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Efficient Sequential Monte Carlo With Multiple
Proposals and Control Variates

Wentao LI, Rong CHEN, and Zhigiang TAN

Sequential Monte Carlo is a useful simulation-based method for online filtering of state-space models. For certain complex state-space
models, a single proposal distribution is usually not satisfactory and using multiple proposal distributions is a general approach to address
various aspects of the filtering problem. This article proposes an efficient method of using multiple proposals in combination with control
variates. The likelihood approach of Tan (2004) is used in both resampling and estimation. The new algorithm is shown to be asymptotically
more efficient than the direct use of multiple proposals and control variates. The guidance for selecting multiple proposals and control
variates is also given. Numerical examples are used to demonstrate that the new algorithm can significantly improve over the bootstrap filter

and auxiliary particle filter.

KEY WORDS:

Auxiliary particle filter; Defensive proposal distribution; Filtering; Importance sampling; Regression.

1. INTRODUCTION

Since the introduction of particle filtering in Gordon,
Salmond, and Smith (1993), simulation-based methods for on-
line filtering of dynamic systems have been widely used in
various fields, including target tracking (Chen and Liu 2000),
signal processing (Wang, Chen, and Guo 2002), estimation of
economics models (Shephard 2005), and counting contingency
tables (Chen et al. 2005). In a dynamic system, there usually ex-
ist some unobservable state x, and observable output y, at time
n. Online filtering aims to make inference on a farget function
h(x,) conditional on the entire observation history y1, ..., y,. At
every n, the simulation-based methods generate a set of properly
weighted Monte Carlo sample, called particles, to approximate
the target distribution 7 (x,|yy, ..., ¥,). Various efforts have
been devoted to improve the basic particle filtering method, in-
cluding improving the sampling mechanism (Doucet, Briers,
and Sénécal 2006), increasing the diversity of samples (Gilks
and Berzuini 2001), and adaptively choosing the resampling
schedule (Liu and Chen 1995). Sequential Monte Carlo (SMC)
is a unified framework including most of these techniques, pro-
posed by Doucet, Godsill, and Andrieu (2000) and Liu and Chen
(1998). Reviews of SMC can be found in Doucet and Johansen
(2009), Cappé, Godsill, and Moulines (2007) and Chen (2005).
The SMC framework is marked by the central role of sequential
importance sampling with resampling, where sequential impor-
tance sampling generates new weighted particles at each time
point from the proposal distributions based on existed parti-
cles, and resampling mitigates the particle degeneracy, that is,
the sample weights of a few particle dominate the others. A
Markovian state-space model has the form of

Xp = Sl(xnfla 8,,)
Yn SZ(Xnv en)» (1)

Wentao Li is Senior Research Associate, Department of Mathematics and
Statistics, Fylde College, Lancaster University, Bailrigg, Lancaster LA1 4YF,
United Kingdom (E-mail: w.li@lancaster.ac.uk). Rong Chen is Professor (E-
mail: rongchen@stat.rutgers.edu), and Zhigiang Tan is Associate Professor
(E-mail: ztan@stat.rutgers.edu), Department of Statistics, Rutgers University,
Piscataway, NJ 8854. Chen’s research is sponsored in part by NSF grants DMS
0905763 and DMS0915139. Tan’s research is sponsored in part by NSF grant
DMS 0749418. The authors thank the two editors, an associate editor and two
anonymous referees for their helpful comments.

where ¢, and e, are random noises. The model is character-
ized by the state equation which defines a Markovian process
with transition density p(x,|x,—1), and the observation equa-
tion where y, only depends on the current state through density
p(yu|x,). This article considers the online filtering problem for
(D).

The design of proposal distributions is essential to the SMC
methods. The bootstrap filter (BF) of Gordon, Salmond, and
Smith (1993) uses p(x,|x,—1), with its limitation that the sam-
pling mechanism does not use the information in the observa-
tions y,. Nevertheless, it is popular due to its simplicity and
computational efficiency. The independent particle filter of Lin
et al. (2005) uses p(x, | y,), using only the observation, with
some additional benefits. Using p(x,|x,—1, ¥,) as the proposal
distribution is known to be optimal in the sense that the variance
of particle weights conditional on x,,_; is 0 (Liu and Chen 1998;
Pitt and Shephard 1999; Doucet, Godsill, and Andrieu 2000). In-
tuitively, it includes the full information of both state and obser-
vation equations. In practice, approximations of p(x,|xX,—1, y»)
are usually used. See Doucet, Godsill, and Andrieu (2000), Guo,
Wang, and Chen (2005), Saha et al. (2009) and Pitt and Shephard
(1999) for examples.

There are several limitations with the proposal distribu-
tions mentioned previously. First, the approximation to p(x, |
Xn—1, Yn) may not give bounded variance for particle weights
since the local approximation does not necessarily provide con-
trol on the tails of the proposal density. Second, the above
approaches usually construct unimodal densities which are
inefficient for multimodal target densities. Finally, although
p(x, | X,—1, ¥,) includes both the information of the state and
observation equations, it does not consider the target function
h(x,) of the inference problem at hand. It may not be efficient in
certain cases including estimating the probability of rare event.

Although there have been some discussions of the last issue
under specific cases such as estimating the tail probability (Chan
and Lai 2011; Cérou et al. 2012), there is no general guideline
to deal with general target functions. For the first two issues
mentioned previously, a general remedy is to consider a mixture
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of multiple proposal distributions which may include propos-
als designed for controlling tails or concentrating on multiple
modes. The usage of multiple proposals in importance sampling,
which is essentially a single step of SMC, has been well dis-
cussed in the literature, including Hesterberg (1995), Owen and
Zhou (2000), Oh and Berger (1993), Veach and Guibas (1995),
Tan (2004), and Li, Tan, and Chen (2013). Combining multi-
ple proposals with appropriate control variates can significantly
increase efficiency and decrease contamination caused by mix-
ing poor proposal distributions with good ones. Particularly, the
likelihood estimator in Tan (2004) is shown to be optimal in
a general class of estimators with multiple proposals. In SMC
framework, the usage of multiple proposals and control variates
only receives limited discussions for specific cases. Elinas, Sim,
and Little (2006) and Fox et al. (2001) applied mixture proposal
distribution in a Monte Carlo approach to a robot localization
problem by combining information from camera/laser observa-
tions and a motion model. Singh et al. (2004) and Singh et al.
(2007) considered control variates with target function i (x,) in
a particle filter for target tracking sensor management.

In this article, we propose a novel algorithm under the SMC
framework to tackle the three issues mentioned previously.
Specifically, we use particles generated from a mixture pro-
posal distribution with importance weights constructed by Tan’s
(2004) likelihood approach for both resampling and estimation
in SMC. Under this new approach, a bounded variance is guar-
anteed by including proposals with heavier tails than the target
distribution, and multimodality can be handled by including
proposals to target each mode separately. The third issue can be
dealt with by considering the target function in the construction
of control variates and proposal distributions. A guideline for
selecting component proposals and control variates are given
for general target functions. The theoretical framework of the
algorithm is constructed, and the asymptotic results show that
the new algorithm is more efficient than a naive implementa-
tion of multiple proposals and control variates in SMC, and can
be expected to increase efficiency significantly over standard
SMC methods. Its effectiveness is illustrated through numerical
studies on an AR(1) model observed with noise, serving as a
benchmark model since all sequential distributions are analyti-
cally available, and on a stochastic volatility model with AR(1)
dynamics which is widely used in economics and finance.

This article is organized as follows. Section 2 provides some
overview of related methods of importance sampling with mul-
tiple proposals and some related SMC methods. In Section 3,
the new algorithm is presented with some theoretical results.
Guidance to several implementation issues are also provided.
In Section 4, the new algorithm is demonstrated with several
numerical examples.

2. OVERVIEW OF RELATED BACKGROUND
2.1 Basic SMC Method

For the state-space model (1), at time n, denote the random
vector (x1, ..., X,) by X1, and observations (y1, . . ., ¥) by Y1:.
To estimate the target function h(x,.,), the optimal solution in
the sense of Bayesian inference, where prior of x., is given by

299

the state equation, is the posterior mean
n = E [h(x10)y1a] = /h(xl:n)n:(XO:n)de:nv

where x is the initial state of system and 7}/ (xo.,) is the posterior
density of x., given y;.;. By the posterior formula,
71 () O 7y () = 70(x0) [ | i bei ) p (i),
i=1

with normalizing constant c,. Since n is usually large, standard
importance sampling suffers from highly skew sample weights.
For the introduction of importance sampling, see Robert and
Casella (2004) and Liu (2008) and many other references. By
combining the sequential importance sampling (SIS) and re-
sampling algorithms, the high-dimensional problem can be mit-
igated:

Basic SMC Method:
At time n, assume weighted particles {(x(()j; W ~(j ) )};V
available. For j =1,..., N,

| are

1. Propagation (Mutation): Generate x,;’ Y from the Proposal
i)

distribution q(xnlx(()],: 1) and letx(]) (%f)’,i 1 X )

2. Weighting (Correction): Assign x(’ ) with weight

wi) — 5D PG %) p(lx”)
n

Wy (2)
‘I(x(j)ﬁf)jz 1)
3. Resampling (Selection): If the condition for resam Jj)hng
is satisfied, resample {xOn}N , according to {w
to obtain new weighted particles {(x5); &5/ ))}N | where

o =1 /N; If the condition for resampling is not satis-
fied. let G2 50) = 2 ).

