Section 8.3: Trigonometric Integrals - Worksheet Solutions

#36. Calculate the following integrals. Note: some of these problems use integration techniques
from earlier sections.

(a) / sin?(5x)dx

Solution: We use the double angle formula
sin?(6) = M’
2
which gives
1-— 1
/sin2(5x)dx = /CO;(OQJ)da:
|z sin(10x)
12 20 O

(b) / cos’(760)d0

Solution: The exponent of cosine is odd, so we can split off a factor cos(70),
rewrite the rest of the integrand in terms of sin(76) using the Pythagorean iden-
tity cos?(70) = 1 — sin?(70) and use the substitution u = sin(76), du = 7 cos(76)d.
This gives

/0053(70)d6 = /0082(70) cos(76)do

_ / (1 — sin(76)) cos(76)d0

1_2
—/ 7udu

3
u o
=7 at¢
| sin(70)  cos?(70)
= 7 o1 T C|

(c) / sect(2x) tan®(2z)dx




Solution: The exponent of secant is even, so we can split off a factor sec?(2z),
rewrite the rest of the integrand in terms of tan(2x) using the Pythagorean identity
sec?(2r) = tan?(2x) + 1, and use the substitution v = tan(2z), du = 2sec?(2z)dx.
This gives

/Sec4(2x) tan®(2z)dx = /sec2(2x) tan®(2x) sec?(2x)dx

= /(tan2(2:1:) + 1) tan®(22) sec?(2z)dz

1 /tan”(2z) = tan’(22)
= 5 < 9 + 7 ) +C|.

(d) /(x3 + 8z) sin(3z)dz.

Solution: We use integration by parts as many times as needed to reduce the degree
of the polynomial factor to zero, so three times here. For the first IBP, we choose

the parts
u=212>+8c = du=(32%+ 8)dx,
dv =sin(3z)dx = v = —% cos(3z).
We obtain
/(1'3 + 8z) sin(3z)dr = — (z" + 8$3) cos(3z) _ / - COSS):K)(3:1:2 + 8)dz

The next IBP will use
uw=3z4+8 = du=6xdr,
1
dv = cos(3z)dr = v = 3 sin(3x).

This gives

x3 ) cos(3x x? sin(3x sin(3x
/(:c3+8x)sin(3x)dx:—( +83) (3 >+;<(3 +83) 3 )—/ ;3 )Gxdx)




(23 + 8z) cos(3x) n 1
B 3 3

((3562 + 83) sin(3r) / . sin(Bx)d:c) .

For the last IBP, we take
u=1x = du=dr,

1
dv =sin(3z)dx = v = —3 cos(3z).

We get
3 x) cos(3x z? sin(3x x cos(3z
/(x3 + 8z) sin(3z)dx = —( 8 3) (82) + é <(3 ha 83) (3) —2 <—3(3) + ;/COS@x)d
(3 4 8z)cos(3z) 1 [ (322 + 8)sin(3x) xcos(3z)  sin(3x)
T 3 3( 3 2( 3 9 >>+
| (922 4 22)sin(3z)  (32® + 22z) cos(3x)
= o - 5 +C|

(e) /Oﬂ/21 tan®(70)d6

Solution: We can split off a factor tan?(76), replace it by sec?(76)—1 and distribute.
This gives

w/21 /21
/ tan®(760)d6 —/ tan(76) tan?(76)do
0 0
w/21
= / tan(70) (sec®(70) — 1) do
0
w/21 w/21
= / tan(76) sec?(70)d6 — / tan(760)d6.
0 0
The first integral can be evaluated using the substitution v = tan(76), which gives

du = Tsec?(70)df. The bounds become

=0 = u=tan(0) =0,

9:% = uztan(%):\/g.

So we get

w/21 \/gu w/21
/ tan®(76)d6 —/ —du —/ tan(76)dé
0 o 7 0




[u2]\/§ - [ln]sec(?ﬁ)q”/m

211, 7 0
2
— ﬁ -z (ln (sec (g)) — ln(sec(O)))
1= In(2)
7

/6
() /0 x cos(3x) sin(3x)dz.

