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A B S T R A C T

This paper proposes a new class of time series models, the functional quantile autoregression
(FQAR) models, in which the conditional distribution of the observation at the current time
point is affected by its past distributional information, and is expressed as a functional of
the past conditional quantile functions. Different from the conventional functional time series
models which are based on functionally observed data, the proposed FQAR method studies
functional dynamics in traditional time series data. We propose a sieve estimator for the model.
Asymptotic properties of the estimators are derived. Numerical investigations are conducted to
highlight the proposed method.

1. Introduction

Distributional information plays an important role in many time series applications. In the field of economics and finance, the
distribution of many economic and financial variables may heavily depend on the past distributional information of itself or other
variables. Such distributional information may include quantiles, volatility, skewness, kurtosis, left and right tail information, Gini
index and many others. Accumulated empirical evidence indicates that tail information of asset returns in the past can affect future
distributions of many financial and economic variables; the income distribution in the past may have important influence on future
consumption in the economy; the distributional information of stock returns contains important information for risk management
and investment. See, inter alia, Engle and Manganelli (2004), Sim and Zhou (2015), Adrian et al. (2019), Millick et al. (2019), Patton
et al. (2019) and Chang and Schorfheide (2022). For example, Sim and Zhou (2015) studied the empirical relationship between the
distributions of oil price shocks and stock returns and found distributional dependence between these time series. Adrian et al.
(2019) studied the dynamics of the conditional distribution of real GDP growth and found strong evidence that both the left tail
and the center quantiles of the future conditional distribution are affected by the past left tail distributional information.

Any attempt at studying, predicting, or testing such time series requires appropriate models to capture such kind distributional
dependence. Most existing approaches focus on modeling selected distributional characteristics, such as the conditional variance or a
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specific quantile of the conditional distributions. For example, the ARCH or GARCH type of models emphasize the role of conditional
volatility and model the dynamics of the conditional variance of returns. The (G)ARCH-in-Mean model studies how returns are
affected by past distributional information represented by their conditional mean and conditional variance. The autoregressive
conditional Fréchet model (Zhao et al., 2019) studies how the maxima of financial time series evolves through the parameters
of a conditional Fréchet Distribution. The Conditional Autoregressive Value at Risk (CaViaR) model (Engle and Manganelli, 2004)
argues that the conditional quantile of the future return depends on a conditional quantile of the previous return distribution.

There is no doubt that these selected distributional characteristics contain important information about the underlying distri-
ution. However, focusing exclusively on a limited subset of distributional characteristics may also potentially miss interesting
elationships among other characteristics of the distributions. As argued in the finance and economic literature, information of
arious quantiles of the whole past distribution can have important influence on the future behavior of many economic variables.
or example, Adrian et al. (2019) found that the entire conditional distribution of GDP growth evolves over time. Yahya et al. (2020)
nd Pham (2021) observed cross-quantile dependence in financial markets. Researchers also found that past income distributional
nformation plays an important role on the future economic behavior. Specifically, when the information of the entire past income
istribution is considered, the empirical results may differ from those that only use some specific quantile information of the past
istribution (see, e.g., Coibion et al., 2017; Chang and Schorfheide, 2022).

We believe that functional time series models are able to provide a useful approach in addressing some of these issues in modeling
ependence structure over distributions. The quantile-based analysis can provide a flexible yet tractable alternative to the existing
iterature in modeling dependence (see, e.g., Koenker and Xiao, 2006). In this paper, we propose a functional quantile autoregression
FQAR) model where the future conditional quantile function is dependent on the past conditional quantile functions. In particular,
e seek to relax the restriction of focusing only on a few distributional characteristics of the past distribution, and consider functional
uantile autoregression models where information from the entire previous distribution can potentially affect the current distribution
f the variable of interest.

The FQAR model is similar to the GARCH models in its structure. In GARCH models, the conditional variance of the current
istribution is assumed to be related to the past conditional variance (autoregressive) and past observations or other covariates. In the
QAR model, we do not restrict the dynamic relationship to the second moment but allow the current conditional quantile function
𝑡(𝜏) to be related to the past conditional quantile functions 𝑞𝑡−𝑗 (𝜏) in a functional autoregressive form, and the past observations

or other covariates.
The proposed FQAR model is also similar to the general functional time series models that have attracted a large amount of

research attention in recent years (see, e.g. Bosq, 2000; Hörmann and Kokoszka, 2012; Park and Qian, 2012; Liu et al., 2016; Chang
et al., 2021, etc.). There is also a literature on functional quantile regression models (see, e.g. Cardot et al., 2005; Ferraty and
Vieu, 2005; Chen and Müller, 2012; Müller and Stadtmüller, 2005; Kato, 2012, etc.). However, the existing functional time series
or functional quantile regression models consider the relationship of functionally observed data (curve variables). These functional
models require a richer data environment to estimate, say, the cross-sectional distributions of repeated panels, or, the intra-period
distributions of a time series observed at high frequency. Comparing to the existing literature, instead of looking at curve time
series observations, we consider traditional univariate time series yet allow for a flexible functional dependence structure on the
underlying dynamic mechanism. In proposing the FQAR model, we complement the literature by capturing systematic influences of
the entire past distributional information on the future distribution of the response.

Statistical properties of the FQAR model are studied. Particularly, under stationarity conditions, the FQAR process admits a
convergent infinity summation representation, resulting in that our estimation approach does not depend on the initial quantile
function asymptotically. We propose a sieve method to estimate the FQAR model. Consistency and the limiting distributions of
the estimators are investigated. A Monte Carlo experiment is conducted to evaluate the finite sample performance of the proposed
estimator. Finally, we apply the proposed FQAR model to study the dynamics in the S&P 500 index time series, and illustrate how
the current conditional quantile (distribution) is affected by the previous conditional distributions in a functional manner. We show
that the conditional distribution of {𝑦𝑡} are influenced by the whole distribution of {𝑦𝑡−𝑙}.

The rest of the paper is organized as follows. The model is proposed in Section 2, along with some discussions of its properties.
Section 3 discusses the sieve estimation procedure. Asymptotic properties of the estimators are given in Section 4. Results of a Monte
Carlo investigation are reported in Section 5, and a financial application is presented in Section 6.

Throughout the paper, we use the following notation. For a function ℎ in a Hilbert space, ‖ℎ‖ denotes the induced norm
‖ℎ‖ =

√

⟨ℎ, ℎ⟩, where the inner product is specified in the context. For a square matrix 𝐴, ‖𝐴‖𝐹 is the Frobenius norm. E𝑇 is the
xpectation with respect to the empirical measure, and G𝑇 denotes

√

𝑇 (E𝑇 − 𝐸). We also use 𝑎𝑇 ≲ 𝑏𝑇 to imply that the inequality
𝑇 ≤ 𝐶𝑏𝑇 holds for all 𝑇 with a constant 𝐶 independent of 𝑇 .

. The FQAR model

Let 𝑦𝑡 be a stationary time series, and 𝑡 be the information set at time 𝑡, which includes
{

𝑦𝑠, 𝑠 ≤ 𝑡
}

and maybe some other
otential covariates observable at time 𝑡. We denote the conditional distribution of 𝑦𝑡 given past information 𝑡−1 by 𝐹𝑡 (⋅). In
ddition, we denote the corresponding conditional quantile function by

𝑞𝑡(𝜏) = 𝑄𝑦𝑡 (𝜏|𝑡−1) = 𝐹−1
𝑡 (𝜏) = inf{𝑦 ∶ 𝐹𝑡(𝑦) ≥ 𝜏}, 𝜏 ∈ [0, 1].

eing the inverse of the conditional distribution function, the conditional quantile function 𝑞𝑡(𝜏) fully captures the relationship

etween 𝑦𝑡 and the past information.
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To study the distributional dynamics in the time series
{

𝑦𝑡
}

, we propose in this paper a functional quantile autoregression
FQAR) model in which the (conditional) distribution of 𝑦𝑡 is affected by the previous (conditional) distribution of 𝑦𝑡−𝑑 (𝑑 = 1,…),

and potentially a covariate 𝑥𝑡. A general first order functional quantile autoregression model can be represented as:

𝑞𝑡(𝜏) = 𝑞𝑡−1(𝜏) + 𝑔(𝜏, 𝑥𝑡), (1)

where  is an operator 𝐿2[0, 1] ↦ 𝐿2[0, 1] in the functional space 𝐿2[0, 1] = {𝜑(𝑢) ∶ ∫ 1
0 𝜑

2(𝑢)𝑑𝑢 < ∞} associated with inner product
⟨𝜑1, 𝜑2⟩ = ∫ 1

0 𝜑1(𝑢)𝜑2(𝑢)𝑑𝑢, and 𝑥𝑡 is a vector of lagged 𝑦𝑡 and possibly other covariates available at time 𝑡. The function 𝑔(𝜏, 𝑥𝑡)
brings additional information in 𝑥𝑡, similar to the GARCH term in a GARCH model. Due to the nature of quantile functions, we
consider the space 𝐿2[0, 1] as the domain of the operator . It is known that 𝐿2[0, 1] is a Hilbert space with the induced norm
‖𝜑‖ =

√

⟨𝜑,𝜑⟩. Notice that, for any variable 𝑍 with 𝐸[𝑍2
|𝑋] < ∞ almost surely, 𝑋 being any variable, its conditional quantile

function 𝑞𝑧(𝜏|𝑋) ∈ 𝐿2[0, 1]. In fact, ∫ 1
0 𝑞

2
𝑧 (𝜏|𝑋)𝑑𝜏 = ∫ 𝑢2𝑑𝐹𝑍|𝑋 (𝑢) = 𝐸[𝑍2

|𝑋] <∞ provided that the conditional distribution function
𝐹𝑍|𝑋 (𝑢) is strictly increasing. Additional discussions on the conditional quantile functions can be found in de Castro et al. (2023).

In this paper we consider the first order FQAR in the following form:

𝑦𝑡 ∼ 𝑞𝑡(⋅)

𝑞𝑡(𝜏) = ∫

1

0
𝐻(𝜏, 𝑢)𝑞𝑡−1(𝑢)𝑑𝑢 + 𝑔(𝜏, 𝑥𝑡), 𝜏 ∈ [0, 1], (2)

where 𝐻(𝜏, 𝑢) and 𝑔(𝜏, 𝑥) are unknown functions. Corresponding to the general form of FQAR model (1), model (2) assumes that
the operator  is an integral transformation

𝜑(⋅) = ∫

1

0
𝐻(⋅, 𝑢)𝜑(𝑢)𝑑𝑢, (3)

with a kernel function 𝐻(⋅, ⋅) ∈ 𝐿2(𝐷) = {ℎ(𝑢, 𝑣) ∶ ∬𝐷 ℎ
2(𝑢, 𝑣)𝑑𝑢𝑑𝑣 < ∞}, 𝐷 = [0, 1]2, associated with inner product ⟨ℎ1, ℎ2⟩ =

∬𝐷 ℎ1(𝑢, 𝑣)ℎ2(𝑢, 𝑣)𝑑𝑢𝑑𝑣. We say that  is generated by the kernel 𝐻(⋅, ⋅). The coefficient function 𝐻(𝜏, 𝑢) acts as a weight function
that relates current quantile with the entire past distribution; for a fixed 𝜏, the current conditional quantile 𝑞𝑡(𝜏) is a weighted
average (the integral) of the entire previous conditional quantile function 𝑞𝑡−1(⋅), with additional contribution from 𝑔(𝜏, 𝑥𝑡).

The proposed FQAR model constitutes a significant extension of traditional time series models. Many existing time series models,
such as the ARMA processes, the QAR processes, and the linear GARCH processes, can be represented as special cases of the FQAR
model. Here we demonstrate with a few examples.

Example 1. The linear GARCH model takes the form of

𝑦𝑡 = 𝜎𝑡𝜀𝑡, 𝜎𝑡 = 𝛾0 + 𝛾1𝜎𝑡−1 + 𝛿1 ||𝑦𝑡−1|| ,

where {𝜀𝑡} is a sequence of iid innovations with quantile function 𝑞𝜀(𝜏). It follows that

𝑞𝑡(𝜏) = 𝛾1𝑞𝑡−1(𝜏) + (𝛾0 + 𝛿1|𝑦𝑡−1|)𝑞𝜀(𝜏).

It is a FQAR model (1) with 𝑞𝑡−1(𝜏) = 𝛾1𝑞𝑡−1(𝜏) and 𝑔(𝜏, 𝑥𝑡) = (𝛾0 + 𝛿1|𝑦𝑡−1|)𝑞𝜀(𝜏).
This is a simple model that allows the previous quantile 𝑞𝑡−1(𝜏) affecting 𝑞𝑡(𝜏) (but only at the same quantile). It can be rephrased

s model (2), with 𝐻(𝜏, 𝑢) being specified as 𝛾1𝛿(𝜏 − 𝑢) where 𝛿(⋅) is the Dirac delta function.

xample 2. The linear location-scale functional autoregressive model with conditional heteroskedasticity is in the form of 𝑦𝑡 =
𝜇𝑡 + 𝜎𝑡𝜀𝑡 where

𝜇𝑡 = 𝑐1 + ∫

1

0
𝜌1 (𝑢) 𝑞𝑡−1 (𝑢) 𝑑𝑢,

𝜎𝑡 = 𝑐2 ||𝑦𝑡−1|| + ∫

1

0
𝜌2 (𝑢) 𝑞𝑡−1(𝑢)𝑑𝑢.

Accordingly, it is a FQAR model with

𝐻(𝑢, 𝜏) = 𝜌1(𝑢) + 𝜌2(𝑢)𝑞𝜖(𝜏) and 𝑔(𝜏, 𝑥𝑡) = 𝑐1 + 𝑐2 ||𝑦𝑡−1|| 𝑞𝜀(𝜏).