After the weighting step, u, can be estimated by
Z?J:l h(xgj)) ()

Mn,basic = N 0

Zj 1 @n
The SIS algorithm, containing the propagation and weighting
steps, divides the sampling into sequential steps, which can be
seen from the following equation
nn—l(XO:n—l) nn(x():n)
q(xXon—1)  Tn—1(X0:—1)q Xn [X0n-1)

Ty (XO:n) _
q(xo:)

where g (xo.,) = mo(x0) [ [/ q¢(x¢|x0:4—1) and 1w, (x0.)/ 70—
(x0n—1) = p(xn|xn—1) p(¥u|x,). This sequential implementation
is appropriate for online analysis. The resampling step performs
resampling to drop the samples with small weights and duplicate
the samples with large weights, hence mitigating the particle de-
generacy. The schedule of performing resampling can be either
fixed or adaptive according to certain quahty indicator of the par-
ticles (Liu 2008). After resampling, {xo n}N | are approximately
distributed according to 7, (xo.,) and equal weights are assigned
to each sample. The algorithm may be initialized b;f generating
iid samples {x(’ )}”_1 from my(xo) and setting w0 =1/N for
allj.

For the choice of the proposal density q(x,|xo;—1), p(x,]
xn—l) is often used but P(Xn|yn, xn—l) &8 p(xn|xn—l)p(yn|xn) is
considered optimal. When using the prior p(x,|x,_;), observa-
tions are only used in the calculation of the importance weights
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{wﬁ,j ) ?’:], but not in the propagation step. When observations
have outliers or are very informative (with small variance), the
number of particles after propagation in the high posterior like-
lihood area will be small, leading to particle degeneracy and
therefore poor algorithm performance (Cappé, Godsill, and
Moulines 2007). When p(x,|y,, x,—1) is analytically unavail-
able, often due to nonlinearity in the system, its approximation
by linearizing log(p(x,|x,—1)) or log(p(y.|x,)) can be used in-
stead.

As a preliminary for the theoretical analysis of the new al-
gorithm, we restate the central limit theorem (CLT) of [, pasic
in Douc and Moulines (2008) here. Suppose multinomial re-
sampling is performed at every step. Let ®,, be the domain of
Xo:n and Ll(ﬂn) ={h: f |2 (x0.) 700 (X0:0 ) x0:0 < 0O} A set C
of real function is said to be proper if: (1) C is a linear space;
(2) if g € C and f is measurable, | f| < |g| implies that f € C;
(3) For all ¢, the constant function f = c belongs to C. Assume
that:

(C1) For some proper set Ay, the following convergence hold:

N
1 .
=S 5 / h(xo)mo(xo)dxo, Vh € L' (y),
n

j=1

R
VN ﬁ;h(xg”)_ / h(xo)mo(xo)dxo | = N(O, oo(h)),
Vh € A().

With a proper set Ay, define

A, = {h £ 0, —> R|E5[h?] < o0, E, [nf—"quo,,l]
n—1

* 2
T
€ An—h Eq |:<n*n C]h> |x0:n—l:| € Wn—l}
n—1

and W, = {h 10, — RIE:[|A]] < oo,

Ty :
Eq * |h||x0:n71 Eanl s
T[nflq

where Wy = L! (7).
(C2) The unit function [, : ®, — 1 belongs to A,.

Theorem 1 (Douc and Moulines 2008). Let V,o(h) =
vary, (h) and by induction, for n > 0, define
Via(h) = Vauoi (Eq [ha(x00)]) + Ex:|
7, (X0 )(R(X1:0) — )
7 (X0—1)q (X X0:n—1)
Va,u(h) = Via(h(x1:0)) + varg: [A(x1:0)].

where h,(xq.,) =

Suppose conditions (C1) and (C2) are satisfied. Then for any n,
A, and W, are proper, and the following convergence results
hold:

St hoa i
jZN—”’ =t Vh € L'(my),
j=1Wn
Zz_v lh(xr(lj))wfi")
N {—

e
- — tn | = N, Vi ,(h)),Yh € A,.
Z;\Izl wiil) :|

(Varq [hn (-xO:n)]) B
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Specifically,

Vin(h) = f

70 (%0:1)% (i1 (X0:1) — n)?
7o(x0)q (x1]x0)

dxo:

3)

2 (0 )2 (e (0 ) — fn)?
_I_Z n( 0:0) (1 (X0:) — Mn) dxo..
=2

7, (X0:0—1)q (X | X0:1-1)

where 1, (x0.) = [ h(e1:)7 (Xrg1:n [ X0: )X 4100 and 707 (x0;) i
the marginal density of 7, (xo.,).

Condition (C1) initializes the asymptotic results. The defini-
tion of proper sets {A,} assures that, for 4 € A,, under each
of the sequential distributions {7’} and {m,_,q}, the first two
moments of h(xy.,) and 7 h(x1.,,)/(7)_ q) exist, which is re-
quired for the law of large number and asymptotic normality
of a triangular array conditional on {x((){LI };V:l. Condition (C2)
are required for A,, to be proper. One useful interpretation of (3)
is that each term can be interpreted as an importance sampling
variance where the target integral is f ey (Xo: )70 (X0: )d X0, and
the importance distribution is 77, (xo.r—1)q (x¢|X0..—1) (Johansen
and Doucet 2008). This interpretation allows us to consider the
techniques of improving importance sampling in the design of
SMC.

2.2 Importance Sampling With Multiple Proposals
and Control Variates

Consider estimating integral 4 = f h(x)m*(x)dx, where h(x)
is a real function and the probability density 7 *(x) can only be
evaluated up to a normalizing constant by 7 (x) o 7*(x), and the
importance proposal is g(x). It is well known that a good g(x)
needs to satisfy two requirements: one is that the tail of g(x)
should be heavier than the tail of 7 (x), so that the estimation
variance is bounded, and the other is the shapes of ¢(x) and 7 (x)
should be close. Using a mixture of multiple proposals has been
shown to be helpful for satisfying these requirements (Hester-
berg 1995). In addition, it is more efficient and safer to combine
it with appropriates control variates (Owen and Zhou 2000; Tan
2004). Given a mixture of p proposal densities and a proportions
vector @ = (i, ..., a,) to form the mixture proposal density
ga(x), stratified observations {x;; }!* | are taken from the kth pro-
posal gx(x) where ny = nay. With control variates g(x)/qq(x),
where g(x) = (g2(x) — q1(x), ..., qp(x) — q1(x))", a natural
extension of Owen and Zhou (2000)’s regression approach to
estimate u is

LY T [ham e - Bl gt | faatin)
% ka=1 Z?i] [ﬂ(xki) - ﬁ;g(xki)] /qa(Xki)

g(X) }‘ & [h(xmoo g(X) ]
da(X) 4X)  qa(X) ]’

. [ 9] ]1 — [n(X) gx) }
B, = var cov R ,
Ga(X) qa(X) qu(X)
and var and ¢ov denote the pooled-sample variance and covari-
ance.

Another estimator combining multiple proposals and control
variates is proposed by Tan (2004) based on the perspective
of Kong et al. (2003). In Kong et al. (2003), Monte Carlo in-
tegration was treated as a statistical inference problem where
the Monte Carlo sample serves as observations and the under-

-~

MReg =

)

where B, = var [
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lying measure in target integral, usually Lebesgue or counting
measure, is treated as an unknown nonnegative measure v and
modeled semiparametrically. Then by nonparametric maximum
likelihood, v is estimated by a discrete measure with the Monte
Carlo sample as its support, and the target integral is estimated
by an integration over this discrete measure. With multiple pro-
posals, Tan (2004) proposed to restrict the measure v to the set
{v:[ax)dx = [ qi(x)dv, k =1, ..., p}. The nonparamet-
ric MLE of v under such a restriction is

_ P({x))
VvV X

Ga(X) +ETg(x)’
p

where E = argmax Z Z log [q.,, (xri) + CTg(xki)] .

& k=1 i=1

Replacing the underlying measure of x by ¥ gives an extension
of Tan (2004)’s MLE approach to estimate u as following:

p ng
1 hen)m i)/ | quinn) + 27 g )
n

k=1 i=1

P ng
1 7T (xki)/ | Go(Xki) + ETg(xki)
n

k=1 i=1

MMLE =

An interesting interpretation is that, by the construction of g, the

function g, + ETg is a weighted average of ¢, .. ., g, with the
weight of ¢; equal to ay + &;_; for k > 2 and that of ¢; equal
to o] — El — = 2,,_1. It is shown that the MLE approach is
optimal in a broad class of estimators with multiple proposals,
and it is asymptotically equivalent to the regression approach in
the first order, that is, they have the same asymptotic variance.
For more discussion, see Li, Tan, and Chen (2013).

2.3 Generalized SMC With Mixture Proposal, Control
Variates, and Auxiliary Function

Since SMC is a sequential implementation of importance
sampling, it is natural to include multiple proposals and control
variance in it. For example, a strategy is to use one proposal using
the state equation and the other using the most recent observation
(Thrun et al. 2001; Elinas, Sim, and Little 2006). For the basic
SMC method, one implementation is to introduce control vari-
ates S(x;.,) satisfying f S(x1.0)7, (X0:0)d x0., = 0 and replace
the target function h(xy,,) in Ly pasic With A(x1:,) + YL S(x1:)
where ¥, is the estimated optimal coefficients (Singh et al.
2004). In this setting, the estimator is still asymptotically unbi-
ased.

