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Tunable Spatiotemporal Orders in Driven Insulators
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We show that driving optical phonons above a threshold fluence induces spatiotemporal orders, where
material properties oscillate at an incommensurate wave vector ¢, in space and at half the drive frequency in
time. The order is robust against temperature on timescales much larger than the lifetime of the excited
modes and can be accompanied by a static 2¢, modulation. We make predictions for time-resolved
diffraction and provide estimates for candidate materials. Our results show the possibility of using THz
waves in solids to realize tunable incommensurate orders on the nanoscale.
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Introduction—Driven condensed matter phases are
attracting tremendous interest [ [-3] due to the rapid devel-
opment of ultrafast optics [1-8] and proposals of exotic
nonequilibrium phases, such as time crystals [9-14]. The
use of terahertz pulses has led to the observation of several
light-induced transitions in different quantum materials
[1,7,8,15—18]. Recent advances in time-resolved diffraction
probe spatial features of transient orders on timescales set by
the width of a pumping pulse (10~'? s) [19,20].

The conventional mechanism for such light-driven order
involves the dynamical softening of a near-critical mode,
resulting in a symmetry-breaking transition [21-31]; this
approach is appropriate for materials close to instabilities
where accessible fluences are sufficient to affect the ground
state. As the nature of the transient order is set by the
system’s preexisting soft modes, its characteristic features
are generally not tunable [15—17] and the transient order is
commensurate with the underlying lattice.

In this Letter, we present an alternative pathway to light-
induced phase transitions that results in tunable spatiotem-
poral orderings due to the interplay of nonlinearity, para-
metric resonance, and spatial dispersion. We consider a polar
phonon Q with natural frequency g, resonantly driven at
Q= wg; Qisnonlinearly coupled to alow-energy excitation
P, such as a phonon or magnon [Figs. 1(a), 1(c), and 1(d)].
For fluences above a threshold set by the linewidths of Q and
P, a steady state develops, where the P degree of freedom
oscillates in time with frequency Q/2 and in space with wave
vector g, determined by its dispersion [Fig. 1(c)]. Our
numerical results indicate that the resulting spatiotemporal
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order is generally stable against temperature, and we predict
its signatures in time-resolved diffraction experiments on
candidate materials.

Model and equations of motion—The key features for
inducing spatiotemporal order are shown in Fig. 1(c):
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FIG. 1. Schematics and experimental signatures of the induced
spatiotemporal order. (a) In a pump-probe setup, an optical
phonon Q is resonantly driven at frequency Q and is nonlinearly
coupled to a low-energy mode P. Parametric resonance of P at a
finite wave vector [see (d)] drives the formation of spatiotemporal
order probed with x-ray diffraction (XRD). (b) Similar to (a), in a
magnetic system with strong spin-orbit coupling, Q generates
spin order (here, P is the magnetization) via an induced dynamic
Dzyaloshinskii-Moriya interaction. (c) In time-resolved XRD, the
intensity of the induced order at wave vector g, will vary in time
as a function of the delay from the pump. The amplitude of the
mode P, alternates between maxima and minima with a period
T, _ = (Q/2)7'. The mode condenses only if the drive ampli-
tude E, E > E_ (blue curve) and decays exponentially for £ < E.
(red curve). (d) Sketch of the parametric resonance mechanism. Q
is coupled to P via a cubic interaction with strength y. The
parametric resonance condition selects the momentum ¢, for
which the dispersion of P, wp(qy) = /2 (see main text).
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optical [Q;(r,t)] and P;(r,) (of any symmetry) modes
with frequencies w((g) and wp(q), respectively, such that
wp(0) < wp(0)/2. Parametric resonance is driven by a
cubic coupling as shown in Fig. 1(d). Above a critical
fluence, an additional Bragg peak at g, is expected in time-
resolved diffraction experiments [20,32—-35] whose ampli-
tude varies at frequency Q/2. g, is set by the dispersion of
P, with the condition wp(gy) = /2. The cubic coupling
we described above can generically take the following
form [22,36]:

V(Q.P) = & QiP Py + &, QiQ; Py + 8ijui(QiP )0k Py
(1)

We also allow for nonlinear self-interaction in the modes,
Vi(Q.P) = agQ® + dp0* + apP’ + apP*. (2)

We set &/ & = 0 and discuss the coupling to the electric field

and lower order terms in the Supplemental Material [37].
As Q;0Q;Py, (Q;P;)o;P; have the form g;;(q)Q;Q;Py in
momentum space, they lead to qualitatively similar physics.
The first [g(g) = const.] is allowed only for polar systems,
while the latter is always present, and is relevant, particu-
larly for magnetic systems [see Summary and outlook and
Fig. 1(b)]. We begin with a concrete example of two
coupled polar phonons in a ferroelectric [Fig. 1(a)]. For a
symmetry group where &;;; = y, the classical equations of
motion are