Example 3. The FQAR model can also be viewed as an extension of a multi-quantile CaViaR model to the functional space. The
CaViaR model of Engle and Manganelli (2004) takes the form of

𝑦𝑡 = 𝑞𝑡 + 𝜀𝑡 (4)
𝑞𝑡 = 𝛽0 + 𝛽1𝑞𝑡−1 + 𝛽2𝑔(𝑥𝑡), (5)

where 𝜀𝑡 follows a given distribution with its 𝜏th quantile being zero, hence 𝑞𝑡 is the 𝜏th conditional quantile of 𝑦𝑡. The model
has important applications in finance, but it focuses on only one particular 𝜏. White et al. (2010) extended the original CaViaR
model to accommodate multiple quantile levels and cross-quantile dependence. Let 𝝉 = (𝜏1,… , 𝜏𝑚) be the selected quantile levels
and 𝒒𝑡 = (𝑞𝑡(𝜏1),… , 𝑞𝑡(𝜏𝑚)) where 𝑞𝑡(⋅) is the conditional quantile function of 𝑦𝑡. The vector version of (5) then becomes
𝒒𝑡 = 𝜷0 +𝑯𝒒𝑡−1 + 𝒈(𝑥𝑡), (6)

3 
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where 𝑯 is a 𝑚×𝑚 matrix and 𝒈(𝑥𝑡) is a 𝑚-dimensional linear function corresponding to each component of 𝝉. Naturally, our FQAR
model (2) may be viewed as a further extension from multiple quantiles to the entire quantile function, wherein the coefficient
matrix 𝑯 in (6) corresponds to the kernel function 𝐻(𝜏, 𝑢) of the integration operator in (2), and the 𝑚-dimensional function 𝒈(𝑥𝑡)
orresponds to 𝑔(𝜏, 𝑥𝑡) in (2). The FQAR model (2) is fully non-parametric.

emark 1. Various extensions with more complicated structures of FQAR processes can be proposed and studied. For simplicity
nd without loss of generality, we focus our discussion on model (2) in this paper.

emark 2. The FQAR processes consider an autoregressive-type of relationship between the conditional quantile functions. The
onditional quantile function 𝑞𝑡 in (2) is completely specified given the observations {𝑥𝑠, 𝑠 = 0,… , 𝑡} and the initial quantile function
0(⋅); and the likelihood function 𝑓 (𝑦1,… , 𝑦𝑇 ∣ 𝐻, 𝑔, 𝑞0(⋅), 𝑥1,… , 𝑥𝑇 ) is completely specified. As we do not specify a parametric form

of the unknown functions 𝐻 and 𝑔, a nonparametric approach is needed for estimation.

2.1. Stationary conditions

The operator  in (3) is linear, that is, for any 𝜑,𝜓 ∈ 𝐿2[0, 1], (𝜑 + 𝜓) = 𝜑 + 𝜓 and (𝑐𝜑) = 𝑐𝜑 for all 𝑐. Notice that
or any 𝜑 ∈ 𝐿2[0, 1], ‖𝜑‖ ≤ ⌈𝐻⌉‖𝜑‖, implying that ‖‖ ≤ ⌈𝐻⌉, where ‖‖ and ⌈𝐻⌉ are the norms of the mapping  and the

function 𝐻(𝑢, 𝑣) ∈ 𝐿2(𝐷), respectively. Define the power of the operator for any integer 𝑖 ≥ 1 by 𝑖 = (𝑖−1), with 0 =  being
he identical operator, i.e. 𝜑 = 𝜑 for any 𝜑 ∈ 𝐿2[0, 1]. Moreover, if ‖‖ < 1, then  − is invertible and ( −)−1 =

∑∞
𝑖=0 

𝑖. See
heorem 1.4 in Taylor and Lay (1980, p. 192). Denote ‖𝑔(𝜏, 𝑥)‖𝜏 as the norm of 𝑔(⋅, 𝑥) in 𝐿2 space for a fixed 𝑥.

We have the following theorem.

heorem 1. Assume that, in model (2), ‖‖ < 1 and sup𝑗≥0 ‖𝑔(𝜏, 𝑥𝑡−𝑗 )‖𝜏 <∞ in probability. In addition, assume sup𝑡 ‖𝑞𝑡(𝜏)‖𝐿2[0,1] <∞
or equivalently sup𝑡 𝑣𝑎𝑟(𝑦𝑡 ∣ 𝑡−1) < ∞). We have

i) 𝑞𝑡(𝜏) =
∑𝑡−1
𝑗=0 

𝑗𝑔(𝜏, 𝑥𝑡−𝑗 ) + 𝑂𝑃 (‖‖

𝑡) for large 𝑡;

(ii) 𝑞𝑡(𝜏) =
∑∞
𝑗=0 

𝑗𝑔(𝜏, 𝑥𝑡−𝑗 ) in function norm sense.

(iii) Moreover, suppose ⌈𝐻⌉ < 1, {𝑥𝑡} is stationary and 𝐸|𝑔(𝜏, 𝑥𝑡)|2 < ∞, ∀ 𝜏 ∈ [0, 1]. Then for each 𝜏 ∈ [0, 1], {𝑞𝑡(𝜏)}, as a time series,
is (weakly) stationary, with representation 𝑞𝑡(𝜏) =

∑∞
𝑗=0 

𝑗𝑔(𝜏, 𝑥𝑡−𝑗 ) in which ∑∞
𝑗=0 |

𝑗𝑔(𝜏, 𝑥𝑡−𝑗 )| < ∞ with probability one.

The proof is relegated to Appendix A.

Remark 3. The theorem shows several useful representations of the quantile functions under model (2). Here, the condition ‖‖ < 1
is necessary. It performs similarly to the autoregressive coefficient in an AR(1) model; it is also crucial for our estimation approach
as it ensures that the estimation does not depend on the initial quantile function 𝑞0(𝜏) asymptotically. The FQAR process shares some
similar properties to the conventional AR process. Result (i) provides an approximation of 𝑞𝑡(𝜏) in terms of the underlying process
and the integral operator. Result (ii) is a property parallel to causality for traditional time series, see Proposition 3.1.2 in Brockwell
and Davis (1991, p88). Result (iii) shows pointwise evolution of the process 𝑞𝑡(𝜏) at each fixed 𝜏, and how the past information is
ccumulated and contributed to the current distribution in an AR(∞) representation. The slightly stronger condition ⌈𝐻⌉ < 1 in (iii)
s needed for the convergence of ∑∞

𝑗=0 |
𝑗𝑔(𝜏, 𝑥𝑡−𝑗 )| < ∞ with probability one.

.2. Monotonicity of the quantile function

By definition, the quantile functions should be monotone in 𝜏. Although it is possible to impose some restrictions on various
omponents of the model to achieve monotonicity, such sufficient conditions may not be practical. In practice, one popular way to
chieve monotonicity is to transfer a potentially nonmonotone function into a monotone one, hence changing model (2) to

𝑞𝑡(𝜏) = 
(

∫ 𝐻(𝜏, 𝑢)𝑞𝑡−1(𝑢)𝑑𝑢 + 𝑔(𝜏, 𝑥𝑡)
)

,

where (⋅) is a monotonizing operator.
There are many such operators, including the monotone rearrangement procedures of Dette et al. (2006) and Chernozhukov

t al. (2009, 2010) and projection procedures of Daouia and Park (2013) and Westling et al. (2020). The readers are also referred
o Barlow et al. (1972) and Kato (2012) for related discussions and references. In this paper, we adapt the approach to first obtain
he unrestricted estimators of 𝐻 and 𝑔, then obtain their induced estimated quantile functions, and finally apply the monotone
ransformation when needed to obtain the final estimate of the quantile functions, for prediction and other purposes. Specifically,
e consider the following transformation similar to that in Chernozhukov et al. (2009) and Kato (2012). Let 𝑤(𝑢) be a possibly

non-monotone function for 𝑢 ∈ [0, 1]. Let 𝑌 = 𝑤(𝑈 ) where 𝑈 ∼ 𝑈𝑛𝑖𝑓 [0, 1]. The cdf of 𝑌 is

𝐹 (𝑦) =
1
1 (𝑤(𝑢) ≤ 𝑦) 𝑑𝑢,
∫0
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which is naturally monotone in 𝑦. Its corresponding quantile function is

𝑤∗(𝑢) = 𝐹−1(𝑢) = inf {𝑦 ∶ 𝐹 (𝑦) ≥ 𝑢} ,

which is again naturally monotone in 𝑢. The monotonizing operator (⋅) is defined as 𝑤(𝑢) → 𝑤∗(𝑢). For more discussions on the
onotone rearrangement, see, e.g., Chernozhukov et al. (2009) and Kato (2012).

.3. An AR representation of FQAR

Let 𝑈𝑡 be an i.i.d sequence, following 𝑈𝑛𝑖𝑓 [0, 1]. Assume 𝑥𝑡 = 𝑦𝑡−1 in (2). Under appropriate assumptions, the data generating
process of the time series 𝑦𝑡 in (2) can be written as

𝑦𝑡 = 𝑞𝑡(𝑈𝑡) = ∫

1

0
𝐻(𝑈𝑡, 𝑢)𝑞𝑡−1(𝑢)𝑑𝑢 + 𝑔(𝑈𝑡, 𝑦𝑡−1). (7)

Let 𝑔1(𝑈𝑡, 𝑦𝑡−1) = 𝑔(𝑈𝑡, 𝑦𝑡−1) and 𝑔𝑗 (𝑈𝑡, 𝑦𝑡−1) = ∫ 1
0 𝐻(𝑈𝑡, 𝑢)𝑔𝑗−1(𝑢, 𝑦𝑡−𝑗 )𝑑𝑢, 𝑗 ≥ 2. Then, 𝑦𝑡 can be represented by 𝑦𝑡 =

∑∞
𝑗=1 𝑔𝑗 (𝑈𝑡, 𝑦𝑡−𝑗 ).

Denote 𝑔∗𝑗 (𝑦𝑡−𝑗 ) = 𝐸(𝑔𝑗 (𝑈𝑡, 𝑦𝑡−𝑗 ) ∣ 𝑡−1), then

𝑦𝑡 =
∞
∑

𝑗=1
𝑔∗𝑗 (𝑦𝑡−𝑗 ) + 𝑣𝑡, (8)

where 𝑣𝑡 =
∑∞
𝑗=1(𝑔𝑗 (𝑈𝑡, 𝑦𝑡−𝑗 ) − 𝑔

∗
𝑗 (𝑦𝑡−𝑗 )). It is clear that 𝐸(𝑣𝑡) = 0 and 𝐸(𝑣𝑡𝑣𝑡−𝑗 ) = 0 since 𝑈𝑡 and 𝑈𝑡−𝑗 are independent. Hence {𝑣𝑡}

is a sequence of mean zero uncorrelated random variables, though they are not independent and have a complicated dependence
structure. The model structure in (8) is often referred to as nonlinear additive AR model (Chen and Tsay, 1993; Huang and Yang,
2004) but (8) is of infinity order and with a dependent noise process.

The structure can be seen more clearly if the function 𝑔(⋅) is linear in 𝑦𝑡−1, 𝑔(𝜏, 𝑦𝑡−1) = 𝛾0(𝜏) + 𝛾1(𝜏)𝑦𝑡−1, then

𝑦𝑡 = 𝛼∗ +
∞
∑

𝑗=1
𝛾∗𝑗 𝑦𝑡−𝑗 + 𝑣𝑡,

where the constants 𝛼∗ and 𝛾∗𝑗 depend on the functions 𝛾0(⋅) and 𝛾1(⋅). Thus, in this example, 𝑦𝑡 can be re-written as a linear AR
process with the coefficients 𝛼∗ and 𝛾∗𝑗 , and a martingale difference sequence innovation term 𝑣𝑡. The complicated and valuable
information on distributional dynamics in the FQAR process are thrown into the uncorrelated but dependent residual term 𝑣𝑡.

It is interesting to note that the autocovariance function of this stationary FQAR process is simply that of a stationary linear AR
(infinity) process with fixed AR parameters. Thus, from the point of view of traditional time series analysis, these two processes are
very similar. In particular, classical time series analysis based on autocorrelations, partial autocorrelations and others will tend to
identify data generated from this FQAR process as a linear AR model with fixed coefficients.

3. A sieve estimator for the FQAR model

Given observations {𝑦𝑡, 1 ≤ 𝑡 ≤ 𝑇 }, we need to estimate the unknown functions 𝐻(𝜏, 𝑢) and 𝑔(𝜏, 𝑥) in (2) and the conditional
quantile functions 𝑞𝑡(⋅) at each 𝑡. Toward this, we propose an orthogonal series method.