Solution: We can calculate this integral with an integration by parts, choosing

u=1x = du=dr,
sin?(3x)

dv = cos(3z) sin(3x)dxr = v = 5

This gives

/6 102 /6 )
/ x cos(3z) sin(3x)dx = [ajsm(?)x)} / Sin (3x)dx
0 0

6 0

w/61 _
:71_1/ 1 cos(6x)dx
36 6/, 2
_ 7 1llz sin(6x) /6
S 36 6 (2 12 ],
_T_T
36 72
-
|72

2m/3

(2) P V1 — cos(6x)dx

™

Solution: We can rewrite the inside of the square root as a perfect square using the

double angle identity sin?(6) = I_COQS@@), which gives

1 — cos(6z) = 2sin®(3x).

Therefore, we have

2m/3
1 — cos(6z)dx :/ 2sin?(3x)dx
V (6x) s \/ (3z)

2m/3

w/3




2m/3
= V2 |sin(3z)| dz

/3
:/;:/3— 2 sin(3x)dz <sin(393) <0Oon [giﬂ)
_ [_cos:(;’)x)]::g
:?@@%%www
_|2v2
=)

(h) / tan®(0) sec®(0)db

Solution: Since the exponent of tan is odd, we can split off a factor tan(6) sec(f),
replace the remaining factors of tan(f) using the trigonometric identity tan?(f) =
sec?(§) — 1 and then use the substitution u = sec(f), du = tan(f)sec(f)df. This
gives
/tang(ﬁ) sec’(6)df = /tan2(0) sect(0)* tan(f) sec(8)dd
= / (secQ(H) - 1) sect(6) tan(f) sec(6)df

~ [ 1)utau
= / (u6 — u4) du

u’oud
=550

sec’()  sec®(f)
=l % +C|

(i) /sin(5x)\/ 1 + cos(bx)dx

Solution: This integral can be computed using the substitution u = 1 + cos(5z),
du = —5sin(bz)dz, which gives

/sin(5x)\/ 14 cos(bz)dx = [ — %\/ﬁdu




1
5

§u3/2—|—0
(

= —135 1+ sin(52))*% + C|.

() /sec2(3x) In(sec(3x))dx

Solution: We can start with an IBP with parts

B _ 3sec(3z)tan(3w) .
u = In(sec(3z)) = du= sec(31) dx = 3tan(3z)dz,

1
dv = sec?(3z)dz = v = 3 tan(3z).

We get
/secz(Sx) In(sec(3z))da — tan(3x) lr;(sec(3a:)) B /3 tan(3:c)tan(3x)d:c
_ tan(3z) In(sec(3z))

3 - /tan2(3x)dx.

This last integral can be computed using the Pythagorean identity tan?(3z) =
sec?(3x) — 1, which gives

/secz(?)x) In(sec(3x))dx = tan(3z) h;(sec(?)x)) — / (secz(Sx) —1)dax

| tan(3z)In(sec(3x))  tan(3x)
= 3 - 3 —xz+C|

3m/2
(k) / cos®(z) sin®(2)dz

Solution: Since the power of cos is odd, we can compute this integral by split-
ting off a factor cos(z), rewriting the remaining factors in terms of sin(z) using
the Pythagorean identity cos?(z) = 1 — sin?(z) and substituting v = sin(z), du =
cos(z)dz. The bounds will change to

z=m = wu=sin(m) =0,




This yields

3m/2
cos?(z) sin®(2) cos(z)dz

3m/2
/ cos®(z) sin®(2)dz

3m/2
(1- sin2(z))2 sin®(z) cos(z)dz

(1 — u2)2 uddu

—

u® — ulo) du

0
B _1)9 (_1)11
9 1
_ 2

| 99

™2 1+ cos(t)
) /7r/3 1 — cos(t) dt

Solution: We can rewrite the inside of the square root as a perfect square using the
double angle formulas. From

