w

M � 1
<latexit sha1_base64="ZSdAxGKgseULU29rypsfVRO3pMI=">AAACAXicbVBNS8NAEN34WetX1IvgJVgELy1JFfRY9OJFqGA/oAlls920SzebsDtRS4gX/4oXD4p49V9489+4bXPQ1gcDj/dmmJnnx5wpsO1vY2FxaXlltbBWXN/Y3No2d3abKkokoQ0S8Ui2fawoZ4I2gAGn7VhSHPqctvzh5dhv3VGpWCRuYRRTL8R9wQJGMGipa+67gcQkdcou0AcASO+zLL0uO1nXLNkVewJrnjg5KaEc9a755fYikoRUAOFYqY5jx+ClWAIjnGZFN1E0xmSI+7SjqcAhVV46+SCzjrTSs4JI6hJgTdTfEykOlRqFvu4MMQzUrDcW//M6CQTnXspEnAAVZLooSLgFkTWOw+oxSQnwkSaYSKZvtcgA60hAh1bUITizL8+TZrXinFSqN6el2kUeRwEdoEN0jBx0hmroCtVRAxH0iJ7RK3oznowX4934mLYuGPnMHvoD4/MHrQyXCA==</latexit>

1� w

M � 1
<latexit sha1_base64="ZSdAxGKgseULU29rypsfVRO3pMI=">AAACAXicbVBNS8NAEN34WetX1IvgJVgELy1JFfRY9OJFqGA/oAlls920SzebsDtRS4gX/4oXD4p49V9489+4bXPQ1gcDj/dmmJnnx5wpsO1vY2FxaXlltbBWXN/Y3No2d3abKkokoQ0S8Ui2fawoZ4I2gAGn7VhSHPqctvzh5dhv3VGpWCRuYRRTL8R9wQJGMGipa+67gcQkdcou0AcASO+zLL0uO1nXLNkVewJrnjg5KaEc9a755fYikoRUAOFYqY5jx+ClWAIjnGZFN1E0xmSI+7SjqcAhVV46+SCzjrTSs4JI6hJgTdTfEykOlRqFvu4MMQzUrDcW//M6CQTnXspEnAAVZLooSLgFkTWOw+oxSQnwkSaYSKZvtcgA60hAh1bUITizL8+TZrXinFSqN6el2kUeRwEdoEN0jBx0hmroCtVRAxH0iJ7RK3oznowX4934mLYuGPnMHvoD4/MHrQyXCA==</latexit>

w
<latexit sha1_base64="9ns5OkAfkurRRbz9JK3t/65qcE4=">AAAB8XicbVDLTgJBEJzFF+IL9ehlIjHxRHbRRI9ELx4xkUeEDZkdGpgwO7uZ6VXJhr/w4kFjvPo33vwbB9iDgpV0UqnqTndXEEth0HW/ndzK6tr6Rn6zsLW9s7tX3D9omCjRHOo8kpFuBcyAFArqKFBCK9bAwkBCMxhdT/3mA2gjInWH4xj8kA2U6AvO0Er3HYQnREwfJ91iyS27M9Bl4mWkRDLUusWvTi/iSQgKuWTGtD03Rj9lGgWXMCl0EgMx4yM2gLalioVg/HR28YSeWKVH+5G2pZDO1N8TKQuNGYeB7QwZDs2iNxX/89oJ9i/9VKg4QVB8vqifSIoRnb5Pe0IDRzm2hHEt7K2UD5lmHG1IBRuCt/jyMmlUyt5ZuXJ7XqpeZXHkyRE5JqfEIxekSm5IjdQJJ4o8k1fy5hjnxXl3PuatOSebOSR/4Hz+AFeXkVo=</latexit>



GOK	  II	  Ensemble
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“Footnote  Ensemble”

w
<latexit sha1_base64="9ns5OkAfkurRRbz9JK3t/65qcE4=">AAAB8XicbVDLTgJBEJzFF+IL9ehlIjHxRHbRRI9ELx4xkUeEDZkdGpgwO7uZ6VXJhr/w4kFjvPo33vwbB9iDgpV0UqnqTndXEEth0HW/ndzK6tr6Rn6zsLW9s7tX3D9omCjRHOo8kpFuBcyAFArqKFBCK9bAwkBCMxhdT/3mA2gjInWH4xj8kA2U6AvO0Er3HYQnREwfJ91iyS27M9Bl4mWkRDLUusWvTi/iSQgKuWTGtD03Rj9lGgWXMCl0EgMx4yM2gLalioVg/HR28YSeWKVH+5G2pZDO1N8TKQuNGYeB7QwZDs2iNxX/89oJ9i/9VKg4QVB8vqifSIoRnb5Pe0IDRzm2hHEt7K2UD5lmHG1IBRuCt/jyMmlUyt5ZuXJ7XqpeZXHkyRE5JqfEIxekSm5IjdQJJ4o8k1fy5hjnxXl3PuatOSebOSR/4Hz+AFeXkVo=</latexit>