0 - 15V20 + 030 + O
Va(0Q)

= E(1) —yP? _TM(F’ t), (3)
P —v3V?P + wpP + P

_ _pp—VulP)

= —2rPQ-—25—+ n(r, 1), (4)

where dissipation and temperature are modeled with
isotropic damping (8Q, fP) and Langevin 7(r,t) terms,
respectively. The Langevin term satisfies (y(r, t)n(r', 1)) =
2pT5(t — 1')6(r — r'), where T is the temperature; discus-
sion of dimensions in the equations of motion is left to the
SM [37]. Here, we focus on insulators with a large band gap
A Z 1 eV, while the driving frequency is Q < 100 meV,
with these scales directly connected with the properties of,
e.g., PbTiO; (A= 1 eV, Qx40 meV) [42], assuming
temperatures to be well below A/kg, suppressing thermal
excitations.

Numerical solutions at T = 0—We solve (3) and (4)
numerically, drawing P(x,0),Q(x,0) from a uniform
distribution with a small amplitude |P(x;,0)| < (L/N,),
where N, is the discretization along the x axis and

Q(x,0) = P(x,0) = 0 such that nonlinearities are initially
negligible. For simplicity, the equations are solved in the
1D case for a field supported on x, ¢. The generalization to
higher dimensions is straightforward and discussed in the
sections below. Equations (3) and (4) are solved using
standard methods for Langevin dynamics [43], satisfying
the Courant-Friedrichs-Lewy criterion [44] for all param-
eters, thus guaranteeing stability of the numerical integra-
tion. Details about the numerical simulation are relegated to
the Supplemental Material [37]. For fields £ < E,., we find
that for any set of initial conditions the P mode decays
exponentially on a scale of 1/f; a representative solution is
presented in Fig. 2(a). Nonetheless, the observed dynamics
contains information about the coupling between the modes
and the dispersion. In particular, the structure factor
S(q,w) = [dxdtP(x,t)e'""e™" [Fig. 2(d)] shows a pro-
nounced branch in frequency-momentum space reflecting
the dispersion of the P mode. For E > E_, a regular pattern
emerges at late times [Fig. 2(b)], oscillating in time with
frequency /2. This [g,, (2/2)] order also has a fingerprint
in S(q,®) [Fig. 2(e)], where an extremely strong peak at
qo = 3.1/(2ma) appears. A partial structure factor analysis,
S(q,t = o), for E < E. and E > E, is plotted in Fig. 2(f),
indicating a deltalike peak in momentum for E > E_. at
q = |qo|. The initial-condition averaged value of P, /> as
a function of field amplitude is presented in Fig. 2(c). The
onset of a finite |P, o/,| above E, is continuous and
follows ~/E — E..

Next we introduce a non-negligible cubic nonlinearity
for the P mode in V,; and plot the resulting spectral
function in Fig. 3(a); a comparison with Fig. 2(e) indicates
a new static (w = 0) feature at 2g, whose amplitude is
weaker than that of |P, ¢ »|. In Fig. 3(b) the scaling of this
mode [P, o| as a function of fluence is displayed:
|P2g,0l ~ (E — E,), indicating a continuous transition at
the same E. as |P, q/,| but with a higher exponent.

Nonlinear parametric resonance—Inspired by the
numerical results, we show that the tunable spatio-
temporal order results from parametric resonance [45] at
finite momentum. We approximate the fields Q, P
by the contributions of three modes that dominate to
the dynamics at E > E.: Q(x,1) x Qpqe™ +c.c. and
P(x,t)~ pqoﬂ/zei[(flﬁ)t—qox] + pqo._g/ze—i[(Q/Z)tJrqox] 4c.c.
Using this ansatz, the equations of motion are

Q*Qpq — 05000 — 260
=—Eo/2+2vPy 0P, _ap (5)

(Q/2)*P,, a2 — (@ + v3q5) Py, 02 — H(Q/2)BP 4 0/
= 27Qo,gpq0,—gz/2- (6)