It is well known that in the selection (resampling) step,
the resampling probability does not need to be proportional
to the importance weight wj; o (Liu and Chen 1998; Carpen-
ter, Clifford, and Fearnhead 1999; Pitt and Shephard 1999;
Zhang et al. 2004; Lin, Chen, and Mykland 2010). Other re-
sampling probability can be used to achieve various objectives.
The popular auxiliary particle filter (APF) of Pitt and Shep-
hard (1999) and Carpenter, Clifford, and Fearnhead (1999) use
future observation y,;; in the resampling. Specifically, since
Tn+1(X0:1) /74 (X0,,) does not depend on x,41, by resamphng
according to {wY )71,,+1(x(’))/7t,1(x(’))} instead of {w$} in the
resampling step, the selected {x(] )} are more likely to reside
in the high likelihood area of 7 ,(x¢.,). The analytical form
of m,11(x0:n)/7n(x0.,) 1s usually unavailable in practice and

some approximation 7(xo.,), named auxiliary function, is used
instead. Douc, Moulines, and Olsson (2009) discussed several
implementations of APF and derived the asymptotic properties
of APF, based on which the optimal form of n(xy.,) was given.

Combining these techniques, with 1(xo.,) being the auxiliary
function, S(x¢.,) being the control variates, and gg (x,|X1.,—1)
being the mixture proposal density where gq(x,|X1p—1) =
21[::1 o qi(x,|x1:0—1) given p proposal densities qj(x,]
Xtn—1)s - - - » 4 p(Xp|X1.n—1) and mixture proportion vector @ at
every time n, we have a more general SMC algorithm as
follows:

Generalized SMC Method:
At time n, assume weighted samples {(x5)_; " POV
available. For j =1,..., N,

| are

1. Propagation (Mutatlon) Generate x(’ )

distribution g (x, |x0 .—1) and let x

2. Weighting (Correction): Assign x((){lz with weight

from the proposal

~(J) )
(x()]n 1° xnl )

| p (37152, ) poalxi?)

w( J) w(/)

" n-l ( (J)|3~C(J) )
0:n—1

3. Resampling (Selecuon) If the condition for resamphng is
satisfied, resample {xo J}N according to {n(xo n)w(J )}

j=1
to obtain new weighted particles {(?cf)’,z,a)n’ ))}N

®)

j=1
, where

o =1/ n(xoj;) if the condition for resampling is not

satisfied, let (35); @) = (x{); ).

Estimation is often made after the weighting step, but before
the resampling step, where w,, can be estimated by

S0 [ + TS o | off

N ()
Z] lw”j

1L, generalized =

At the propagation step, particles can be generated in stratifica-
tion to increase both computation and estimation efficiency.

The above generalized SMC method is more flexible and
expected to perform better than the basic SMC, but there are
several key implementation issues regarding the additional el-
ements. First, it is necessary for the proposal densities to have
heavier tails than p(x,|x,—1) p(y,|x,) so that sample weight w(’ )
has a bounded variance. But it is difficult to obtain an accurate
approximation of p(x,|y,,x,—1) with heavier tails, except in
some special cases such as a log-concave p(x,|x,—1)p(yu|x,)
approximated by a first-order Taylor expansion. Second, there
is no general guidance on how to select appropriate control vari-
ates. The requirement f S(x1.0)7,) (X0:0)d X0, = 01in Singh et al.
(2004) is difficult to satisfy due to high dimension of S. Third,
the optimal auxiliary function given in Douc, Moulines, and
Olsson (2009) is often not available; hence, a carefully con-
structed approximation is essential in the implementation.

In the next section, we propose a new algorithm that provides a
unified strategy to design the proposals, control variates, and the
auxiliary function, based on a novel theoretical understanding
of the control variates.
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3. LIKELIHOOD-BASED MIXTURE SMC
3.1 The New Algorithm

Given p proposal densities q(x,|X1:0—1), -+ -, gp(XnlX1:0—1)
and an auxiliary function 1(x.,) for every n. For ty < n, let
Qi (Xtg11:n | X1:00) = 1_[:':;0+1 qr(x¢|x14-1)  for  k=1,...,p,
g(xto+l:n|xl:to) = ((I1 —q2,-..,41 — q;;)(xlg+1:n|x1:to) and
Ga (Xt 1:n|X1:0) = D_p_y @k qi(Xiy1:nX1:,) With mixture pro-
portion vector & = (ay, ..., p). The following algorithm is
proposed to use multiple proposals and control variates in the
SMC framework:

Likelihood-Based Mixture SMC (LM-SMC):

At time n, assume particles {36(()‘:’,271};.\’:1 and indicator sets
Ii, ..., I, are available where U,lelk ={l,...,N}. Let ng be
the time of last resampling. For j € I,

1. Propagation (Mutation): Generate xi from the proposal

qk(xn|x0,i ,) and letx(’) (~(()],2 ],x,(,])).

2. Weighting (Correction): Assign x” ) with weight

(
T (x§)

~(j) ~(j) ~(j) i~ G D)
Tng (xo:m,) n (Xo m,) [ ( Lot 1o X0 n(,) +¢,8 (xm,+1 X om,)]

) —
v, =

(6)

where
N
- ) ~(J) ) ~(j)
c’l = argmax Z log |:q°‘ (xn{,+l n Ix()’m,) + ; 8 ( n{,+] n‘ Olhn)] N
¢ j=1

3. Resampling (Selectlon) If the condition for resampling is

satisfied, resample {x0 n}j\' , according to {n(x(’))vm N

to obtain new particles {Xx; o )} j=1> each with weight 1/ N ,
and divide {1, ..., N} with equal probabilities into new
indicator sets Iy, ..., I, satisfying #I; = oy N; if resam-

pling is not needed, let %] b= x{).

After the weighting step, estimate i, by
Zl;/:l h(x l))v(l)

MnMLE = — — x5

Z} 1 Un

Remark 1. One of the novelties of this algorithm is that the
control variates are included in both resampling and estima-
tion. An alternative implementation is, in the generalized SMC
method, to estimate w,, by Owen and Zhou’s estimator ﬁReg in
(4) as follows:

Ny, () ) ) ~(J)
A Z [h(x )w ]ng(xnu+l n Onu)/q“(xnoJrl n|x0 n())j|
Mn.Reg = N Tl O~ G D @
Z/ 1 Tan(xno+l nlx() no)/q“(xn0+l nlx() no
where

T, =var| = | ¢éov| ——, 2|, Ty, =var | =
Jo TngCqa  qa Jo

. { ™o g ]
X Ccov s T |
TngCha qa
We call this regression-based mixture SMC (RM-SMC). It only
uses the control variates in the estimation without changing the
distribution of particles. Although the regression approach as-
signs proper importance weights for each particle, they are not
necessarily positive and hence cannot be directly used in resam-
pling. The likelihood approach always gives positive importance
weights, after incorporating the effect of control variates. The
asymptotic results in the next section show that the new algo-
rithm outperforms both the generalized SMC method without
control variates and RM-SMC.
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Remark 2. In the algorithm, particles are mutated within each
group and are only mixed across groups at the time of resam-
pling. Hence, the proposal distribution of x,,1., is the mix-
ture of p distributions and the number of control variates in g
is p — 1. Similarly as mentioned in Section 2.2, the function
qo + E,{g is a weighted average of qy, . . .
summing to 1 but different from a.

, 4, with the weights

Remark 3. For generalized SMC method, the control variates
S(x1:) need to satisfy [ S(xy,)7,} (x0:0)dxo:, = O to make the
estimator asymptotically unbiased, which makes the construc-
tion of S(x.,) difficult. The new algorithm avoids the difficulty
and is easy to implement.

3.2 Theoretical Results

Here, we present a CLT for [i,, mLg, similar to that in Douc and
Moulines (2008). For simplicity, only the scheme of multino-
mial resampling at every step is discussed. Let 75 = n(x{))v}
be the weights used in resampling, 7, (x.,) = n(xo_,l)n,, (x0.,) be
the unnormalized new target density after resampling with the
auxiliary function, 7 (xo,,) = e, '7,(x0.n) Where e, is the nor-
malizing constant, and [, = [ h(x1:)7 5 (x0:n)dxo:. Let Af =
Ao, W; = Wy and for n > 0, recursively define

A, ={h:0, > R|E;:[h*] < o0, Ez:[h*] < 00,

Tr*
E,, [ﬁ*—”|h||xo;n1:| eA,_,,

n—14a

ﬁ*
E(Iot [7’?* .
a* 2
E = Xom—1 | € W/ _,,
o |:<7T:—1%t ) o ]j| "
~ 2
7.[*
Eq, <~*n h> |X0:n—1 | € W,_,
nn,IQa

W,; = {h 10, > R |Eﬂ:[|h|] < 00, Ez:[|h]|] < oo,

* 2
T
E —— | |hl|xon—1 | € W,_, ,
5 [(n,flq) i ] B
~% 2
T
Eq,, <~* 4 ) |h||x0:n—l € Wn 1
7Tn—]qa

Let aio(h) = vary, [#] and for n > 0, recursively define

|h||x0:n—li| € A;_p

of,(h) = 03, (Eqq [ha(xXo:)]) + Ez: | (varg, [hy(xo.n)
—ﬂ,{gn(XnMo:nfl)]) s

7 (X0:n)(h — py)
7 (X0:n—1)qa (Xn | X0:0—1)
_ g(xn|x0:n71) and ﬂn — varlg,]”
qa (x, |XQ;,1,] )
Uzz,n_l (Eq,, [hn(XO:n)]) + Eﬁ:—l (Varqa [hn(XO:n)
B gn(alo-1) | ) + varz; [h1,

~ o~ " h— Nn
where 7, (X0.) = = 7T, (X0 )( Tn) ind
”n_1(X0:n71)qa(x,,|x0:n71)

B, = varlg,] 'covih,, g.].

where hn (x0:n) =

s gn(-xn |x0:n71)

'covlh,, gal,

o3, (h) =

Assume that:
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(C2') The unit function I, : ®, — 1 belongs to A),.

(C3) varz:¢,[8/ge] < 00 and is positive definite.

