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We show that driving optical phonons above a threshold fluence induces spatiotemporal orders, where
material properties oscillate at an incommensurate wave vector q0 in space and at half the drive frequency in
time. The order is robust against temperature on timescales much larger than the lifetime of the excited
modes and can be accompanied by a static 2q0 modulation. We make predictions for time-resolved
diffraction and provide estimates for candidate materials. Our results show the possibility of using THz
waves in solids to realize tunable incommensurate orders on the nanoscale.
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Introduction—Driven condensed matter phases are
attracting tremendous interest [1–3] due to the rapid devel-
opment of ultrafast optics [1–8] and proposals of exotic
nonequilibrium phases, such as time crystals [9–14]. The
use of terahertz pulses has led to the observation of several
light-induced transitions in different quantum materials
[1,7,8,15–18]. Recent advances in time-resolved diffraction
probe spatial features of transient orders on timescales set by
the width of a pumping pulse (10−12 s) [19,20].
The conventional mechanism for such light-driven order

involves the dynamical softening of a near-critical mode,
resulting in a symmetry-breaking transition [21–31]; this
approach is appropriate for materials close to instabilities
where accessible fluences are sufficient to affect the ground
state. As the nature of the transient order is set by the
system’s preexisting soft modes, its characteristic features
are generally not tunable [15–17] and the transient order is
commensurate with the underlying lattice.
In this Letter, we present an alternative pathway to light-

induced phase transitions that results in tunable spatiotem-
poral orderings due to the interplay of nonlinearity, para-
metric resonance, and spatial dispersion.Weconsider a polar
phonon Q with natural frequency ωQ, resonantly driven at
Ω ≈ ωQ;Q is nonlinearly coupled to a low-energy excitation
P, such as a phonon or magnon [Figs. 1(a), 1(c), and 1(d)].
For fluences above a threshold set by the linewidths ofQ and
P, a steady state develops, where the P degree of freedom
oscillates in timewith frequencyΩ=2 and in spacewithwave
vector q0 determined by its dispersion [Fig. 1(c)]. Our
numerical results indicate that the resulting spatiotemporal

order is generally stable against temperature, and we predict
its signatures in time-resolved diffraction experiments on
candidate materials.
Model and equations of motion—The key features for

inducing spatiotemporal order are shown in Fig. 1(c):

(a) (c)

(b) (d)

FIG. 1. Schematics and experimental signatures of the induced
spatiotemporal order. (a) In a pump-probe setup, an optical
phonon Q is resonantly driven at frequency Ω and is nonlinearly
coupled to a low-energy mode P. Parametric resonance of P at a
finite wave vector [see (d)] drives the formation of spatiotemporal
order probed with x-ray diffraction (XRD). (b) Similar to (a), in a
magnetic system with strong spin-orbit coupling, Q generates
spin order (here, P is the magnetization) via an induced dynamic
Dzyaloshinskii-Moriya interaction. (c) In time-resolved XRD, the
intensity of the induced order at wave vector q0 will vary in time
as a function of the delay from the pump. The amplitude of the
mode Pq0 alternates between maxima and minima with a period
Tþ;− ¼ ðΩ=2Þ−1. The mode condenses only if the drive ampli-
tude E, E > Ec (blue curve) and decays exponentially for E < Ec
(red curve). (d) Sketch of the parametric resonance mechanism.Q
is coupled to P via a cubic interaction with strength γ. The
parametric resonance condition selects the momentum q0 for
which the dispersion of P, ωPðq0Þ ¼ Ω=2 (see main text).
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optical [Qiðr; tÞ] and Piðr; tÞ (of any symmetry) modes
with frequencies ωQðqÞ and ωPðqÞ, respectively, such that
ωPð0Þ < ωQð0Þ=2. Parametric resonance is driven by a
cubic coupling as shown in Fig. 1(d). Above a critical
fluence, an additional Bragg peak at q0 is expected in time-
resolved diffraction experiments [20,32–35] whose ampli-
tude varies at frequency Ω=2. q0 is set by the dispersion of
P, with the condition ωPðq0Þ ¼ Ω=2. The cubic coupling
we described above can generically take the following
form [22,36]:

VcðQ;PÞ ¼ ξijkQiPjPk þ ξ0ijkQiQjPk þ δijklðQiPjÞ∂kPl:

