
From decay of correlations to
locality and stability of the Gibbs state

Massimo Moscolari
Politecnico di Milano

Joint work with A. Capel, S. Teufel and T. Wessel
ArXiv: 2310.09182

AMS-UMI Joint Metteing @ UniPa
Functional Analytic Methods in Quantum Many-Body Theory

July 26, 2024

Massimo Moscolari Locality & stabiilty of Gibbs states 1 / 11



How to measure the locality of the Gibbs state?
Interacting quantum spin system defined on Λ ⊆ Zν , ν ∈ N.
Hilbert space HΛ =

⊗
x∈Λ Hx ; , Hx ≡ CN .

Algebra of observables AΛ = B(HΛ) =
⊗

x∈Λ B(Hx).

AΛ =
⋃

Λ′⋐Λ

AΛ′
∥·∥

Local Hamiltonian HΛ: → sum of local terms
→ An interaction on Zν is a function

Ψ: {X ⋐ Zν} → AZν , X 7→ Ψ(X) ∈ AX with Ψ(X) = Ψ(X)∗.

For each Λ ⋐ Zν we define

HΛ :=
∑
X⊂Λ

Ψ(X).

Gibbs state at inverse temperature β > 0, Λ ⊂ Zν

ρΛβ [HΛ] :=
e−βHΛ

TrΛ (e−βHΛ)
,

Problem
How the locality of the Hamiltonian translates to the Gibbs state?

Lieb-Robinson bound
H satisfies a Lieb-Robinson bound with decay
ζLR : P0(Λ)× P0(Λ)× [0,∞)× [0,∞) → [0,∞)

→ We focus on three different ways to measure the locality of the Gibbs state.
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Problem
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Lieb-Robinson bound
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(1) Decay of correlations

Covρ(A,B) := TrΛ (ρAB)− TrΛ (ρA) TrΛ (ρB)

Covρ(X;Y ) = sup
A∈AX : ∥A∥=1 ;
B∈AY : ∥B∥=1

|Covρ(A,B)|.

|Covρ(A,B)| ≈ e−cd(supp(A),supp(B))

(Uniform) decay of correlations

Let Λ ⊂ Zν and ρ be a state on Λ. We say that ρ satisfies decay of
correlations with respect to ζDC , fDC : [0,+∞) → [0,+∞) and n ≥ 0 if and
only if

Covρ(X;Y ) ≤ |X|n fDC(|Y |)ζDC (d(X,Y ))

for all X,Y ⊂ Λ.
HΛ/Ψ satisfies uniform decay of correlations (at inverse temperature β)
⇐⇒ the Gibbs states ρΛ

′

β [HΛ′ ] satisfy decay of correlations for the same
functions and n for every Λ′ ⊂ Λ.

• ν ≥ 1, β−1 = T > T ∗: Kliesch-Gogolin-Kastoryano-Riera-Eisert 2014
(finite range); Frölich-Ueltschi 2015 (short range);

• ν = 1 and T > 0 + translation invariance: Araki 1969;
Perez–Garcia-Perez–Hernandez 2023. For the infinite chain!

• T = 0 + spectral gap: Hastings-Koma 2006, Nachergaele-Sims 2006.
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(2) Local stability
V perturbation supported on X ⊂ Λ.
H ′

Λ := HΛ + V .
ρΛβ [HΛ + V ] the Gibbs state associated to H ′

Λ.
B supported on a set Y far from X

TrΛ
(
(ρΛβ [HΛ]B

)
≈ TrΛ

(
(ρΛβ [HΛ + V ]B

)
Λ

Y

X
d(X,Y )

(Uniform) local perturbations perturb locally (LPPL)
We say that H satisfies LPPL (at inverse temperature β) with respect to flppl,
glppl, ζlppl : [0,∞) → [0,∞) and n ≥ 0, if and only if∣∣Tr (ρΛβ [H]B

)
− Tr

(
ρΛβ [H + V ]B

)∣∣ ≤ ∥B∥|X|nflppl(|Y |)glppl(∥V ∥)ζlppl(d(X,Y ))

for all X,Y ⊂ Λ, V ∈ AX self-adjoint and B ∈ AY .
HΛ/Ψ satisfies uniform L P P L (at inverse temperature β ) ⇐⇒ HΛ′

satisfies LPPL for every Λ′ ⊂ Λ.

