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Abstract—We study the anchor-free localization problem for a d is an NP-complete probleid], [5], [23]. Even if we know
large-scale sensor network with a complex shape, knowing tie that a graph is globally rigid in 2D, there is no known effidien

work connectivity information only. The main idea follows from ; : At ; ;
our previous work [19] in which a subset of the nodes are seléed :L?;gﬁg?g:ﬁ;md the realization of the graph with the given

aslandmarks and the sensor field is partitioned intoVoronoi cells . . L .
with all the nodes closest to the same landmark grouped intohie The pioneer work of using rigidity theory in network local-
same cell. We extract thecombinatorial Delaunay complex as ization [3], [7], [9], [14], [15], [20], [25] focuses on identifying
the dual complex of the landmark Voronoi diagram and embed special graphs that do admit efficient localization aldoris.
the combinatorial Delaunay complex as a structural skeleto. In The first idea is to use trilateration gragB [14], [15], [20]. A

this paper we develop a new landmark selection algorithm wh trilaterati his defined velv. It is either iaral
incremental Delaunay refinement method. This algorithm doe rilateration graph Is defined recursively. [LIs eitherangle

not assume any knowledge of the network boundary and runsina Or @ trilateration graph with a trilateration extensionfiied
distributed manner to select landmarks incrementally unti both as adding an additional vertex with three edges to existing
the global rigidity property (the Delaunay complex is globdly  vertices. If the network contains a trilateration graphe can
rigid and thus can be embedded uniquely) and the coverage gy stively search for the ‘seed’ triangle in the graph and
property (every node is not far from the embedded Delaunay o . . . .

complex) are met. The new algorithm substantially improveghe greeo_“'y find the trilateration _extenS|ons._ Th.us an incretae
robustness and applicability of the original localizationalgorithm, ~ algorithm can be adopted to find the realization of the networ
especially in networks with very low average degree (even me A trilateration graph is a stronger condition than globgidity

rigid networks) and complex shapes. (i.e., there are globally rigid graphs that are not trilatem
graphs), and thus may require more edges than necessary to
uniguely embed the graph. The second idea is to exantine

The location of sensor nodes is an indispensable componeniguely localizable graphsA graph with known edge lengths
for both network operation and sensor data integrity. Iis this called uniquelyi-localizable if there is a unique realization
paper we study the network localization problem for a largef the graph inR¢ and there is no non-trivial realization R
scale sensor network with a complex shape. We do not assuwith k£ > d. For example, a generic simplex @f- 1 vertices is
any anchor nodes with known locations and use only netwaukiquely d-localizable. For uniquelyi-localizable graphs, So
connectivity information to recover the relative posiiiogn of and Ye[7], [25] have shown that a semi-definite program is able
all the nodes. Thus we require no extra hardware supplemetat$ind the realization. It is not known whethélocalizability
(e.g., for angle or distance measurements) and investaat&s a generic property and it is not clear whether there is a
fundamental problem: can the network geometry be recatembinatorial characterization of graphs that @lecalizable.
structed using network connectivity alone? This is a simpoth approaches require that the network has sufficientlyyma
yet very challenging setting for network localization. edges to be globally rigid.

A major challenge in anchor-free localization is to handle The work in this paper is a follow-up of our previous
possible flip ambiguities. Two triangles sharing an edge cavork [19] in which we proposed a framework for connectivity-
be embedded in two possible ways, with the two triangldémsed anchor-free localization with a different approabhb.
on the same side, or on opposite sides of the common edgglect some sensor nodes Emdmarksand compute the
In general, whether a graph has a unique embedding or noVisonoi diagram with all the nodes closest to the same
investigated in graph rigidity theofg6]. A graphisrigidin 2D landmark grouped into the same Voronoi cell. We extract
if a realization of the graph in the plane cannot be contisliou the combinatorial Delaunay compl&as the dual complex of
deformed without changing the lengths of the edges. A grafife landmark Voronoi diagram — there is a Delaunay edge
is globally rigid if it has a unique embedding in the planesgiv (or in general ak-simplex) between two (ok) landmarks
the edge lengths. Graph rigidity in 2D has been relativellf wef their Voronoi cells share some common nodes. In contrast
understood. Both a combinatorial characterization of gligb with the previous rigidity work ongraphs we focus on
rigid graphs and polynomial algorithms for testing suchpipsa the global rigidity property of thecombinatorial Delaunay
are known(6], [17]. It is however not trivial to apply these
rigidity results in the development of efficient localizati _ ‘The Delaunay complex is defined in the notion of abstract tfpcom-

. . . .. plex[8]. A seta is an (abstractsimplexwith dimensiondim o = card a—1,
algorithms. Given a graph with the edge lengths speuﬁqpl(i,.