ð1Þ

We also allow for nonlinear self-interaction in the modes,

VnlðQ;PÞ ¼ αQQ3 þ α0QQ
4 þ αPP3 þ α0PP

4: ð2Þ

We set ξ0ijk ¼ 0 and discuss the coupling to the electric field
and lower order terms in the Supplemental Material [37].
As QiQjPk; ðQiPjÞ∂kPl have the form gijkðqÞQiQjPk in
momentum space, they lead to qualitatively similar physics.
The first [gðqÞ ¼ const.] is allowed only for polar systems,
while the latter is always present, and is relevant, particu-
larly for magnetic systems [see Summary and outlook and
Fig. 1(b)]. We begin with a concrete example of two
coupled polar phonons in a ferroelectric [Fig. 1(a)]. For a
symmetry group where ξijk ¼ γ, the classical equations of
motion are

Q̈ − v2Q∇2Qþ ω2
QQþ βQ̇

¼ EðtÞ − γP2 −
∂VnlðQÞ

∂Q
þ ηðr; tÞ; ð3Þ

P̈ − v2P∇2Pþ ω2
PPþ βṖ

¼ −2γPQ −
∂VnlðPÞ

∂P
þ ηðr; tÞ; ð4Þ

where dissipation and temperature are modeled with
isotropic damping (βQ̇; βṖ) and Langevin ηðr; tÞ terms,
respectively. The Langevin term satisfies hηðr; tÞηðr0; t0Þi ¼
2βTδðt − t0Þδðr − r0Þ, where T is the temperature; discus-
sion of dimensions in the equations of motion is left to the
SM [37]. Here, we focus on insulators with a large band gap
Δ≳ 1 eV, while the driving frequency is Ω≲ 100 meV,
with these scales directly connected with the properties of,
e.g., PbTiO3 (Δ ≈ 1 eV, Ω ≈ 40 meV) [42], assuming
temperatures to be well below Δ=kB, suppressing thermal
excitations.
Numerical solutions at T ¼ 0—We solve (3) and (4)

numerically, drawing Pðx; 0Þ; Qðx; 0Þ from a uniform
distribution with a small amplitude jPðxi; 0Þj < ðL=NxÞ,
where Nx is the discretization along the x axis and

Q̇ðx; 0Þ ¼ Ṗðx; 0Þ ¼ 0 such that nonlinearities are initially
negligible. For simplicity, the equations are solved in the
1D case for a field supported on x, t. The generalization to
higher dimensions is straightforward and discussed in the
sections below. Equations (3) and (4) are solved using
standard methods for Langevin dynamics [43], satisfying
the Courant-Friedrichs-Lewy criterion [44] for all param-
eters, thus guaranteeing stability of the numerical integra-
tion. Details about the numerical simulation are relegated to
the Supplemental Material [37]. For fields E < Ec, we find
that for any set of initial conditions the P mode decays
exponentially on a scale of 1=β; a representative solution is
presented in Fig. 2(a). Nonetheless, the observed dynamics
contains information about the coupling between the modes
and the dispersion. In particular, the structure factor
Sðq;ωÞ ¼ R

dxdtPðx; tÞeiqxeiωt [Fig. 2(d)] shows a pro-
nounced branch in frequency-momentum space reflecting
the dispersion of the P mode. For E > Ec, a regular pattern
emerges at late times [Fig. 2(b)], oscillating in time with
frequencyΩ=2. This ½q0; ðΩ=2Þ� order also has a fingerprint
in Sðq;ωÞ [Fig. 2(e)], where an extremely strong peak at
q0 ≈ 3.1=ð2πaÞ appears. A partial structure factor analysis,
Sðq; t → ∞Þ, for E < Ec and E > Ec is plotted in Fig. 2(f),
indicating a deltalike peak in momentum for E > Ec at
q ¼ jq0j. The initial-condition averaged value of Pq0;Ω=2 as
a function of field amplitude is presented in Fig. 2(c). The
onset of a finite jPq0;Ω=2j above Ec is continuous and
follows ∼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E − Ec

p
.

Next we introduce a non-negligible cubic nonlinearity
for the P mode in Vnl and plot the resulting spectral
function in Fig. 3(a); a comparison with Fig. 2(e) indicates
a new static (ω ¼ 0) feature at 2q0 whose amplitude is
weaker than that of jPq;Ω=2j. In Fig. 3(b) the scaling of this
mode jP2q0;0j as a function of fluence is displayed:
jP2q0;0j ∼ ðE − EcÞ, indicating a continuous transition at
the same Ec as jPq0;Ω=2j but with a higher exponent.
Nonlinear parametric resonance—Inspired by the

numerical results, we show that the tunable spatio-
temporal order results from parametric resonance [45] at
finite momentum. We approximate the fields Q, P
by the contributions of three modes that dominate to
the dynamics at E > Ec: Qðx; tÞ ∝ Q0;ΩeiΩt þ c:c: and
Pðx; tÞ≈Pq0;Ω=2e

i½ðΩ=2Þt−q0x� þPq0;−Ω=2e
−i½ðΩ=2Þtþq0x� þ c:c.