We note that generalizing the equations above to a momen-
tum-dependent y(g) amounts to y — y(q,), which does not
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FIG. 2. General solution of the coupled nonlinear equations at 7 = 0. (a) Spatial distribution of the mode P(x, ) for electric field
strength E below the threshold E... (b) Symmetry-broken phase shown for E > E, enlarging x/L and ¢ > 1/ (within the steady state);
P oscillates in both space and time, signifying spatiotemporal order. This order is stable on all scales for times greater than 1//.
(c) Amplitude of the parametrically excited mode P, o/, as a function of E... For the parameters selected here, P, o/, appears at £ ~ 0.2.
The blue dashed line is the critical value calculated from Eq. (9). The green dashed line is the amplitude of the condensed mode from
Eq. (9). The small deviation from the analytical result in numerics is due to the finite integration time in the simulation. The vanishing of
P, /> is continuous. (d) Log of the spectral function In|S(g, )| (see main text). For clarity, the dispersion of P(x, ) is superimposed
with a dashed white line. For E < E_., the amplitude is exponentially suppressed, but signatures of the bare band structure of P(x, t) are
visible. (e) In|S(g, w)| for E > E,, showing the sharp peak at ¢ ~ 3.1 and @ = /2 confirming the parametric resonance. (f) Fourier
transform of P(x, ) in ¢ at late times. Clearly visible ¢ ~ 3.1 peak appears only for E > E.. Parameters used here are wp = 0.2,

Q=wy=20,=0.1,vp =4x1077 =0.1.a}, , = 0.0001.

affect the form of the equation or the results. We take the
resonant limit (€ — @) and consider P modes satisfying
the parametric resonance condition, which is set by
the momentum g, for which s = (Q/2)? — (w3 + v3¢?)
vanishes identically. Equations (5) and (6) now become

—iQfQoq = —Eo/2+2yPy 0P} _ap: (7)
iPQ/2P, o = —2rQoaP g,/ (8)

The equations for P, _q/, differby Q- —Q, 0y 0 — O o
in (8), implying that |P, ¢ /| = |P,, _q/|- This allows to
introduce P, g, = |P, o€+, Solving Eq. (8) for
Q. and substituting the result in (7), we get an equation
on Py rqp: € amr-0)[2Q2 /4y + 2y|P, o n]*] = Eo/2. A
solution exists for £y, > E,., where g = ¢_q and

,62 92

1
Ey > 5 Py 0l = N

Ey = B*Q%/(2r), (9)

indicating that this spatiotemporal ordering onsets in a
continuous transition in excellent agreement with our
numerics [Fig. 2(c)]; the order parameter |P, /> | vanishes

below a critical value of E, that depends on the dissipation /3
and the nonlinear coupling y. Note that the individual phases
@+ of Py 1q/» are undetermined by the above equations,
indicating that any value can be realized depending on initial
conditions, in agreement with our numerical results. This
suggests a spontaneously broken spatial translation sym-
metry of the steady state. We include a separate discussion
on detuned driving in the SM [37].

Static spatial order—Nonlinear self-interaction terms in
V.1 produce additional static modulated ordering, and here
we focus on the leading term in V,;, apP>. For systems
with broken mirror symmetries along P, such a term is
allowed, for example in thombohedral BaTiOs, tetragonal
PbTiO3, and low symmetry LaGaO; [46]. For a finite
value of |quy(Q /2) |, this cubic coupling acts as a source in
the time-independent version of Eq. (4) that becomes
—v%02P = —2yPQ — 3aP?. A solution is obtained itera-
tively: by Fourier transforming and assuming P, is small,
we have 4033 Py, = —3aP, o/ P, -q/- The QP term is
neglected as it does not contain Fourier components
at 2q to leading order. The solution is then |P,, | =
[(3a|P,, 02|*)/4v34]). This allows for the prediction that
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FIG. 3. Finite 2¢g,w =0 modulation with additional non-
linearity at T = 0. (a) Spectral function focusing on the segment
with ¢ >3 and w < 1/2Q. Note the additional peak at
2q ~ 6.2/(2ra); see peak next to the white bar. The peak at ¢ ~
3.1/(2xa) is unchanged. This mode is static in time. (b) Depend-
ence of the amplitude of the Py, ,—, mode as a function of P,.
Note that P,, « |P,|?, which is plotted in Fig. 2(c). Solid line is
the analytical solution presented in the main text. Parameters
identical with Fig. 2(c), but with ap = 0.01.