3.1. The estimation procedure

Let {𝜑𝑖(⋅), 𝑖 ≥ 0} be a complete orthonormal sequence in 𝐿2[0, 1], viz, ∫ 1
0 𝜑𝑖(𝑢)𝜑𝑗 (𝑢)𝑑𝑢 = 𝛿𝑖𝑗 the Kronecker delta, in particular

𝜑0(⋅) ≡ 1. Accordingly, a basis of 𝐿2(𝐷) can be formed by the tensor product of {𝜑𝑖(⋅), 𝑖 ≥ 0} with itself, where 𝐷 = [0, 1]2. For
𝐻(𝜏, 𝑢) ∈ 𝐿2(𝐷), we then have

𝐻(𝜏, 𝑢) =
∞
∑

𝑖=0

∞
∑

𝑗=0
𝑐𝑖𝑗𝜑𝑖(𝜏)𝜑𝑗 (𝑢), 𝑐𝑖𝑗 = ∬𝐷

𝐻(𝜏, 𝑢)𝜑𝑖(𝜏)𝜑𝑗 (𝑢)𝑑𝜏𝑑𝑢. (9)

As will become more clear in our later discussions, the convergence rate of our estimator of 𝑔(𝜏, 𝑥) may differ in the cases of
bounded and unbounded supports of 𝑥𝑡. For this reason, we consider two leading cases for the function space to which 𝑔(𝜏, 𝑥) belongs.
Specifically, we assume that 𝑔(𝜏, 𝑥) ∈ 𝐿2([0, 1] × [𝑎, 𝑏], 𝜋(𝑥)) where the support of 𝑥𝑡 is given by a bounded interval [𝑎, 𝑏] on which
𝜋(𝑥) is a density, or 𝑔(𝜏, 𝑥) ∈ 𝐿2([0, 1] ×R), implying that 𝑥𝑡 possesses support R. The orthogonal expansion of 𝑔(𝜏, 𝑥) given below in
these two cases have different convergence rate. See Dong et al. (2021). In later discussions, if not necessary to differentiate them,
we simply use  to denote the support of 𝑥𝑡.

Suppose that {𝑝𝑗 (⋅), 𝑗 ≥ 0} is an orthonormal complete system associated with Hilbert space 𝐿2([𝑎, 𝑏], 𝜋(𝑥)) or 𝐿2(R), ⟨𝑝𝑖, 𝑝𝑗⟩ = 𝛿𝑖𝑗
where ⟨𝑝𝑖, 𝑝𝑗⟩ = ∫ 𝑏𝑎 𝑝𝑖(𝑥)𝑝𝑗 (𝑥)𝜋(𝑥)𝑑𝑥 or ∫R 𝑝𝑖(𝑥)𝑝𝑗 (𝑥)𝑑𝑥. As a result, the tensor product {𝜑𝑖(⋅)}⊗ {𝑝𝑗 (⋅)} becomes an orthonormal basis
in 𝐿2([0, 1] × [𝑎, 𝑏], 𝜋(𝑥)) or 𝐿2([0, 1] × R). Thus, we have the orthogonal expansion

𝑔(𝜏, 𝑥) =
∞
∑

𝑗=0
𝑏𝑗 (𝜏)𝑝𝑗 (𝑥) =

∞
∑

𝑖=0

∞
∑

𝑗=0
𝑏𝑖𝑗𝜑𝑖(𝜏)𝑝𝑗 (𝑥), (10)

∫ 1
where 𝑏𝑗 (𝜏) = ⟨𝑔(𝜏, ⋅), 𝑝𝑗 (⋅)⟩ and 𝑏𝑖𝑗 = 0 𝜑𝑖(𝜏)𝑏𝑗 (𝜏)𝑑𝜏, 𝑖, 𝑗 ≥ 0.
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We may write these in matrix form for conciseness. Denoting 𝛷(𝑢) = (𝜑0(𝑢), 𝜑1(𝑢),…)′ and 𝛹 (𝑥) = (𝑝0(𝑥), 𝑝1(𝑥), 𝑝2(𝑥),…)′, then
(𝜏, 𝑢) and 𝑔(𝜏, 𝑥) can be expressed as

𝐻(𝜏, 𝑢) = 𝛷(𝜏)′𝐶𝛷(𝑢); (11)
𝑔(𝑢, 𝑥) = 𝛷(𝑢)′𝐵𝛹 (𝑥), (12)

here 𝐶 = (𝐶𝑖𝑗 ) and 𝐵 = (𝐵𝑖𝑗 ) are infinite dimensional matrices with 𝐶𝑖𝑗 = 𝑐𝑖−1,𝑗−1 and 𝐵𝑖𝑗 = 𝑏𝑖−1,𝑗−1. As a result, the estimation of
he unknown functions 𝐻 and 𝑔 is converted to the estimation of the matrices 𝐵 and 𝐶.

In terms of the orthogonal series expansions (11) and (12), Eq. (2) can be rephrased as

𝑞𝑡(𝜏) = 𝛷(𝜏)′𝐶 ∫

1

0
𝛷(𝑢)𝑞𝑡−1(𝑢)𝑑𝑢 +𝛷(𝜏)′𝐵𝛹 (𝑥𝑡), (13)

for all 𝑡 ≥ 1. By iteration and using the property of orthogonality, we have

𝜶𝑡−1 ∶= 𝐶𝜶𝑡−2 + 𝐵𝛹 (𝑥𝑡−1), where 𝜶𝑠 = ∫

1

0
𝛷(𝑢)𝑞𝑠(𝑢)𝑑𝑢,

for 𝑡 = 1,… , 𝑇 . Hence, from (13) we have

𝑞𝑡(𝜏) = 𝛷(𝜏)′𝐶 𝑡𝜶0 +𝛷(𝜏)′𝐶 𝑡−1𝐵𝛹 (𝑥1) +⋯ +𝛷(𝜏)′𝐶𝐵𝛹 (𝑥𝑡−1) +𝛷(𝜏)′𝐵𝛹 (𝑥𝑡). (14)

Following the sieve estimation procedure, we truncate the matrices 𝐶 and 𝐵, along with 𝛹 and 𝛷, to 𝑘 dimensions as an
approximation. This is reasonable because the elements in the infinite dimensional matrices 𝐶,𝐵 and vector 𝜶0 attenuate to zero
as their indices tend to infinity, due to the Parseval equality in Hilbert space, i.e., ‖𝐶‖ = ‖𝐻‖𝐿2 , ‖𝐵‖2 = ‖𝑔‖2

𝐿2 , ‖𝜶0‖ = ‖𝑞0‖𝐿2 .
In addition, under the assumption ‖𝐶‖ < 1, 𝐶 𝑖 ≈ 0 for large 𝑖. Thus, we may ignore the higher order terms of 𝐶 𝑖 in (14) for all
𝑖 > 𝑡0 where 𝑡0 is pre-determined and large. Then for 𝑡 > 𝑡0, the term 𝛷(𝜏)′𝐶 𝑡𝜶0 in (14) disappears, and the initial quantile 𝑞0(⋅)
ontained in 𝜶0 is eradicated. Hence, only using the observations 𝑦𝑡0+1,… , 𝑦𝑇 , our estimation methodology is free of the initial
uantile function.

Thus, given the truncation parameter 𝑘, 𝑞𝑡(𝜏) in (14) is approximated by

𝑞(𝑘)𝑡 (𝜏) = 𝛷𝑘(𝜏)′𝐶
𝑡0
𝑘 𝐵𝑘𝛹𝑘(𝑥𝑡−𝑡0 ) +⋯ +𝛷𝑘(𝜏)′𝐶𝑘𝐵𝑘𝛹𝑘(𝑥𝑡−1) +𝛷𝑘(𝜏)′𝐵𝑘𝛹𝑘(𝑥𝑡), (15)

for 𝑡 = 𝑡0 + 1,… , 𝑇 , where 𝐶𝑘 and 𝐵𝑘 are the left-top 𝑘 × 𝑘 sub-matrices of 𝐶 and 𝐵, respectively, and 𝛷𝑘(⋅) and 𝛹𝑘(⋅) are the top
𝑘-dimensional sub-vectors of 𝛷(⋅) and 𝛹 (⋅), respectively.

Since 𝑞𝑡(𝜏) minimizes 𝐸[𝜌𝜏 (𝑦𝑡 − 𝑎)|𝑡−1] where 𝜌𝜏 (𝑢) = 𝑢(𝜏 − 𝐼(𝑢 < 0)) is the check function, we use the integrated loss function as
our objective function for estimation,

(𝐶̂𝑘, 𝐵̂𝑘) = argmin
𝐶𝑘 ,𝐵𝑘

𝑇
∑

𝑡=𝑡0+1
∫

1

0
𝜌𝜏 (𝑦𝑡 − 𝑞

(𝑘)
𝑡 (𝜏))𝑑𝜏.

This can be done through a nonlinear optimization on 𝐶𝑘, 𝐵𝑘 for a fixed 𝑘. Alternatively, if we ignore the algebraic relationship
for the products 𝐶 𝑖𝑘𝐵𝑘 and treat them all as individual parameters, the model becomes linear-in-parameter and can be computed
based on linear programming. Ignoring these algebraic restrictions may result in less efficient sampling performance, but it serves
as a simple and useful procedure that facilitates the derivation of limit theory as well as faster computation in practice. Of course,
additional estimation steps based on such linear estimators can be further considered for the purpose to achieve improved finite
sample performance. See for example, Section 4.3 below for a brief discussion in this direction. The price we pay here is that we
now have 𝐾 = (𝑡0 + 1)𝑘2 + 𝑘 instead of 2𝑘2 + 𝑘 parameters. We note that, when 𝑝0(𝑥) is a constant, each term 𝛷𝑘(𝜏)′𝐶 𝑖𝑘𝐵𝑘𝛹𝑘(𝑥𝑡−1) in
(15) consists of one constant term (multiplied by 𝛷𝑘(𝜏)). When we treat all 𝐶 𝑖𝑘𝐵𝑘 as individual parameters, the first column of each
𝐶 𝑖𝑘𝐵𝑘 are not identified. Hence we set the first columns of 𝐶 𝑖𝑘𝐵𝑘 to zero for all 𝑖 ≥ 1, leaving total 𝐾 = (𝑡0 + 1)𝑘2 − 𝑡0𝑘 number of
parameters. For simplicity of presentation, we will continue to use the notation of 𝐶 𝑖𝑘𝐵𝑘 with the understanding that its first column
are zero when 𝑝0(𝑥) is a constant. This point will become clearer in our discussion on identification issue below.

For better exposition, denote 𝛽𝐾 = vec(𝐶 𝑡0𝑘 𝐵𝑘,… , 𝐶𝑘𝐵𝑘, 𝐵𝑘) the 𝐾-dimensional vector consisting of all coefficients to be estimated,
and rewrite (15) as

𝑞(𝑘)𝑡 (𝜏) = 𝛽′𝐾𝑍𝑘,𝜏 (𝑋𝑡), (16)

for 𝑡 = 𝑡0 + 1,… , 𝑇 , with the corresponding 𝐾-dimensional vectors:

𝑍𝑘,𝜏 (𝑋𝑡) = (𝛹𝑘(𝑥𝑡−𝑡0 )
′,… , 𝛹𝑘(𝑥𝑡)′)′ ⊗𝛷𝑘(𝜏),

which depends on 𝑋𝑡 = (𝑥𝑡, 𝑥𝑡−1,… , 𝑥𝑡−𝑡0 ). As a result, we define the coefficient vector 𝛽𝐾 in the approximation quantile 𝑞(𝑘)𝑡 (𝜏) as

𝛽𝑄𝐾 = argmin
𝛽

𝐸 ∫

1

0
𝜌𝜏 (𝑦 − 𝛽′𝑍𝑘,𝜏 (𝑋))𝑑𝜏. (17)

Observe that 𝛽𝐾 defined by (16) is obtained via the best 𝐿2 approximation of the underlying true 𝐻 and 𝑔 functions in the
𝑄
truncated space, while 𝛽𝐾 defined by (17) is derived through the best approximation of the underlying true population relationship

6 
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of 𝑦𝑡 and its past information in model (2), measured through the integrated check function loss. However, these two approximations
have certain relationship as given by Lemmas 1 and 2 in Belloni et al. (2019) and its supplementary material. In particular, the
approximation error in 𝐿2 sense is an upper bound of that in the check function sense under some conditions on the conditional
density function of 𝑦𝑡. Therefore, from now on we shall use 𝛽𝑄𝐾 as the approximation coefficient but still use the notation 𝛽𝐾 instead
of 𝛽𝑄𝐾 for notation brevity.

We estimate 𝛽𝐾 by

𝛽𝐾 = argmin
𝛽

𝐿𝑇 (𝛽), 𝐿𝑇 (𝛽) ∶=
1

𝑇 − 𝑡0

𝑇
∑

𝑡=𝑡0+1
∫

1

0
𝜌𝜏 (𝑦𝑡 − 𝛽′𝑍𝑘,𝜏 (𝑋𝑡))𝑑𝜏, (18)

and denote the resulting estimate by 𝛽𝐾 = (𝐶 𝑡0𝑘 𝐵𝑘,… , 𝐶𝑘𝐵𝑘, 𝐵𝑘). Evidently, we can have 𝐵𝑘 as estimator of 𝐵𝑘 directly from 𝛽𝐾 . Let

𝐷̂𝑘 ∶= 𝐶 𝑡0𝑘 𝐵𝑘 +⋯ + 𝐶𝑘𝐵𝑘 + 𝐵𝑘. If 𝐷̂𝑘 is invertible and 𝐶 𝑡0+1 ≈ 0, we can use 𝐶𝑘 = 𝐼 − 𝐵𝑘𝐷̂−1
𝑘 as the estimator of 𝐶𝑘.1

Then the estimators of 𝐻(𝑢, 𝑣) and 𝑔(𝑢, 𝑥) are given by

𝐻̂(𝑢, 𝑣) = 𝛷𝑘(𝑢)′𝐶𝑘𝛷𝑘(𝑣), 𝑔(𝑢, 𝑥) = 𝛷𝑘(𝑢)′𝐵𝑘𝛹𝑘(𝑥). (19)

We shall study the asymptotic behaviors of these estimators in the next section.

3.2. Identification

Our model is in an additive nonparametric form, appropriate restrictions are needed to ensure identification. See, for exam-
ple, Dong and Linton (2018) and the reference therein for related discussions on this issue in additive nonparametric literature.