Using this ansatz, the equations of motion are

Ω2Q0;Ω − ω2
QQ0;Ω − iΩβQ0;Ω

¼ −E0=2þ 2γPq0;Ω=2P
�
q0;−Ω=2 ð5Þ

ðΩ=2Þ2Pq0;Ω=2 − ðω2
P þ v2Pq

2
0ÞPq0;Ω=2 − iðΩ=2ÞβPq0;Ω=2

¼ 2γQ0;ΩPq0;−Ω=2: ð6Þ

We note that generalizing the equations above to a momen-
tum-dependent γðqÞ amounts to γ → γðq0Þ, which does not
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affect the form of the equation or the results. We take the
resonant limit (Ω → ωQ) and consider P modes satisfying
the parametric resonance condition, which is set by
the momentum q0 for which δω2

P¼ðΩ=2Þ2−ðω2
Pþv2Pq

2Þ
vanishes identically. Equations (5) and (6) now become

−iΩβQ0;Ω ¼ −E0=2þ 2γPq0;Ω=2P
�
q0;−Ω=2

; ð7Þ

iβΩ=2Pq0;Ω=2 ¼ −2γQ0;ΩPq0;−Ω=2: ð8Þ

The equations for P�q0;−Ω=2 differ byΩ→−Ω;Q0;Ω→Q�
0;Ω

in (8), implying that jPq0;Ω=2j ¼ jPq0;−Ω=2j. This allows to
introduce Pq0;�Ω=2 ¼ jPq0;Ω=2jeiφ�Ω . Solving Eq. (8) for
Q0;Ω and substituting the result in (7), we get an equation
on Pq0;�Ω=2: eiðφΩ−φ−ΩÞ½β2Ω2=4γ þ 2γjPq0;Ω=2j2� ¼ E0=2. A
solution exists for E0 > Ec, where φΩ ¼ φ−Ω and

E0 ≥
β2Ω2

2γ
; jPq0;Ω=2j ¼

1

2
ffiffiffi
γ

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E0 − β2Ω2=ð2γÞ

q
; ð9Þ

indicating that this spatiotemporal ordering onsets in a
continuous transition in excellent agreement with our
numerics [Fig. 2(c)]; the order parameter jPq0;Ω=2j vanishes

below a critical value ofE0 that depends on the dissipation β
and the nonlinear coupling γ. Note that the individual phases
φ�Ω of Pq0;�Ω=2 are undetermined by the above equations,
indicating that any value can be realized depending on initial
conditions, in agreement with our numerical results. This
suggests a spontaneously broken spatial translation sym-
metry of the steady state. We include a separate discussion
on detuned driving in the SM [37].
Static spatial order—Nonlinear self-interaction terms in

Vnl produce additional static modulated ordering, and here
we focus on the leading term in Vnl, αPP3. For systems
with broken mirror symmetries along P, such a term is
allowed, for example in rhombohedral BaTiO3, tetragonal
PbTiO3, and low symmetry LaGaO3 [46]. For a finite
value of jPq0;ðΩ=2Þj, this cubic coupling acts as a source in
the time-independent version of Eq. (4) that becomes
−v2P∂2xP ¼ −2γPQ − 3αP2. A solution is obtained itera-
tively: by Fourier transforming and assuming P2q0 is small,
we have 4v2Pq

2
0P2q0 ¼ −3αPq0;Ω=2Pq0;−Ω=2. TheQP term is

neglected as it does not contain Fourier components
at 2q0 to leading order. The solution is then jP2q0 j ¼
½ð3αjPq0;Ω=2j2Þ=4v2Pq20�. This allows for the prediction that

(a)

(d) (e) (f)

(b) (c)