• ν ≥ 1, T > T ∗: Kliesch-Gogolin-Kastoryano-Riera-Eisert 2014 (finite
range).

• T = 0 + spectral gap + V small: Yarotski 2005;
Bachmann-Michalakis-Nachtergaele-Sims 2011; Henheik-Teufel-Wessel
2022; Bachmann-de Roeck-Donvil-Fraas 2022.
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(3) Local indistinguishability
Λ′ ⊆ Λ. Local Gibbs state ρΛ

′

β .
B observable supported in an inner region X ⊂ Λ′ ⊂ Λ.

TrΛ
(
ρΛβB

)
≈ TrΛ′

(
ρΛ

′

β B
)
.

Λ

Λ′

Y

d(Y,Λ \ Λ′)

Local indistinguishability
Let Λ ⊂ Zν . We say that Ψ satisfies local indistinguishability (at inverse
temperature β) on Λ with respect to fLI and ζLI : [0,∞) → [0,∞) if and only if∣∣∣Tr (ρΛβ [HΛ]B

)
− Tr

(
ρΛ

′

β [HΛ′ ]B
)∣∣∣ ≤ ∥B∥fLI(|Y |)ζLI (d (Y,Λ\Λ′))

for all Y ⊂ Λ′ ⊂ Λ and B ∈ AY .

• ν ≥ 1, T > T ∗: Kliesch et al. 2014 (finite range Hamiltonians);
Brandão-Kastoryano 2019 (finite range Hamiltonians).

• T > 0, ν = 1, finite range and translation invariant:
Bluhm-Capel-Perez–Hernanzed 2022.

• T = 0⇝ Local Topological Quantum Order for gapped ground states.
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How to connect (1), (2) and (3) ?

Spoiler!

(1) ⇔ (2) ⇔ (3)
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Key tool: quantum belief propagation (QBP)
V perturbation supported on X ⊂ Λ.
H ′

Λ := HΛ + V .
ρ̃Λβ the Gibbs state associated to H ′

Λ.
Xℓ := {x ∈ Zν | d(x,X) ≤ ℓ} . η̃ℓ ∈ AXℓ

.

ρ̃Λβ ≈ η̃ℓρ
Λ
β η̃

∗
ℓ

Λ

Y

X

Xℓ
d(X,Y )
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Key tool: quantum belief propagation (QBP)
Quantum Belief Propagation (Hastings 2007,+ *)
H finite dimensional Hilbert space. H, V self-adjoint operators on H.
H(s) := H + sV . Then,

•
d

ds
e−βH(s) = −β

2

{
e−βH(s),Φ

H(s)
β (V )

}
,

where Φ
H(s)
β (V ) :=

∫∞
−∞ dtfβ(t)e

−itH(s)V eitH(s) with fβ an exponentially
decaying L1-function

fβ(t) =
2

βπ
log

(
eπ|t|/β + 1

eπ|t|/β − 1

)

• ∃ s 7→ η(s) := T exp
(
−β

2

∫ s

0
Φ

H(σ)
β (V )dσ

)
• s 7→ ρβ(s) := ρHβ [H(s)]

d

ds
ρβ(s) = −β

2

{
ρβ(s),Φ

H(s)
β

(
V − ⟨V ⟩ρβ(s)

)}
.

