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® N bosons in a volume Q

Q=1[-L/2,L/2® CR3. N

® Hamiltonian:

Hy = Z —Aj+ Z —Xj), acting on L2(aM) [Neumann b.c.].
i<j

® Potential:

v > 0, spherically symmetric, compactly supported, non-increasing.
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Free energy in thermodynamic limit

® Free energy at T > 0: ® GSE (T =0):
Fr(N,Q) = inf Tr(HNT)—TS(T), E(N,Q) = infSpec(Hy),
resy(L2(@M)
0<I<1,
=1

® Entropy of I':

S(T) = —Tr(Tlog(T")),

® free energy density in thermodynamic ® energy density in thermodynamic regime
regime
e(p) = E(N,Q)
fr(p)= lim  —Fr(N,Q N|Q|%OO|Q|
7(P) = N, Q| =00 |Q\ T ) p=N/I9|

p=N/|9|
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Scattering length
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® Pairwise potential v >0 = Energy is related to the 2—body problem

® For supp(v) C Bg(0), consider the zero-energy Schrédinger equation

~Asp() + SVOx)elx) = 0,

a
px)=1— — x| > R.
X

® We call a > 0 the scattering length of v.

® |mportant quantities:

£0) = v(x)p(x),  w(x) =1 - p(x),

such that
g(0) = 8ra.

4
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Main result

Theorem (Fournais, Girardot, Junge, Morin, O., Triay, '24)
There exists C > 0 such that, if v > 0, spherically symmetric, compactly supported,
non-increasing, with scattering length - and if 0 < T < pa, then for p33 < Cc 1,

e—\/p4+16;app2)dp n o(pa)5/2.

fr(p) = amp’a(1+ - f(p %)2) + (;/; /R Jlog (1
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EET— pairs, each pair with zero energy W
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Main result

Theorem (Fournais, Girardot, Junge, Morin, O., Triay, '24)
There exists C > 0 such that, if v > 0, spherically symmetric, compactly supported,
non-increasing, with scattering length - and if 0 < T < pa, then for p33 < Cc 1,

T5/2 _ 1 Ea )
2 3y1/2 _ _—y/pPH+16Fapp 5/2
fr(p) > 4mp a(1+ 715f( pa°) )+(2ﬂ)3 /R3 log (1 e )dp+0(pa) .

from the Bogoliubov integral

1
/ dk <\/k4 T 16k2mpa — k2
R3

2(2m)3

2
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Theorem (Fournais, Girardot, Junge, Morin, O., Triay, '24)
There exists C > 0 such that, if v > 0, spherically symmetric, compactly supported,
non-increasing, with scattering length - and if 0 < T < pa, then for p33 < Cc 1,

2 jus
/ log (1 —e V p4+1673pp2)dp +0(pa)®/2.
R3

(2m)?

fr(p) > dmpPa(1+———(pa®)!/?)+

15f

from excitation spectrum

Z np\/ p* + 16mpap?

{np}CN

and Gibbs variational principle

Hy
Fr(N,Q)=—TlogTr(e™ T ).
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There exists C > 0 such that, if v > 0, spherically symmetric, compactly supported,
non-increasing, with scattering length - and if 0 < T < pa, then for p33 < Cc 1,

128

T5/2 _ /A EaPp)
=% (pa3)1/2 I 1 _ g \/P 16T app 5/2
15\/E(pa ) ) + ) /11@3 og( e )dp+ o(pa)

fr(p) > 4mp?a(1+

No restriction on the L1 norm of the potential! Hardcore potential included

Vh.c

Vi e (x) = +oo, if x| < a,
T N0, i x> a
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Main result

Theorem (Fournais, Girardot, Junge, Morin, O., Triay, '24)
There exists C > 0 such that, if v > 0, spherically symmetric, compactly supported,
non-increasing, with scattering length - and if 0 < T < pa, then for p33 < Cc 1,

L 128
15v/7

fr(p) > 4mp*a(1

5/2 =
pa3)1/2) i T / log (1 _ e \/Pie rapPZ)dijo(pa)s/z.
R3

(2m)?

Haberberger, Hainzl, Nam, Seiringer, Triay, '24 : Lower bound, v € L
Haberberger, Hainzl, Schlein, Triay, '24 : Upper bound, v € L
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Historical development for expansions in TD limit

1st 2nd 3rd free
UP [1]
LOW [2]

e(p) ~ 4mp?a, 1st order, TD regime,

[1] Dyson 1957: upper bound by trial state using Jastrow factors

[2] Lieb, Yngvason, 1998: lower bound, obtained by localization in small boxes
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Historical development for expansions in TD limit

1st 2nd 3rd free
UP [1] [3.4]
LOW [2]

e(p) < 4np?a+ O(p%av/pad), 2nd order, TD regime,

[3] Erdos, Schlein, Yau 2008: upper bound for weak coupling, using quasi-free
states,

[4] Basti, Cenatiempo, Giuliani, Olgiati, Pasqualetti, Schlein 2023: hardcore,
upper bound, not right constant
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Historical development for expansions in TD limit

1st 2nd 3rd free
uP 1] [3.4,5.6]
LOW 2] 7
~ 2 128 3y1/2
e(p) = amp*a(1 + TV )

[5] Yau, Yin 2009: upper bound using the soft pairs contribution in cubic
interactions,

[6] Basti, Cenatiempo, Schlein, 2021: upper bound for larger class of
potentials and better errors.