FIG. 2. General solution of the coupled nonlinear equations at T ¼ 0. (a) Spatial distribution of the mode Pðx; tÞ for electric field
strength E below the threshold Ec. (b) Symmetry-broken phase shown for E > Ec, enlarging x=L and t ≫ 1=β (within the steady state);
P oscillates in both space and time, signifying spatiotemporal order. This order is stable on all scales for times greater than 1=β.
(c) Amplitude of the parametrically excited mode Pq;Ω=2 as a function of Ec. For the parameters selected here, Pq;Ω=2 appears at E ≈ 0.2.
The blue dashed line is the critical value calculated from Eq. (9). The green dashed line is the amplitude of the condensed mode from
Eq. (9). The small deviation from the analytical result in numerics is due to the finite integration time in the simulation. The vanishing of
Pq;Ω=2 is continuous. (d) Log of the spectral function ln jSðq;ωÞj (see main text). For clarity, the dispersion of Pðx; tÞ is superimposed
with a dashed white line. For E < Ec, the amplitude is exponentially suppressed, but signatures of the bare band structure of Pðx; tÞ are
visible. (e) ln jSðq;ωÞj for E > Ec, showing the sharp peak at q ≈ 3.1 and ω ¼ Ω=2 confirming the parametric resonance. (f) Fourier
transform of Pðx; tÞ in q at late times. Clearly visible q ≈ 3.1 peak appears only for E > Ec. Parameters used here are ωP ¼ 0.2,
Ω ¼ ωQ ¼ 2.0, β ¼ 0.1, vP ¼ 4 × 10−3; γ ¼ 0.1; α0Q;P ¼ 0.0001.
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whereas jPq;Ω=2j∼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
E−Ec

p
, jP2q0;Ωj∼ jE−Ecj∼ jPq;Ω=2j2,

in agreement with our numerics [Fig. 3(b)].
Finite-temperature numerical results—Above we have

shown that the steady state is characterized by a sponta-
neously broken translation symmetry characterized by a
phase φ�Ω. In order to assess the stability of this state, we
now include temperature modeled as a noise term in our
numerical simulations. We find that the phase of Pq;Ω=2
remains unaffected until T is comparable to this mode’s
classical energy due to driving. In Fig. 4(a), we show the
real-space image of the excited state. For T comparable to
the energy at the bottom of P band, T ∼ ω2

phP2i (where this
scale sets the energy of a classical oscillator), the phase
remains nearly fixed in time over many cycles of the
external driveΩ. When the temperature meets the scales set
by ω2

P ¼ ðω2
Pð0Þ þ v2Pq

2
0ÞhP2i, significant fluctuations in

phase occur and order is ultimately suppressed. At inter-
mediate scales [orange curve in Fig. 4(c)], the phase
exhibits a nearly linear drift, suggesting that it carries
out a diffusive random walk as expected for thermal effects.
For a generic equilibrium system, such a random walk of
the phase is expected to destroy long-range spatial order
following the Hohenberg-Mermin-Wagner theorem
[47,48]. Surprisingly, here the phase remains relatively
stable for more than ωPt ∼ 104 cycles for a wide range of T
below the classical energy of the mode. The stability of the
spatiotemporal order here has been confirmed numerically
for a wide range of initial conditions and realizations. The
significant suppression of fluctuations may be attributed to
nonlinearities in P, as has been observed for models of

flocking where nonlinearities stabilize order out of
equilibrium [49–52]. However, our present results cannot
rule out an alternative scenario, where the system will
eventually thermalize after an emergent long prethermal-
ization time [10,12]. We leave a detailed investigation of
late-time dynamics to future work. As most current experi-
ments on materials are performed with relatively short
pump times, rather then continuous pumping, the stability
of the order at finite time scales that we demonstrate should
be sufficient for the experimental detection of spatiotem-
poral order.
Generalizations and material platforms—Although

the results we presented here focused on 1D dispersion
of the coupled P, Q modes, they can be easily generalized
to the 2D and 3D cases. There, a whole manifold of q⃗ set by
jδωPðqÞj ¼ 0 would be parametrically excited, though we
expect only a discrete number of symmetry-related q⃗ will
yield the lowest threshold fluence. Similar behavior has
been observed in atomic Bose-Einstein condensates [53].

(a) (b)

FIG. 3. Finite 2q;ω ¼ 0 modulation with additional non-
linearity at T ¼ 0. (a) Spectral function focusing on the segment
with q > 3 and ω < 1=2Ω. Note the additional peak at
2q ≈ 6.2=ð2πaÞ; see peak next to the white bar. The peak at q ≈
3.1=ð2πaÞ is unchanged. This mode is static in time. (b) Depend-
ence of the amplitude of the P2q;ω¼0 mode as a function of Pq.
Note that P2q ∝ jPqj2, which is plotted in Fig. 2(c). Solid line is
the analytical solution presented in the main text. Parameters
identical with Fig. 2(c), but with αP ¼ 0.01.