14 cos(20)
=

1 —cos(20)

cos?(#) sin?(9) 5 ,

we obtain
2 t . 2 t
1 + cos(t) = 2cos 3) 1 — cos(t) = 2sin 3)-

Using this for the integral gives

/”/2 1+cos(t)dt:/7r/2 2c?sz(t%)dt
/3 1 —-COS(t) /3 2sin (5)




Il
(\] —
S

21n

w/2

()

|

w/3

(s (1)) (s (5)))

V2

2

1

2

)-=()

(m) /0052(837) sin?(8z)dx

2
9 =
cos“(0) 5

This gives

/0082(830) sin?(8z)dx =

1+ cos(260)

Y

1 + cos(16x)

Solution: We use the double-angle formulas

1 — cos(20)

sin?(9) = 5

1+ cos(lG:r)d:E

/

i/
1

4
1

/

8

2
(1 — cos®(16x)) dx

<1_

1+ Cos(32x)> i
(1 — cos(32x)) dx

2

1
8

(o~

sin(32x)
32

)+l

n) /7T v/ 1+ sin(6)do
w/2

This gives

/Vl—i—sm d&—/ 1+ sin(é

Solution: One trick here is to multiply numerator and denominator by /1 — sin(0).

/1 —sin(f) o
— sin(0)
\/ 1 +sin(0))(1 —sm(&))da

/1 —sin(0) sm(9)




/ m

l—sm
2
_ / Mda
r/24/1 —sin(0)
[,
r/24/1 —sin(0)

T —cos(f) T
= /ﬂﬂmdﬁ (cos(&) < 0on {5,7@)
L du
0 Vu
= [2val
=[2]

(u=1—sin(#),du = — cos(#)db)

(0) /:” 1+cos(x)d$

e(E

Solution: We start with a double-angle identity in the square root to write

V1 + cos(z) = /2 cos? (g) :\/i‘cos (g)‘

For 7 < x < 27, we have cos (%) <0, so ‘cos (%)‘ = —cos (%) It follows that

27 / 27
! + cos(@ -2 / T cos ) dx.

™

This integral can be calculated using IBP twice and solving algebraically for the
unknown integral. For the first IBP, we take

u=¢e¢? = du=—e *dx,

dv = cos (g) dxr = v=2sin (g) .
We get
/27r e ¥ cos ( ) dr = [ ¥ sin <g>}iﬂ — /%2 sin (g) (—e ®)dx
2

= 2¢ " *"sin(7) — 2¢ " sin (g) + 2/ e *sin (g) dx

s
27
=2 "+ 2/ e %sin (%) dz.
iy




For the second IBP, take

u=e ? = du=—e “dx,

dv —s1n(2>d1: = v = —2cos8 (;)

This gives

= —2¢ ™ — 4e 2" cos(m) + 4e” " cos (g) — 4/
2m T "
= 2" 4 4e 2 — 4/ e " cos (—) dzx.
- 2

We can now solve for the unknown integral. We get

27
5/ e~ cos< >dac—— T4 4em %
iy

e T cos

Going back to the original integral, we have found

2m —27 9,7 _ —7
/ - cos( )dx— —2e” ;—46 _ 2 % 2e )

(5

™

2m 1 27 - _ -7
/1 + cos(z) f/  og )dx_ 2v/2e77 (1 — 2e ).

[ e () ae = ez [ ()] = [ (2o (5)) (o)

2

f) dx

#37. Express /sin”(Sx)dw in terms of/sinnz(?)x)dx.

Solution: We split off a factor sin(3z) and use IBP with parts

u=sin""1(3z) = du=3(n—1)sin""2(3z) cos(3z)dx,
cos(3x)

dv =sin(3z)dx = v=— 3

This gives

sin” (3z)dx = /sinnl(Sx) sin(3z)dx

[
/sm _sin”1(3§) cos(3z) _ /S(n — 1) sin""2(3x) cos(3x)

— cos(3z)

3

dx




sin"~1(3x) cos(3z
/sin"(Bx)d:c = — (33) (32) + (n — 1)/3111”2(395) cos®(3z)dz.