(C4) Ezrg,l8i,8i,8i5 /qg] < oo for any three coordinates
8iy» 8ir» 8is Of 8.

(C5) fgz(xn|x0:n71)/Qa(xn|x0:n71)dxn € W,/L_p

(C6) fg(xnlxo:n—l)dxn =0.

Theorem 2. Suppose conditions (C1), (C2'), and (C3)—(C6)
are satisfied. Then for any n, A), and W, are proper, o{,(h) is
finite, and the following convergence holds:

—~ P %

A MiE = M Vh € L), ®)

VN (uniie — 1) = N (0.62,(0) Vh € A, ()
Specifically,

o= [
=1

L o Gae o) — ) = B (X048 x0u 1]

= dxo
7T (X0 —1)Ga (Xt | X020 1) ’

(10)
where

8(x/|x0.1-1) ]1

S| oV g,

Go (Xt |X0:-1)

[ 73 (0. ) (s (Xo:0) — ) 8 (X |X0:—1) }
ﬁffl(xO:t—l)Qa(xt|x0:t—l), G (Xt ]X0:11) '

Bin = varz: 4, [

and 77 (xo) = 7§ (x0).

The proof of the theorem is given in the Appendix.

The sets A;, and W, are defined similarly as A, and W, so
that for 4 € A}, under each of the sequential distributions {7},
(), {m)_,q}, and {7}_,q}, the asymptotic results of certain

triangular arrays conditional on {x{/,}" | or {%‘fi_l}y: , hold.
One sufficient condition for & € A}, is
PXn|Xn—1) (Y1)
N(x0:n—1)qa (Xn | X0:0—1)
1(X0:0) P [Xn—1) Py X))
1(X0:n—1)Ga (Xn | X0:0—1)

and

are bounded from above,

1)

which can be satisfied by including heavy tail component pro-
posals, and the first two moments of # under densities ", 7,5,
¥ g, and T} g exist for every n. andition (C3) ensures
that the optimization for MLE weights ¢ gives stable results.
Condition (C4) is required for the remainder of certain Taylor
expansion to be small. Conditions (C3)—(C5) can be satisfied
when all mixture proportions of g, are nonzero, or the tails of
component proposals with nonzero proportions cover those of
all other component proposals. Condition (C6) is necessary for
oﬁ (1) to have the clean expression in Theorem 2, which is auto-
matically satisfied in LM-SMC and is stated here to emphasize
the requirement for control variates.

The analytical form of aﬁn(h) clearly demonstrates the im-
pact of the control variates in two aspects. First, every term in
the asymptotic variance contains the control variates, which is
resulted from including control variates in the resampling step.
Second, the coefficient vector for control variates is optimal for
every n despite the target density for each term changes as n
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increases. This is because in the likelihood approach, the esti-
mated coefficient vector ¢, does not depend on the target den-
sity, and hence the same sample and coefficients can be adapted
for different target density automatically. Therefore, LM-SMC
outperforms the generalized SMC method without using con-
trol variates. Since RM-SMC only includes the control variates
in the estimator, it only affects the last term of the asymptotic
variance (shown in the Appendix). Therefore, LM-SMC also
outperforms RM-SMC. Section 4.1.3 gives a specific example
illustrating these comparisons on variance expansions.

The following corollary shows that the asymptotic variance
of LM-SMC is always smaller than that of the APF using Noy
particles from the proposal g, forany k =1, ..., p.

Corollary 1. Forany k=1, ...
n 2
1 7 (X0 X0:1) — Mn
o2 () < - 3 / [0 Gro:0) (s (x0:0) = )] i,
t=1

7’:5;*,1 (x0:—1)qi(xs1X0:1—1)

, p such that o > 0,

3.3 Guideline on Choosing Component Proposals
and Auxiliary Function

The choices of component proposals g1, . .., g, are critical to
the performance of LM-SMC. A common criterion of selecting
proposal is the conditional variance of importance weights given
the previous weighted particles, to limit particle degeneracy.
Alternatively, at each time step n, we select the component
proposals so that p, Mg has the smallest asymptotic variance
o01.,(h) atthis single step than all other choices of proposals. This
strategy is similar to the one adapted in Douc, Moulines, and
Olsson (2009) for selecting auxiliary function. Note that in (10),
at time step n, the choice of g1 (x, [x0:1—1), - . ., gp (X |X0:0—1) and
n(xo.,—1) only affects the last term of o , (k) which is

de:t )

(12)
and therefore is to be minimized. By the theory of the
likelihood approach (Tan 2004), (12) is equal to O when
7 (h — py,) is a linear combination of 7 qi,..., 7} q,.
This property suggests to choose qi,...,q, and n(xp.,—1)
such that m)(h —pu,) is close to some linear combina-
tion of 7' qi,.... 7 qp. Since 7} (x0)(h(X1:) — tn) X
71 (X0:n—1) PXn X0 —1) p(Yn %) (R (X1:0) — 1), the construc-
tion of component proposals can be done by approximat-
ing and decomposing p(xu|%,—1)p(yalx.)(h — 1,). Specif-
ically, if p(x,|x,—1)p(ynlx,) can be approximated by
N(X0:n—1)g (X |X0:n—1) Where n(xo.,—1) is a positive function and
q(x,|x0:n—1) 1s a probability density having a decomposition

/ [ o) A1) — 1) — BE 86l X0 )Ty (on1)]

ﬁ;_l (x():nfl )q:x(xn |x0:n71)

P

qCn|X0m- D) Ct10) = fhn) = Y ckrk(1n-1)qk(Xu|X0m-1) (13)

k=1
with real functions ry(xg.,—1), densities g (x,|xo.,—1), and con-
stants ¢, then g1, .. ., g, and n(xp.,—1) can be used as the com-
ponent proposals and the auxiliary function.

Meanwhile, to ensure the sample weights have bounded vari-
ance, one should include a heavy tail component proposal and
add a positive constant into 1(x¢.,—1) to have n(xop.,—;) bounded
away from 0, so that the sufficient condition (11) is satisfied. A
simple choice of the heavy tailed proposal is the prior density
p(xp|x,—1) from the state equation.
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The above strategy can be illustrated using the following
special case of model (1),

Xy = 51(Xy—1) + &

Yn = 52(xp) + ey (14)

with normal noises &, and ¢, and a nonlinear function s,(x).
Suppose the target function h(xy.,) is x;,.

Let log(pa2(y,|x,)) be the second-order Taylor expansion of
log(p(ya|x»)) around the mode of p(y,|xn), g2(Xn|Yn, Xn—1) be
the normalized p(x,|x,—1)p2(¥nlx,), and r(x,_;) be the corre-
sponding normalizing constant. By approximating the center of
normalized p(x,|x,—1) p(¥n|Xs) BY q2(Xn|Yn, Xn—1), controlling
its tail by p(x,|x,—1), and adding a positive constant c to r(x,—1),
p(xp|xn—1)p(yulx,) can be approximated by

n(XO:nfl)q(xn |-x0:n71) = [r(-xnfl) + C] [quZ(-xn |ynv -xnfl)
+V2P(xn|xn—1)] P (15)

where the values of y; and y, can be arbitrary. The value ¢
should not be too large or too small compared to r(x,—;). The
expectation Ezx . [r(x,-1)] is a reasonable choice and can be
estimated by sample average.

Then, the component proposal can be constructed as follows.
Note that g, (x, | y,, X,—1) is a normal density with mean 6(x,,_;).
Decompose Q(xn |x0:n—l)(xn - I‘Ln) by

[V192(Xn 1Y, Xn—1) + Y2 P(en ] Xn— 1] (Xn — pn)
= y1 [x0 — 0xn— D] @2(Xu Y0, Xp—1) + y1 [0(xn—1)
= ] @2(Xn | Yns Xn—1)
+72 [xn = $1(x—1)] pOealXn—1) + 2 [s1(xn-1)

_/'Ln] p(xnlxnfl) (16)

and use the following component proposal distributions:

the normalized [x, — @(x,—1)]" ¢2(xn|Yns Xu—1), normal-
ized [xn - Q(Xn—])]_ q2(xn|yn» xn—l)7 42(x11|yn’ xn—l)7
normalized [xn — 10— D1T pGeplxn_1), normalized

[xn -8 (xnfl)]i P(Xn |xn71) and P(Xn |)Cn,1). They are either
Weibull distribution or Normal distribution, which can be sam-
pled from easily. When the mixture proportion for p(x,|x,—1) is
nonzero («g > 0), then (11) is satisfied by the fact that n(xp.,—1)
is bounded and n(x():n—l)Qa (xn [ X0:n—1) > 056CP(Xn % —1)-

3.4 The Choice of Mixture Proportions

Based on the theoretical results, the following guidelines are
useful for choosing the mixture proportions for the candidates
component proposals.

First, the proportions of some proposals can be set to zero,
but these proposals remain as part of the control variates. That
is, some of the proposal distributions are not used in generating
samples, but only used as control variates. Typically, these are
part of (13) but are computationally expensive to sample from,
though easy to evaluate. This is valid because when n, (h —
iy) is a linear combination of T g1, ..., 7, g, (12) still
equals O even if some «; are zero. This strategy allows more
flexibility in decomposition (13) to include terms which are
easy to be normalized but difficult to sample from. Then, the
values of nonzero proportions can follow some heuristic rules
derived from experience or interpretation of proposals. Equal
proportions are often a good starting point.
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Second, the component proposals with nonzero proportions
should satisfy conditions (C3)—(C5). These conditions hold
when g, has a heavier tail than those proposals with zero propor-
tions. That is, the component for protection should have nonzero
proportion.