Specifically, consider the case that 𝑝0(𝑥) is a constant. Observe that, using Eq. (10), iterations of (2) yields

𝑞𝑡(𝜏) =∫

1

0 ∫

1

0
𝐻(𝜏, 𝑢)𝐻(𝑢, 𝑣)𝑞𝑡−2(𝑣)𝑑𝑣𝑑𝑢 + ∫

1

0
𝐻(𝜏, 𝑢)

[

𝑏0(𝑢) +
∞
∑

𝑗=1
𝑏𝑗 (𝑢)𝑝𝑗 (𝑦𝑡−2)

]

𝑑𝑢

+
∞
∑

𝑗=1
𝑏𝑗 (𝜏)𝑝𝑗 (𝑦𝑡−1) + 𝑏0(𝜏)

=∫

1

0 ∫

1

0
𝐻(𝜏, 𝑢)𝐻(𝑢, 𝑣)𝑞𝑡−2(𝑣)𝑑𝑣𝑑𝑢 +

∞
∑

𝑗=1

[

∫

1

0
𝐻(𝜏, 𝑢)𝑏𝑗 (𝑢)

]

𝑑𝑢 𝑝𝑗 (𝑦𝑡−2)

+
∞
∑

𝑗=1
𝑏𝑗 (𝜏)𝑝𝑗 (𝑦𝑡−1) + ∫

1

0
𝐻(𝜏, 𝑢)𝑏0(𝑢)𝑑𝑢 + 𝑏0(𝜏)

=⋯ + ∫

1

0
𝐻(𝜏, 𝑢)𝑏0(𝑢)𝑑𝑢 + 𝑏0(𝜏) +⋯

= ⋯ + 𝑏0(𝜏) +𝑏0(𝜏) +2𝑏0(𝜏) +⋯

where 𝑏0(𝜏) = ∫ 𝐻(𝜏, 𝑢)𝑏0(𝑢)𝑑𝑢 as in (3).
If we treat each 𝑏(𝑗)0 (𝜏) ≡ 𝑗𝑏0(𝜏) as individual functions (similar to treating 𝐶𝑘𝐵 as individual parameters), the identification

issue raises. Hence we impose the following condition.
Identification condition: For each 𝜏 ∈ [0, 1],

𝑏0(𝑢) = ∫

1

0
𝐻(𝜏, 𝑢)𝑏0(𝑢)𝑑𝑢 = 0, where 𝑏0(𝑢) = ∫

𝑔(𝑢, 𝑥)𝜋(𝑥)𝑑𝑥. (20)

Let 𝐛′0 = (𝑏00, 𝑏10,…). It is easy to see that (20) is equivalent to 𝐶 𝐛0 = 0. This form is exactly the same as setting the first columns
of 𝐶 𝑖𝐵 to zero in the estimation procedure in Section 3.1.

When 𝑝0(𝑥) ≢ 𝑐, the first term in (9) is no longer 𝑏0(𝜏), rather it is 𝑏0(𝜏)𝑝0(𝑥). Accordingly, we do not need any identification
condition at all, since the variation of 𝑝0(𝑥) with 𝑥 can help us identify 𝑏0(𝜏) in the iteration of model (2). Moreover, it is worth
pointing out that when the functional space is 𝐿2() and  is an unbounded interval such as  = R or  = R+, then 𝑝0(𝑥) ≢ 𝑐 and
hence no identification condition is needed.

1 In most cases 𝐷̂𝑘 is dominated by the last term 𝐵𝑘 in the sum. Since 𝐵𝑘 is invertible for most of well-behaved functions 𝑔(𝜏, 𝑥), 𝐷̂𝑘 is likely invertible.
However, when 𝐷̂𝑘 is indeed not invertible, alternative estimator of 𝐶𝑘 can be used. For example, let 𝐴0 = 𝐵𝑘, 𝐴1 = 𝐶𝑘𝐵𝑘, …, 𝐴𝑡0 = 𝐶 𝑡0

𝑘 𝐵𝑘. We have 𝑡0 matrix
quations: (𝐼 − 𝐶𝑘)𝐴𝑖 = 𝐴𝑖 − 𝐴𝑖+1, 𝑖 = 0,… , 𝑡0 − 1. If 𝐴0 = 𝐵𝑘 has rank 𝑑 ∶ 𝑘∕

√

𝑡0 ≤ 𝑑 ≤ 𝑘, then we can solve 𝐼 − 𝐶𝑘 from the estimated matrices 𝐴𝑖. In addition,
even if the above condition is not satisfied, numerically we may find out the estimates of 𝐶𝑘 and 𝐵𝑘 by nonlinear optimization targeting directly on them, as
illustrated in the simulation section.
7 
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4. Asymptotic theory

4.1. Assumptions

Here we first provide some conditions and notations needed in the development for the theoretical properties of the estimators.
et 𝛼 = (𝛼1, 𝛼2) be a vector with nonnegative integers 𝛼1 and 𝛼2, and let |𝛼| = 𝛼1 + 𝛼2; define 𝜕𝛼 = 𝜕𝛼1𝜕𝛼2 the partial derivative
perator. Let 𝐶(𝛺) be the set of all functions continuous on 𝛺 ⊂ R2 and define 𝐶𝑚(𝛺) = {𝑓 ∈ 𝐶(𝛺̄) | 𝜕𝛼𝑓 ∈ 𝐶(𝛺̄) for all |𝛼| ≤ 𝑚}
here 𝛺̄ is the closure of 𝛺.

ssumption A.

(A.1) 𝐻(𝑢, 𝑣) ∈ 𝐶𝑚(𝐷), 𝐷 = [0, 1]2, for some 𝑚 > 0.
(A.2) If  = R, assume that 𝑔(𝑢, 𝑥) ∈ 𝐶𝑚([0, 1]) for each fixed 𝑥 and 𝑥𝑚−𝑖𝑔(𝑖)𝑥 (𝑢, 𝑥) belongs to Hilbert space 𝐿2(R) for all 0 ≤ 𝑖 ≤ 𝑚

(𝑚 > 1) and each fixed 𝑢 ∈ [0, 1]. If  = [𝑎, 𝑏] a bounded interval, assume that 𝑔(𝑢, 𝑥) ∈ 𝐶𝑚([0, 1] × [𝑎, 𝑏]).
(A.3) The matrix 𝐶 in (11) satisfies ‖𝐶‖𝐹 < 1.

In (A.1) and (A.2) we impose smoothness on certain orders of the partial derivatives for 𝐻(⋅, ⋅) and 𝑔(⋅, ⋅). They ensure the
rthogonal series expansions converge at a sufficiently fast rate so the bias due to truncation is of a smaller order. For notation
onvenience we use 𝑚 to represent the differential order for the bivariate functions 𝐻(𝑢, 𝑣) and 𝑔(𝑢, 𝑥) though different orders for
hem may be needed. The concrete requirements for 𝑚 are shown in Assumption C below. Notice that in (A.2) we allow the second
rgument of 𝑔(𝑢, 𝑥) to admit unbounded support for a broader range of applications. Apart from the identification condition, the main
ifference for functions with unbounded support versus bounded support in our case is that the convergence rate of the orthogonal
xpansion for the unbounded case is slower than that for the bounded case, in view of Appendix C of Dong et al. (2016) and Lemma
.1 in the supplement of this paper. Condition (A.3), ⌈𝐻⌉ = ‖𝐶‖𝐹 < 1, ensures the convergence of the representations stated in
heorem 1.

ssumption B.

(B.1) The conditional density 𝑓𝑡(𝑦|𝑡−1) of 𝑦𝑡 given 𝑡−1 is bounded from above uniformly over 𝑦 and 𝑡; meanwhile, 𝑓𝑡(𝑞𝑡(𝜏)|𝑡−1)
is bounded away from zero uniformly over 𝑡; the derivative of 𝑦 ↦ 𝑓𝑡(𝑦|𝑡−1) is continuous and bounded in absolute value
from above uniformly over 𝑦 and 𝑡.

(B.2) Let

𝛴 = 𝐸
[

𝜓𝑡(𝛽𝐾 )𝜓𝑡(𝛽𝐾 )′
]

, with 𝜓𝑡(𝑢) ∶= ∫

1

0
𝑍𝑘,𝜏 (𝑋𝑡)(I(𝑦𝑡 ≤ 𝑢′𝑍𝑘,𝜏 (𝑋𝑡)) − 𝜏)𝑑𝜏. (21)

Suppose that the matrix 𝛴 has maximum eigenvalue 𝜆max = 𝑂(𝐾𝜈 ) and minimum eigenvalue 𝜆min = 𝑂(𝐾−𝜈 ) with 𝜈 > 0 where
𝐾 is the dimension of 𝛴. In addition, suppose that 𝛺 = 𝐸[𝑍𝑘,𝜏 (𝑋𝑡)𝑍𝑘,𝜏 (𝑋𝑡)′] has eigenvalues bounded above from infinity
and below from zero uniformly in 𝜏 and 𝑇 ; sup𝜏 𝐸‖𝑍𝑘,𝜏 (𝑋𝑡)‖4 = 𝑂(𝐾2).

(B.3) The matrix 𝐷𝑘 ∶= 𝐶 𝑡0𝑘 𝐵𝑘 +⋯ + 𝐶𝑘𝐵𝑘 + 𝐵𝑘 is invertible.

The conditions in Assumption (B.1) are standard in the literature (e.g. Belloni et al., 2019). Assumption (B.2) imposes different
onditions on the eigenvalues of 𝛴 and 𝛺. As shown by Proposition 2.1 in Belloni et al. (2015) and the discussion in Belloni et al.
2019, p.9), under mild conditions on the density of the covariate, the matrix 𝛺 has bounded eigenvalues above from infinity and
elow from zero because of the use of orthogonal bases in the functional spaces. On the other hand, it is reasonable to allow the
atrix 𝛴 to have its maximum eigenvalue to diverge and its minimum eigenvalue to decay with certain rates similar to Lemma
in Chang et al. (2015, p 296) and Assumption C in Dong et al. (2021). We note that this assumption is much weaker than that

ypically used in most of the sieve literature where the bounded eigenvalue assumption is frequently used (see Ai and Chen, 2007;
hang et al., 2015; Belloni et al., 2015; Dong et al., 2016). The concrete requirements on 𝜈 will be given in Assumption C below.
he order requirement of the fourth moment for the vector 𝑍𝑘,𝜏 (𝑋𝑡) is fulfilled if each component has a bounded fourth moment.
he assumption (B.3) ensures the inversibility of 𝐷̂𝑘 with high probability for the estimation of 𝐶𝑘.

ssumption C. Suppose that both 𝑘 and 𝑡0 diverge with 𝑇 , and that

(C.1)
√

𝑇𝑘−𝑚∕2 = 𝑜(1) for some 𝑚 > 3 + 2𝜈;
(C.2) log(𝑇 )𝐾2∕

√

𝑇 = 𝑜(1) where 𝐾 = (𝑡0 + 1)𝑘2 + 𝑘;
(C.3) 𝐾𝜈 (‖𝐶‖𝑡0 + 𝑡0𝑘−(𝑚−1)∕2) = 𝑜(1) and 𝑡−𝜈∕20 𝑘1−𝜈 → ∞, where 𝜈 is given in Assumption B.

The condition (C.1) is an undersmoothing condition that controls the truncation residues in the derivation of the asymptotic
normality below. Notice that the condition 𝑚 > 3 + 2𝜈 is due to the unbounded support assumption for 𝑔(𝑢, 𝑥) in 𝑥 and the
divergence order of the maximum eigenvalue proposed in Assumption B. When the support of 𝑔(𝑢, 𝑥) in 𝑥 is bounded, the condition
n 𝑚 can actually be weakened to 𝑚 ≥ 2 + 𝜈. For notational simplicity, we use the stronger condition for both cases here. Similar
ndersmoothing conditions are often used, such as that in Corollary 3.1 of Chen and Christensen (2015, p.454) and Comment 4.3

f Belloni et al. (2015). Notice also that the conditions (C.2)–(C.3) are technical requirements used in the lemmas in Appendix B

8 
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to derive the consistency of the estimators of the coefficients and in the derivation of the Bahadur representation. In particular, the
condition 𝐾𝜈

‖𝐶‖𝑡0 = 𝑜(1) is quite weak on 𝑡0 since ‖𝐶‖𝑡0 decays exponentially in 𝑡0. Thus 𝑡0 is allowed to increase relatively slowly
or the condition to hold, hence one does not need to use a very large 𝑡0 in practice. All these are comparable with the literature
uch as Assumption 7 in Horowitz and Lee (2005) and Theorems 1 and 2 in Belloni et al. (2019).

.2. Asymptotic results

heorem 2 (Consistency). Suppose that the sequence {𝑦𝑡} is strictly stationary and the identification condition (20) holds. Under
ssumptions A–C, we have

‖𝛽𝐾 − 𝛽𝐾‖ ≲𝑃
√

𝐾∕𝑇 ,

as 𝑇 → ∞. Consequently, when 𝑔(𝑢, 𝑥) ∈ 𝐿2([0, 1] × [𝑎, 𝑏], 𝜋(𝑥)), we have

‖𝐻̂(𝑢, 𝑣) −𝐻(𝑢, 𝑣)‖ = 𝑂𝑃 (
√

𝑘2∕𝑇 + 𝑘−(2𝑚−1)∕2),

‖𝑔(𝑢, 𝑥) − 𝑔(𝑢, 𝑥)‖ = 𝑂𝑃 (
√

𝑘2∕𝑇 + 𝑘−(2𝑚−1)∕2),

and for any 𝑡 > 𝑡0,

𝑞𝑡(𝜏) − 𝑞𝑡(𝜏) = 𝑂𝑃 (‖𝐶‖𝑡0+1 + 𝑡0𝑘−(2𝑚−1)∕2 + 𝑡0𝑘3𝑇 −1∕2);

When 𝑔(𝑢, 𝑥) ∈ 𝐿2([0, 1] ×R), we have ‖𝑔(𝑢, 𝑥) − 𝑔(𝑢, 𝑥)‖ = 𝑂𝑃 (
√

𝑘2∕𝑇 + 𝑘−(𝑚−1)∕2), 𝑞𝑡(𝜏) − 𝑞𝑡(𝜏) = 𝑂𝑃 (‖𝐶‖𝑡0+1 + 𝑡0𝑘−(𝑚−1)∕2 + 𝑡0𝑘3𝑇 −1∕2),
hile ‖𝐻̂(𝑢, 𝑣) −𝐻(𝑢, 𝑣)‖ has the same order as in the first case.