• ∃ s 7→ η̃(s) = exp
(
−β

2

∫ s

0
⟨V ⟩ρβ(σ)dσ

)
η(s) such that

ρβ(s) = η̃(s)ρβ(0)η̃(s)
∗, ∥η̃(s)∥ ≤ eβs∥V ∥ and

∥ρβ(0)− ρβ(s)∥1 ≤ e2βs∥V ∥ − 1.
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Key tool: quantum belief propagation (QBP)

Quantum Belief Propagation (Hastings 2007,+ *)
Path of Hamiltonians H(s) = H + s V , V ∈ AX , that satisfy Lieb-Robinson
bound with a uniform ζLR. Then, s 7→ ρβ(s) := ρβ [H(s)] satisfies the
differential equation

dρβ(s)

ds
= −β

2

{
ρβ(s),Φ

H(s)
β

(
V − ⟨V ⟩ρβ(s)

)}
.

Moreover, ∃ ζQBP , which only depends on ζLR and β, such that:

• Φ
H(s)
β (V ) can be approximated by local operators Φ

H(s)
β,ℓ (V ) ∈ AXℓ

supported on Xℓ, such that
∥∥∥ΦH(s)

β,ℓ (W )
∥∥∥ ≤

∥∥∥ΦH(s)
β (W )

∥∥∥ and∥∥∥ΦH(s)
β (W )− Φ

H(s)
β,ℓ (W )

∥∥∥ ≤ ∥W∥ζQBP(X, ℓ).

• η(s) and η̃(s) can be approximated by local operators
ηℓ(s), η̃ℓ(s) ∈ AXℓ

supported on Xℓ, such that ∥η̃ℓ(s)∥ ≤ ∥η̃(s)∥ and

∥η̃(s)− η̃ℓ(s)∥ ≤ βs∥V ∥eβs∥V ∥ζQBP(X, ℓ).

∗: Kim 2012; Kato-Brandão ’19; Harrow-Mehraban-Soleimanifar ’20;
Anshu-Arunachalam-Kuwahara-Soleimanifar ’21; Alhambra 2022.
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Key tool: quantum belief propagation
• Relies only on the locality of the system through Lieb-Robinson bounds.
• Exponential Lieb-Robinson bound ⇒ Exponential decay in ζQBP

ζQBP(X, ℓ) ≤ C |X| e
−b ℓ

1+bvbβ/π

• Who is the approximated generator ΦH(s)
β,ℓ ?

Φ
H(s)
β,ℓ =

∫ ∞

−∞
dt fβ(t)EXr

(
e−itH(s) V eitH(s)

)
• ζQBP comes from a balance between the decay of fβ(t) and the

spreading of the support of V :∥∥∥ΦH(s)
β (W )− Φ

H(s)
β,ℓ (W )

∥∥∥ ≤
∥∥∥∥∫ ∞

−∞
dt fβ(t) (1− EXr

)
(
e−itH(s) V eitH(s)

)∥∥∥∥
≤ ∥V ∥

∫
|t|≤T

fβ(t) ζLR(X,Λ \Xr, t)dt+ 2 ∥V ∥
∫
|t|≥T

fβ(t)dt
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Main results: from DC to LPPL
Theorem [A. Capel, M.M., S. Teufel, T. Wessel]
X ⊂ Λ, V ∈ AX . Path of Hamiltonians HΛ(s) := HΛ + sV , that satisfy a
Lieb-Robinson bound with a uniform ζLR.
Then, for all B ∈ AY , with Y ⊂ Λ and all r ∈ N, we have

• DC in the unperturbed state ⇒ LPPL∣∣Tr (ρΛβ (0)B)− Tr
(
ρΛβ (1)B

)∣∣
≤ e2β∥V ∥∥B∥

(
CovρΛ

β (0) (Xr;Y ) + 4β∥V ∥ζQBP(X, r)
)
.

• DC along the path ⇒ LPPL∣∣Tr (ρΛβ (0)B)− Tr
(
ρΛβ (1)B

)∣∣
≤ β∥V ∥∥B∥

(
sup

s∈[0,1]

CovρΛ
β (s) (Xr;Y ) + ζQBP(X, r)

)
.