Third, the proportion of a very good component proposal
(if there is one) can be close to 1 so that the performance of
LM-SMC is at least not worse than the performance of that
component proposal. This is ensured by Corollary 1.

The first strategy raised the question of whether sampling
from a subset of gy, ..., g, will decrease the estimation ef-
ficiency and offset the saving of computational resource. As
we illustrate through the following example, when the sample
coverage is not of a major concern, the improvement by the
likelihood approach may be mainly caused by the use of control
variates. Therefore in practice, one can construct several easy-
to-sample proposals to cover the high likelihood area of the
target density with some additional more sophisticated proposal
densities as covariates to achieve more accurate approximation.
The following example is considered for importance sampling,
though similar features can be seen in SMC as well.

Example. Suppose a random vector X = (X, ..
follows

., X10)

10 10
m(x) =08 [ oGy + 0.2 | ulx,).

=1 p=1

where ¢(x) is the standard normal density and ¥,(x) is the
student t density with degrees of freedom d. This distribution
is used in Tan (2004). The target of interest is the expectation
u = E [f(X)] under 7 (x), where f(x)= Z;,O:] x,/10. Here,
we compare four estimators to illustrate the effects of setting
some mixture proportions to 0.

The first two estimators are based on the pro-
posal choices in Tan (2004). Let g;(x) = ]_[lpoz1 o(xp),
g (x) = l_[;,ozl Ya(xp), g1(X) = q1(x) — q2(x), and g52(x) =
0.5g1(x) + 0.5g>(x) where g4 (x) denotes the mixture of k pro-
posals with proportions . Among the component proposals, g;
approximates the center of 7 and g, controls the tail of . Sup-
pose {x;}]_, are generated from ¢ 5 ,(x) in stratification. Then
IS and Tan’s likelihood approach give the estimator

Qp = Yooy ST (xi)/q520x;)
’ i mx)/qsx)
e = Y fem @)/ [g.5200 + Trci81(x0)]
o S )/ (4520 + Epc,g1(x0)]

where?pzc] = argmax Z?zl log (q,s,z(x,-) + {gl(x;)) and ﬁpkcj
¢

denotes the estimator with k sampling proposals and j control
variates.

The third and fourth estimators are based on more sophisti-
cated component proposals following the discussions in Li, Tan,
and Chen (2013) which suggested to decompose an approxima-
tion of (f(x) — w)m(x), similar to the discussions in Section
3.3. By approximating 7 (x) with the mixture of ¢;(x) and g,(x)
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as in the first two estimators,

10 10

1 1

M d xp— 1| ) & m > " xp — 1| N1 (®) + 1242(x)]
p=1 p=1

10 10
=Y tipx o) [ o) = D mpx, dep) [ [ dxi)
p=1 i#p p=1 i#p
10 10
+ ) mpx ) [ [ vaGn) = ) wapx, vnlep) [ [ va(x)
p=1 i#p p=1 i#p
+ 75q1(%) + T6q2(x),

where  yy, V2, Ti,...,T¢ are constants. There-
fore, we choose the following component pro-
pOSﬁlSZ q1j+(x) X x;rqs(xj) Hi;&j o (x;), q1j7(x) X

X5 ) [T B, G2+ () 0 T2 00) T Yoo,
qrj—(x) x;d’Z(xj)Hi#j Ya(x;), for j =1,...,10 and q;(x)
and g,(x). There are a total of 42 component proposals and all
can be sampled relatively easily. Let g4 42(x) be the mixture
of these component proposals with equal proportions and g(x)
be the corresponding vector of control variates. Suppose {x;}
are generated from gy 4>(x) in stratification. The likelihood
approach gives the third estimator

Sy fEDm @D/ [ e + 8 e, 860
Sy 7/ [ 2@ + i, 8650)]

HPpCy =

’

where EPA)ZCM = argmax Z?:l log (qa,42(x,-) + ;'Tg(x,-)).
¢

The fourth estimator is constructed by setting the mixture
proportions of all component proposals except ¢g;(x) and g»(x)
to 0 in % p,,c, » Which means the sample is only generated from
q.5.2(x) but the control variates g(x) uses all components. This
gives the fourth estimator

Sy Fa0m )/ [a52060) + Epc, 860
S 70/ (452060 + 8, 8060

-~

Hp,cy =

’

where 2,32&“ = argmax Zf':l log (q_s,z(x,') + {Tg(x,-)). Note
¢

that 7t p,c,, has a bounded variance since the heavy tailed pro-
posal g»(x) is included.

The MSE of these four estimators are reported in Table 1. It
can be seen that [ip, and L p,c, have similar MSEs, indicating
no improvement by a control variate g;(x) without considering
the target function f(x). When control variates constructed us-
ing the information of f(x) are included, the resulted estimator
@ py,c,, improves the MSE of jip, by more than one order of
magnitude. If the sampling proposals also use the information
of f(x), the resulting estimator Zp,c, improves the MSE of
Lp,c,, by about 20%. It shows that the main contribution of im-
provement comes from the control variates instead of proposal
distributions.

4. NUMERICAL STUDIES

Here, we present several examples to illustrate the perfor-
mance of the new algorithm. In these examples, the target func-
tion is h(x,) = x, and the posterior mean of the current state is
of interest. We compare five methods: The BF, APF, the gen-
eralized SMC method without using control variates (GSMC),
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Table 1. Comparison of the four estimators in example of Section
3.4. Simulation is replicated for 1000 times independently and each
replicate uses 4000 draws. The mean square errors (MSEs) are

reported
ﬁpz ﬁchl ﬁP42C41 ﬁP2C4]
MSE 14E —1 14E -1 41E -3 50FE -3

RM-SMC of (7), and LM-SMC. The generalized SMC used
here does not include control variates due to the difficulties dis-
cussed in Remark 3 of Section 3.1. In all examples, systematic
resampling (Carpenter, Clifford, and Fearnhead 1999; Douc and
Cappé 2005) is used at every step, each step uses 2000 particles,
and the simulation is replicated 200 times independently. The
trust region optimization algorithm (Nocedal and Wright 1999)
is used for calculating MLE weights in all examples. We report
the average of MSE over 100 steps, that is,

100 200
1

1
MSE,, where MSE, = — Y (&,; — i,)>,
; ¢, Where "= 300 ;(M[ e)

MSE = —
100

where [i;; is the estimator at the rth step of rth replication and
W, is the theoretical posterior mean of x,, and the comparison
between LM-SMC and the tth method with consideration of
computing time, that is, the ratio

o MSEpMm-smc X Tim—smc
! MSE; x T;

where T is the computing time, fori = 1, ..., 4 are reported.

’

4.1 AR(1) Observed With Noise
Consider the following process

Xp = ¢xn71 + &ny En ™~ N(09 0-2)
Yn = X +env €y ™~ N(O» 1)

Itis often used as a benchmark model for comparing SMC meth-
ods since all sequential distributions are analytically available
through Kalman filter.

For APF, since the density p(x,|x,—1, y,) is normal and
N(xp—1) = T (X0:n—1)/Tn—1(x0:n—1) can be evaluated, in this ex-
ample we use them as the proposal density and the auxiliary
function. This is referred to as “perfect adaption” of the APF in
Pitt and Shephard (1999).

4.1.1 Construction of Component Proposals. For the mix-
ture methods, the component proposals can be obtained by the
following decomposition. Denote the mean of x, with density
p (X, |Xn—1, ¥,) conditional on x,_; by 6,(x,—1). We have

P |Xn—1) PV [X0) (X — thn)
= 77(an1) [(xn - en(xtlfl))+p(xn|xn717 yn)
+(xn — 00(x0—1))” P |Xn=1, Yn)

F(6n (Xn-1) — 1n) Xl Xn—1, yu)l. A7)

Then, we can use the same 71(x,,—;) in APF as the auxiliary func-
tion, and the following component proposals: p(x,|x,—1, Yu),
normalized (x, — 0,(x,—1))" p(xu|x,—1, y») and normalized
(Xn = On(xn—1))" p(xalXn—1, yn). Since p(x,|xn—1, yn) is known
to be the optimal choice in the sense of minimizing the con-
ditional variance of the importance weights, following the
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Table 2. Comparison of five methods in Example 1. MSE is reported and the ratio of MSE multiplied with computing time between LM-SMC
and the corresponding method is reported in the parenthesis

SNR =10 ¢=070=23 ¢$=08,0=19 ¢$=09,0=14 Time s
BF 1.7 E-3(0.0004) 8.5E-4(0.0022) 8.0E-4(0.015) 44
APF 4.3E-4(0.0015) 4.0E-4(0.0044) 3.7E-4(0.033) 46
GSMC 3.9E-4(0.0013) 3.9E-4(0.0037) 3.5E-4(0.027) 57
RM-SMC 5.5E-6(0.069) 1.2E-5(0.088) 3.5E-5(0.2) 78
LM-SMC 3.1E-7(1.0) 8.5E-7(1.0) 5.7E-6(1.0) 97
SNR =1 ¢=0.7,0=07 ¢ =0.8,0=0.6 ¢=09,0=044 Time s
BF 3.3E-4(0.042) 3.3E-4(0.11) 2.9E-4(0.30) 44
APF 2.1E-4(0.065) 2.0E-4(0.18) 1.9E-4(0.49) 46
GSMC 2.0E-4(0.054) 1.9E-4(0.15) 1.8E-4(0.42) 57
RM-SMC 4.4E-5(0.18) 6.4E-5(0.32) 1.0E—-4(0.52) 78
LM-SMC 6.7E-6(1.0) 1.7E-5(1.0) 4.6E-5(1.0) 97
SNR = 0.5 ¢=070=05 ¢=08,0=042 ¢ =09,0 =031 Time s
BF 2.2E-4(0.08) 2.0E-4(0.19) 1.5E-4(0.44) 44
APF 1L.4E—4(0.11) 1.4E-4(0.27) 1.2E-4(0.51) 46
GSMC 1.4E-4(0.09) 1.3E-4(0.22) 1.2E-4(0.44) 57
RM-SMC 4.3E-5(0.21) 6.2E-5(0.35) 7.9E-5(0.47) 78
LM-SMC 7.5E-6(1.0) 1.8E-5(1.0) 3.0E-5(1.0) 97
guidelines in Section 3.4, the mixture proportions of the above 4.1.3 Comparing Expansion Terms of Variances. Com-

proposals are set to be 0.98, 0.01, 0.01.