whereas [Py o/|~VE=E,, |Pyyal~|E=E.|~|Pyopl*
in agreement with our numerics [Fig. 3(b)].
Finite-temperature numerical results—Above we have
shown that the steady state is characterized by a sponta-
neously broken translation symmetry characterized by a
phase ¢_.q. In order to assess the stability of this state, we
now include temperature modeled as a noise term in our
numerical simulations. We find that the phase of P,q/,
remains unaffected until 7 is comparable to this mode’s
classical energy due to driving. In Fig. 4(a), we show the
real-space image of the excited state. For 7 comparable to
the energy at the bottom of P band, T ~ w? (P?) (where this
scale sets the energy of a classical oscillator), the phase
remains nearly fixed in time over many cycles of the
external drive . When the temperature meets the scales set
by w3 = (@3(0) + v3q3)(P?), significant fluctuations in
phase occur and order is ultimately suppressed. At inter-
mediate scales [orange curve in Fig. 4(c)], the phase
exhibits a nearly linear drift, suggesting that it carries
out a diffusive random walk as expected for thermal effects.
For a generic equilibrium system, such a random walk of
the phase is expected to destroy long-range spatial order
following the Hohenberg-Mermin-Wagner theorem
[47,48]. Surprisingly, here the phase remains relatively
stable for more than wpt ~ 10* cycles for a wide range of T
below the classical energy of the mode. The stability of the
spatiotemporal order here has been confirmed numerically
for a wide range of initial conditions and realizations. The
significant suppression of fluctuations may be attributed to
nonlinearities in P, as has been observed for models of
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FIG. 4. General solution at finite temperature 7T # 0.
(a) Ordered, fixed phase solution at low temperature, 7 =
0.05 ~ @%(0)(P?). (b) Substantial phase variation in the solution.
Here, T ~ w%(qo){P?), that is, at the scale of the classical energy
of the parametrically excited modes (see main text). (c) Phase of
the mode ¢ as a function of ¢ for ~103 cycles of the drive. For
T = 0.05, the phase is nearly perfectly constant in time. For
intermediate temperature, e.g., 7 = 0.25, a gradual drift is
observed. For temperature on the scale of w3 (g,)({P?) significant
phase fluctuations are observed. Red scale bar measures deviation
of 7/2. (d) Momentum decomposition of the condensed mode P,
at long times at three temperatures, denoting the low-, inter-
mediate-, and high-energy scales (see main text). For all temper-
atures, the effect allows for thermal occupation of low-energy
modes, leading to a Gaussian spreading of the weight for all
momenta.

flocking where nonlinearities stabilize order out of
equilibrium [49-52]. However, our present results cannot
rule out an alternative scenario, where the system will
eventually thermalize after an emergent long prethermal-
ization time [10,12]. We leave a detailed investigation of
late-time dynamics to future work. As most current experi-
ments on materials are performed with relatively short
pump times, rather then continuous pumping, the stability
of the order at finite time scales that we demonstrate should
be sufficient for the experimental detection of spatiotem-
poral order.

Generalizations and material platforms—Although
the results we presented here focused on 1D dispersion
of the coupled P, Q modes, they can be easily generalized
to the 2D and 3D cases. There, a whole manifold of g set by
|6wp(g)| = 0 would be parametrically excited, though we
expect only a discrete number of symmetry-related g will
yield the lowest threshold fluence. Similar behavior has
been observed in atomic Bose-Einstein condensates [53].
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For polar materials, a key ingredient is a large cubic
coupling; such a coupling is allowed for a P mode of any
symmetry (including magnetic ones) provided that Q is a
polar phonon along the order parameter. In the SM [37], we
show that the coupling can be generically large if the P, O
originate from the same ion; in this scenario [cf. Fig. 1(c)],
y ~60/0,, where Q, is the ferroelectric order parameter
and 6Q is the drive-induced modulation. For a general
case, we have estimated E,. for PbTiO; taking E phonon at
~275 cm™! [42] as Q, an another E phonon at ~90 cm™!
as P. Using parameters in Ref. [22]; we estimate Ej =
355 MV/em and ¢, ~0.95 A~!, within experimental
accessibility.

We reiterate that our proposal does not require polar order
or even inversion symmetry breaking; cubic coupling to the
polar mode can be achieved in materials with inversion
symmetry via gradient coupling &;;,Q:P;VP;, 0, # 0
[Eq. (1)]. For a “frozen” Q, such couplings are known as
Lifshitz invariants [54] and can be constructed for structural
[55], incommensurate [56], magnetic [57,58], and even
superconducting [59,60] orders.

The magnetic case corresponds to an induced
Dzyaloshinskii-Moriya interaction [57,58,61] in a system
with appreciable spin-orbit coupling with a dynamical
Dzyaloshinskii-Moriya vector set by the polar phonon
displacement, i.e., D;;(Q)S; x S;, where D;; ~ Q. In spin
wave theory, this term becomes «x OS(x) x (0S/0dx), which
is allowed for any symmetry. We leave details of this
interaction to the SM [37]. This idea may open an
alternative path for localized magnon generation in the
THz regime, allowing for faster nanoscale magnonic
computation [62]. Intriguingly, the intensely studied
NiO, has TO phonons [63] at about 3040 meV, while
the magnon band extends from a few to 100 meV [64],
opening the path to the creation of spatiotemporal order
with THz magnons. Another potential application of our
proposal is in accessing magnon dispersion in 2D materials,
such as Crl;, where magnons close to the K point are
predicted to possess a topological gap [65].