• No restriction on the range of the Hamiltonian
• Need only decay of the covariance (Kliesch et al. results requires

generalized covariance:
∣∣Tr(ρτAρ1−τB)− Tr(ρA) Tr(ρB)

∣∣)
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uniform (for Λ′ ⊂ Λ)
decay of correlations

|Cov
ρΛ

′
β

(A,B)| ≤ C ∥A∥ ∥B∥ |X| e−ad(X,Y )

uniform (for Λ′ ⊂ Λ)
LPPL∣∣∣Tr(ρΛ′

β [H]B)− Tr(ρΛ
′

β [H + V ]B)
∣∣∣

≤ C ∥B∥ ecβ∥V ∥ e−ad(X,Y )

local indistinguishability∣∣∣Tr(ρΛβ B
)
− Tr

(
ρΛ

′
β B

)∣∣∣
≤ C ∥B∥ e−ad(Y,Λ\Λ′)

ν ≥ 1, β < β∗

KGK2014
( FU2015)

QBP + L-R b.

V=HΛ′+HΛ\Λ′−H

BK2019

Λ′ ≈ X ∪ Y
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One-dimensional quantum spin chains

finite chain
decay of correlations∣∣∣∣CovρI

β
(A,B)

∣∣∣∣ ≤ C ∥A∥ ∥B∥ e−a dist(X,Y )

local perturbations perturb locally∣∣∣Tr(ρIβ [H]B
)
− Tr

(
ρIβ [H + V ]B

)∣∣∣
≤ C ∥B∥ ecβ∥V ∥ e−a dist(X,Y )

local indistinguishability∣∣∣Tr(ρIβ B
)
− Tr

(
ρI

′
β B

)∣∣∣
≤ C ∥B∥ e−a dist(X,Y )

infinite chain
decay of correlations∣∣∣Covρβ (A,B)

∣∣∣ ≤ C ∥A∥ ∥B∥ e−a dist(X,Y )

ν = 1, β < β∗,
translation invariant Hamiltonian

Araki1969
PP2023
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Summary and open questions

• Decay of correlations implies locality and stability of the Gibbs state
• (Uniform) Decay of correlations ⇐⇒ (Uniform) LPPL ⇐⇒ Local

Indistinguishability

Open questions:
• how the "circle" looks like at T = 0?
• β → ∞ in the presence of a spectral gap?
• Open quantum systems?

Thank you for your attention!

Capel. A., M. M., Teufel, S., Wessel, T.: From decay of correlations to locality and stability of
the Gibbs state ArXiv: 2310.09182 (2023).

Massimo Moscolari Locality & stabiilty of Gibbs states 11 / 11



Summary and open questions

• Decay of correlations implies locality and stability of the Gibbs state
• (Uniform) Decay of correlations ⇐⇒ (Uniform) LPPL ⇐⇒ Local

Indistinguishability

Open questions:
• how the "circle" looks like at T = 0?
• β → ∞ in the presence of a spectral gap?
• Open quantum systems?

Thank you for your attention!

Capel. A., M. M., Teufel, S., Wessel, T.: From decay of correlations to locality and stability of
the Gibbs state ArXiv: 2310.09182 (2023).

Massimo Moscolari Locality & stabiilty of Gibbs states 11 / 11



Summary and open questions

• Decay of correlations implies locality and stability of the Gibbs state
• (Uniform) Decay of correlations ⇐⇒ (Uniform) LPPL ⇐⇒ Local

Indistinguishability

Open questions:
• how the "circle" looks like at T = 0?
• β → ∞ in the presence of a spectral gap?
• Open quantum systems?

Thank you for your attention!

Capel. A., M. M., Teufel, S., Wessel, T.: From decay of correlations to locality and stability of
the Gibbs state ArXiv: 2310.09182 (2023).