4.1.2 Results. The five methods are compared under differ-
ent settings of signal to noise ratio (SNR), defined as the ratio
between the variances of x,, and e,. The values of parameter ¢
are settobe 0.7, 0.8, 0.9, and o are determined so that the SNR
of the process is controlled at 10, 1, and 0.5. For each setting, a
series with length 100 is generated as observations. Results are
listed in Table 2, and the trajectories of logarithm of MSE for
all five methods are given in Figure 1.

In Figure 1, it is seen that the MSE of LM-SMC is always
smaller than the others, which is consistent with the theoret-
ical comparisons in Section 3.2. In Table 2, it is seen that in
all parameter settings, with both variance and computing time
considered, LM-SMC outperforms the other methods signifi-
cantly, ranging from 60% to several orders of magnitude. It is
not surprising since each term of the linear decomposition (17)
is used directly as the control variate, and the target function is
very close to a linear combination of the control variates.

From Table 2, it is seen that the improvement of LM-SMC is
more significant for higher SNR or smaller ¢. This phenomena
gives some insights of when to use LM-SMC. First, higher SNR
indicates higher signal strength. Since the control variates in
LM-SMC involve the signal level x,, the higher SNR is, the
more information about x,, are contained in the control variates,
which gives LM-SMC more advantages to estimate x,,. In fact,
LM-SMC always achieves smaller MSEs with a higher SNR
than a lower one. This is not necessarily true for BF, APF, and
GSMC. Therefore, the improvement LM-SMC can achieve is
related to the signal strength. Second, smaller ¢ means larger
uncertainty in x,. BF and APF heavily rely on the quality of x,
and therefore deteriorates for smaller ¢. In contrast, LM-SMC
becomes increasingly more effective. Therefore, our method
gives improvement in situations where the existing methods
perform poorly.

pared with BF, the most basic method, the improvement of
LM-SMC includes the effects of the auxiliary function, better
proposal densities, and control variates. To illustrate the sole
effect of control variates by separating it from the others, here
we provide some comparisons among the terms of theoretical
variance expansions (3) and (10) of all five methods. Due to the
linear Gaussian nature of this example, each term of the variance
expansions can be estimated accurately. Consider the parameter
setting ¢ = 0.9 and 0 = 1.4 in Table 2 and the corresponding
observation series that has length 100, and the same design for
each method as previously. At each time step n, all n terms of
the variance expansion of each method are estimated using 10°
Monte Carlo samples. The results on the last three terms are
reported in Table 3. The other terms follow a similar pattern.
Note that different from previous simulations using systematic
resampling, the theoretical variances here are for algorithms
using multinomial resampling.

In Table 3, the comparisons between APF and BF, GSMC and
APF, RM-SMC and GSMC, and LM-SMC and RM-SMC reveal
the improvements due to the auxiliary function, the multiple
proposals, the control variates of the last expansion term, and
the control variates of earlier terms, respectively. First, it can be
seen that most of the improvement comes from control variates,
by noting that in terms of total variances, LM-SMC improves
upon GSMC by over 89% for all n, while GSMC improves upon
BF by less than 25% for n = 3 and 7 and 75% for n = 9 due
to the failure of BF. Second, the variance reduction contributed
by the second-to-last term is also significant, which makes the
variances of LM-SMC is almost 50% of those of RM-SMC.
Therefore, LM-SMC has significant improvement on efficiency
by achieving variance reduction beyond the last term of the
variance expansion.

Similar patterns are seen in all other time step n (not shown
here). We also observe that, for each method, the relative
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Figure 1. Trajectories of logarithm of MSE for the five estimators in all cases of Example 1.

contribution of the kth term toward the total variance decreases
quickly as k decreases. Hence, the earlier terms are almost neg-
ligible, and the last three steps are the dominating terms.

4.2 Stochastic Volatility With AR(1) Dynamics

Consider the stochastic volatility model in Sandmann and
Koopman (1998)

Xn = ¢xn71 + Nuy M ™~ N(O’ 0712)
Yo =0etE, &~ NO, D,

where 1, and &, are independent, y, is the demeaned return of a
portfolio obtained by subtracting the average of all returns from
the actual return, and & is the average volatility level. Due to the
nonlinear structure of the observation equation, the analytical
form of p(x,|x,_1, y,) is unavailable.

For the APF method, Kim, Shephard, and Chib (1998) and
Pitt and Shephard (1999) suggested to use the normal den-
sity q1(Xn|Xn—1, Yu) X p(Xn|xu—1) p1(¥n|x,) as the proposal and
the corresponding normalizing constant as the auxiliary func-
tion, where log (p(y,|x,)) is the first-order Taylor expansion of
log (p(yu|x,)) around ¢ Z?’:l x,(,’_)l/N. Since p(y,|x,) is log-
concave, pi(y,|x,) has heavier tails than p(y,|x,), and hence
q1(x,|xn—1, Yn) and the auxiliary function satisfy the tail require-
ment of the proposal distribution. In this example, we select
ql(xn |xn71 s yn) and p(xn |xn71)p1(yn |xn)/q1(xn |xn71 s yn) as the
proposal and the auxiliary function for the APF method.

4.2.1 Construction of Component Proposals. For the
mixture methods, let g¢»(x,|x,—1,y,) being the normal-

ized  p(xu|x,—1)p2(ynlxa) where log(pa(ynlxs)) 1is the
second-order Taylor expansion of p(y,|x,) around the
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Table 3. Comparison of variance expansion terms of five methods in
Example 1. Parameter settings are ¢ = 0.9 and o = 1.4. The
asymptotic variances at time 7, and the last three terms, denoted by
kth, of each variance expansion are reported

Journal of the American Statistical Association, March 2016

the benefit of using g»(x,|x,—1, y,) as the proposal when
there are extreme outliers in the observations. One problem
of ga(x,|x,—1, yu) is that it does not have a tail heavier than
p(xn|xn—l)pl(yn|xn)-

By taking logarithm on both sides of the observation equation,

n=3 first second third Total variance the stochastic volatility model is a special case of model (14) in
BF 3.4e-3 7.1e-2 9.1e-1 9.8e-1 Section 3.3. Therefore, its construction of component proposals
APF 4.0e-3 6.1e-2 7.1e-1 7.8e-1 can be applied here. It gives an auxiliary function r(x,,_;) + ¢, —1
GSMC 3.8e-3 5.9e-2 6.8e-1 7.4e-1 where c¢,—1 = Eg*_4,[r(x,—1)] which can be estimated by
INC W el Wmecommment s 51,0
P Xn-1), normalized (X0 — 0(xu—1)" q2(xn|Xa—15 Yn)»
n=17 fifth sixth seventh ~ Total variance ~normalized (on = 0Cn—1))" q2(xn|Xn—1, yn)s nor-
malized (tn — Pxp— 1) pOulxn—1), and normalized
BF 3.5e-3 2.0e-1 6.8e-1 8.8e-1 (X4 — @xp_1)” p(xulx,—1). The tail requirement can be
APF 6.5¢-3 3.3e-2 7.2e-1 7.7e-1 satisfied by letting the mixture proportion of p(x,|x,_;) larger
GSMC 6.3e-3 5.1e-2 6.8e-1 7.4e-1 than 0.
RM-SMC 6.3e-3 5.1e-2 5.7e-2 1.1e-1 .
LM-SMC 1 .4e-3 5803 5702 6.40-2 Although all COanonen't proposals can be s.ample.d d}rectly,
for the purpose of illustration, we follow the discussion in Sec-
n=9 seventh eighth ninth Total variance  tion 3.4 and set the mixture proportions of g (x,|x,—1, ¥,) and
p(x,|x,-1) to be 0.5 for each, and the other proposals to be 0.
BF 3.4e-3 2.0e-1 3 3.2 With such mixture proportions, for different target functions,
APE 6.6e-3 I.le-1 7.le-1 8.3e-1 the sampling procedure remains the same and only the control
GSMC 6.3e-3 1.0e-1 6.8e-1 7.9e-1 .
RM-SMC  6.3e-3 1.0e-1  57e2 1.6e-1 variates need to be changed.
LM-SMC L.4e-3 2.6e-2 5.7e-2 8.4e-2 4.2.2 Results. Here, we use the parameter settings in Sand-

maximum point of the observation likelihood, r(x,—;)=
p(xn|xn71)p2(yn|xn)/q2(xn|xn717 yn) and denote the mean of
q2(Xn|Xn—1, yu) by 8(x,—1). Smith and Santos (2006) discussed

mann and Koopman (1998). The values of the autoregressive
parameter ¢ are set to be 0.90, 0.95, and 0.98, which are com-
patible with the range from 0.9 to 0.995 of ¢ found in empir-
ical studies. Then for each ¢, the values of o, are selected so
that the coefficient of variation of the volatility 4 = &2 exp(x,,),

Table 4. Comparison of five methods in Example 2. MSE is reported. As a measure of computationally efficiency, the ratio of MSE multiplied
with computing time between LM-SMC and the corresponding method is reported in the parenthesis. The theoretical posterior mean is
calculated using Monte Carlo sample