w
<latexit sha1_base64="9ns5OkAfkurRRbz9JK3t/65qcE4=">AAAB8XicbVDLTgJBEJzFF+IL9ehlIjHxRHbRRI9ELx4xkUeEDZkdGpgwO7uZ6VXJhr/w4kFjvPo33vwbB9iDgpV0UqnqTndXEEth0HW/ndzK6tr6Rn6zsLW9s7tX3D9omCjRHOo8kpFuBcyAFArqKFBCK9bAwkBCMxhdT/3mA2gjInWH4xj8kA2U6AvO0Er3HYQnREwfJ91iyS27M9Bl4mWkRDLUusWvTi/iSQgKuWTGtD03Rj9lGgWXMCl0EgMx4yM2gLalioVg/HR28YSeWKVH+5G2pZDO1N8TKQuNGYeB7QwZDs2iNxX/89oJ9i/9VKg4QVB8vqifSIoRnb5Pe0IDRzm2hHEt7K2UD5lmHG1IBRuCt/jyMmlUyt5ZuXJ7XqpeZXHkyRE5JqfEIxekSm5IjdQJJ4o8k1fy5hjnxXl3PuatOSebOSR/4Hz+AFeXkVo=</latexit>

w
<latexit sha1_base64="9ns5OkAfkurRRbz9JK3t/65qcE4=">AAAB8XicbVDLTgJBEJzFF+IL9ehlIjHxRHbRRI9ELx4xkUeEDZkdGpgwO7uZ6VXJhr/w4kFjvPo33vwbB9iDgpV0UqnqTndXEEth0HW/ndzK6tr6Rn6zsLW9s7tX3D9omCjRHOo8kpFuBcyAFArqKFBCK9bAwkBCMxhdT/3mA2gjInWH4xj8kA2U6AvO0Er3HYQnREwfJ91iyS27M9Bl4mWkRDLUusWvTi/iSQgKuWTGtD03Rj9lGgWXMCl0EgMx4yM2gLalioVg/HR28YSeWKVH+5G2pZDO1N8TKQuNGYeB7QwZDs2iNxX/89oJ9i/9VKg4QVB8vqifSIoRnb5Pe0IDRzm2hHEt7K2UD5lmHG1IBRuCt/jyMmlUyt5ZuXJ7XqpeZXHkyRE5JqfEIxekSm5IjdQJJ4o8k1fy5hjnxXl3PuatOSebOSR/4Hz+AFeXkVo=</latexit>1� (M � 1)w

<latexit sha1_base64="VFpPL3CD3EQhg38yxk999QFDn+4=">AAAB+nicbVBNS8NAEN34WetXqkcvi0Woh5akCnosevEiVLAf0Iay2W7bpZtN2J1YS+xP8eJBEa/+Em/+G7dtDtr6YODx3gwz8/xIcA2O822trK6tb2xmtrLbO7t7+3buoK7DWFFWo6EIVdMnmgkuWQ04CNaMFCOBL1jDH15P/cYDU5qH8h7GEfMC0pe8xykBI3XsnFss3Bbd0zawRwBIRpOOnXdKzgx4mbgpyaMU1Y791e6GNA6YBCqI1i3XicBLiAJOBZtk27FmEaFD0mctQyUJmPaS2ekTfGKULu6FypQEPFN/TyQk0Hoc+KYzIDDQi95U/M9rxdC79BIuoxiYpPNFvVhgCPE0B9zlilEQY0MIVdzciumAKELBpJU1IbiLLy+TernknpXKd+f5ylUaRwYdoWNUQC66QBV0g6qohigaoWf0it6sJ+vFerc+5q0rVjpziP7A+vwB8KCTKw==</latexit>
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“Interpolates  between  ground  state  and  equi-ensemble”

1 0 0 0



GOK	  II	  Ensemble
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“Interpolates  between  ground  state  and  equi-ensemble”

1/4 1/4 1/4 1/4



Your	  Turn
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Using  the  definitions,  write  down  the  expression  for  a  bi-
ensemble’s  density  and  energy  in  terms  of  n0,  n1,  E0,  E1,  
and  w.    Next,  rearrange  the  energy  terms  to  yield  a  
method  for  getting  the  1st excitation  energy.    