IV ; S . . ) ” , the number of elements i minus 1. A finite systemA of finite sets is
finding a valid graph realization iR¢ for a fixed dimension an abstract simplicial compleif o € A and 3 C « implies 3 € A.

|. INTRODUCTION



complex that has high-order topological structures (such as [1. LOCALIZATION BY DELAUNAY COMPLEX

Delaunay triangles) compared with graphs that do not (liavin | this section we use a continuous setting to go though

only vertices and edges). The combinatorial Delawrmyplex the framework of network localization by the combinatorial

may be globally rigid when the combinatorial Delaurgg@ph  pelaunay complex and provide the theoretical foundation of

is not. See Figure 1 for an illustration. As opposed to thfie incremental Delaunay refinement algorithm. The alorit

» implementation in the network setting is elaborated on & th

next section. The sensor field is assumed to be a continuous
domainR € R? with perhaps some interior holes. For any two

w pointsp, ¢ € R, we denote bypg| their Euclidean distance and

P
v v d(p, q) the geodesidistance (shortest path distance) between

Fig. 1. Two Delaunay triangle\uvw and Auwvp sharing an edge. The first L . . .

figure is the only valid embedding, for in a simplicial complvo simplices th.er_n insideR. The gedeeS'C ¢stance_ IS an an3:|09 of the
can only intersect at a common face. The graph is not glollgl. minimum hop count distance in the discrete setting. A ball
centered at a point of radiusr, denoted byB,.(p), contains

gll the points within geodesic distanecefrom p.

The boundary oRR is denoted a®R and may have multiple

graph rigidity approaches discussed earlier, this aprdaes
not explicitly require that the network to be embedded
globally rigid. This sheds some light on providing reasdaab

localization results when the network has low node densii?g/des' Thanner medial axisof R is the collection of points

(even uniformly sparse but non-rigid graphs such as a gri | R that have two or more closest points on the boundary
! y SP gid grap g gR Theinner local feature sizef a pointp € 9R, denoted
like network with punched holes).

by ILFS(p), is the distance fromp to the inner medial axis

In [19] we proposed an algorithm_for Iar_1dmark selection 19 7 A set of landmarksl, on the boundandR is called
guarantee that the generated combinatorial Delaunay &mpl ~-sampl@ if for any pointp € dR, there is at least one

is globally rigid and admits a unique realization in the manlandmark within distance - ILFS(p) from p.

This leads to an algorithm to put together the Delaunay Supposel is a set of landmarks on the domain boundary
triangles in an incremental manner which helps localize thes he Voronoi cell of a landmarkw. denoted asV (u)

rest of the nodes in the network. The algorithm for selecting.| des all the points that haveas a closest landmark:
landmarks first uses a boundary detection algoritfloj—

[13], [18], [26] to identify the network boundary nodes and  V(u) ={p € R|d(p,u) < d(p,v),Vv € L,v # u}.

then selects the landmarks to beyesample withy < 1. The collection of Voronoi cells is denoted as the landmark
Specifically, every boundary node has a landmark within itgoronoi diagrami/ (L) for the setL of landmarks. A point is
inner local feature size, defined as the distance to the stiosgalled aVoronoi vertexf it has equal distance to at least three
node on the medial axis (which is the collection of nodes wifandmarks. The Voronoi vertices inside are called thenner
two or more closest nodes on the boundary). More details 98ronoi vertices A ball B, (p) centered at an inner Voronoi
this algorithm and comparison to our new algorithm in thigertexp with radiusr equivalent to the distance fromto the
paper will be further explained in the next section. closest landmarks is called\foronoi ball
The dependency on the boundary detection algorithm puts :
limitations on the applicability of the localization algithm as i
in the case of extremely low density networks, where boundar
detection algorithms do not work well. Examples of some
of these cases were shown [m9]. The main contribution
in this paper is an incremental landmark selection algorith
that does not assume knowledge of the network boundary. In
particular, we start with no knowledge of the network togylo Fig. 2. Left: The Voronoi graph (shown in dashed lines) and the Delgu
(whether there are holes or how many there are, etc.) agghplex for a set of landmarks on the bound&#y. The Delaunay simplices
develop local conditions to test whether a node should Ksrtices, edges, triangles, tetrahedrons) are shadeght:RThe union of

included as a new landmark. The landmarks selected naturdffron®! Palls approximately covers the domai

adapt to the local geometry of the network, with a highed’é;g(taefjoggr&tzgiailstzﬁglégﬁgc(t:igw%szeize landmarks,

density of landmark nodes selected in regions with mo
detailed and complex features. This new landmark selection DC(L) = {a C L| Nuea V(u) # 0}.
glgonthm greatly enhances the robustness _of our algorlﬂ]nm other words, a seb C S is a Delaunay simplex if the
in cases of extremely sparse or even non-rigid networks, or . : )

. . .’ intersection of the Voronoi cells of landmarks afis non-
networks with very complicated shapes that are challenfging ) .

. . empty. The Delaunay complex has naturally O-dimensional

boundary detection algorithms. We are not aware of any other
localization algorithms using only connectivity inforriaat 2Notice that the definition ofy-sample is different from the typical

with comparable performance. We demonstrate the impro\/&ginition in geometric processindl], [2] where the local feature size is
.used. The medial axis for a domai has two parts, one insidR and one

perfqrmange of OU!’ algomhm in various network settings 1Butside R. For our setting we do not have access to the part of the medial
the simulation section. axis outside ofR and we can only use the inner local feature size.




simplices such as the landmarks, 1-dimensional simplicascs can possibly appear o{. First realize that the interior
such as Delaunay edges, and 2-dimensional simplices suclpaisits of an inner arc cannot stay on the boundar/ ofince
Delaunay triangles, and possibly higher order simplicashsuthe arc is enclosed inside the union of the two Voronoi balls
as tetrahedrons. See Figure 2 for an example. that go throughu,v. Second if we choose < 1, then the
Voronoi diagram insidé&R is connected as proved in Corollary
2.10in[19]. Thus there cannot be an outer edg&’if.), since

