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Mathematical setting

HN—Z A+ Y Vixi—x

1<i<j<N

o Acting on @" L3([0, L]?)
@ 0 < V compactly supported
o Thermodynamic limit N/L3 = p < 1 (dilute regime)

Low density expansion (Lee-Huang-Yang 1957)

o Eo = info(Hy): Ground state energy
o a: scattering length of V
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Two-body problem:
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(28) nonvanishing momentum. This is discussed in detail in
Appendix I. The eigenvalues for these states can be
shown to be

E=Eot ¥ mik(k+167ap)}, e
k0

Two-body problem:
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Diagonalizing the Bose gas

Theorem: Free energy expansion

Let 0 < V € L?, non-increasing, with compact support
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@ Upper bound: [Yau-Yin '09] [Basti-Cenatiempo-Schlein '21], Lower bound:
[Fournais-Solovej '19 '20]

@ Lower bound: [Haberberger-Hainzl-Nam-Seiringer-T '23]
[Fournais-Girardot-Junge-Morin-Olivieri-T 244],
Upper bound [Haberbeger-Hainzl-Schlein-T '24]

Gibbs Variational problem:

T
-3 logtre "N/ — inf {tr Hy[ + TtrTlogF, T > 0,tr[ = 1}



Quasi-Free states

In second quantization
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with W = eVNas—h-e. 5 Weyl transform W*agW = aj + VN
and U = exp(B), B=>_, n-a;a~, — h.c. a Bogoliubov rotation
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In second quantization
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First guess: Try quasi-free states
F=Z7Wure ™ EedUw,  dl(Epog) = > (p* + 16mapp?)/?asa

p#0

with W = eVNas—h-e. 5 Weyl transform W*agW = aj + VN
and U = exp(B), B=>_, n-a;a~, — h.c. a Bogoliubov rotation
Good news: easy to compute (Wicks rule)

1
* % * —tBr_* B 1 k *
U'ayU = a; + / e Play. BlePdt =y 5 (~1)" adi(a))

k>0
*
= Ypap + 0pa—p

Bad news: Wrong second order [Erdés-Schlein-Yau '09]

tr HyI > 4mpa N(1 + Gwrong v/ p a3 + o(+/p a?))



Soft pairs

The Quasi-Free states only sees terms of the form agagaoao, a; aragao
* 3k * ok
ara’,acao or apagara—r
But the LHY term is also sensitive to processes involving soft-pairs
* * * k.
a,; pa ,apao or apapaptra—r

and it is enough to consider r "very large" and p "small"



The Quasi-Free states only sees terms of the form agagaoao, a; aragao
* 3k * ok
ara’,acao or apagara—r
But the LHY term is also sensitive to processes involving soft-pairs
* * * k.
a,; pa ,apao or agapapira_r
and it is enough to consider r "very large" and p "small"

Bad news: hard to compute, no closed formula for cubic transformations, we
can try a perturbative expansion

—Bc _* e 7 1 k *
e B apeB :ZF(—l)kad(Bc)(ap)
k>0

with B, = Zp’r Nrapyra,ap — h.c. which requires

(Be) < 1.



Dirichlet bracketing

To make the expansion converge, we consider subsystems where excitations are
much fewer

N
Hy=> —Aq+ > NEIVNT(x - x))
i=1 1<i<j<N

on [0, 1]® where 0 < k < 2/3 interpolates between Gross-Pitaevskii and
Thermodynamic limit, (A}) o~ N3/2

o trial state on [0, L]* — patching
subsystems with
Dirichlet boundary conditions

o border effects <« Lee-Huang-Yang: if 1&;1: =
k>1/2(>ph)

o (B.) = N°"/272 < 1 for k < 4/9

(pa®)?




Fermionization: non unitary

[Basti-Cenatiempo-Schlein '21]: non-unitary transformation with cut-offs ©, ,
allowing to compute the cubic transformation

¥ = Ugoge™|Q)
with
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Fermionization: non unitary

[Basti-Cenatiempo-Schlein '21]: non-unitary transformation with cut-offs ©, ,
allowing to compute the cubic transformation

¥ = Ugoge™|Q)
with

* k%
E nf,Pef,Paerrafrafp
peL,reH

o role of ©,, is to make the "p-connection"

excitation (—r, p + r) "fermionic" T
@ create a p-connection if there is not
already one “r
o don't create any g-connection for q # p
o use simplification from |Q) P
<\Il||,\ll;l|,‘\,2\ll ||\U||2 Z o m| UBogHNUBog(B )"

m,n>0
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o To compute the spectrum of Hy we need a unitary version of eBe

@ We need to dress the Gibbs state instead of the vacuum
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* * *
B, = E NrOrpa” aripap
reH
which acts as a fermionic creation operator (B;)* =0

@ and define the unitary transformation
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Fermionization: unitary

o To compute the spectrum of Hy we need a unitary version of eBe
@ We need to dress the Gibbs state instead of the vacuum

B L T

We define for p € L

* * *
Bp = E n’erypa—rarﬁ—pap
reH
which acts as a fermionic creation operator (B;)* =0

@ and define the unitary transformation

«sin(Xp)
P

T, = eBrBr — cos(X,) + (B, X - cos(Xp) — 1

—h.c)+ 5, X2
P

By

with X, = /B,B} (< 1 on the trial state).

Teuw = H Tp

lplSN=/2



Trial state

We take for trial state
1 -7 * e R *
M= WU TUiL 5o NN Esed s TRURW

with F(L) = F({|p| S N*/?}).
o y:= Z_lULIL]:(L)%e‘Tﬁldr(EBog)UZ is the Gibbs state of

Hpog = Z(P2 +8raN®)azap + Z 4raN"(apa”, +h.c.)

P lplSN~/2

o Uy T, is responsible for the high-momenta renormalization aya* ,agao and
aj pa’ apao for |r| 2 N*% and |p| < N*/2, V(0) ~ 8ma

@ W accounts for the particles in the condensate
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with F(L) = F({|p| S N*/?}).
o y:= Z_lULIL]:(L)%e‘Tﬁldr(EBog)UZ is the Gibbs state of

Hpog = Z(P2 +8raN®)azap + Z 4raN"(apa”, +h.c.)

p Pl /2
o Uy T, is responsible for the high-momenta renormalization aya* ,agao and
aj pa’ apao for |r| 2 N*% and |p| < N*/2, V(0) ~ 8ma
@ W accounts for the particles in the condensate

and on Ranlg

Tdrw = H(cos(XP) - B, X

peL

. sin(Xp))



Thank you for your attention!
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ag ~ a0 ~ VN, (Bogoliubov’s approximation: c-number substitution)
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[bp, bg] = dpq (Canonical Commutation Relations)
otre TETb — > nso e T = (1- e_%)

—Hy/T
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