Massimo Moscolari Locality & stabiilty of Gibbs states 11 / 11



Massimo Moscolari Locality & stabiilty of Gibbs states 11 / 11



Massimo Moscolari Locality & stabiilty of Gibbs states 11 / 11



Idea of the proof: DC along the path ⇒ LPPL

Integrate the differential equation

Tr(ρ(1)B)− Tr(ρ(0)B)

= −β
2

∫ 1

0

Tr
({
ρ(s),Φ

H(s)
β (V )

}
− 2Tr

(
ρ(s)Φ

H(s)
β (V )

)
ρ(s)B

)
ds

= −β
2

∫ 1

0

Covρ(s)

(
Φ

H(s)
β (V ), B

)
+Covρ(s)

(
B,Φ

H(s)
β (V )

)
ds.

⇒ exploit locality of the generator!∣∣∣Covρ(s) (B,ΦH(s)
β (V )

)
− Covρ(s)

(
B,Φ

H(s)
β,r (V )

)∣∣∣
≤ 2∥B∥∥ΦH(s)

β (V )− Φ
H(s)
β,r (V )∥ ≤ 2∥B∥∥V ∥ζQBP(X, r)

Therefore

|Tr(ρ(1)B)− Tr(ρ(0)B)| ≤ β∥V ∥∥B∥
(∫ 1

0

Covρ(s) (Xr;Y ) ds+ ζQBP(X, r)

)
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Idea of the proof: DC in the unperturbed state ⇒ LPPL
Using [B, η̃ℓ] = 0

Tr(ρ(s)B)− Tr(ρB) = Tr(η̃ ρ η̃∗B)− Tr(ρB)

= Tr((η̃ − η̃ℓ) ρ η̃
∗B) + Tr(η̃ℓ ρ (η̃

∗ − η̃∗ℓ )B) + Tr(ρ η̃∗ℓ η̃ℓB)− Tr(ρB)

• First two terms:
|Tr((η̃ − η̃ℓ) ρ η̃

∗B) + Tr(η̃ℓ ρ (η̃
∗ − η̃∗ℓ )B)| ≤ ∥η̃ − η̃ℓ∥ (∥η̃∥+ ∥η̃ℓ∥) ∥B∥

(B = I) ⇒ |Tr(ρη̃∗ℓ η̃ℓ)− 1| ≤ ∥η̃ − η̃ℓ∥ (∥η̃∥+ ∥η̃ℓ∥)

• The others: |Tr(ρ η̃∗ℓ η̃ℓB)− Tr(ρB)| =
|Tr(ρ η̃∗ℓ η̃ℓB)− Tr(ρB) Tr(ρη̃∗ℓ η̃ℓ) + (Tr(ρη̃∗ℓ η̃ℓ)− 1)Tr(ρB)| ≤
|Covρ(η̃∗ℓ η̃ℓ, B)|+ ∥η̃ − η̃ℓ∥ (∥η̃∥+ ∥η̃ℓ∥)

Therefore we obtain
|Tr(ρ(s)B)− Tr(ρB)|

≤ 2 ∥η̃ − η̃ℓ∥ (∥η̃∥+ ∥η̃ℓ∥) ∥B∥+ |Covρ (η̃∗ℓ η̃ℓ, B)|
≤ 4∥B∥e2βs∥V ∥ζQBP(X, ℓ) + ∥B∥e2βs∥V ∥ Covρ (Xℓ;Y )
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• The others: |Tr(ρ η̃∗ℓ η̃ℓB)− Tr(ρB)| =
|Tr(ρ η̃∗ℓ η̃ℓB)− Tr(ρB) Tr(ρη̃∗ℓ η̃ℓ) + (Tr(ρη̃∗ℓ η̃ℓ)− 1)Tr(ρB)| ≤
|Covρ(η̃∗ℓ η̃ℓ, B)|+ ∥η̃ − η̃ℓ∥ (∥η̃∥+ ∥η̃ℓ∥)