In our previous work[19], we show a framework for this edge will be disconnected from the rest of the Voronoi
network localization by embedding the Delaunay compledkiagram. Now for a Voronoi balB,.(p) with a mixed edge
DC(L) extracted from the network connectivity. The maimetween landmarks, v we define apie as the set of points
result in[19] is a proof that when the landmarks are selecteéd R bounded by the boundary segment between and the
as avy-sample of the domairR with v < 1, the Delaunay shortest paths from to «, v. Only the points inside a pie with
complex DC(L) is globally rigid and thus admits a uniquea mixed arc can possibly stay outside See Figure 3. Notice
realization in the plane. This establishes the foundatiothe® that in the case of a degeneracy, a Voronoi ball can have four
localization algorithm as we can now embed the Delaunay more landmarks. The classification of edges and the proof
complex incrementally and then localize the entire netwotiter are the same in that case.

with the Delaunay complex as a structural skeleton. ) )
For localization, we also want that the Delaunay comple¥'€0rem 2.1. Fora connected regidk < R*, we select land-

provides good ‘coverage’ of the sensor field in the sense tHBR/KSL as ay-sample on the region bounda@ig with » < 1.
every node is not very far from the Delaunay complex, so th&{1€M the Delaunay compléxcoversr, with § = 2v/(1 — 7).

the Delaunay complex faithfully represents the networkpsha Proof: We first prove the claim for points o@R.
In particular, we takés to denote the union of all the Voronoicgnsider a pointz on R in

balls, and/ the shape of the union of these balls. As we wilhetween two landmarks, v, as

prove later, they-sample guarantees that the union of Voron@hown in Figure 3. Lemma 2.8

balls is a good approximation & and the approximation is j, [19] says that there is a | \
improved as the density of landmarks increases. See Figurgozonoi vertex p with u,v as ‘
(i) for an example. Rigorously, we define that the Delaunayyg closest landmarks and the
complex DC(L) d-coversR if every pointz € R will be \gronoi edge with respect to, v
within distance(1 + ) - » from the centep of a Voronoi ball is 3 mixed edge. Without loss

Br(p)_, wherer i; the radius of this_ \Voronoi ball. _ of generality we assume thais Fig. 3. Any  is within distance
Using the union of the Voronoi balls to approximate thejosest landmark is. By they- 5.1 from a Voronoi ball. A pie

shapeR was initially proposed in geometric processing angample propertyg(u,z) < v - between amixed argv is shown
computer graphicg2]. It has been shown that the erory 1, S (x) in shade.

in the position and normal of the surface @f with R is Now we assume by contradiction théfp, z) > (1 4 d)r.
bounded everywhere, given sufficiently dense samples on th?llSW-IFLS(:v) > d(u,z) > d(p,z) —d(p,u) > (1+8)r —
OR. However, we cannot directly apply the results[2h as ;. _ 5, py the triangle inequality. ThusLFS(z) > 61 /7.

there are a couple of differences with our setting. Firs, th \ne also know that the inner local feature size is a 1-
metric we are working with is the geodesic shortest paff),schit, function (by triangle inequality, proof omittedrhat

metric, instead of the Euclidean metric used2h In addition, g ILFS(z) < ILFS(u) + d(u,z). As we know that the
as we only have sensors in the interior®®f we do not have V(;ronoi ball B_( ’

. . . p) touches three landmarks and contains at
access to the part of medial axis that is outsideand we |,.ct gne point on the medial axis R, ILFS(u) < 2r.

are only able to use the inner local feature size to define thg ;5 we have] LFS(z) < 2r+~-ILFS(z). Combining the

v-sample. _ inequalities, we havér/y < IFLS(z) < 2r/(1 — ). That
Before we prove the coverage theorem, let us first Und"‘dﬁ/es uss < 2v/(1 —~), a contradiction.

stand th_e boundary_ of The unior]: of baf])ts Ehﬁ %‘;}””da][.y oF " If the claim is true for all points oR, it is true for all
L{hcontalqs sortr:e circutar arcs_brlom the ahs b Wed Irst fpoints inR. Suppose otherwise, then there is a pajrih the
characterize what arc can possibly stay on the bounda of;;eior of ‘R that is noté-covered.y can only possibly stay

\E/ach V_oronoi edge W(L) hT‘S tgvo eztg)oin;s{/being_ei(tjher 4nside a pie, as shown in Figure 3. Then there must be another
oronol vertex or a point on the bounda#iR. A Voronol eage pointz € 9R such thaty stays on the geodesic shortest path

with two Voronoi vertex endpoints is called amer edge A from p to z. Thusy is covered byB, (p), the same Voronoi
\Voronoi edge with two endpoints on the boundary is calle,sia" that coverse -

an outer edge A Voronoi edge with both a Voronoi vertex

and a point on the boundary is calledrixed edgeFor each . -

Voronoi ball B, the three landmarks partition its boundar;I/B' Landmark selection for both rigidity and coverage
0B into three circular arcs. We label the arc between two Based on the previous discussion, there are two desirable
landmarksu, v with the label of the Voronoi edge af, v as criteria, namely, global rigidity and coverage, for the fina
either inner, outer, or mixed. We now claim that only mixe®elaunay complex. In this subsection we investighkteal

A. v-sample, rigidity and coverage




conditions for landmark selection to guarantee both rigidiis sensitive to noise. New landmarks in different Vorondisce

and good coverage of the induced Delaunay complex: can be inserted in parallel as the algorithm executes lpcall
1) Local Voronoi edge connectivity: The Voronoi edges inside each Voronoi cell. Thus the new landmark selection
for each landmark: form a connected set. method is more robust and practical compared with the