Finally, parametric phenomena have a long history in
physics [45] and continue to be explored in a variety of
systems [10,12,66]. The key novelty of our proposal is to
use nonlinear phononics to induce strong parametric
phenomena in solids. For magnetic materials, a qualitative
advantage of the mechanism proposed in this work is that
the excitation occurs by electric field, allowing for a much
stronger impact on the material than a magnetic field,
which is typically used.

Summary and outlook—Here, we have presented a
mechanism for spatiotemporal ordering in solids using a
nonlinear parametric resonance created by a driven optical
phonon. The presented mechanism is a direct way of
generating tunable finite momentum order with light.
With additional nonlinearities in the excited field P, it is
possible to produce static order that spatially oscillates at

twice the momentum 2¢, of the parametrically excited
mode. We have also shown remarkable robustness of the
parametric excitation to temperature. We make specific
predictions for Bragg diffraction measurements in candi-
date materials involving both polarization and magnetiza-
tion spatiotemporal orderings.

Acknowledgments—We  thank  B.L.  Altshuler,
K. Behnia, A.V. Balatsky, A. Cavalleri, P. E. Dolgirev,
B. Fauqué, R. Moessner, A. Sengupta, and S. L. Sondhi for
inspiring discussions. D. K. and A.C. are supported by
Abrahams Postdoctoral Fellowships of the Center for
Materials Theory, Rutgers University and D. K. is also
supported by the Zuckerman STEM Fellowship. This
research was supported in part by grant NSF PHY-
2309135 to the Kavli Institute for Theoretical Physics
(KITP) [P.A.V.]. P. A. V. acknowledges support by the
University of Connecticut OVPR Quantum CT seed grant.

[1] D. Basov, R. Averitt, and D. Hsieh, Nat. Mater. 16, 1077
(2017).

[2] A. de la Torre, D. M. Kennes, M. Claassen, S. Gerber, J. W.
Mclver, and M. A. Sentef, Rev. Mod. Phys. 93, 041002
(2021).

[3] J. Bloch, A. Cavalleri, V. Galitskii, M. Harezi, and A. Rubio,
Nature (London) 606, 41 (2022).

[4] J. Hebling, K.-L. Yeh, M. C. Hoffmann, B. Bartal, and K. A.
Nelson, J. Opt. Soc. Am. B 25, B6 (2008).

[5] P. Emma, R. Akre, J. Arthur, R. Bionta, C. Bostedt, J.
Bozek, A. Brachmann, P. Bucksbaum, R. Coffee, F.-J.
Decker et al., Nat. Photonics 4, 641 (2010).

[6] M. Buzzi, M. Forst, R. Mankowsky, and A. Cavalleri, Nat.
Rev. Mater. 3, 299 (2018).

[7]1 A. Disa, T. Nova, and A. Cavalleri, Nat. Phys. 17, 1087
(2021).

[8] M. Henstridge, M. Forst, E. Rowe, M. Fechner, and A.
Cavalleri, Nat. Phys. 18, 457 (2022).

[9] V. Khemani, R. Moessner, and S.L. Sondhi, arXiv:1910.
10745.

[10] M. P. Zaletel, M. Lukin, C. Monroe, C. Nayak, F. Wilczek,
and N. Y. Yao, Rev. Mod. Phys. 95, 031001 (2023).

[11] A. Shapere and F. Wilczek, Phys. Rev. Lett. 109, 160402
(2012).

[12] N.Y. Yao, C. Nayak, L. Balents, and M.P. Zalatel,
Nat. Phys. 16, 438 (2020).

[13] E. Wilczek, Phys. Rev. Lett. 109, 160401 (2012).

[14] V. Khemani, A. Lazarides, R. Moessner, and S. L. Sondhi,
Phys. Rev. Lett. 116, 250401 (2016).

[15] T. Nova, A. Disa, M. Fechner, and A. Cavalleri, Science
364, 1075 (2019).

[16] X. Li, T. Qiu, J. Zhang, E. Baldini, J. Lu, A. M. Rappe, and
K. A. Nelson, Science 364, 1079 (2019).

[17] A. Disa, J. Curtis, M. Fechner, A. Liu, A. Von Hoegen, M.
Forst, T. Nova, P. Narang, A. Maljuk, A. Boris ef al., Nature
(London) 617, 73 (2023).