In this last integral, we use the Phytagorean identity cos(3z)? = 1 — sin(3x)? to obtain

sin"~1(3x) cos(3z
/sin"(?y:p)dzx =— (33) (32) +(n— 1)/Sin”_2(3x (1- sin? (3z)) dx

ian—1 3 3
/sin"(?)x)dx _ ( ? cos(3z) +(n— 1)/sin 2(3z)dx — (n— 1) /sm (3z)d

We can now solve for the original integral by moving the term —(n — 1) / sin"(3x)dz to
the left-hand side.

sin”~1(3z) cos(3x
/sin”(?)x)dm + (n— 1)/Sin"(333)d:v =— <33) (32) + (n— 1)/sin”_2(3x)dl‘

sin"~!(3x) cos(3z
n/ sin"(3x)dx = — <33) (32) +(n— 1)/sinn_2(3x)dx

We now divide by n to obtain the reduction formula

/Sinn(&r)dx = —Sinnil(gx) cos(32) + (n = 1)/sinn2(3x)dx

3n n

#38. Calculate the volume of the solid obtained by revolving each region described below about
(i) the z-axis and (ii) the y-axis.

. . _ 2 T
(a) The region bounded by z-axis, the graph of y = cos®(4z) on 0 < = < §.

Solution: (i) We use the disk method. Revolving the vertical strip at  about the
z-axis forms a disk with radius r(z) = cos?(4x). Therefore the volume is

/8
V:/ mr(x) de
0
w/8
:/ 7 cost (4z)dx
0

/8 2
w/ <1 + COS(8JI)> i
0 2

/8
/ (14 2cos(8z) + cos*(8x)) dx
0

N




1 1
—|—6025( 6x)> i

/8
<1 + 2 cos(8x) +

(34 4 cos(8x) + cos(16z)) dx

-3
I

~ 8
N P sin(8 sm(l6:n) /8
8 6 |,
3
= 2" cubic units |
64

(ii) We use the method of cylindrical shells. Revolving the vertical strip at x about
the y-axis forms a shell with radius r(z) = x and height h(x) = cos?(4z). So the

volume is
/8
V:/ 2 (2)h(x)da

o cos' 4z )da

X

I
/ 1 + cos(8x) 1+cos(8z) ,

= 77/0 (x 4+ x cos(8x)) dx

T /8
=7 +/ xcos(8z)dx | .
8 Jo

This last integral can be computed using IBP with parts

u=z = du=dz,
sin(8x)
g

Sl
ey

COS(W)6—4008(0)>

dv = cos(8z)dx = v =

This gives

<
I
3
+

ool 3

_l’_

+

Il
3

Il
N
N T N N

®|3  oo| 3

Il
3
N
|3

1
- 32> cubic units|.




The region bounded by the z-axis, the graph of y = sec?(z) tan(x) and the lines z = 0,

_r
I—4.

Solution: (i) We use the disk method. Revolving the vertical strip at = about the
r-axis forms a disk with radius r(z) = sec?(z) tan(x). Therefore the volume is

w/4
V= / mr(x)’dx
0

w/4
= 7r/ sect(x) tan?(z)dz.
0

The exponent of secant is even, so we can split off a factor sec?(z), rewrite the rest of
the integrand in terms of tan(z) using the Pythagorean identity sec?(z) = tan?(x)+1,
and use the substitution u = tan(z), du = sec?(x)dz. The bounds become

r=0 = u=tan(0) =

7T ™
r=—- = u:tan(—

4 4
V = 7T/ sec?
:77/ tan
0
1
:71'/ u+1 u’du
0
1
:71'/ u+u
0
UE+*
5
(Ll
=757 3

= % cubic units |.