2) Local Voronoi ball coverage: Each noder inside a Sampling used in our previous algorithm. Of course when the

Voronoi cellV (u) is §-covered by a Voronoi balB, (p), algorithm terminates, it produces a set of landmarkso that
wherep is a Voronoi vertex with landmark. the Delaunay compleRC'(L) has both the global rigidity and

We first show that if both conditions are satisfied for a set 6tFe coverage property. Next, we show the algorithm terremat

landmarksl, then the Delaunay compleéXC/(L) satisfies both and has bounded Ian-dmark. density. .
the global rigidity and coverage property. This is relagve 4) Landmark density by incremental refinemekiere we
straightforward. After this, we examine how to design SnoW that every landmark added by the incremental algo-

landmark selection algorithm to meet these conditions. rithm_ is not suf_ficiently covered by _existing landmarks,.,i.e
1) Rigidity of the Delaunay complexWhen the local the distance to its closest landmark is at leasi LF' S(q) for

Voronoi edge connectivity condition is met, we argue that tfR1 @PPropriate parameter< 1/3. If a pointz € IR is within

Delaunay complex is globally rigid. To do that, we will make’ ILES(ZC) from any landmark, we say is ~-covered
use of a theorem proved [agj: We first state a useful Lemma.

Theorem 2.2. [Global Rigidity] If V(L) is connected inside L€mma 2.3. [Lemma 6.1 in[19]] Given a diskB containing

R, the Delaunay compleRC (L) is globally rigid. at least t_WO p_oints o@R, for_each con'nected cqmponent qf
] S ] o BNR, either it contains a point on the inner medial axis, or its
The local Voronoi edge connectivity immediately implie® thjntersection witthR. is connected.

global Voronoi edge connectivity. If otherwise, there must ) ) )
be one landmark whose Voronoi edges have two or md«emma 2.4. If a Voronoi cellV (u) violates the local Voronoi
connected components, since the union of all the Voron®fge connectivity condition, the new landmarselected is not
cells isR. Thus the local Voronoi edge connectivity conditiorfovered by any landmark withip- ILF'S(q), for anyy < '1/3.

implies the global rigidity of DC'(L). Proof: Since the boundary of the Voronoi céli(u) is

2) Coverage of the Delaunay compldkthe local Voronoi composed of segments @R and the Voronoi edges, V' (u)
ball coverage condition is met for every Voronoi cell, thee t 1, st have two or more connected components on the domain
coverage property of the Delaunay complex follows direCtlyooundaryaR as well. Take a Voronoi edge endpointthat

3) Incremental Delaunay refinement algorithiince both stays on a different boundary segment with d(u,p) <

conditions can be tested locally, we naturally have the focl[(%q) since ¢ is the furthest such endpoint. See Figure 4.
lowing incremental landmark selection algorithm: for eac{\re take a ball B,(p) with r = [P

Voronoi cell V (u), d(u,p). B,(p) intersects the bound-

1) If the first condition is not met, the Voronoi edges wittary 9R in two or more connected !
u have two or more connected components. Since eggleces, since both andp are inside. !

Voronoi edge has either a Voronoi vertex or a point oBy Lemma 2.3 there is a point on the .
OR as endpoints, we select, among all the endpoints inher medial axis insideé3,.(p). That )
Voronoi edges of: on R, the one that iurthestfrom means/LFS(p) < d(u,p). Since
u as a new landmark. IFLS is 1-Lipschitz, ILFS(u) <

2) If the first condition is met, we check the sec{FLS(p)+ d(u,p) < 2d(u,p). Ap- Fig. 4. The new landmark
ond conditon. Among all the points that violateply this again we ge/ LFS(q) < ‘f/'g ot y-covered fory <
the local Voronoi ball coverage condition, we selectF'LS(u)+d(u,q) < 3d(u,q). Thus
the one that is least covered as a new landmartkie claim is proved. u

max, ming () {d" |d(x,p) = (1 + J')r}. That is, for ) )
each such point, we choose the Voronoi bal, (p) Lemma 2.5. If a Voronoi cellV (u) for a landmark: violates

with p such thatd(z,p) = (1 + &)r with smallest the local Voronoi ball coverage condition, the new landmark

possibles’. And we select the point with the largest selected is not covered by any landmark withinILF'S(q),
suchd’. vy=10/(2+9).

This landmark selection algorithm always selects landmark  Proof: If ¢ is selected as the new landmatKu, ) >
on the network boundafybut it does not require the detection(1 + §)r for any Voronoi vertexp of the landmarku, r =
of the network boundary, nor does it require the knowledgép, u) is the radius of the Voronoi ball g.. Now we have
of the medial axis and local feature size, whose computatibg triangle inequalityd(q, u) > d(p,q) — d(p,w) > dér. That
is, 7 < d(q,u)/d. Similar to the argument in Theorem 2.1,