Ensemble  density:Ensemble  energy:



Check	  Yourself:	  A	  Bi-‐Ensemble	  
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w  “switches  on”  the  ensemble  behavior

0 0w
<latexit sha1_base64="9ns5OkAfkurRRbz9JK3t/65qcE4=">AAAB8XicbVDLTgJBEJzFF+IL9ehlIjHxRHbRRI9ELx4xkUeEDZkdGpgwO7uZ6VXJhr/w4kFjvPo33vwbB9iDgpV0UqnqTndXEEth0HW/ndzK6tr6Rn6zsLW9s7tX3D9omCjRHOo8kpFuBcyAFArqKFBCK9bAwkBCMxhdT/3mA2gjInWH4xj8kA2U6AvO0Er3HYQnREwfJ91iyS27M9Bl4mWkRDLUusWvTi/iSQgKuWTGtD03Rj9lGgWXMCl0EgMx4yM2gLalioVg/HR28YSeWKVH+5G2pZDO1N8TKQuNGYeB7QwZDs2iNxX/89oJ9i/9VKg4QVB8vqifSIoRnb5Pe0IDRzm2hHEt7K2UD5lmHG1IBRuCt/jyMmlUyt5ZuXJ7XqpeZXHkyRE5JqfEIxekSm5IjdQJJ4o8k1fy5hjnxXl3PuatOSebOSR/4Hz+AFeXkVo=</latexit>

1� w
<latexit sha1_base64="UacQkSWz5MiJlBwagmrhQ4526Jg=">AAAB83icbVBNS8NAEN3Ur1q/qh69BIvgxZJUQY9FLx4r2A9oQtlsJ+3SzSbsTtQS+je8eFDEq3/Gm//GbZuDtj4YeLw3w8y8IBFco+N8W4WV1bX1jeJmaWt7Z3evvH/Q0nGqGDRZLGLVCagGwSU0kaOATqKARoGAdjC6mfrtB1Cax/Iexwn4ER1IHnJG0Uiee+YhPCFi9jjplStO1ZnBXiZuTiokR6NX/vL6MUsjkMgE1brrOgn6GVXImYBJyUs1JJSN6AC6hkoagfaz2c0T+8QofTuMlSmJ9kz9PZHRSOtxFJjOiOJQL3pT8T+vm2J45WdcJimCZPNFYSpsjO1pAHafK2AoxoZQpri51WZDqihDE1PJhOAuvrxMWrWqe16t3V1U6td5HEVyRI7JKXHJJamTW9IgTcJIQp7JK3mzUuvFerc+5q0FK585JH9gff4AM+mRzA==</latexit>



Check	  Yourself:	  Excitation	  Energy
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Rearrange  energy  terms  for  excitation  energy:

Ensemble  density  and  energy:

Ew = E0 + w(E1 � E0)

!1 =
dEw

dw
<latexit sha1_base64="W8ISKPCD87ALWTeAzfYo0i/HHD0="></latexit>

nw(r) = (1� w)n0(r) + w n1(r)

Ew = (1� w)E0 + w E1
<latexit sha1_base64="WzC2joVkaAUevEfVwGGJtM2vXNw="></latexit>



GOK	  Excitation	  Energies
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For  the  first  excitation  energy:

In  general:



Exact	  vs.	  KS	  Excitation	  Energies
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APJ,  Yang,  Trail,  Needs,  Burke,  Ullrich.  JCP  (2014).



Your	  Turn	  Again
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Think  for  a  minute,  then  discuss  with  your  neighbors…

We  talked  about  how  w  ”turns  on”  the  ensemble  as  it  
goes  from  0  to  a  very  small  positive  number.  What  do  
you  think  happens  to  the  XC  potential  when  that  “switch  
on”  happens?    Is  it  a  smooth  transition?  

In  other  words,  what  does  the  KS  or  XC  potential  do  
when  you  first  begin  to  occupy  the  excited  state  in  a  bi-
ensemble?



Your	  Turn	  Again
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We  talked  about  how  w  ”turns  on”  the  ensemble  as  it  
goes  from  0  to  a  very  small  positive  number.  What  do  
you  think  happens  to  the  XC  potential  when  that  “switch  
on”  happens?    Is  it  a  smooth  transition?    NOPE!

Levy’s  ensemble  derivative  discontinuity:

Levy.  Phys.  Rev.  A  52,  R4313  (1995).



Derivative	  Discontinuity
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for  helium:

Yang,  Trail,  APJ,  Needs,  Burke,  Ullrich.  PRA  (2014).



Fundamental	  and	  Optical	  Gaps
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Senjean  and  Fromager,  PRA  98,  022513  (2018)

Senjean and  Fromager:  tie  ensemble  optical  gap  to  
fundamental  gap
• Traditional  DFT  derivative  discontinuity/gap  
problem  related  to  the  ensemble  derivative  
discontinuity!