The proof is given in Appendix A. The theorem shows the convergence rate of the estimator of the coefficients in orthogonal
xpansions in (16) and the convergence rates of the estimators for the nonparametric functions in norm sense. The later basically
onsists of two parts, the variance term (

√

𝐾∕𝑇 ) and the bias term (𝑘−(2𝑚−1)∕2 for bounded support and 𝑘−(𝑚−1)∕2 for unbounded
upport). When the bias and the variance terms have the same decay rate, the estimators attain their optimal rates.

To present the asymptotic distribution of the estimators, define

𝐽 = 𝐸

[

∫

1

0
𝑓𝑡(𝑞𝑡(𝜏)|𝑡−1)𝑍𝑘,𝜏 (𝑋𝑡)𝑍𝑘,𝜏 (𝑋𝑡)′𝑑𝜏

]

, (22)

where 𝑓𝑡(⋅|⋅) is given in Assumption B. In addition, let 𝐵 be the 𝑘2 × 𝐾 selection matrix such that 𝐵𝛽𝐾 = vec(𝐵𝑘). That is, 𝐵
draws the 𝑘2 elements from the 𝐾-dimensional vector 𝛽𝐾 to form vec(𝐵𝑘). Hence 𝐵𝐽−1𝛴𝐽−1 ′

𝐵 results in a 𝑘2 × 𝑘2 matrix with
elements selected from the 𝐾 ×𝐾 matrix 𝐽−1𝛴𝐽−1. Similarly, let 𝐷 be the 𝑘2 ×𝐾 selection matrix such that 𝐷𝛽𝐾 = vec(𝐷𝑘).

Theorem 3 (Normality). Suppose Assumptions A–C hold. Also, suppose {𝑦𝑡} is stationary and 𝛼-mixing with coefficients 𝛼(𝑖) satisfying
∑∞
𝑖=1 𝑖

𝑐 [𝛼(𝑖)]1−2∕𝛿 < ∞ for some 𝛿 > 2 and 𝑐 > 1 − 2∕𝛿. We have, as 𝑇 → ∞, for any (𝑢, 𝑥) ∈ [0, 1] ×  ,
√

𝑇
𝜎1𝑘

(𝑔(𝑢, 𝑥) − 𝑔(𝑢, 𝑥)) →𝐷 𝑁(0, 1), (23)

and for any (𝑢, 𝑣) ∈ [0, 1]2,
√

𝑇
𝜎2𝑘

(𝐻̂(𝑢, 𝑣) −𝐻(𝑢, 𝑣)) →𝐷 𝑁(0, 1), (24)

where

𝜎21𝑘 = 𝑚𝑘(𝑢, 𝑥)′𝐵𝐽−1𝛴𝐽−1 ′
𝐵𝑚𝑘(𝑢, 𝑥), and 𝜎22𝑘 = 𝑃𝑘(𝑢, 𝑥)′𝐽−1𝛴𝐽−1𝑃𝑘(𝑢, 𝑥),

n which 𝑚𝑘(𝑢, 𝑥) = 𝛷𝑘(𝑢)⊗𝛹𝑘(𝑥) is a 𝑘2 dimensional vector, and

𝑃𝑘(𝑢, 𝑣) =  ′
𝐷[𝛷𝑘(𝑢)

′(𝐼 − 𝐶𝑘)⊗𝐷−1
𝑘 𝛷𝑘(𝑣)] −  ′

𝐵[𝛷𝑘(𝑢)
′ ⊗𝐷−1

𝑘 𝛷𝑘(𝑣)]

is a 𝐾 dimensional vector. Here 𝐽 and 𝛴 are defined in (22).
Moreover, for 𝑡 > 𝑡0, as 𝑇 → ∞,

√

𝑇
𝜎3𝑘𝑡

(𝑞𝑡(𝜏) − 𝑞𝑡(𝜏)) →𝐷 𝑁(0, 1), (25)

where 𝜎23𝑘𝑡 = 𝑍𝑘,𝜏 (𝑋𝑡)′𝐽−1𝛴𝐽−1𝑍𝑘,𝜏 (𝑋𝑡).

The proof is relegated to Appendix A. We note that, unlike Theorem 2, the asymptotic normality results do not depend on whether
the support  is bounded or unbounded. This is because the results are first established for unbounded support  , but it also covers
the bounded  case using the fact that the convergence of 𝑔(𝑢, 𝑥) to 𝑔(𝑢, 𝑥) is faster than that on unbounded  , as established in

heorem 2.
9 
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Remark 4. Note that the condition on the mixing coefficients enables us to use the small-big-block argument to derive asymptotic
normality. The convergence rates in Theorem 3 are common when sieve method is used. In (23), the convergence rate of 𝑔(𝑢, 𝑥)
s 𝜎1𝑘∕

√

𝑇 . Here, given the conditions in Assumption B.1 and B.2, the matrix 𝐽−1 has maximum eigenvalue bounded above from
infinite, and further due to the condition on the eigenvalues of the matrix 𝛴 in Assumptions B and C, the quantity 𝜎1𝑘 depends
on the parameter 𝜈, so that it is between 𝑐1𝐾−𝜈∕2

‖𝛷𝑘(𝑢) ⊗ 𝛹𝑘(𝑥)‖ and 𝑐2𝐾𝜈∕2
‖𝛷𝑘(𝑢) ⊗ 𝛹𝑘(𝑥)‖ with some positive constants 𝑐1 and

𝑐2. Furthermore, the magnitude of the quantity ‖𝛷𝑘(𝑢) ⊗ 𝛹𝑘(𝑥)‖ depends on whether the support of 𝑥 is bounded or unbounded.
In particular, when the support is bounded, ‖𝛷𝑘(𝑢) ⊗ 𝛹𝑘(𝑥)‖ = 𝑂(𝑘). The rate is the same as that in Theorem 2 when combining
with the undersmoothing condition in Assumption C. See equations (2.10) and (2.11) in Dong et al. (2021) for the calculation of
‖𝛷𝑘(𝑢)⊗𝛹𝑘(𝑥)‖. When the eigenvalues of 𝛴 is bounded, 𝜈 = 0, the convergence rate of 𝑔𝑘(𝑢, 𝑥) is then proportional to 𝑘∕

√

𝑇 , which
is comparable with the literature such as Theorem 3.1 in Dong and Linton (2018). When 𝜈 ≠ 0, the convergence rate is affected by
a power of 𝐾, namely, the rate is between 𝑐1𝑘𝐾−𝜈∕2∕

√

𝑇 and 𝑐2𝑘𝐾𝜈∕2∕
√

𝑇 .
The convergence rate of (24) is 𝜎2𝑘∕

√

𝑇 , which is similar to that of (23), except  ′
𝐵𝑚𝑘(𝑢, 𝑥) is replaced by 𝑃𝑘(𝑢, 𝑣) in 𝜎22𝑘.

Interestingly, the rate of 𝑞𝑡(𝜏) in (25) is 𝜎3𝑘𝑡∕
√

𝑇 where 𝜎3𝑘𝑡 depends on 𝑍𝑘,𝜏 (𝑋𝑡) hence it has the subscript 𝑡. Similar to 𝜎1𝑘, by
Assumption B, the order of magnitude of 𝜎3𝑘𝑡 is between 𝑐1𝐾−𝜈∕2

‖𝑍𝑘,𝜏 (𝑋𝑡)‖ and 𝑐2𝐾𝜈∕2
‖𝑍𝑘,𝜏 (𝑋𝑡)‖ with some positive constants 𝑐1

nd 𝑐2. In the special case where 𝜈 = 0 the convergence rate in (25) is proportional to ‖𝑍𝑘,𝜏 (𝑋𝑡)‖∕
√

𝑇 = 𝑂𝑃 (
√

𝐾∕𝑇 ). The normality
n (25) can be viewed as a self-normalized version of central limit theorem for 𝑞𝑡(𝜏).

In order to facilitate statistic inference, we need to construct consistent estimators for the matrices 𝐽 and 𝛴. To this end, we
ollow the literature such as Powell (1984) and Belloni et al. (2019, p. 8) to define

𝛴 = 1
𝑇 − 𝑡0

𝑇
∑

𝑡=𝑡0+1
𝜓𝑡(𝛽𝐾 )𝜓𝑡(𝛽𝐾 )′,

𝐽 = 1
2ℎ(𝑇 − 𝑡0)

𝑇
∑

𝑡=𝑡0+1
∫

1

0
𝐼(|𝑦𝑡 −𝑍𝑘,𝜏 (𝑋𝑡)′𝛽𝐾 | < ℎ)𝑍𝑘,𝜏 (𝑋𝑡)𝑍𝑘,𝜏 (𝑋𝑡)′𝑑𝜏,

(26)

where ℎ = ℎ𝑇 → 0 as 𝑇 → ∞ plays the role of bandwidth, 𝐼(⋅) is the indicator function and 𝜓𝑡(⋅) is defined in (21).

Corollary 1. Under the conditions in Theorem 3, as 𝑇 → ∞ we have

‖𝛴 − 𝛴‖ →𝑃 0, and ‖𝐽 − 𝐽‖ →𝑃 0. (27)

The proof of the corollary is relegated to Appendix B. It is clear that with the availability of 𝛴 and 𝐽 the consistent estimates
of 𝜎2𝑖 , 𝑖 = 1, 2, 3, can be easily obtained. Hence, statistical inference of the unknown parameters can then be conducted based on
these estimates. For example, we may test cross-quantile dependence based on 𝐻(𝜏, 𝑢). More specifically, we may consider the null
ypothesis H0 ∶ 𝐻(𝜏, 𝑢) = 0, corresponding to ‘‘there is no impact of 𝑢th quantile of past distribution on the 𝜏th quantile of current
istribution’’, based on the statistic

𝜄𝑇 (𝜏, 𝑢) =

√

𝑇
𝜎2𝑘

𝐻̂𝑘 (𝜏, 𝑢) ,

hich is asymptotically normal under the null hypothesis.
One important thing is that the estimators 𝐻̂(𝜏, 𝑢) and 𝑔(𝜏, 𝑢) in (19) may not satisfy the identification condition (20) when

0(𝑥) is a constant in the finite support case, even though the constraint is built in for the unrestricted estimation of 𝛽𝐾 . A simple
lleviation is to calibrate the estimate 𝑏̂0(𝑢), because the estimators are asymptotically consistent. Note that 𝑏0(𝑢) = 𝛷(𝑢)′𝐛0 where

𝐛0 is defined below (20), hence we define 𝑏̂0(𝑢) = 𝛷𝑘(𝑢)′̂𝐛0𝑘 where 𝐛̂0𝑘 is a vector of the 𝑘 elements of the first column of 𝐵𝑘. When
𝐶𝑘 is of full rank, we simply let 𝐛̂iden

0𝑘 = 0, and then 𝑏̂iden
0 (𝑢) = 0. And when 𝐶𝑘 is not of full rank, let 𝐶̄ be the sub-matrix from 𝐶𝑘

ith full row rank and whose rank is the same as 𝐶𝑘. Define

𝐛̂iden
0𝑘 = [𝐼 − 𝐶̄ ′(𝐶̄𝐶̄ ′)−1𝐶̄ ]̂𝐛0𝑘, (28)

nd then define 𝑏̂ iden
0 (𝑢) = 𝛷𝑘(𝑢)′̂𝐛iden

0𝑘 . Notice that in the second case, 𝐛̂iden
0𝑘 is the residual of the projection of 𝐛̂0𝑘 onto 𝐶̄, hence

̄ 𝐛̂iden
0𝑘 = 0, from which we have 𝐶𝑘𝐛iden

0𝑘 = 0.

orollary 2. Under conditions in Theorems 2 and 3, ‖𝑏̂iden
0 (𝑢) − 𝑏0(𝑢)‖ → 0, and for any 𝑢 ∈ (0, 1) and 𝑥 ∈  , as 𝑇 → ∞,

√

𝑇
𝜎1𝑘

(𝑔iden(𝑢, 𝑥) − 𝑔(𝑢, 𝑥)) →𝐷 𝑁(0, 1), (29)

where 𝑔iden(𝑢, 𝑥) = 𝑏̂iden
0 (𝑢) +𝛷𝑘(𝑢)′𝐵−1,𝑘𝛹𝑘(𝑥), 𝐵−1,𝑘 is the 𝐵𝑘 deleting the first column, and 𝜎1𝑘 is the same as in Theorem 3.

4.3. Further discussions

The FQAR model is nonlinear. A regression estimation directly based on Eqs. (13) is highly nonlinear in the parameters since

𝑞𝑡−1(⋅) is latent and depends on the unknown parameters nonlinearly. Estimation of (𝐶𝑘, 𝐵𝑘) based on such a nonlinear optimization

10 
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is complicated both computationally and theoretically. For this reason, we consider in Section 3 a linear sieve estimator that ignores
the algebraic operation for 𝐶 and 𝐵, and treat all matrices 𝐶 𝑖𝐵 as different unknown matrices.