3Landmarks added by condition 1 will be &R for sure. For the landmarks ILFS(q) <d(q,u)+2r < (1+2/8)d(q,u). Thus,d(q,u) >
added by the 2nd condition, by the same argument as in The@r&nthe ILFS n 't’h —5/(245 ’ ’
points outside the Voronoi balls must be inside the pies. Amel least 7 ° (q) with vy =46/(2 +9). u

uncovered point stays on the region boundam. The above results show that our local conditions do identify




points on the boundary that need topeovered fory < 1/3. the success of boundary detection or the knowledge of the
If the inner local feature size for any pointe R is at least local feature size. Thus the new algorithm is more robust in
¢ for some fixeds, then the incremental Delaunay refinemeniractice, and yet still captures the geometry of the network
algorithm will eventually terminate, as every new landmarkiext we will explain each step of the algorithm in detail.
included covers at least an interval of length centered at Unless specified otherwise, all the distances are by default

itself. This procedure cannot go on indefinitely. measured by the geodesic distance, which is approximated by
We remark that the algorithm will the minimum hop count between two nodes.

certainly terminate when the land- .~ 1) Select initial landmarks:We start with two landmarks

mark set is ay-sample for anyy < 1, " arbitrarily selected on the boundary. In order to guaratitese

but it may also terminate before that | p 1 two starting landmarks are definitely on the boundary, wedfloo

if both the rigidity and coverage con-

\ the network from a random nodeand find the farthest node
ditions are met, as shown in Figure 5. .

p from r, p must be on the network boundary. Then we flood
This can be understood in terms o from p and find the farthest nodg from p. ¢ will be on the
our algorithm picking up the major boundary as well. We ugeandq as our two initial landmarks.
geometric features and ignoring therig. 5. The landmark set See Figure 6(i)
noisy features oRR. The rigidity and may not be ay-sample of 2y Compute Voronoi diagramOnce we have some land-
coverage properties guarantee th 07?'p§i';‘;'Z%anga;‘;;emiﬁfs marks, we calculate the landmark Voronoi diagram in a dis-
the reconstructed Delaunay compleXetween, v is smaller than  tributed way. Each landmark learns of its closest landnsark(
will approximateR and are what we the distance ta: or v. and all the nodes with the same closest landmark are naturall
really care about in our localization algorithm. Thesample classified to be in the same Voronoi cell. Recall that the4and
for R can be much denser than what is needed in practicemarks are included incrementally. A new landmark initiates
Last we show that the landmark set generated by theflood message which is propagated only inside its Voronoi
incremental algorithm has bounded density. cell—when a node receiving this message sees that its hop

Theorem 2.6. Supposéd. is the generated landmark set by tpgount to some preexisting landmark is equal or smaller, then
incremental algorithm. If any landmark from is removed, the message is dropped. As more landmarks are included, the
then it is not a'-sample ofdR, with v/ = ~/(1 + ~), SiZ€ of Voronoi cells decreases, and so does the commuonicati
v < max(1/3,6/(2+6)). cost. , _
Nodes with more than one closest landmarks lie on a
Proof: For the last landmark inserted, by Lemma 2.4 \pronoj edge or vertex. Although the straightforward defi-
and Lemma 2.5, it is not within distance- ILF'S(q) of any pition of Voronoi vertexis a node with equal distance to at
existing landmark. Since > +' the claim is true for. least three landmarks, one robustness concern is that there
For any landmark;’ added before;, we knowd(q, ') > may not be a node that qualifies for this definition by the
7+ ILFS(q), sinceq is added withy" already present in the giscrete network hop count measure.[19] we proposed a
current landmark set. SincBF'LS is 1-Lipschitz, we have merging heuristic to get Voronoi vertices. Here we refine thi
IFLS(¢) < IFLS(q) + d(q,q') < (1 +1/7)-d(q,q")- process with rigor and propose the following witness définit
Therefored(q,q') >~ IF'LS(q). Notice that this argument {5 guarantee the existence of Voronoi vertices.
is true for any pair of landmarkg, ¢’ with ¢ added after;’.

Thus for ¢/, the distance to any landmark ia is at least Definition 3.1. A node p is called a2-witness for a pair

greater thany’ - TFLS(¢'). The claim is true. m of landmark{u,v}, if d(p,u),d(p,v) are among the tom
smallest hop count distances from landmarks amd these hop
I1l. INCREMENTAL DELAUNAY REFINEMENT count distances differ at most By. (3 is called the relaxation
A. Algorithm description parameter for 2-witnesses.

Suppose a large number of sensor nodes are scattered in @ giher words, we denote b§(p) the set of landmarks

geometric region, where nearby nodes can directly COMMURjih the ;-th smallest distance tp andd; (p) the i-th smallest

cate with each other. Similar to our previous wqtk], We istance from landmarks ta Then a node is the 2-witness
do not enforce that the communication graph follows the un, o, pairs of landmarks ity = U , ¢, (p) such thatd,, (p)—

disk graph model (in our simulations we use both a quasi-UD ) < 5, and dy.1(p) — di(p) > fo. We call L the 2-

model and a probabilistic radio model), nor do we assume aWness landmark seor p. p witnesses every pair ifi.
knowledge of the node locations or inter-distances. Out goa 1o boundary of a Voronoi cell of a landmark is the

'S _to dlhsccl)verlthe Iocat_|o_n pffthe ”9desl'” the sensor erIQOIIection of 2-witnesses with in their landmark set. With the
us_'Pr? t ; ocal dconr_lectlvny Iln orrlnat(ljon al? ne. I 2-witnesses we will detect 3-witnesses for triples of laadks,
e basic idea Is to select landmarks incrementally I o the voronoi vertices, by properly merging neighibgri

the network until both the global rigidity and the coverags.,iiesses with different landmark sets. In general weneefi
property are satisfied as described in Section Il. The btgg%sk-witness as follows. fok > 3

difference between this paper and our previous one is that
the new landmark selection algorithm does not depend Befinition 3.2. A nodep is called ak-witnessfor a tuple of