[18] B. Cheng, P. L. Kramer, Z.-X. Shen, and M. C. Hoffmann,
Phys. Rev. Lett. 130, 126902 (2023).

066902-5


https://doi.org/10.1038/nmat5017
https://doi.org/10.1038/nmat5017
https://doi.org/10.1103/RevModPhys.93.041002
https://doi.org/10.1103/RevModPhys.93.041002
https://doi.org/10.1038/s41586-022-04726-w
https://doi.org/10.1364/JOSAB.25.0000B6
https://doi.org/10.1038/nphoton.2010.176
https://doi.org/10.1038/s41578-018-0024-9
https://doi.org/10.1038/s41578-018-0024-9
https://doi.org/10.1038/s41567-021-01366-1
https://doi.org/10.1038/s41567-021-01366-1
https://doi.org/10.1038/s41567-022-01512-3
https://arXiv.org/abs/1910.10745
https://arXiv.org/abs/1910.10745
https://doi.org/10.1103/RevModPhys.95.031001
https://doi.org/10.1103/PhysRevLett.109.160402
https://doi.org/10.1103/PhysRevLett.109.160402
https://doi.org/10.1038/s41567-019-0782-3
https://doi.org/10.1103/PhysRevLett.109.160401
https://doi.org/10.1103/PhysRevLett.116.250401
https://doi.org/10.1126/science.aaw4911
https://doi.org/10.1126/science.aaw4911
https://doi.org/10.1126/science.aaw4913
https://doi.org/10.1038/s41586-023-05853-8
https://doi.org/10.1038/s41586-023-05853-8
https://doi.org/10.1103/PhysRevLett.130.126902

PHYSICAL REVIEW LETTERS 134, 066902 (2025)

[19] M. Fechner, M. Forst, G. Orenstein, V. Krapivin, A. S. Disa,
M. Buzzi, A. von Hoegen, G. de la Pena, Q. L. Nguyen, R.
Mankowsky, M. Sander, H. Lemke, Y. Deng, M. Trigo, and
A. Cavalleri, Nat. Mater. 23, 363 (2024).

[20] G. Orenstein et al., arXiv:2403.17203.

[21] A. Subedi, A. Cavalleri, and A. Georges, Phys. Rev. B 89,
220301(R) (2014).

[22] A. Subedi, Phys. Rev. B 92, 214303 (2015).

[23] A. Subedi, Phys. Rev. B 95, 134113 (2017).

[24] Z. Zhuang, A. Chakraborty, P. Chandra, P. Coleman, and
P. A. Volkov, Phys. Rev. B 107, 224307 (2023).

[25] M. Puviani and M. A. Sentef, Phys. Rev. B 98, 165138
(2018).

[26] P. G. Radaelli, Phys. Rev. B 97, 085145 (2018).

[27] D. Shin, S. Latini, C. Schifer, S. A. Sato, E. Baldini, U. De
Giovannini, H. Hiibener, and A. Rubio, Phys. Rev. Lett.
129, 167401 (2022).

[28] A. G6émez Pueyo and A. Subedi, Phys. Rev. B 106, 214305
(2022).

[29] A.G. Pueyo and A. Subedi, Phys. Rev. B 108, 064302
(2023).

[30] D. Kuzmanovski, J. Schmidt, N. A. Spaldin, H. M. Rgnnow,
G. Aeppli, and A.V. Balatsky, Phys. Rev. X 14, 021016
(2024).

[31] G. Khalsa, J.Z. Kaaret, and N. A. Benedek, Phys. Rev. B
109, 024110 (2024).

[32] G.A. de la Pefia Mufioz, A.A. Correa, S. Yang, O.
Delaire, Y. Huang, A. S. Johnson, T. Katayama, V. Krapivin,
E. Pastor, D. A. Reis et al., Nat. Phys. 19, 1489 (2023).

[33] Y. Huang et al., Phys. Rev. X 14, 041010 (2024).

[34] B. Fauqué, P. Bourges, A. Subedi, K. Behnia, B. Baptiste, B.
Roessli, T. Fennell, S. Raymond, and P. Steffens, Phys. Rev.
B 106, 140301 (2022).

[35] A.S. Johnson, D. Perez-Salinas, K. M. Siddiqui, S. Kim, S.
Choi, K. Volckaert, P. E. Majchrzak, S. Ulstrup, N. Agarwal,
K. Hallman et al., Nat. Phys. 19, 215 (2023).

[36] A. Subedi, C.R. Phys. 22, 161 (2021).