Based on the estimator proposed in Section 3, additional steps can be performed to take into consideration of the restrictions
mplied in the power functions, and further extensions can be constructed to obtain estimators with improved properties. In this
ubsection, we briefly discuss a two step sieve estimator based on the estimator in Section 3. This two-step procedure can be easily
mplemented in practice.

Let 𝑞𝑡(⋅) be an estimator of 𝑞𝑡(⋅) based on the procedure proposed in Section 3, with the monotone transformation if needed. We
consider the following second step regression of 𝑦𝑡 on the given 𝑞𝑡(⋅), 𝛷𝑘(⋅), and 𝛹𝑘(𝑥𝑡):

𝜃 =
(

𝐶̌𝑘, 𝐵̌𝑘
)

= argmin
𝐶𝑘 ,𝐵𝑘

∑

𝑡 ∫

1

0
𝜌𝜏

(

𝑦𝑡 −𝛷𝑘(𝜏)′𝐶𝑘 ∫

1

0
𝛷𝑘(𝑣)𝑞𝑡−1(𝑣)𝑑𝑣 −𝛷𝑘(𝜏)′𝐵𝑘𝛹𝑘(𝑥𝑡)

)

𝑑𝜏.

The computation of this optimization step is fast through linear programming. This two-step estimator serves as an intermediate
olution between the linear-in-parameter estimator and the completely nonlinear estimator. In principle, one could also consider a
ulti-step iteration.

The limiting distribution of the two-step estimator
(

𝐶̌𝑘, 𝐵̌𝑘
)

will be affected by the first step estimation. In particular, under
ssumptions A–C, notice that

𝑞𝑡−1(𝑣) = 𝛽′𝐾𝑍𝑘,𝑣(𝑋𝑡−1) =
𝑡0
∑

𝑗=0
𝛷𝑘(𝑣)′𝐶

𝑗
𝑘𝐵𝑘𝛹𝑘(𝑥𝑡−𝑗−1).

Denote 𝜃 = vec
(

𝐶𝑘, 𝐵𝑘
)

= [vec
(

𝐶𝑘
)′ , vec

(

𝐵𝑘
)′]′ =

[

𝜃′𝐼 , 𝜃
′
𝐼𝐼
]′ , and let

𝜉𝑘,𝑡−1 = ∫

1

0
𝛷𝑘(𝑣)𝑞𝑡−1,𝑘(𝑣)𝑑𝑣, 𝜉𝑘,𝑡−1 = ∫

1

0
𝛷𝑘(𝑣)𝑞𝑡−1(𝑣)𝑑𝑣,

and

𝑍̌𝑘,𝑡−1 = ∫

1

0
𝑍𝑘,𝑣(𝑋𝑡−1)⊗𝛷𝑘(𝑣)𝑑𝑣, 𝑊𝑘,𝜏 (𝑋𝑡) =

(

𝜉′𝑘,𝑡−1, 𝛹𝑘(𝑥𝑡)
′
)′
⊗𝛷𝑘(𝜏).

We define

𝛤10 = −E
[

∫

1

0
𝑓𝑦𝑡

(

𝑞𝑡(𝜏)
)

𝑊𝑘,𝜏 (𝑋𝑡)𝑊𝑘,𝜏 (𝑋𝑡)⊤𝑑𝜏

]

,

and

𝛤20 = −E∫

1

0

[

𝑓𝑦𝑡
(

𝑞𝑡(𝜏)
)

]

𝑊𝑘,𝜏 (𝑋𝑡)
[

𝜃′𝐼
(

𝑍̌⊤
𝑘,𝑡−1 ⊗𝛷𝑘(𝜏)

)]

𝑑𝜏

where 𝜃𝐼 =vec
(

𝐶𝑘
)

. Then the two-step estimators has the following asymptotic expansion
√

𝑇
(

𝜃 − 𝜃∗
)

= 𝛤−1
10

1
√

𝑇

∑

𝑡 ∫

1

0

[

𝜏 − 1
(

𝑦𝑡 ≤ 𝑞𝑡(𝜏)
)]

𝑊𝑘,𝜏 (𝑋𝑡)𝑑𝜏 + 𝛤−1
10 𝛤20𝐽

−1 1
√

𝑇

𝑇
∑

𝑡=1
𝜓𝑡(𝛽𝐾 ) + 𝑜𝑝(1),

here the second term, 𝛤−1
10 𝛤20𝐽

−1 1
√

𝑇

∑𝑇
𝑡=1 𝜓𝑡(𝛽𝐾 ), captures the effect from the first stage estimation, where 𝜓 and 𝐽 are defined in

(22) and (21).

5. Monte Carlo experiments

In this section, Monte Carlo experiments are conducted to examine the finite sample performance of the proposed FQAR
estimators. The first part of the study shows the estimation performance of 𝐶𝑘 and 𝐵𝑘 as well as the kernel functions 𝐻(𝑢, 𝑣)
and 𝑔(𝑢, 𝑥). The second part illustrates the performance of the estimated quantile functions, 𝑞𝑡(𝜏), and the one-step-ahead and

ulti-step-ahead forecasting errors of the quantile functions.
We generate the data from the FQAR model (2) starting with 𝑞0(𝜏) ≡ 0 for 𝜏 ∈ [0, 1]. The observed data was generated via

𝑡 = 𝑞𝑡(𝑈 ) where 𝑈 is a random number drawn from a uniform distribution on [0, 1], and 𝑥𝑡 = 𝑦𝑡−1 with the initial value 𝑦0 = 0. We
onsider three designs of the kernel functions:

xperiment 1 (Multiplicative form):
Let 𝐻(𝑢, 𝑣) = ℎ1(𝑢)ℎ2(𝑣), 𝑔(𝑢, 𝑥) = 𝑔1(𝑢)𝑔2(𝑥), where

{

ℎ1(𝑢) = 𝑢 − cos(𝑢) − 1 ,

{

𝑔1(𝑢) = 1 − 𝑒−𝑢
√ , 𝑢, 𝑣 ∈ [0, 1], 𝑥 ∈ [−1, 1]. (30)
ℎ2(𝑣) = sin(𝑣) 𝑔2(𝑥) = 𝑥 + 1

11 
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Table 1
Means and standard deviations (in brackets) of estimation errors (×10).

Experiment 1 Experiment 2 Experiment 3

𝑘\𝑇 𝑇 = 500 𝑇 = 1000 𝑇 = 5000 𝑇 = 500 𝑇 = 1000 𝑇 = 5000 𝑇 = 500 𝑇 = 1000 𝑇 = 5000

Panel A: Estimation error of 𝐶
𝑘 = 2 3.28(2.23) 2.06(1.16) 0.78(0.44) 4.10(3.49) 2.72(1.70) 1.48(0.62) 1.08(1.95) 0.80(1.32) 0.42(0.75)
𝑘 = 3 1.46(0.69) 0.94(0.37) 0.41(0.16) 1.31(0.59) 1.04(0.31) 0.72(0.11) 0.05(0.04) 0.04(0.03) 0.02(0.01)
𝑘 = 4 1.10(0.53) 0.73(0.36) 0.32(0.08) 0.85(0.34) 0.64(0.20) 0.45(0.05) 0.03(0.02) 0.02(0.01) 0.01(0.00)
𝑘 = 5 0.87(0.34) 0.56(0.19) 0.24(0.08) 0.67(0.22) 0.50(0.11) 0.40(0.04) 0.01(0.00) 0.01(0.00) 0.01(0.00)

Panel B: Estimation error of 𝐵
𝑘 = 2 1.06(0.63) 0.67(0.30) 0.43(0.13) 2.96(0.79) 2.71(0.35) 2.57(0.12) 0.16(0.02) 0.16(0.01) 0.15(0.01)
𝑘 = 3 0.71(0.28) 0.46(0.17) 0.27(0.10) 1.16(0.13) 1.13(0.09) 1.08(0.04) 0.51(0.23) 0.53(0.18) 0.53(0.07)
𝑘 = 4 0.92(0.37) 0.62(0.26) 0.35(0.17) 0.43(0.12) 0.34(0.10) 0.28(0.05) 0.37(0.01) 0.40(0.06) 0.41(0.02)
𝑘 = 5 0.72(0.27) 0.50(0.19) 0.24(0.09) 0.41(0.15) 0.31(0.11) 0.20(0.06) 0.08(0.01) 0.07(0.01) 0.06(0.00)

Notes: We simulate the data and estimate the coefficient matrices with 100 repetitions. The performance of estimation is evaluated by the Frobenius norm over
𝑘, 𝐸 = 1

𝑘
‖𝑋𝑘 − 𝑋̂𝑘‖, where 𝑋𝑘 is the coefficient matrix, i.e. 𝐶𝑘 or 𝐵𝑘 here. The results presented in this table are scaled by 10.

The multiplicative form settings of 𝐻(𝑢, 𝑣) and 𝑔(𝑢, 𝑥) indicate the expanded coefficient matrices 𝐶 and 𝐵 are degenerate,
i.e. 𝑟𝑎𝑛𝑘(𝐶) = 𝑟𝑎𝑛𝑘(𝐵) = 1, with

𝑐𝑖𝑗 = ∫

1

0 ∫

1

0
ℎ(𝑢, 𝑣)𝜑𝑖(𝑢)𝜑𝑗 (𝑣)𝑑𝑢𝑑𝑣 = ∫

1

0
ℎ1(𝑢)𝜑𝑖(𝑢)𝑑𝑢∫

1

0
ℎ2(𝑣)𝜑𝑗 (𝑣)𝑑𝑣,

𝑏𝑖𝑗 = ∫

1

0 ∫
𝑔(𝑢, 𝑥)𝜑𝑖(𝑢)𝑝𝑗 (𝑥)𝜋(𝑥)𝑑𝑢𝑑𝑥 = ∫

1

0
𝑔1(𝑢)𝜑𝑖(𝑢)𝑑𝑢∫

𝑔2(𝑥)𝑝𝑗 (𝑥)𝜋(𝑥)𝑑𝑥,

which means that any rows or columns of 𝐶 and 𝐵 have multiple relationship with each other. The above setting satisfies
Assumption A with ⌈𝐻⌉ = ‖𝐶‖ < 1.

Experiment 2 (Convolution form):
Let 𝐻(𝑢, 𝑣) = ℎ1(𝑢 − 𝑣)ℎ2(𝑣), 𝑔(𝑢, 𝑥) = 𝑔1(𝑢 − 𝑥)𝑔2(𝑥), where

{

ℎ1(𝑢 − 𝑣) = (𝑢 − 𝑣)3

ℎ2(𝑣) = 𝑒𝑣
,

{

𝑔1(𝑢 − 𝑥) = sin(𝑢 − 𝑥)
𝑔2(𝑥) = 1 − 𝑥2

, 𝑢, 𝑣 ∈ [0, 1], 𝑥 ∈ [−1, 1]. (31)

The convolution form settings of 𝐻(𝑢, 𝑣) and 𝑔(𝑢, 𝑥) ensure the expanded coefficient matrices 𝐶 and 𝐵 are full rank so that they
are invertable. The above settings also satisfy Assumption A and ⌈𝐻⌉ = ‖𝐶‖ < 1.

Experiment 3 (Truncated form):
We also consider a truncated form design of 𝐻(𝑢, 𝑣) and 𝑔(𝑢, 𝑥) as follows

𝐻(𝑢, 𝑣) = 𝛷𝑘(𝑢)𝐶𝑘𝛷𝑘(𝑣), 𝑔(𝑢, 𝑥) = 𝛷𝑘(𝑢)𝐵𝑘𝛹 (𝑥), 𝑢, 𝑣 ∈ [0, 1], 𝑥 ∈ [−𝑎, 𝑎]. (32)

where 𝑘 is the truncation parameter, and 𝛷𝑘(𝑢) and 𝛹𝑘(𝑥) are the first 𝑘 elements of 𝛷(𝑢) and 𝛹 (𝑥). For 𝛷(𝑢), we adopt a trigonometric
sequence {𝜑𝑗 (𝑥), 𝑗 ≥ 0}:

𝜑0(𝑢) ≡ 1, 𝜑𝑗 (𝑢) =
√

2 cos(𝜋𝑗𝑥), 𝑗 ≥ 0. (33)

For 𝛹 (𝑥), we use an extended Chebyshev polynomial sequence {𝑝𝑗 (𝑥), 𝑗 ≥ 0} with reference distribution 𝜋(𝑥) = 2
𝜋
√

1−𝑥2
:

𝑝0(𝑥) ≡ 1∕
√

2, 𝑝𝑗 (𝑥) = cos(𝑗 arccos(𝑥∕𝑎)), 𝑗 ≥ 0. (34)

t is known that {𝜑𝑗 (𝑥), 𝑗 ≥ 0} is a complete orthogonal sequence in 𝐿2[0, 1] and {𝑝𝑗 (𝑥), 𝑗 ≥ 0} is an orthogonal system associated
with Hilbert space 𝐿2([−𝑎, 𝑎], 𝜋(𝑥)). Here we set 𝑎 = 0.15, 𝑘 = 5 and 𝐶𝑘 and 𝐵𝑘 be the estimated values from the empirical study on
S&P 500 index shown in Section 6.

Typical realizations of the simulated series 𝑦𝑡 under each experimental setting are shown in Figure C.1 in Appendix C. Some
(marginal) summary statistics are shown in Table C.1. The series generated under three experiment designs are all stationary
according to the ADF tests. The data produced in the first two experiments exhibit higher mean and volatility and display significant
autocorrelations, while that in the third experiment is more leptokurtic and shows weak autocorrelations.