(i (i) (iii) (vi) v)
Fig. 6. Step by Step Incremental Delaunay Refinement Method. Théeuof nodes is 3887. The connectivity follows a unit diskpiranodel with average
node degree 7.5. (i) Start with two landmarks on the boundabitrarily. (ii) The final Voronoi diagram when the algdmib stops. (iii) The Delaunay edges
extracted from the Voronoi cells of the landmarks. (iv) Ewhtieg Result. (v) All nodes localized.

k landmarks, ifp is ak — 1-witness and thé& landmarks are Ls(q) \ L2(p). Now we have,
among the topn closest landmark sdt;, = U™, ¢;(p) with

: d <d 1 <d 1
d(p) — s(9) < o, dua(p) — do(p) > . (s called the  APrvs) S LS )
relaxation parameter fér-witnessesL, is called thé:-witness = ¢t 2 = ap 2T
landmark set fop. Thusus € Li(p). With a symmetric argument, € L3(q).

The parameters,, are appropriately chosen as explained bél'_herefore bothp and ¢ are 3-witnesses of the landmarks in

low. By the analog of the continuous case, the 2-withesses 062 (p) U La(q)- u

respond to the 1-dimensional Voronoi edges. khitnesses Therefore, the Voronoi bouqdary of Igndmark wil hf"“’e
Sconnected components of 2-witnesses (with the same witness

for £ > 3 correspond to O-dimensional Voronoi vertices: ) - .
- P dmark set) connected by 3-witnesses. Intuitively, ttus

Thus we hope that the collection of 2-witnesses for ea d \i = ed d by X .
landmark (i.e., its Voronoi edges) is connected, and that ffgsponds to Voronoi edges connected by Voronoi vertices.

k-witnesses withk > 3 for different k-tuples form isolated We will perform this witness selection operation further so

connected components that separate 2-witness groups vvimt among the 3-W|tness§s, ne|ghbor Ny nodes W'th dritere_
different landmark set withess landmark sets will be identified as 4-witnesses, if

To show this we first give a number of observations. 5‘% = 203 + 2. Each connecte_d component biwitnesses .
with the same landmark set will generate the corresponding
Lemma 3.3. If 5, > 1, there cannot be two neighboriihg Delaunay simplices. The witness identification procedore ¢

witnesse, ¢ such that the landmark sets they witness do nbpues until the groups of-witnesses with the same witness
share any common landmark. landmark set are isolated components.
o ) ) The witness identification algorithm only uses local in-
Proof: We will just prove this forf, as the proof is the formation. With the witnesses identified, we can output the
same for otherk. Assume by contradiction that the set ogompinatorial Delaunay complex as we will explain later.
landmarkg witnessed.(p) and the seL.»(q) thatg witnesses 3y gelect more landmarks incrementaliith the Voronoi
do not share any common landmark. We takec £1(p) and  giagram from the initial 2 landmarks, we then select more
uz € £i(q). We haved(q,uz) + 1 > d(p, u2), sincep,q are  |andmarks incrementally. Corresponding to Section Il dach

neighboring nodes. Also sineg is not amonglz(p), we have |andmarkw and its Voronoi cellV (u), we check:

d(p, uz) > d(p, ur) + . With similar argument we have « If the 2-witnesses (a.k.a. Voronoi edges) wfare not

d(q,us) +1 > d(p,us) > d(p,ur) + e connected (this can t_>e checked by .having each connected
> d(g,u1) — 1+ B2 > d(q,us) + 262 — 1. component of the union af’s Voronoi edges send a mes-
sage tou), we choose among all nodes that are endpoints
Thus 3, < 1. This shows a contradiction. ] of Voronoi edges lying on the network boundémgnd

Now we examine what nodes among the 2-witnesses are Select the one furthest from as a new landmark.
selected to be 3-witnesses. The Voronoi boundary of eact If the 2-witnesses ofu are connected, we check each
landmark is required to be connected, therefore, we groep th ~ POInt p in Voronoi cell V(u) and any Voronoi vertex
2-witnesses for each landmaukby the set of landmarks they ~ associated withi. We select poinp as the new landmark

witness. Adjacent 2-witnesses that witness different aad if p is furthest away from any relaxed Voronoi ball
sets will be selected as 3-witnesses with a properly selecte  B(1+s)-(v) among all points that are not yétcovered
relaxation parametes;. We choosed, = 1. by Voronoi balls ofu. Herer is the hop-count distance

betweenu andw.
Lemma 3.4. If there are two neighboring 2-witness noge§  as the conditions are local, new landmarks can be selected
that witness different landmark set, i.€2(p) # L2(q), and in different Voronoi cells in parallel. The Voronoi diagrais
s = 20> + 2, p, q are both 3-witnesses of the landmarks ighen updated until no more landmarks are selected.

La(p) U La(q).
. . “Notice that we can discover such nodes as each Voronoi edge is
Proof: By Lemma 3.3, there is a landmarksuch that connected set of 2-witnesses with the same landmark setsenvbndpoints

u € La(p) N La(q). Chooseus € La(p) \ L2(q) anduz €  are either3-witnesses or nodes on the network boundary.