N—

This gives

z) tan?(z) sec?(x)dx

o

) + 1) tan 2(x) sec(z)?dx

Il
3

(ii) We use the method of cylindrical shells. Revolving the vertical strip at « about
the y-axis forms a shell with radius r(z) = x and height h(z) = sec?(z) tan(z). So
the volume is

w/4
V= /0 2rr(x)h(x)

w/4
= 27r/ zsec?(z) tan(z)dz.
0




We can compute this integral with an IBP taking the parts

u=x = du=dz,
tan?(z)
5

dv = sec?(z) tan(z)de = v =

We get

[a:tar;z(x)]:/4 B /0”/4tan:(x)dx>

T
8
T-D)

=| ——= cubic units|.

#39. Evaluate /sec3(0)d0 and /sec(&) tan?(0)d6.

Solution: We can evaluate | sec?(#)df with an IBP and solving for the unknown integral
when it reappears on the right-hand side. For the IBP we use the parts
u=sec(f) = du = sec(f)tan(0)do,
dv = sec?(0)dd = v = tan(f).
We get
/sec3(0)d9 = /8602(9) sec(0)dl
/5603(0)d0 = tan(0) sec(d) — /tan(ﬁ) sec(0) tan(0)do

/sec3(9)d9 = tan(f) sec(d) — /tan2(¢9) sec(0)d6

We will use the Pythagorean identity tan?(f) = sec(#)? — 1 to see the original integral
reappear on the right-hand side.

/sec?’(H)dH = tan(6) sec(f) — / (sec®(0) — 1) sec()do




/ sec3(0)d0 = tan(9) sec(d) — / sec?(0)d0 + / sec(0)d

/sec?’(G)dG = tan(f) sec(f) — /sec3(9)d«9 + In|sec(f) + tan(0)|
We can now move the term — / sec®(0)df to the left hand side and finish solving

2/ sec®(0)df = tan(f) sec(d) + In |sec(d) + tan(0)]

= /sec3(9)d9: !

5 (tan(@) sec(f) + In [sec(d) + tan(0)|) + C'|.

we just computed as follows:
/tan2(9) sec(0)df = / (8602(9) — 1) sec(6)db

_ / sec(6)df — / sec(0)do

= % (tan(@) sec(f) + In [sec(#) + tan()|) — In |sec() + tan(d)]

= ; (tan() sec(f) — In [sec(f) + tan(8)|) + C'|.

For the other integral, we can use the Pythagorean identity and the integral of sec® that

1
#40. Calculate the arc length of the curve y = x + cos(z) sin(z) — < tan(z), 0 <z <

NS

Solution: We have
d 1
d—z =1 —sin?(z) + cos?(z) — 3 sec? ()
1
= cos?(z) + cos?(x) — = sec?(z)
1
= 2cos?(z) — 3 sec?(z).
So

14 <fli>2 14 <2 cos? () — ése&(x)>

1 1
=1+ 4cost(z) + o sect(z) — 2 - 2cos?(x) - 3 sec?(x)

1 1
=1+ 4cos(z) + — sect(z) — =
cos” () 61 ¢ (x) 5




]. 1
_4 - —
= cos()—|—64sec()+2

1 1
= 4cos’(z) + 61 sect(x) + 2 2cos?(z) - 3 sec?(x)
1 2
= (2 cos?(z) + 3 sec2(aj)> .

Therefore the arc length is given by

w/4 dy 2

= /1 i

/ + dac dx

2

/ 2COS2 sec2( )) dx
.

w/4 1
/ (2 cos?(z) + 8 Se02($)) dx
0

w/4
/ gL Heosr) 12 da
0 2 8
w/4 1
/ (1 + cos(2x) + 3 SeCQ(SC)> dx
0

1 1 w/4
[:1: —sin(2x) 4+ = tan(:v)}
8 0

(Tl E+1t (I) 0
—\172 g M\

dx

1
2 cos?(z) + 3 sec?(x)
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