We then use the proposed seive method to estimate 𝐻(𝑢, 𝑣) and 𝑔(𝑢, 𝑥). For a given truncation parameter 𝑘, we use the estimation
procedure proposed in Section 4.3 to estimate 𝐶̂𝑘 and 𝐵̂𝑘, and consequently obtain the estimates of the kernel function 𝐻(𝑢, 𝑣) and
the intercept function 𝑔(𝑢, 𝑥). In the experiments, we use 𝑡0 = 5. Figure C.2 and Figure C.3 in Appendix C respectively show the
estimated kernel functions 𝐻(𝑢, 𝑣) and intercept functions 𝑔(𝑢, 𝑥) with 𝑘 = 5, compared with the true ones, using the three realizations
shown in Figure C.1 with sample size 𝑇 = 500. We can observe that the shape of the functions are quite close to the true ones for
both 𝐻(𝑢, 𝑣) and 𝑔(𝑢, 𝑥), while the relative error appears to be larger for 𝐻(𝑢, 𝑣) compared with that for 𝑔(𝑢, 𝑣).

To illustrate the estimation performance and the impacts of using different 𝑘 and 𝑇 , we estimate 𝐶̂𝑘 and 𝐵̂𝑘 under different

settings of tuning parameters with 100 repetitions and report the summary statistics of the estimation errors in Table 1. From
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the table, it is evident that the estimation errors of 𝐶𝑘 become smaller as 𝑘 and 𝑇 increase, indicating the convergence progress
discussed in Section 4. The errors in Experiment 3 decrease much more noticeably as 𝑘 increases, which could be attribute to the
finite-dimensional true function designs with 𝑘 = 5 as illustrated in (32). As for the estimation errors of 𝐵𝑘, the overall trend is
similar to those of 𝐶𝑘 for different values of 𝑘 and 𝑇 . While there are some discrepancies in Experiment 3, it is worth noting that
he results of 𝑘 = 5 and 𝑇 = 500 also yield considerably smaller errors for 𝐵𝑘.

Next, we focus on the estimation and forecast performance of the quantile functions. We first discuss the estimation procedure
nd then formulate the one-step-ahead and multi-step-ahead forecasting procedures, assuming 𝑥𝑡 = 𝑦𝑡−1. Once we have obtained 𝐶𝑘
nd 𝐵𝑘, the kernel function and intercept function can be estimated as 𝐻̂(𝑢, 𝑣) = 𝛷𝑘(𝑢)′𝐶𝑘𝛷(𝑢) and 𝑔(𝑢, 𝑥) = 𝛷(𝑢)′𝐶𝑘𝛹 (𝑥), and then
ollowing (15), the quantile function can be estimated as:

𝑞𝑡(𝜏) = 𝛷𝑘(𝜏)′𝐶
𝑡0
𝑘 𝐵𝑘𝛹𝑘(𝑦𝑡−𝑡0−1) +⋯𝛷𝑘(𝜏)′𝐶𝑘𝐵𝑘𝛹𝑘(𝑦𝑡−2) +𝛷𝑘(𝜏)′𝐵𝑘𝛹𝑘(𝑦𝑡−1), (35)

= 𝑡0 + 1,… , 𝑇 .
The one-step ahead forecast and multi-step ahead forecast of the quantile functions at time 𝑡 are based on the available

nformation set 𝑡. Conditional on 𝑡, we write the estimated matrices at time 𝑡 as 𝐶𝑘|𝑡 and 𝐵𝑘|𝑡, and the estimated kernel function
nd intercept function as 𝐻̂(𝑢, 𝑣)|𝑡 and 𝑔(𝑢, 𝑥)|𝑡. Then, the one-step-ahead forecast of the quantile function is

𝑞𝑡(+1)(𝜏) = ∫

1

0
𝐻̂(𝜏, 𝑢)|𝑡𝑞𝑡(𝑢)𝑑𝑢 + 𝑔(𝜏, 𝑦𝑡)|𝑡

= 𝛷𝑘(𝜏)′𝐶
𝑡0
𝑘 |𝑡𝐵𝑘|𝑡𝛹𝑘(𝑦𝑡−𝑡0 ) +⋯𝛷𝑘(𝜏)′𝐶𝑘|𝑡𝐵𝑘|𝑡𝛹𝑘(𝑦𝑡−1) +𝛷𝑘(𝜏)′𝐵𝑘|𝑡𝛹𝑘(𝑦𝑡).

(36)

he multi-step-ahead forecast of the quantile function requires the input of future data (e.g. the unobserved 𝑥𝑡+2 = 𝑦𝑡+1). Here we
se the median under the predicted quantile function as the predicted value (e.g. 𝑦̂𝑡(+1) = 𝑞𝑡(+1)(0.5)). Specifically, for ℎ = 1, 2,…,

recursively we use

𝑞𝑡(+ℎ)(𝜏) = 𝛷𝑘(𝜏)′𝐶
𝑡0
𝑘 |𝑡𝐵𝑘|𝑡𝛹𝑘(𝑦𝑡(+ℎ−𝑡0−1)) +⋯𝛷𝑘(𝜏)′𝐶𝑘|𝑡𝐵𝑘|𝑡𝛹𝑘(𝑦𝑡(+ℎ−2)) +𝛷𝑘(𝜏)′𝐵𝑘|𝑡𝛹𝑘(𝑦𝑡(+ℎ−1)), (37)

where 𝑦𝑡(+ℎ−𝑖) = 𝑦𝑡+ℎ−𝑖 if ℎ ≤ 𝑖 and 𝑦𝑡(+ℎ−𝑖) = 𝑞𝑡(+ℎ−𝑖)(0.5) if ℎ > 𝑖.
We first conduct the one-step-ahead rolling forecast of 𝑞𝑡(𝜏) following (36) via rolling estimation of 𝐶𝑘 and 𝐵𝑘. Figure C.4

shows the dynamics of the true and predicted quantile functions for the case when 𝑘 = 5. Despite the different types of quantile
functions generated by the three experiments, the results demonstrate that the predicted quantile functions closely resemble the
true ones across all three experiments. We also observe that almost all the predicted quantile functions display monotonicity. Thus,
the rearrangement procedure has very little impact on the results.

On the evaluation of forecasting errors, we adopt the mean squared (prediction) error (MSE) and symmetric mean absolute
percent error (SMAPE) for evaluating the performance of the one-step-ahead and multi-step-ahead forecasting results of the quantile
functions:

𝑀𝑆𝐸(ℎ) = 1
𝑇 − ℎ − 𝑇0 + 1

𝑇−ℎ
∑

𝑡=𝑇0
∫

1

0

(

𝑞𝑡(+ℎ)(𝜏) − 𝑞𝑡+ℎ(𝜏)
)2𝑑𝜏, (38)

𝑆𝑀𝐴𝑃𝐸(ℎ) = 1
𝑇 − ℎ − 𝑇0 + 1

𝑇−ℎ
∑

𝑡=𝑇0
∫

1

0

|

|

|

𝑞𝑡(+ℎ)(𝜏) − 𝑞𝑡+ℎ(𝜏)
|

|

|

|

|

|

𝑞𝑡(+ℎ)(𝜏)
|

|

|

+ |

|

𝑞𝑡+ℎ(𝜏)||
𝑑𝜏, (39)

where [𝑇0 + 1, 𝑇 ] is the out-of-sample interval. Here we fix the length 𝑇 − 𝑇0 = 100. We use SMAPE instead of MAPE (which only
has |𝑞𝑡+ℎ(𝜏)| in the denominator) to avoid large distortions when |𝑞𝑡(𝜏)| is close to 0 for some 𝜏. SMAPE takes value between 0 to
00%.

Table 2 reports one-step-ahead forecast errors of 𝑞𝑡(+1)(𝜏) with different settings of 𝑘 and 𝑇 . It is seen that, as the sample size 𝑇
nd the truncation order 𝑘 increase, both the MSE and SMAPE of the predictions become smaller. Note that the results of the MSE
n Experiment 3 have been scaled by 105, and hence they are much smaller than those of the other two experiments. This is due
o the small range of the observed data generated in Experiment 3, as shown in Table C.1. The SMAPE of Experiment 3 are larger
han the other two experiments. As 𝑘 increases, the prediction errors in Experiment 3 decrease significantly, possibly due to the
inite-dimensional nature of the true functions in design (32).

To further investigate the forecasting errors of 𝑞𝑡(𝜏) at different 𝜏 in [0, 1], we compute the MSE and SMAPE for each individual
𝜏 without averaging over 𝜏 as in (38) and (39). Figs. 1 and 2 show the forecasting errors of 𝑞𝑡(𝜏) with different 𝜏 varying from 0 to

by MSE and SPAPE, respectively. In general, it can be observed that the errors decrease as the increase of 𝑘 and 𝑇 , both for MSE
and SMAPE. The effect of 𝑘 is more pronounced for Experiment 3, as seen in Table 2. Since the data in all three experiments exhibit
negative skewness as shown in Table C.1, larger MSE values are observed in the left tails, particularly in the first two experiments.
On the other hand, a peak in SMAPE can be seen around 𝜏 = 0.3 to 𝜏 = 0.5 in Experiment 1 and Experiment 3. This is mainly due
to the fact that the true and predicted quantiles at these 𝜏 values are close to zero, resulting in larger SMAPE values as defined by
(39).

Finally, we compare the multi-step-ahead forecast results of the FQAR model with the GARCH model (with constant mean). For
quantile forecast via the GARCH model, we assume conditional normality of the innovation term and compute the quantile function
as

𝑞 (𝜏) = 𝜇̂ + 𝜎̂ 𝛷−1(𝜏), 𝜏 ∈ [0, 1] (40)
𝑡(+ℎ) 𝑡(+ℎ)
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Table 2
Mean and standard deviations (in brackets) of one-step-ahead forecast errors.

Experiment 1 Experiment 2 Experiment 3

𝑘\𝑇 𝑇 = 500 𝑇 = 1000 𝑇 = 5000 𝑇 = 500 𝑇 = 1000 𝑇 = 5000 𝑇 = 500 𝑇 = 1000 𝑇 = 5000

Panel A: Mean Squared Error (MSE)
𝑘 = 2 1.51(5.55) 0.46(0.39) 0.36(0.17) 3.13(5.21) 2.21(2.73) 2.02(2.87) 13.3(34.6) 5.59(13.8) 1.88(3.68)
𝑘 = 3 0.77(0.26) 0.25(0.23) 0.13(0.03) 0.99(1.47) 0.77(0.54) 0.67(0.44) 0.51(0.59) 0.44(0.35) 0.33(0.12)
𝑘 = 4 0.30(0.42) 0.25(0.73) 0.06(0.04) 0.35(0.38) 0.16(0.29) 0.08(0.04) 0.09(0.02) 0.04(0.02) 0.02(0.02)
𝑘 = 5 0.35(0.40) 0.23(0.39) 0.05(0.03) 0.26(0.29) 0.14(0.12) 0.06(0.04) 0.07(0.13) 0.04(0.09) 0.01(0.02)

Panel B: Symmetric Mean Absolute Percent Error (SMAPE)
𝑘 = 2 2.41(1.14) 1.99(0.84) 1.73(0.62) 2.89(1.62) 2.81(1.32) 2.76(1.17) 3.94(1.93) 3.79(1.86) 3.13(1.22)
𝑘 = 3 2.04(1.05) 1.55(0.59) 1.25(0.20) 2.12(0.86) 2.08(0.86) 1.98(0.78) 2.71(0.24) 2.65(0.12) 2.62(0.09)
𝑘 = 4 1.57(0.89) 1.24(0.88) 0.79(0.33) 1.47(1.40) 1.08(0.70) 0.74(0.37) 1.56(0.69) 1.36(0.51) 0.93(0.33)
𝑘 = 5 1.73(0.86) 1.36(0.85) 0.91(0.36) 1.39(0.96) 1.15(0.74) 0.74(0.39) 1.53(0.76) 1.26(0.65) 0.73(0.37)

Notes: We simulate the data and conduct the rolling one-step-ahead forecast of the quantile functions with 100 out-of-sample results. The MSE results in the
table are scaled by 100 for Experiments 1 and 2, and by 105 for Experiment 3. The SMAPE results are scaled by 10.

Fig. 1. MSE of 𝑞𝑡(𝜏) with 𝜏 varying from 0 to 1 Left (Experiment 1); Middle (Experiment 2); Right (Experiment 3).

Table 3
Multi-step-ahead forecast errors.

Model Experiment 1 Experiment 2 Experiment 3

ℎ = 1 ℎ = 5 𝑇 = 20 ℎ = 1 ℎ = 5 ℎ = 20 ℎ = 1 ℎ = 5 ℎ = 20

Panel A: Mean Squared Error (MSE)
GARCH 0.82(0.64) 0.58(0.36) 0.61(0.37) 9.48(6.70) 9.15(6.09) 9.17(6.43) 0.23(0.19) 0.26(0.27) 0.42(0.77)
FQAR(k = 3) 0.70(2.60) 0.74(1.11) 0.77(1.01) 0.99(1.47) 7.69(6.96) 8.15(5.61) 0.51(0.59) 0.56(0.70) 0.63(0.83)
FQAR(k = 5) 0.35(0.42) 0.47(0.50) 0.49(0.50) 0.26(0.29) 9.72(12.3) 9.87(11.4) 0.07(0.13) 0.17(0.34) 0.34(0.75)

Panel B: Symmetric Mean Absolute Percent Error (SMAPE)
GARCH 2.31(0.93) 2.02(0.81) 2.19(0.80) 5.06(1.85) 5.19(1.68) 5.40(1.84) 1.92(0.33) 1.94(0.34) 2.01(0.42)
FQAR(k = 3) 2.04(1.05) 2.04(0.88) 2.11(1.02) 2.12(0.86) 4.69(1.89) 4.81(1.83) 2.71(0.24) 2.73(0.22) 2.75(0.25)
FQAR(k = 5) 1.73(0.86) 1.80(0.92) 1.80(0.92) 1.39(0.96) 4.72(2.47) 5.29(2.30) 1.53(0.76) 1.77(0.79) 1.91(0.89)

Notes: We simulate the data and conduct the rolling ℎ-step-ahead forecast of the quantile functions with 100 out-of-sample results. The MSE results in the table
are scaled by 100 for Experiments 1 and 2, and by 105 for Experiment 3. The SMAPE results are scaled by 10.

where 𝛷−1(𝜏) is the inverse normal cumulative distribution function, 𝜇̂ is estimated with the sample mean, and 𝜎̂𝑡(+ℎ) is the
-step-ahead forecast of conditional volatility under the estimated GARCH model.