Therefore we obtain
|Tr(ρ(s)B)− Tr(ρB)|

≤ 2 ∥η̃ − η̃ℓ∥ (∥η̃∥+ ∥η̃ℓ∥) ∥B∥+ |Covρ (η̃∗ℓ η̃ℓ, B)|
≤ 4∥B∥e2βs∥V ∥ζQBP(X, ℓ) + ∥B∥e2βs∥V ∥ Covρ (Xℓ;Y )
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Idea of the proof: QBP
{ψa(s)}a be the eigenbasis of H(s) such that H(s) =

∑
aEa(s) |ψa(s)⟩ ⟨ψa(s)|.

⇒ V =
∑
a,b

Va,b(s) |ψa(s)⟩ ⟨ψb(s)| .

Using Duhamel’s formula ⇒

d

ds
e−βH(s) = −β

∫ 1

0

e−βτH(s)V e−β(1−τ)H(s)dτ

= −β
∑
a,b

∫ 1

0

e−βτH(s)Va,b(s) |ψa(s)⟩ ⟨ψb(s)| eβτH(s)dτe−βH(s)

= −β
∑
a,b

Va,b(s)

∫ 1

0

eβτ∆Ea,b(s)dτ |ψa(s)⟩ ⟨ψb(s)| e−βH(s)

= −β
∑
a,b

Va,b(s)
(
1 + eβ∆Ea,b(s)

)−1

·

∫ 1

0

eβτ∆Ea,b(s)dτ
{
e−βH(s), |ψa(s)⟩ ⟨ψb(s)|

}
= −β

2

{
e−βH(s),Φ

H(s)
β (V )

}
,

∆Ea,b(s) := Eb(s)− Ea(s)
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Idea of the proof: QBP

d

ds
e−βH(s) = −β

2

{
e−βH(s),Φ

H(s)
β (V )

}
Φ

H(s)
β (V ) :=

∑
a,b

f̂β (∆Ea,b(s))Va,b(s) |ψa(s)⟩ ⟨ψb(s)|

=

∫ ∞

−∞
fβ(t)e

−itH(s)V eitH(s)dt,

where

f̂β(ω) := 2
(
1 + eβω

)−1
∫ 1

0

eβτωdτ =

{
2
βω

eβω−1
eβω+1

ω ̸= 0

1 ω = 0
=

tanh βω
2

βω
2

and fβ(t) is its inverse Fourier transform

fβ(t) =
1

2π

∫ ∞

−∞
eiωtf̂β(ω)dω =

2

βπ
log

(
eπ|t|/β + 1

eπ|t|/β − 1

)
.
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Main results: locality and stability above T∗

Finite range interaction:
Ψ : X ⋐ Zν 7→ AZν s.t. Ψ(X) = 0 if diam(X) > R.

Theorem [Kliesch et al. 2014]
For β < β∗ there exist positive constants C, a and b such that

CovρΛ
β
(X;Y ) ≤ Cea|Y |e−bd(X,Y )
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Main results: locality and stability above T∗

• (LPPL) There exists constants C, c > 0 such that for all
Λ ⊂ Zν , X ⊂ Λ, V ∈ AX , Y ⊂ Λ, B ∈ AY and β < β∗

∣∣Tr (ρΛβ (0)B)− Tr
(
ρΛβ (1)B

)∣∣ ≤ Cβ∥V ∥∥B∥
(
|X|+ ea|Y |

)
e−cd(X,Y ).

• (Local Indistinguishability) There exists constants C, c > 0 such that for all
Y ⊂ Λ′ ⊂ Λ ⊂ Zν , B ∈ AY and β < β∗∣∣∣Tr (ρΛβB)− Tr

(
ρΛ

′

β B
)∣∣∣ ≤ C∥B∥ea|Y |e−cd(Y,Λ\Λ′).
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