¢ = 0.90, ¢ =0.95, ¢ =0.98,
CV =10 o, = 0.675,5 = 0.0165 0, = 0.484,5 = 0.0164 o, = 0.308,7 = 0.0166 Time s
BF 8.0E—4(0.54) 4.3E-4(0.78) 22E-4(1.4) 53
APF 2.4E-2(0.012) 9.8 E-3(0.023) 2.7E-4(0.80) 78
GSMC 5.1E-4(0.56) 3.6E—4(0.61) 2.6 E—4(0.80) 81
RM-SMC 3.2E-4(0.58) 2.6E-4(0.54) 2.0E-4(0.67) 126
LM-SMC 1.2E-4(1.0) 9.2E-5(1.0) 8.7E-5(1.0) 193

¢ = 0.90, ¢ =0.95, ¢ =0.98,
CV =1 o, = 0.363,7 = 0.0252 0, = 0.260,7 = 0.0252 o, = 0.166,7 = 0.0253 Time s
BF 2.7E-4(0.61) 2.2E-4(0.78) 24E-4(1.7) 53
APF 4.0E—4(0.28) 2.5E-4(0.45) 4.6E-4(0.60) 78
GSMC 2.3E-4(0.46) 1.9E-4(0.57) 22E-4(1.2) 81
RM-SMC 1.7E-4(0.41) 1.6E—4(0.44) 2.1E-4(0.82) 126
LM-SMC 4.5E-5(1.0) 4.6E-5(1.0) 1.1E-4(1.0) 193

¢ = 0.90, ¢ =0.95, ¢ =0.98,
CV=0.1 o, = 0.135,5 = 0.0293 o, = 0.096, 7 = 0.0293 o, = 0.061,7 = 0.0295 Time s
BF 4.3E-5(0.36) 52E-5(1.4) 34E-5(1.7) 53
APF 3.9E-5(0.27) 45E-5(1.1) 3.2E-5(1.2) 78
GSMC 43E-5(0.23) 5.2E-5(0.93) 3.8E£-5(0.95) 81
RM-SMC 3.2E-5(0.20) 5.0E-5(0.63) 3.3E-5(0.71) 126
LM-SMC 4.2E-6(1.0) 2.0E-5(1.0) 1.5E-5(1.0) 193
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Figure 2. Trajectories of logarithm of MSE for the five estimators in all cases of Example 2.

defined as
var[h] .

0.2
= exp 1——’7¢ﬂ —1,

takes the values 10, 1, and 0.1. High value of CV indicates the
relative strength of the volatility process, and low value of CV
indicates the volatility is close to a constant. Finally, the average
volatility level & is selected such that

2
—2 Iy
E[h] = 0~ eXp <m)

is equal to 0.0009. This value of E[h] can be interpreted as an
approximately 22% annualized variance if the simulated data are
taken as weekly returns. For each setting, a series with length
100 is generated as observations. Results are listed in Table 4,
and the trajectories of logarithm of MSE for all five methods
are given in Figure 2.

In Figure 2, similar to Figure 1, the MSE of LM-SMC is
always the smallest among all methods studied. In Table 4, the

V= e

performance of LM-SMC also has a similar pattern as in Table
2. The larger ¢ is, that is, the more volatile the volatility pro-
cess is, the greater improvement our new method achieves. For
¢ = 0.9, the improvement of LM-SMC over the other meth-
ods ranges from 39% to 80%, not including the failed APF.
For ¢ = 0.98, compared with BF, although the improvement
of LM-SMC on MSE is still over 50%, it does not perform
better due to the extra computing time. In this setting, with
¢ = 0.98, the volatility process is close to a random walk with
small variance and is quite persistent. Therefore, the standard
method already achieves good accuracy, and there is little room
for improvement, in which case the new method may not be
needed.

In the results, the mixture methods performs more robustly
than APF. When CV = 10 and CV = 1, the APF per-
forms worse than BF, and in two cases of CV = 10, its per-
formances are extremely bad. A possible reason is that, al-
though p(y,|x,)/p1(yn|x,) is bounded, the upper bound may
still be large and the sample weights are skewed. In compar-
ison, all three mixture methods are more stable. Therefore,
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the protection provided by the mixture proposal outper-
forms the one provided by expanding the log-concave
density.

Finally, it can be seen that LM-SMC reduces the MSE of RM-
SMC from 48% to 87%. This means that in (10), the variance
reduction brought by adding the control variates to the historical
terms is significant.

5. SUMMARY

In this article, we propose a new SMC algorithm by using
Tan’s likelihood approach (Tan 2004) with both resampling and
estimation and give practical guidelines of selecting control
variates and sampling proposals which are critical for efficient
implementation of the new algorithm. Compared to the direct
use of multiple proposals and control variates, the new algorithm
always has smaller asymptotic variance, which is proved in the
established theoretical framework. The numerical studies show
that, by including the information of target function and intro-
ducing heavy tailed proposal for protection, the new algorithm
can be more efficient and stable than the BF and APF.

APPENDIX A: PROOF OF RESULTS

The new algorithm differs from the basic SMC method in the use
of three elements: The proposal density which is the mixture pro-
posal g, the addition of the auxiliary function 7(x,,) in resampling,
and the modified importance weights v\). The extension of Douc and
Moulines’ (2008) proof to include mixture proposal g, is natural, and
the extension to include auxiliary function can be referred to Douc,
Moulines, and Olsson (2009). Therefore, the following proof is fo-
cused on including the new importance weights v\ in the CLT. The
theorem is proved by inductions. At time ¢t — 1 assume conditions
(C1), (C2'), (C3)—(C6) are satisfied, A;_, and W,_, are proper, and the
following consistency and the CLT hold:

N
1 P~ ~x
SOk (z‘lff 1) L MwVheL'F). (AD
i=1

S EN, 02, \(h),Vh € A]_,,

(A.2)

where o3, (ch) = coj,_(h) for all scalar c. Define og,(h) =
02,—1(Eg [h1x0:4-11) + Exx | (varg, [hlxo,—1]). The following lemma

gives convergence results for the weighted sample {(xi{,), N *1)}§’=1

Lemma A.1 (Propagation). Under the inductive hypotheses, the fol-
lowing convergence results hold:

N
Z (x2) & [ Ao o au 0,0

i L o
1 & ,
¥ o (32) = [ e oo i,
j=I

£ >
= N(0,03,(f),Yh € A,_,
where A' | = {h: ©, > R|E,[|h|]] € A|_,, E,[R*]1 € W/_,}.
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Proof. By applying Douc and Moulines (2008, Theorem 1 and 2)
on {(xY), N NN}, Lemma 1 holds. O

Lt
In the next lemma, an expansion of the MLE weights E, is given.
Lemma A.2. Under the inductive hypotheses, it holds that

D~
( X2 — 1)
( J)|~(J) )

X0:—1

Then, 2, > 0and Z, = 0, (N7172).

R — N
Et = Va‘r” —19e |:7i| Z

qu

+0,(N7'?). (A3)

Proof. By definition, VN ’f, is the maximizer of the concave func-
tion Y(s) = Y1, loglga (", ) +N 1257 g(x/”|%§)_ )] the con-
cavity of which can be seen by its Hessian matrix. The standard
expansion theory for M-estimation with a convex criterion function
cannot apply due to the dependence of {x((){,) }. Here, the arguments
follow Hjort and Pollard (2011, basic corollary) and Li, Tan, and
Chen (2013, lemma 4). By Hjort and Pollard (2011), if ¥ (s) can

be represented as 1s” Vys + Uls + Cy + ry(s) with Vy Lv, —v
is symmetric and positive definite, Uy is stochastic bounded, and
ry(s) = 0,(1) for each s, then «/NZ, =-—VIUy+ 0,(1). By Tay-
lor expansion of ¥ (s) around 0, it can be represented in the above form

with

(D=0 T (U=
1 & 8(xr |x0:r—l)g (x, |Xo:— 1)
=y 2

)1~ ’
= %(J|J )

OI~NORAY
j=1 9a <x, X0:— 1)

and

ry(s) =

Z Z 8i1 8i58i35i15irSi3

) w) ’
J 1 iy,ip,i3=1 le i3 ( | |>

where g; and s; are coordinates of g(x,(’ )|5cf)’t) 1) and s, respectively,

and &, ;,,; —a@ = O(N™'/?). Then, with (C3), (C4), and Lemma 1,

Vy KN —varg: 4, [8/¢a] and ry(s) = o0,(1). Since f |gildx, <2 and
A;_, is proper, Eq[lgil/g«] € A;_,. Then with (C5) and Lemma 1,
Uy is asymptotic normal. Therefore, the expansion (A.3) holds. Note
that by (C6) and Lemma 1, Uy is consistent to 0, which concludes the

proof. O

With the expansion in Lemma 2, the consistency for the weighting
step and resampling step holds in the following lemma.