Figure 6 (ii) is the final Voronoi diagram when the landmarkdge lengths. A particularly challenging scenario is when
selection stops. The Delaunay edges extracted from the fieatbedding a network with a hole and we want to connect
Voronoi diagram are shown in Figure 6 (ii). When thehe loop of simplices cycling back to itself. One approach we
algorithm stops, both the global rigidity and good coveragese to prevent one simplex from landing atop another is by
are guaranteed. setting some boundary lines defined by the first embedded

4) Extract Delaunay compleXtVhen all the landmarks aresimplex that no other simplex may cross. If a landmark
in place and the final Voronoi diagram is computed, using tlgmes over this line, it is embedded to the line. This works
witnesses we identified earlier, each connected comporienta@ll in many cases, and is what we used to get the result
k-witnesses with the same landmark set will generate a corie-Figure 9. If a landmark should receive more than one
sponding Delaunay simplex. In particular, for edelwitness coordinate assignment (arising from two simplices coming
p, k > 3, we output for eaclt-tuple in the witness landmark around the hole), we simply embed it at the centroid of its
setLy(p) ak — 1-dimensional simplex that implicitly includes different assignments. However the above steps do not ensur
all its faces. These simplices are collected to be embedd®dnarity, and can even introduce flipped simplices, as can
in the next step. The embedding of the Delaunay complée seen in the flower and music images of Figure 10, and
is the only centralized operation in the algorithm. Once thesewhere. We emphasize that our algorithm guaranteesotorr
Delaunay complex is embedded, its realization is disset@ihaorientation of the simplices, but once other heuristics are
to the entire network to localize the rest of the nodes. Noti@applied, the guarantees no longer hold. It still remains for
that since the Delaunay complex is a compact structure whdsture work to develop efficient approximation algorithmishw
size depends on the network geometric complexity, and sirtbeoretical guarantees for planar graph embedding.
only Voronoi nodes are involved in embedding it, the cost 6) Network localization: When the Delaunay complex is
of collection and dissemination is substantially smallert embedded and disseminated to all the nodes, each non-
the cost of collecting the entire connectivity graph for anlandmark node uses its hop count estimation to 3 (or more)
centralized localization algorithm. landmarks to trilaterate its own location (as in the atomic

5) Embed Delaunay complexin brief, we choose one trilateration in [21]).
simplex, embed it as a starting point, and then embed each
neighboring simplex side-by-side to the one already embed-
ded. As mentioned earlier, twé-witnesses £ > 3) with We conducted extensive simulations under various scenario
different landmark sets are connected througkwitnesses to evaluate how well our algorithm extracts the network
with 2 < m < k. Thus each simplex we extract must share @npology and how performance is affected by different festo
edge with a neighboring simplex and the 2 simplices canrm&ich as node density, or communication model (quasi-UDG,
overlap, so the embedding is unambiguous. For examppgpbabilistic model, etc.). Typically our examples have an
suppose a simplexS is already embedded, and we wanaverage node degree of around 10, but we also get good per-
to embed a neighboring simplex (triangl§} that shares a formance for average degree as low as 6. We also demonstrate
common edge witty. We use bilateration to find the 2 possiblea good result for a special case where nodes are aligned on a
positions for the third landmark aof’ that has not yet been perfect grid having an average degree of 4. We evaluate the
embedded and choose the one that does not céumed S’ communication cost of our algorithm at the end.
to overlap. Influence of node density.Theoretically, our algorithm per-

Since we ran our new algorithm on more complicatefbrms better under higher node density since the hop-count
topologies than what our original algorithm was capable afjstance between nodes is a better approximation of the
we encountered many high dimensional simplices (see fgpeodesic distance between them.
example the sun shape in Figure 10). In this case we embedFigure 7 shows the results of networks with different
each high-dimensional simplex using multi-lateration he t densities but with the same communication range. Notice tha
other landmarks of the simplex that are already embeddedwihen the average degree is below 7, not all selected landmark
order to take advantage of all known distance measurememt® on the boundary, as Voronoi edges may be broken at small
Since we only have estimated distances, we solve the ogtimiholes in the network. The performance deteriorates when the
tion problem of minimizing the mean square error among tleverage degree drops below 6, when error accumulation by
distances as described [22]. And as another optimization, using hop-count distance becomes too large to use for an
we run a mass-spring relaxation on the simplex in order &mcurate embedding.
smooth out the distance errors. Influence of network communication models. We also

We remark that our embedding algorithm only makes suesaluate our algorithm on connectivity models other thait un
that adjacent Delaunay triangles are embedded ‘sidedsy;si disk graph model, in particulaguasi-unit disk graph model
thereby allowing us to get a very good embedding of thguasi-UDG)and probabilistic connectivity modeln quasi-
network. However, it does not guarantee a planar embeddind4BG, two nodes are connected by an edge if the Euclidean
one part of the network can still curve around and intersedistance between them is no greater than a parametex 1,
with another part of the network. It is an NP-hard problem tand are not connected by an edge if the Euclidean distance is
find a planar embedding given a planar graph with specifiéarger than 1. If the Euclidean distandés in the rangéa, 1],

IV. SIMULATION



pieces. At two top corners, the triangles are degenerate as
the hypotenuse has exactly the same length as the other 2
sides measured by hop-countin the grid network. Neverskele
we still capture the topology and the global geometry rather
faithfully. Figure 9(iii) is the boundary detection resulking

the method irf26], which generates a Delaunay Complex that
does not capture the network geometry (Figure 9(iv)).