[37] See Supplemental Material at http://link.aps.org/supplemental/
10.1103/PhysRevLett.134.066902 for symmetry analysis, de-
tails of analytical and numerical calculations, and discussion of
physical units, which includes Refs. [38—41].

[38] G. Burns and B. A. Scott, Phys. Rev. B 7, 3088 (1973).

[39] O. Tchernyshyov, SciPost Phys. Lect. Notes 85 (2024).

[40] J.R. Dormand and P. J. Prince, J. Comput. Appl. Math. 6, 19
(1980).

[41] M. Basini, M. Pancaldi, B. Wehinger, M. Udina, V.
Unikandanunni, T. Tadano, M. Hoffmann, A. Balatsky,
and S. Bonetti, Nature (London) 628, 534 (2024).

[42] N. Choudhury, E.J. Walter, A.I. Kolesnikov, and C.-K.
Loong, Phys. Rev. B 77, 134111 (2008).

[43] B. Leimkuhler and C. Matthews, J. Chem. Phys. 138,
174102 (2013).

[44] P.D. Lax, The Courant-Friedrichs-Lewy (CFL)
Condition: 80 Years After Its Discovery (Springer, 2013),
ISBN 9781461453734, https://www.amazon.com/Courant-
Friedrichs-Lewy-CFL-Condition-Years-Discovery/dp/
081768395X.

[45] L. Landau and E. Lifshitz, Mechanics (Pergamon Press,
New York, 1976).

[46] R.J. Angel, J. Zhao, and N. L. Ross, Phys. Rev. Lett. 95,
025503 (2005).

[47] N.D.Mermin and H. Wagner, Phys. Rev. Lett. 17, 1133 (1966).

[48] B. Halperin, J. Stat. Phys. 175, 521 (2019).

[49] J. Toner and Y. Tu, Phys. Rev. Lett. 75, 4326 (1995).

[50] J. Toner, Y. Tu, and S. Ramaswamy, Ann. Phys.
(Amsterdam) 318, 170 (2005).

[51] M. Fruchart, R. Hanai, P.B. Littlewood, and V. Vitelli,
Nature (London) 592, 363 (2021).

[52] O. K. Diessel, S. Diehl, and A. Chiocchetta, Phys. Rev. Lett.
128, 070401 (2022).

[53] M. Bukov, S. Gopalakrishnan, M. Knap, and E. Demler,
Phys. Rev. Lett. 115, 205301 (2015).

[54] L. D. Landau and E. M. Lifshitz, Statistical Physics: Volume
5 (Elsevier, New York, 2013).

[55] H.T. Stokes, D. M. Hatch, and H. M. Nelson, Phys. Rev. B
47, 9080 (1993).

[56] V. Kopsky and D. G. Sannikov, J. Phys. C 10, 4347 (1977).

[57] T. Moriya, Phys. Rev. 120, 91 (1960).

[58] I. Dzyaloshinsky, J. Phys. Chem. Solids 4, 241 (1958).

[59] V.P. Mineev and K. V. Samokhin, Phys. Rev. B 78, 144503
(2008).

[60] R. Nagashima, S. Tian, R. Haenel, N. Tsuji, and D. Manske,
Phys. Rev. Res. 6, 013120 (2024).

[61] J. Son, B.C. Park, C.H. Kim, H. Cho, S.Y. Kim, L.]J.
Sandilands, C. Sohn, J.-G. Park, S.J. Moon, and T. W. Noh,
npj Quantum Mater. 4, 17 (2019).

[62] A. Barman et al, J. Phys. Condens. Matter 33, 413001
(2021).

[63] A. Floris, S. de Gironcoli, E.K.U. Gross, and M.
Cococcioni, Phys. Rev. B 84, 161102(R) (2011).

[64] M. T. Hutchings and E. J. Samuelsen, Phys. Rev. B 6, 3447
(1972).

[65] A.T. Costa, D. L. R. Santos, N. M. Peres, and J. Fernandez-
Rossier, 2D Mater. 7, 045031 (2020).

[66] R. Kleiner, Z. Zhou, E. Dorsch, X. Zhang, D. Koelle, and D.
Jin, Nat. Commun. 12, 6038 (2021).