Challenges	  for	  Ensemble	  DFT
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Hartree Definition
• Pick:  nice  potentials  with  ghosts  or  OEP  without

Need  new  XC  functional  approximations
• Using  g.s.  functional  approximations  ineffective

Computational  effort
• Need  a  lot  of  ensemble  DFT  calculations,  so  not  
as  low-cost  as  gs DFT



Traditional	  Hartree	  Definition
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Familiar,  ground-state  Hartree:

If  we  ”plug  in”  ensemble  densities:

get  some  troubling  results…



Another	  Question
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If  you  use  your  definitions  of  a  bi-ensemble  density  and  
the  traditional  Hartree  definition,  what  troubles  do  you  
see  with  the  result?

nw(r) = (1� w)n0(r) + w n1(r)

Ew = (1� w)E0 + w E1
<latexit sha1_base64="WzC2joVkaAUevEfVwGGJtM2vXNw="></latexit>



Another	  Response:	  Ghosts
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Traditional  Hartree with  an  ensemble  density  leads  to  
interactions  between  the  ground  and  excited  state.  

àSpurious  or  ghost  interactions  first  corrected  by  
Gidopoulos,  Papaconstantinou,  and  Gross  in  2002,  
used  to  correct  atomic  excitation  energies.

àGhost  interaction  correction  (GIC)  in  2016  for  
range-separated  ensemble  DFT.  

Gidopoulos,  Papaconstantinou,  Gross.  PRL,  88  (3).  (2002);;  Alam,  Knecht,  Fromager.  PRA 94,  012511  (2016).



Ensemble	  Hartree	  Definition

www.hypugaea.com 32

Based  on  ensemble-weighted  HX:

Ensemble  Hartree  definition  (Nagy,  2001):

• Nagy  (‘94  through  ‘02)  used  to  derive  exact  
conditions,  OEP  for  ensembles,  etc.



X	  Only:	  EEXX	  Approximation
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Gould  and  Pittalis.  PRL  119,  243001  (2017).

• Avoids  non-uniqueness  issues  from  direct  trace
• No  ghosts  (GPG02  and  SEHX  are  special  cases)
• Admits  multireference  states
• New  insights  into  correlation  for  ensembles

Defines  Hartree-exchange  energy  as  

which  can  also  be  written  as  a  minimization  (over  set  of  
non-int  ensembles  that  yield  n  and  exact  non-int  KE):  



X	  Only:	  Charge	  Transfer	  from	  EEXX
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Gould,Kronik,  Pittalis.  J.  Chem.  Phys.  148,  174101  (2018)

• Charge  transfer  
excitation  energies  
within  few  tenths  of  
eV,  (exchange-only,  
weight-dependent  
approximation  to  XC)



XC	  approximations:	  GACE	  and	  GIC
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XC	  approximations:	  Hubbard
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Francisca  Sagredo  and  Kieron  Burke, Journal  of  Chemical  Physics 149,  134103  (2018)

Sagredo  and  Burke:  errors  of  doubles  with  X  only  



Correcting	  KS	  Excitations
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Direct  Ensemble  Correction  (DEC)

• Essentially  same  cost  as  expensive  g.s.  KS
• Captures  double  excitations
• Fixes  mis-ordering
• Only  has  exchange  so  far  (implementation  is  with  
SEHX  based  on  handy  cancellation  of  terms)

Yang,  APJ,  Burke,  Ullrich.  PRL  (2017).



Correcting	  KS	  Excitations:	  DEC
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• GOKII  excitation  energies:  take  weight  to  0
• KS  eigenvalues  and  densities:  same  for  I and  I-1

• Direct  ensemble  correction  to  KS  excitations

• Cost  of  single  ground-state  calculation  if  we  know  
ensemble  XC  as  density  functional

Yang,  APJ,  Burke,  Ullrich.  PRL  (2017).



DEC/SEHX
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Yang,  APJ,  Burke,  Ullrich.  PRL  (2017).

Using  SEHX  approximation,  all  intermediate  levels  cancel

0000 ][][ gHgHnn II
KS
II -+=ww

where

{ } òò ò -×¢
¢-
¢

= )()(),(tr
||2

1
HX rnrdrVrr

rr
rdrdH iii QP

products  of  
KS  orbitals

orbital  occupation  factors  &
symmetrization  coefficients  
of  KS  determinants



DEC	  Results:	  Doubles	  in	  Be	  atom	  
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Yang,  APJ,  Burke,  Ullrich.  PRL  (2017).



DEC	  Results:	  Hooke’s	  Atom
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Yang,  APJ,  Burke,  Ullrich.  PRL  (2017).



Summary
Ensemble  DFT  is  alternative  way  of  calculating  excitation  energies.

Things  to  consider:
• Definition  of  Hartree energy
• Ensemble  weight-dependent  XC  approximation
• Which  ensemble  will  you  use?
• Do  you  need  more  than  just  energy  differences?

Things  to  watch:
• New  XC  approximations
• Newly  accessible  properties
• Periodic  systems,  gaps,  model  systems,  and  exact  conditions

www.hypugaea.com