Lemma A.3. Under the inductive hypotheses, it holds that

N ) )
S () e, .
T S vhe L), (Ad)
2
1 & ,
Ok (}f{}) L W Vhe LG, (A.5)
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Proof. The Taylor expansion of N~ Z h(x” ) ” ) for E, around

0 gives that
1 Y ) .
YT
1 i h (x;jt)) 4z (x(()/t))
N S (W) [ae (0L + g ()]
Lo A ()
=N Z ~ (
-1

~(J) D=0
xO:r—l) o ( |x01— )

CILI T D PSR

AT Ct"_oP
N o . 2
Mnﬂﬁq%(mao N

Plugging in the expansion of E, of Lemma 2 gives that

~ ~(j )y~
N j=1 -1 (xo, 1)‘1«( g |x0/t 1)
) T
() ) (/) ~(J)
Lot () (5752

N4~ ) ~h )
=t T (%{t—l) qu <X;7)|x0]z 1)

XN: (xif}) o _ 1 XN: h(xY’)) i <x((’]’))

N4~~~ ([~ )~
N j=1 Tr—1 (XO{t—l) < ! Iijt 1)

. N g(ij)l?cf){,)_]) .
e ()
N4 X0:—1 N

(A.6)

where

-1
T, =var| = | cov|= L=,
o Ti—19a Ya

and the second equation holds by Lemma 1. Then by Lemma 1 again,
from (A.6) we have

N
1 . S op
N E h (Xijt)) Ut(j) g
i=1

e;,l] / h(x 1 :[)7[[ (XO:I )dx():[ .

Similarly,
Z v(’) — e e (A7)
Therefore, (A.4) holds by Slutsky’s theorem.
For (A.5), consider the weighted sample {(x,, 7%/ ))};V: ,- Following
the similar line as above, it holds that
)
S ()5,
——————4— > I.Vhe L' (7}). (A.8)

Zjv 154[7)
Then with Douc and Moulines (2008, Theorem 3), (A.5) holds. O

Then, the CLT of the weighting and resampling steps can be
established.

Proof of Theorem 2. Equation (8) has been given by Lemma 3.
Vh € A, for (9), it can be shown by applying Slutsky’s theorem to

the weak convergence of N~!/2 Z ((h(x\?y = v, which has the

expansion

ete fz(h (o) = Bl g (x1FG)) ) + 0, (D) (A9)

by the procedure similar to (A.6) and (A.7). Let U,(Vj) =
NV2(hy(x)) — BT g:(x (7)) ))). Equation (9) holds it 7 UY 5
N0, o, (h)). Write Z L U as Ay + By, where

N N
Av =3 E, (U] By =Y (U - B [UX15)]) -

j=1 j=1

For Ay, by condition (C6), Ay =N""2YY | E, [h ()%, ]

Condition (C2') implies that u, € A, and so h—pu, € A;
By the definition of A}, E,,[h,(x0.)|x0x—1] € A,_,. Then, since
f E o [y (x0:)| %041 17T (X04—1)dx0,—1 = 0, by the assumption (A.2),

Ay 5 N(O, 022,,71(Equ [A,(x0.)])). For By, we prove that

Eyy [expliuBu) (R0 | 5 exp |~ /2)Ex, , (vary, i (xo)
—B! g/ (xi1x0:-1)]) } (A.10)

by applying the Theorem A.3 in Douc and Moulines (2008). It is needed
to check its two conditions. Since 7 — p, € A}, by the definition of W,
and condition (C3), E, [(h, — BT g,)*] € L'(&" ). Since (E,[h, —
BT8.1Y < E,l(h — BT 8], (Ejlh, — BT g,1)* € L' (). Then by
assumption (A.1),

Z E, [USN Z Eoo [(h
£> Ezr (Eq,, [(hr -8, g,) |:;C’02t71i|) ,

. G~ I
> (u [oyiiia]) = 5 2 (ko

j=1 Jj=1

~<J)N
0:1]1

- ﬂtTgt) |35(()]:) 1]

T, =0 1)
¢ — B, 8:1%g,— 1])
T i~ 2
_ﬂt gt|x0:t71]) )
) ) 2
then ZE% I:Ul(\lj) Hf(()/r) 1 ;V 1] (Eqa [U,(j)l{if)J,) 1 jv 1])

j=I

5 Ez | (varqu [h,

ﬁ) Eﬁz*—l (E%t [h’
N

-B/g]).

Therefore the first condition holds. For the second condition, Ve > 0,
consider a constant C > 0. It is easy to see that

N
(j)? ~() N
Z Eq, [UN 1(\1/](\-[)\35)'{)60:1—1}]:1]

j=1

1 N
= N ZEqa [(hl

j=1

T, \2 ~(J)
- B/g:) l(lhffﬂ,Tg,\zf)le:t—l]

N

1
+1{C>\/ﬁ€)ﬁ Z [(

j=1

»
= E7 g [(h' _ﬂrTgf)zluh,—ﬂ,Tg,\zC}] :

ﬂt gt)

~(1>
Xg:— 1]

Since Egx | — BTg.)*1 < oo and the above convergence holds for

any C > 0,

N
> Ea

j=1

(s
N
()2 ~(j) P
|:UN IIIU%)\ZGH {x0:,71}1=]:| =0

and the second condition holds. Then applying the Theorem A.3 in
Douc and Moulines (2008), (A.10) holds. Since Ay is a function of
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{)?f)'f[)_ l}j-vzl, it can be proved through the characteristic function that

Ay + By > N(0, o,(h)) and therefore (9) holds.

To finish the proof, the induction hypotheses need to hold at time 7. It
is easy to show that W, is proper with proper W,_; and condition (C2'),
and A, is proper with proper A,_; and condition (C2’). By Lemma 2,
(A.5) which is the correspondence of (A.1) holds. It is left to show that
the correspondence of (A.2),

1 < -
VN NZh(“‘l’;) i | S N(0,02,h),Yhe A, (Al

j=1

holds. Write the LHS of (A.11) as XN + EN, where
Fln ) -l 2]
( (:17) -

BN—

i

ﬁ\

For EN, we prove that
»
E, [exp{mBNH {xo,} 1] L exp {— (u2/2) varz:[h]} (A.12)
=

similarly to the proof of (A.10). Let U’ = N='2h(%,,,)?). The two
conditions of Theorem A.3 in Douc and Moulines (2008) need to be
checked. Forh € A}, h? € L'(%)and thenh € L'(%}). Then by (A.8),

N N\~
XN:E [Umz [ </>| } _ 2ij=ih (x“) b

0= N~
Jj=1 J=l Z/ lvl]

/h(xl r)zﬂ (x0.)dxo:,

and

N . , 2 Z{V: h(xP) 5P
S (e[ ]) - (Eant™

j=1 J 1V

2
£ ( / h(xl:,)ﬁ,*(xondxm) .

Then Y (ELTY” 1)V, 1 — ELTY HE 12 5 Varg [h]
and the first condition holds. For the second condition, Ve > 0,
consider a constant C > 0. It is easy to see that

2
N 5 ~()
XN:E[UWI 5 N Z,-=1h(xm> Ljpzc) 0
i <
N U ize) {xO:f}}, = N 5D
=1 N J=1 Z, v
N )
S ()
N~
Z/ ]vt

i) Eﬁr* [/’l21[|h|zc)] .

s yrg

Since Ez [h?] < oo and the above convergence holds for any C > 0,

N

> E

j=1

N
[U;Vﬂ L] {;ggg} ] Lo,

j=1
and the second condition holds. Then, (A.12) holds. For A N>

- N ~() ~)
T N2 Zj:l (h <xljt> Mr) !
N =
NS

)
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where the numerator has the expansion e e, N=1/2 Z N
E,Tg,,(x,(" xR l)) + op(l) similarly to (A.9) and the denominator
N7'YY 57 S el e, N7/ similarly to (A.7). Then, following the

same arguments of provmg convergence of (A.9), with ¢,, h,, B,, and
7} replacing by e, hy, ﬂ,, and 77, respectively, for i € A, we have

Ay 5 N(0,02,(h) — varg:[h]).

Since Ay is a function of {x((): it can be proved through the char-

Jj= 1’
acteristic function that KN + BN AN O, Uz,x(h)) and (A.11) holds.
O

For applying Owen and Zhou’s regression approach in the estimation
of the generalized SMC method, which results in [i, gee in (7), its
asymptotic variance is stated below. Define

o) = 037y (Egq U (o.)])
+Eﬁ:71 (Varqa [hn(x():n) - ﬂz;gn(xnlx():n—l)]) s

03 2(h) = 032, (Ege [Fn(x0)])

+Eﬁ:—1 (Varfhx [En(x():n)]) + varg; [h].
Proof of Corollary A.1. The corollary holds by noting that

mmsZ/

7 o) o) = )

T, l(xm DG (X [ X0:—1)

7 (o) (i (o) — )|

T, 1(X0x DG (X[ X0:—1)

0:¢

ffz/

for any o > 0. O

Proposition 1. Under the same assumption as Theorem 2, for any
n, o 2(h) is finite and the following convergence holds:

VN (Bnes = 1) = N (0,07 2(h)) . (A.13)
Specifically,
T, ¥ (x0:0 ) (e (X0:4) — Mhn)
h .
o2l = Z/ T AT
/[n,:f(xo:n)(h(xl:n)—un)— T & (X018l X0n-1)]
+ ~% dxo:n-
7y _1(X0:n—1)qa (Xn|X0:n—1)

Proof. Letw! = n(x((){,))wfj ). Note that the difference between LM-
SMC and RM- SMC is in the resampling step, that the resampling in
the former is according to {v,’ )}N , and in the later is according to
{N(’ W . Therefore, the proof can follow the exact same line as the
proof of Theorem 2, with difference only in arguments related to the
resampling which are the results (A.5) and (A.11). For the proof of
(A.5) and the part of EN in the proof (A.11), all arguments can go
through when 7 is replaced by w @ and therefore, the corresponding
results still hold For the part of AN in the proof (A.11), when v "” )
is replaced by ", the numerator of Ay is e !le,N712 Z h (x(’))

and the denominator is N~' Y7 = . Then, following the similar
arguments of proving convergence of (A.9) without control variates
8. for h € A}, we have

~ e ,

Ay = N (0,047 (h) — varg«[h]) .

Then all inductive hypotheses hold, which concludes the proof. 0
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