[7] Fournais, Solovej, 2020 + 2021 lower bound 2nd order, hardcore included.
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Historical development for expansions in TD limit

128

4
e(p) ~ 47rp2a(1 + (pa®)t/? + 8(571' — \/g)pa?’ Iog(127rpa3))

15/

[8] Caraci, Olgiati, Saint Aubin, Schlein 2024: in GP regime, 3rd order
correction.
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Historical development for expansions in TD limit

1st 2nd 3rd free
UP 1] 3.456] | 5GP | [9]
LOW 2] 7] [8GP] [ [10,11]

128 T5/2 — /P +165 pap?
fr(p) ~ 4 2(1 el 31/2) /Io (1— P T”")d
T(p) = 4mp~a(l+ 15\/;r(pa) + @7 Jus 9 e p
[9] Haberberger, Hainzl, Schlein, Triay, 2024: upper bound, v € L.
[10] Haberberger, Hainzl, Nam, Seiringer, Triay, 2024: lower bound, v € L!;
[11] Fournais, Girardot, Junge, Morin, O., Triay 2024: lower bound, hardcore.
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Strategy of the proof

® The second order is obtained from the Bogoliubov integral

2

0 @O+ 520) + 555 [k (k40500 i~ 2005 (h)

128 - -
= 47rp23(1 + m\/pa“ + o(x/pal‘)>
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Strategy of the proof

® The second order is obtained from the Bogoliubov integral

2

0 @O+ 520) + 555 [k (k40500 i~ 2005 (h)

128 - -
= 47rp23(1 + m\//}a“ + o(x/pal‘)>

® The thermal contribution comes from the spectrum of an effective quadratic
Hamiltonian
—TlogTr(ef% >k \/szé(o)b;bk) ~T Z log(1 — ef%\/m)
kEA®

T5/2 —/pr+16 Zapp?
~ _ T aPp
/R3 log <1 e )dp

- (2m)?
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Neumann Localization

A1 Ao Az
Ay As Ag
Ay Ag Ag

Q=[-L/2,L/2° = UYL, A;

A=1[—£/2,0/2)3

25. juli 2024
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Neumann Localization

Q
Aq Ag As Q=[-L/2,L/2]® = Ujl\il Aj
A4 A5 A6 A= [76/27 Z/Q]S
A7 As Ag (pa) 2 <t< L

N
Fr(N,Q) > —TMlog > e~ TF(™)
n=0

25. juli 2024

n
Fr(n,A) = free energy for Z —Aj+ Z v(x; — xj) on A with Neumann b.c.

j=1 i<j
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Treatment of the hardcore potential

Vh.c v

ah.c. |x| ah.c. |X|
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Treatment of the hardcore potential

Vh.c v

ahc. N anc) |

Lemma
There exists a positive, spherically symmetric potential v < vy .. with scattering length
ay, > 0 such that

a 02
0< ape —ay < 2he Yy <cl,  v< —o)
¢ .

such that
gv(y) Sv(x),  forly| > [x].
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Renormalization of the potential
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Renormalization of the potential

We introduce the projectors P= ﬁ\l)(ﬂ, R=1-P,

2 vig =D (Pi+ Q) (P + Q) (81 — vijwi) (P + @)(Pi + @)

i<j i<j

= Q" + Q" + Q5" + OF" + OF", £(0) = 87a < 9(0)
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Renormalization of the potential

We introduce the projectors P= ﬁ\l)(ﬂ, R=1-P,

2 vig =D (Pi+ Q) (P + Q) (81 — vijwi) (P + @)(Pi + @)

i<j i<j
Qren + Qren + Qren + Qren + Qzli-:‘n7 E(O) = 871'3 < /\7(0)
Q= Z PiPj(g + gw)(xi — x))P;P;,
2%
QPN =3 (¢ Pj(g + gw)(xj — x;)PjPj + h.c.),
i
Q" = D" PiQj(g + gw)(xj — x)P;Q; + Y PiQi(g + gw) (xi — x)Q;P;
,¢, i#j

+ - Z PiPig(xj — x))QjQ; + h.c.,
i#j
QT =" PiQjg(xj — x))Q;Q; + h.c.,
f#f

QN = = Z ) v(x; — X)) > My = Q@ + w(x — x)) (PjP,- + PQ; + QjP,-> .
2%

10
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Thanks for your attention!
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Symmetrization of the potential