%4 £ We do not explicitly compare with other localization algo-
\fi}‘&‘i§! rithms with network connectivity information only, for exa
> ple, multi-dimensional scaling (MDSp4]. There is already

@ (ii) (iii) () a thorough comparison of MDS with our previous algorithm
Fig. 7. The embedding results for networks of different node dassitThe jn [19].
communication ranges are the same for all 4 networks. Theréive shows
the ground truth; the second row shows our embedding of titmark nodes. :
From left to right the models depicted have (i) 3887 nodeg, degree 10.28.
(ii) 3044 nodes, avg. degree 7.6. (iii) 2680 nodes, avg.ete@3. (iv) 2320
nodes, avg. degree 5.7.

we include this edge with probabilityy — d)/(1 — «). In the @) (i) (iii) (iv)
probabilistic connectivity modelwe start with the unit disk Fig. 9. A perfect grid network. 3388 nodes, avg. degree 3.87. (iDbkaunay

graph model and remove each edge with probabllity 5. complex extracted from the Voronoi cells of the landmarksgighe new
algorithm. (ii) the embedding result. (iii) the boundarytetgion result. (iv)

the Delaunay complex result using the previous algorithm.
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(i) (i) (iii) (iv)
Fig. 8. Effect of network communication models on the embeddinge fiitst
row shows the ground truth; the second row is our embeddihtedandmark
nodes. All the networks have 3887 nodes and the same comationicange. <
From left to right the models depicted are (i) quasi-UDG nipdeg. degree ﬁ,_& 2 A
6.4, o = 0.6 (i) quasi-UDG model, avg. degree 5.6, = 0.5 (iii) delete AN—A‘%%";{ A‘%»’d

Z A B2
[
S

each edge with probability — 3. 5 = 0.6, avg. degree 6.2 (iv) Same model X7P>,
as (i), 8 = 0.5, avg. degree 5.0. :@‘w?g 4 ‘
FRDRY K -

We show some representative cases in Figure 8. (i) and X XA
use the quasi-UDG model. (iii) and (iv) use the probabdist.
model. We have good embedding results even whemn g =
0.6 with an average degree of around 6. Whelwr 5 = 0.5,
the algorithm starts to deteriorate.

Comparison with our previous work [19]. Since the new
algorithm does not depend on boundary detection, it not onlygs
avoids the computationally expensive operation of deigcti ¥
the network boundary, but can work under conditions where
the boundary detection would give poor results, causing ar v :
unsatisfactory outcome. Figure 9 is a network with nodes$ lai [0) (ii) (iii)

out on a perfect grld with an average degree of only arouﬁ@ 10. Running our algorithm on different topologies. The first rasv
windows shape, 6495 nodes, avg. degree 9.97. The second um ishape,

4. ThIS is an example that W_'" nOt_ WO!‘k usIng our Previouss 7 nodes, avg. degree 10.3. The third row is flower shagi€) 88des, avg.
algorithm as boundary detection will fail. As far as we knowjegree 9.14. The fourth row is music shape, 6176 nodes, @eyeel 10.2.
no known boundary detection algorithm can work on networlg!umns: (1) the ground truth. (2) the embedded landmarlesio(8) all the

. ; o o nodes embedded using multi-lateration to the closest lankimodes.
with such low average degree. Figure 9(i)(ii) shows the gdbu
truth and embedding result of the new algorithm. Note tHgifferent network topology. We show more results using our
low degree does cause some locally inaccurately embedadgbrithm for a number of networks with convoluted shapes




in Figure 10.

Communication cost of the algorithm. In the execution

[6] A. R. Berg and T. Jordan.

of the incremental landmark selection algorithm, the neV\[/7]

landmarks in different Voronoi cells are selected in patall

and each new landmark only floods locally in its Voronoi
cell. In one iteration, many Voronoi cells can be refined anéa]
new landmarks selected. We use the number of nodes in eaeh T. Eren, D. Goldenberg, W. Whitley, Y. Yang, S. Morse, Bnderson,
Voronoi cell to evaluate the communication cost incurred by
adding each new landmark. In Figure 11, we run our algorithm
on a group of networks with the same shape (similar to
Figure 6), the same communication range and different nodél

densities. We calculate the average number of nodes in each

Voronoi cell in each iteration. The communication cost drop
dramatically after a couple of iterations and the algorithiall

typically stops after a small constant number of iterations

Communication Cost Chart
5000 -

E: 4000 \ +4361 nodes

()
£ ° 3000 3887 nodes
EE N\ 3468 nodes
« g 2000 3044 nodes
c O
w* 1000 - 2680 nodes

1 2 3 4 5 6 7

ITteration

[12]

[13]

[14]

[15]

Fig. 11. The average size of the Voronoi cell in each iteration urité t [16)

algorithm stops. The size of the network varies from 26803614

V. CONCLUSION

This paper is a follow-up of our previous paf&®] solving
the localization problem using connectivity informationly

[17]

(18]

We develop a new landmark selection algorithm using incre-
mental Delaunay refinement method in a distributed manngr)
The new algorithm keeps the good properties (global rigidit

and coverage) needed for localization, and yet is not degrend

on network boundary detection. This allows for a more robulf!
algorithm, less sensitive to the noisy results of boundary
detection and avoids its high computation cost. Thus our new

algorithm is more applicable in practice, performing waell 121

networks with low average degree and complex shapes.
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