066902-6


https://doi.org/10.1038/s41563-023-01791-y
https://arXiv.org/abs/2403.17203
https://doi.org/10.1103/PhysRevB.89.220301
https://doi.org/10.1103/PhysRevB.89.220301
https://doi.org/10.1103/PhysRevB.92.214303
https://doi.org/10.1103/PhysRevB.95.134113
https://doi.org/10.1103/PhysRevB.107.224307
https://doi.org/10.1103/PhysRevB.98.165138
https://doi.org/10.1103/PhysRevB.98.165138
https://doi.org/10.1103/PhysRevB.97.085145
https://doi.org/10.1103/PhysRevLett.129.167401
https://doi.org/10.1103/PhysRevLett.129.167401
https://doi.org/10.1103/PhysRevB.106.214305
https://doi.org/10.1103/PhysRevB.106.214305
https://doi.org/10.1103/PhysRevB.108.064302
https://doi.org/10.1103/PhysRevB.108.064302
https://doi.org/10.1103/PhysRevX.14.021016
https://doi.org/10.1103/PhysRevX.14.021016
https://doi.org/10.1103/PhysRevB.109.024110
https://doi.org/10.1103/PhysRevB.109.024110
https://doi.org/10.1038/s41567-023-02118-z
https://doi.org/10.1103/PhysRevX.14.041010
https://doi.org/10.1103/PhysRevB.106.L140301
https://doi.org/10.1103/PhysRevB.106.L140301
https://doi.org/10.1038/s41567-022-01848-w
https://doi.org/10.5802/crphys.44
http://link.aps.org/supplemental/10.1103/PhysRevLett.134.066902
http://link.aps.org/supplemental/10.1103/PhysRevLett.134.066902
http://link.aps.org/supplemental/10.1103/PhysRevLett.134.066902
http://link.aps.org/supplemental/10.1103/PhysRevLett.134.066902
http://link.aps.org/supplemental/10.1103/PhysRevLett.134.066902
http://link.aps.org/supplemental/10.1103/PhysRevLett.134.066902
http://link.aps.org/supplemental/10.1103/PhysRevLett.134.066902
https://doi.org/10.1103/PhysRevB.7.3088
https://doi.org/10.21468/SciPostPhysLectNotes.85
https://doi.org/10.1016/0771-050X(80)90013-3
https://doi.org/10.1016/0771-050X(80)90013-3
https://doi.org/10.1038/s41586-024-07175-9
https://doi.org/10.1103/PhysRevB.77.134111
https://doi.org/10.1063/1.4802990
https://doi.org/10.1063/1.4802990
https://www.amazon.com/Courant-Friedrichs-Lewy-CFL-Condition-Years-Discovery/dp/081768395X
https://www.amazon.com/Courant-Friedrichs-Lewy-CFL-Condition-Years-Discovery/dp/081768395X
https://www.amazon.com/Courant-Friedrichs-Lewy-CFL-Condition-Years-Discovery/dp/081768395X
https://www.amazon.com/Courant-Friedrichs-Lewy-CFL-Condition-Years-Discovery/dp/081768395X
https://www.amazon.com/Courant-Friedrichs-Lewy-CFL-Condition-Years-Discovery/dp/081768395X
https://doi.org/10.1103/PhysRevLett.95.025503
https://doi.org/10.1103/PhysRevLett.95.025503
https://doi.org/10.1103/PhysRevLett.17.1133
https://doi.org/10.1007/s10955-018-2202-y
https://doi.org/10.1103/PhysRevLett.75.4326
https://doi.org/10.1016/j.aop.2005.04.011
https://doi.org/10.1016/j.aop.2005.04.011
https://doi.org/10.1038/s41586-021-03375-9
https://doi.org/10.1103/PhysRevLett.128.070401
https://doi.org/10.1103/PhysRevLett.128.070401
https://doi.org/10.1103/PhysRevLett.115.205301
https://doi.org/10.1103/PhysRevB.47.9080
https://doi.org/10.1103/PhysRevB.47.9080
https://doi.org/10.1088/0022-3719/10/21/021
https://doi.org/10.1103/PhysRev.120.91
https://doi.org/10.1016/0022-3697(58)90076-3
https://doi.org/10.1103/PhysRevB.78.144503
https://doi.org/10.1103/PhysRevB.78.144503
https://doi.org/10.1103/PhysRevResearch.6.013120
https://doi.org/10.1038/s41535-019-0157-0
https://doi.org/10.1088/1361-648X/abec1a
https://doi.org/10.1088/1361-648X/abec1a
https://doi.org/10.1103/PhysRevB.84.161102
https://doi.org/10.1103/PhysRevB.6.3447
https://doi.org/10.1103/PhysRevB.6.3447
https://doi.org/10.1088/2053-1583/aba88f
https://doi.org/10.1038/s41467-021-26132-y

	Tunable Spatiotemporal Orders in Driven Insulators
	Introduction
	Model and equations of motion
	Numerical solutions at T=0
	Nonlinear parametric resonance
	Static spatial order
	Finite-temperature numerical results
	Generalizations and material platforms
	Summary and outlook
	Acknowledgments
	References