(a) (b)

(c) (d)

FIG. 4. General solution at finite temperature T ≠ 0.
(a) Ordered, fixed phase solution at low temperature, T ¼
0.05 ∼ ω2

Pð0ÞhP2i. (b) Substantial phase variation in the solution.
Here, T ∼ ω2

Pðq0ÞhP2i, that is, at the scale of the classical energy
of the parametrically excited modes (see main text). (c) Phase of
the mode φ as a function of t for ∼103 cycles of the drive. For
T ¼ 0.05, the phase is nearly perfectly constant in time. For
intermediate temperature, e.g., T ¼ 0.25, a gradual drift is
observed. For temperature on the scale of ω2

Pðq0ÞhP2i significant
phase fluctuations are observed. Red scale bar measures deviation
of π=2. (d) Momentum decomposition of the condensed mode Pq

at long times at three temperatures, denoting the low-, inter-
mediate-, and high-energy scales (see main text). For all temper-
atures, the effect allows for thermal occupation of low-energy
modes, leading to a Gaussian spreading of the weight for all
momenta.
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For polar materials, a key ingredient is a large cubic
coupling; such a coupling is allowed for a P mode of any
symmetry (including magnetic ones) provided that Q is a
polar phonon along the order parameter. In the SM [37], we
show that the coupling can be generically large if the P, Q
originate from the same ion; in this scenario [cf. Fig. 1(c)],
γ ∼ δQ=Q0, where Q0 is the ferroelectric order parameter
and δQ is the drive-induced modulation. For a general
case, we have estimated Ec for PbTiO3 taking E phonon at
≈275 cm−1 [42] as Q, an another E phonon at ≈90 cm−1

as P. Using parameters in Ref. [22]; we estimate E0 ≈
3.55 MV=cm and q0 ≈ 0.95Å−1, within experimental
accessibility.
We reiterate that our proposal does not require polar order

or even inversion symmetry breaking; cubic coupling to the
polar mode can be achieved in materials with inversion
symmetry via gradient coupling δijklQiPj∇kPl; δijkl ≠ 0
[Eq. (1)]. For a “frozen” Q, such couplings are known as
Lifshitz invariants [54] and can be constructed for structural
[55], incommensurate [56], magnetic [57,58], and even
superconducting [59,60] orders.
The magnetic case corresponds to an induced

Dzyaloshinskii-Moriya interaction [57,58,61] in a system
with appreciable spin-orbit coupling with a dynamical
Dzyaloshinskii-Moriya vector set by the polar phonon
displacement, i.e., DijðQÞSi × Sj, where Dij ∼Q. In spin
wave theory, this term becomes ∝ QSðxÞ × ð∂S=∂xÞ, which
is allowed for any symmetry. We leave details of this
interaction to the SM [37]. This idea may open an
alternative path for localized magnon generation in the
THz regime, allowing for faster nanoscale magnonic
computation [62]. Intriguingly, the intensely studied
NiO, has TO phonons [63] at about 30–40 meV, while
the magnon band extends from a few to 100 meV [64],
opening the path to the creation of spatiotemporal order
with THz magnons. Another potential application of our
proposal is in accessing magnon dispersion in 2Dmaterials,
such as CrI3, where magnons close to the K point are
predicted to possess a topological gap [65].
Finally, parametric phenomena have a long history in

physics [45] and continue to be explored in a variety of
systems [10,12,66]. The key novelty of our proposal is to
use nonlinear phononics to induce strong parametric
phenomena in solids. For magnetic materials, a qualitative
advantage of the mechanism proposed in this work is that
the excitation occurs by electric field, allowing for a much
stronger impact on the material than a magnetic field,
which is typically used.
Summary and outlook—Here, we have presented a

mechanism for spatiotemporal ordering in solids using a
nonlinear parametric resonance created by a driven optical
phonon. The presented mechanism is a direct way of
generating tunable finite momentum order with light.
With additional nonlinearities in the excited field P, it is
possible to produce static order that spatially oscillates at

twice the momentum 2q0 of the parametrically excited
mode. We have also shown remarkable robustness of the
parametric excitation to temperature. We make specific
predictions for Bragg diffraction measurements in candi-
date materials involving both polarization and magnetiza-
tion spatiotemporal orderings.
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