1 * 1
5 > PiPig(xi — x) Qi Qs L, 5 > PiPjgsym(xi, ) Q; Qi

i#j i#j
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Symmetrization of the potential

1
3 2 PiPig(xi — %) QQ;

i#j

Po,1)x

P(1’1>X

P1,0)x

25. juli 2024

* 1
o, B > PiPjgsym(xi, ) Q; Qi

i

gym(x,y) = Z g(Pzx—y)
zeZ3

We need to control error in (x) via

gu(y) <v(x),  forly| > |x|

12
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Second quantization

® We switch to momenta space: af = a*(uy), k € A*, where

3
1 L,
u() = xri7a [ L e costhg). oy = {\/5
j=1 ’

we get, with ng = agao and ny = Zke/\* aZak,

25. juli 2024

if pj =0,

13
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Second quantization
® We switch to momenta space: af = a*(uy), k € A*, where
12 1 if p; =0
= —— | | c cos(k;x), =1 S
uk(x) e jl:[l &; COS(kjx;) k; {\/57 if pj # 0.

we get, with ng = agao and ny = ZkeA* aZak,

Z kzakak + — (gsym( )+§‘:)sym(0))a$a$aoao
Ex 2\A|

1 ~ _ 1.
+ m Z ((gsym(k) + gwsym(k))aga;:akao + igsym(k)(agagakak + h.c.))

keA*

> o non ren
+ (@m(0) + By (0)) 7 + Q5 + O

13
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Second quantization

® We switch to momenta space: af = a*(uy), k € A*, where

()= — ﬁc cos(kixg), =47 TP=0
uk(x) = . iXj =
k |A|1/2 o kj SN ki \/57 if pi # 0.

we get, with ng = agao and ny = Zke/\* aZak,

Z k23kak + — (gsym( )+§Z;Sym(0))a$a$aoao
Ex 2\A|

1 ~ _ 1.
+ m Z ((gsym(k) + gwsym(k))aga;:akao + igsym(k)(agagakak + h.c.))
keA*

> o non ren
+ (@m(0) + By (0)) 7 + Q5 + O

® C-number substitution: due to BEC, ny < N = ng ~ N, we can substitute

ag,ao — \/N



.? UNIVERSITY OF COPENHAGEN 25. juli 2024
Quadratic Hamiltonian

~ 1
KB = D7 (K + pg(K))afa + - pB(K)(akak + h.c.),

keA*
Q5 :=p > (gw(k)+ &w(0))afa.
keA*
ak + aka)
k T Qdy

® Diagonalization of the quadratic Hamiltonian: introducing by =

/ 2
1— o

14
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Quadratic Hamiltonian

~ 1
P98 = 3 (kP o+ pB(K))aak + 5 pBUR) awak + hico),
keA*

Q5 :=p > (gw(k) + &w(0))a}ax.

keA*

ag + akaz

z/1— az
we can define
. 1 . .
Kdlag _ 5 Z <k2 +p§(k) + [ k4 JrQPE(k)kQ)bIbk — ICCLilag +,Cllf_;ag

keA*

® Diagonalization of the quadratic Hamiltonian: introducing by =

with Cdiag > 0, diagonal and quadratic in creation/annihilation of excitations, such that

. A‘
fcBog > jcdiag |7/ K% + pg(k) — 1/ k* + 2p8(k)k2 )dk.
> 5022 R3( + pg(k) — \/k* +2pg(k) )
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Soft pairs

® The soft pairs action: we define two separated momenta scales, for Ky > 1
Pre={lpl < Kut™'}Y Py = {kl = Kut™'};
We consider Q?fft where k € Py and p — k € Py interact to give
k+(p—k)—=pePL

so that

ot + 0% + (1 - )ky® > 0.
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Soft pairs

® The soft pairs action: we define two separated momenta scales, for Ky > 1
={lpl < Kt} Pu={lkl = Kut™'};
We consider Q?fft where k € Py and p — k € Py interact to give
k+(p—k)—=pePL

so that

o + o+ (1 - o> 0]

® Conclusion:

Hy g(g(O) + gw(0)) + lCd'ag + elCd'ag

- 2(‘2/;')2 /Rs (k2 +rglk) =kt Zpg(k)kQ)dk

15
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Last but not least

Neumann loc.  ® Boccato, Seiringer 2022: The Bose gas in a box with Neumann
boundary conditions.

2D results @ Fournais, Girardot, Junge, Morin, Olivieri, 2023: The ground state
energy of a two-dimensional Bose gas;
® Deuchert, Mayer, Seiringer 2020: The free energy of the two
dimensional dilute Bose gas. |. Lower bound;
® Mayer, Seiringer 2020: The free energy of the two-dimensional dilute
Bose gas. Il. Upper bound.