Table 3 shows the comparison of the multi-step-ahead forecast errors of the quantile functions obtained via the GARCH and FQAR
odel. The advantage of the FQAR model compared with the GARCH model is significant for ℎ = 1, both in mean and standard
eviations of MSE and SMAPE, while the difference between the two models become smaller for longer forecasting horizon.
14 
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Fig. 2. SMAPE of 𝑞𝑡(𝜏) with 𝜏 varying from 0 to 1 Left (Experiment 1); Middle (Experiment 2); Right (Experiment 3).

6. Empirical application

There is a large literature on empirical study of distributional dynamics in finance. Since the introduction of the Value-at-Risk
(VaR), risk measures based on the left tail distributional information have become a key input for making financial decisions
(Jorion, 2006). There is also an accumulated empirical literature arguing that information of the past distributions affect the future
distribution, including the empirical studies on risk forecasts, spillover of risks, and cross-quantile microprudential dynamics — see,
e.g. Beirne et al. (2010), De Nicolò. et al. (2014), Yahya et al. (2020), Muhammad et al. (2020), Pham (2021), and Dai et al. (2022).

In this section, we use the S&P 500 index data as an illustrative example to demonstrate how the distribution is affected by the
previous distribution in a functional manner, and then we apply the proposed FQAR model and method to study the distributional
dynamics and assess its empirical performance. Specifically we use the S&P 500 index data from July 2, 2012 to June 30, 2022 with
sample size 2353. Let 𝑦𝑡 be the log return (difference of the log price) at the day of 𝑡 ∶ 2 ≤ 𝑡 ≤ 2353. Let 𝑥𝑡 = 𝑦𝑡−1, 𝑡 = 3,… , 2353, so
that the FQAR model is built using data 𝑦𝑡, 𝑡 = 3,… , 2353. Figure D.1 in Appendix D shows the log return series.

We first show how the quantiles of {𝑦𝑡} are influenced by the whole distribution of {𝑦𝑡−𝑙} based on the cross-quantilogram method
proposed by Han et al. (2016), where we have modified the framework to study the temporal dynamic pattern here. Consider a
measure of dependence between two events {𝑦𝑡 ≤ 𝑞𝑡(𝜏1)} and {𝑦𝑡−𝑙 ≤ 𝑞𝑡(𝜏2)} for an arbitrary pair (𝜏1, 𝜏2) with 𝜏1, 𝜏2 ∈ (0, 1) and an
integer 𝑙 denoting the lag length. The cross-quantilogram between two events {𝑦𝑡 ≤ 𝑞𝑡(𝜏1)} and {𝑦𝑡−𝑙 ≤ 𝑞𝑡(𝜏2)} is defined by

𝜌𝜏1 ,𝜏2 (𝑙) =
𝐸
[

𝜓𝜏1 (𝑦𝑡 − 𝑞𝑡(𝜏1))𝜓𝜏2 (𝑦𝑡−𝑙 − 𝑞𝑡−𝑙(𝜏2))
]

√

𝐸
[

𝜓2
𝜏1
(𝑦𝑡 − 𝑞𝑡(𝜏1))

]

√

𝐸
[

𝜓2
𝜏2
(𝑦𝑡−𝑙 − 𝑞𝑡−𝑙(𝜏2))

]

(41)

where 𝜓𝜏 (𝑢) = 1[𝑢 < 0] − 𝜏, and 1(⋅) is the indicator function. The cross-quantilogram captures the quantile dependence between 𝑦𝑡
and 𝑦𝑡−𝑙, hence the relationship between 𝑞𝑡(𝜏1) and 𝑞𝑡−𝑙(𝜏2) for any pairs of 𝜏1 and 𝜏2 in (0, 1).

Here we focus on the quantile dependence between {𝑦𝑡} and {𝑦𝑡−1}. To estimate the sample cross-quantilogram, we employ a
stationary bootstrap procedure following the methodology proposed by Han et al. (2016). Subsequently, the relationship between
{𝑦𝑡 ≤ 𝑞𝑡(𝜏1)} and {𝑦𝑡−1 ≤ 𝑞𝑡(𝜏2)} is visualized through the heat map plot of the cross-quantilogram, as adopted in Yahya et al.
(2020), Pham (2021), and Dai et al. (2022). Fig. 3 presents the cross-quantilogram heat maps from 𝑦𝑡−1 to 𝑦𝑡 of the S&P series under
consideration. The y-axis represents the quantiles of 𝑦𝑡, and the 𝑥-axis represents the quantiles of 𝑦𝑡−1. Fig. 3 shows that 𝑞𝑡(𝜏) is
not only influenced by 𝑞𝑡−1(𝜏) at the same quantile level 𝜏, but also exhibits significantly influence across all the quantiles of 𝑦𝑡−1,
especially in the tail region of 𝑦𝑡. This result strengthens the assumption made in the FQAR model (1) and (2) where we assume
that the quantile of 𝑦𝑡 is determined by the entire range of quantiles in 𝑦𝑡−1, which cannot be adequately captured by traditional
models such as GARCH or other existing models.

Next, we present the estimation results and empirical performance of the FQAR model. Following the same approach as in the
simulation study, we first estimate 𝐶𝑘 and 𝐵𝑘 and consequently obtain the estimates of kernel function 𝐻(𝑢, 𝑣) and the intercept
function 𝑔(𝑢, 𝑥). We expand 𝐻(𝑢, 𝑣) and 𝑔(𝑢, 𝑥) based on the trigonometric sequence {𝜑𝑗 (𝑥), 𝑗 ≥ 0} for 𝑢, 𝑣 ∈ [0, 1] and the extended

Chebyshev polynomial sequence {𝑝𝑗 (𝑥), 𝑗 ≥ 0} for 𝑥 ∈ [−𝑎, 𝑎] defined in (33) and (34). Here we choose 𝑎 = 0.15 to cover the range
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Fig. 3. Cross-quantilogram heat map between quantiles of 𝑦𝑡 (y-axis) and 𝑦𝑡−1 (x-axis).

Fig. 4. Estimated kernel and intercept functions.

of data, [−0.1277, 0.0897], instead of using 𝑎 = 1. In practice a tight coverage range is preferred. Otherwise, the variation in 𝑥∕𝑎 may
be small, resulting in small variation in 𝑝𝑗 (𝑥𝑡) and the degeneration of the design matrix in Eq. (16), causing identification issue in
the estimation of 𝐶𝑘 and 𝐵𝑘.

The estimated 𝐻 and 𝑔 functions are shown in Fig. 4 with truncation parameter 𝑘 = 5. For a fixed 𝜏, 𝐻(𝜏, 𝑣) represents the
impact of the past quantiles 𝑞𝑡−1(𝑣) on the current quantile 𝑞𝑡(𝜏), and 𝑔(𝜏, 𝑣) indicates how the recent observations 𝑥𝑡 = 𝑦𝑡−1 affect
the current quantile 𝑞𝑡(𝜏), according to model (2). The estimated results of 𝐻 and 𝑔 serve as the real input in the third simulation
experiment in Section 5.

To investigate how 𝑞𝑡(𝜏) is affected by the entire range of past 𝑞𝑡−1(𝑣) for 𝑣 ∈ [0, 1] in the FQAR model, we plot the estimated
kernel and intercept functions with selected 𝜏 = 0.05, 0.1, 0.5, 0.9, 0.95 in Fig. 5. From the figure it is seen that 𝑞𝑡(𝜏) is not only
etermined by 𝑞𝑡−1(𝜏), but also the entire range of 𝑞𝑡−1(𝑣) for 𝑣 ∈ [0, 1], while the structure is different for different 𝜏. In particular,
he lower tail of the current distribution is positively correlated with the lower tail and negatively correlated with the upper tail
f the past distribution, as observed in the results of 𝜏 = 0.05 or 0.1. The upper tail of the current distribution exhibits an opposite
esult for 𝜏 = 0.05 or 0.1. The median (𝜏 = 0.5) is relatively hard to predict as 𝐻̂(𝑢, 𝑣) is close to 0 for 𝜏 = 0.5, while it also shows
eakly dependence on 𝑞𝑡−1(𝑣) for relatively small or large values of 𝑣. These findings align with the results illustrated in Fig. 3, which

urther validate the importance of allowing the quantiles of {𝑦𝑡} to be influenced by the entire distribution of {𝑦𝑡−𝑙}, as proposed in
odel (1) and (2). In addition, we may also observe from the results of 𝑔(𝑢, 𝑥) that the tail quantiles, 𝑞𝑡(𝑢) for 𝑢 = 0.05, 0.1, 0.9, 0.95,

re more significantly influenced by the change of 𝑥𝑡 (or 𝑦𝑡−1).
On the monotonicity of the estimated quantile functions, there are only two non-monotone estimated functions (out of 2352 of

hem) in this example, less than 0.1%. Figure D.2 shows the two violations. It is seen that the violation is very minor and local.
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Fig. 5. Estimated kernel and intercept functions with selected 𝑢.

Fig. 6. Estimated hit functions.

Therefore, the rearrangement procedure has minimal influence on the adjustment of the quantiles and subsequently has little impact
on the estimation errors.

We then choose 𝑇0 = [𝑇 ∕2]= 1177 and implement a rolling forecast of the conditional quantile function 𝑞𝑡(+1)(𝜏) for 𝑡 =
177,… , 2352. Figure D.3 shows 𝑞𝑡(+1)(0.05), 𝑞𝑡(+1)(0.5) and 𝑞𝑡(+1)(0.95), along with the observed return. 𝑞𝑡(+1)(0.5) is the predicted

conditional median or the center of the distribution. The yellow line (𝜏 = 0.05) and purple line (𝜏 = 0.95) can be viewed as the
predicted 5% and 95% Value-at-Risk (VaR). It is seen that the two lines cover most of the observed data points.

To further investigate the empirical performance of the FQAR model, we compute the sample mean of the hit function defined
as:

ℎ̂𝑇 (𝜏) =
1

𝑇 − 𝑇0

𝑇−1
∑

𝑡=𝑇0

1
(

𝑦𝑡+1 ≤ 𝑞𝑡(+1)(𝜏)
)

, 𝜏 ∈ (0, 1)

here 1(⋅) is the indicator function. If 𝑞𝑡(+1)(𝜏) is correctly predicted, ℎ̂𝑇 (𝜏) should lie on a 45◦ line.
The left panel of Fig. 6 depicts the empirical hit function ℎ̂𝑇 (𝜏) of FQAR model with different values truncation parameter 𝑘 = 3,

5 and 7. It is obvious that ℎ̂𝑇 (𝜏) lies closer to the 45◦ line as 𝑘 increases. The bias is positive in the left tail and negative in the
ight tail, while the bias is much smaller for larger 𝑘, consistent with the numerical evidence presented in Section 5. The right panel

of Fig. 6 compares the performance between the GARCH and FQAR models. For the GARCH models, the quantiles are estimated
based on Eq. (40), with a constant mean (estimated using the sample mean) and GARCH variances. The FQAR model is based
on the truncation parameter 𝑘 = 10. We also added the performance of a simple i.i.d. Gaussian model with constant mean and
variance estimated by their sample versions, labeled as ‘Constant’ in the figure. In order to enhance the visual clarity of the results,
we represent the errors by plotting ℎ̂𝑇 (𝜏) − 𝜏 in the right panel, which clearly demonstrates that the errors of FQAR model are

significantly smaller than those of the traditional models, especially for the quantiles near the median. The superior performance
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of the FQAR model can be attributed to its more flexible model specification that allows a general functional relationship between
the current distribution and its past. In contrast, the GARCH model used here assumes that the relationship between the current
(conditional) distribution and its past is captured by the relationship between the current conditional variance and its past.

7. Conclusion

Recognizing the fact that the (conditional) distributions of economic or financial variables can have important impact on the
uture outcomes, we introduce a Functional Quantile Autoregression (FQAR) model. This model is designed to explore the impact
f past distributional information on the current and future behavior of a time series. The flexibility of our proposed model lies
n its functional dependence structure on the underlying dynamic mechanism, allowing for the consideration of various types of
istributional information that may affect present or future outcomes. It is worth noting that, in contrast to the existing literature
n functional autoregressive models relying on functionally observed data, our approach focuses on traditional time series.

The proposed FQAR model complements traditional time series models and expands the modeling options for time series analysis.
n contrast to existing literature on time series that incorporates selected summary indices of past distributions – in particular
oments (e.g. skewness and/or kurtosis) and tail measures (e.g. VaR or ES) – into empirical models, the FQAR model allows the

urrent conditional quantile function to be associated with the entire past conditional distribution in a functional autoregressive
orm, as well as past observations or other covariates.

There are several avenues for further investigation and extension of the FQAR model and the proposed sieve estimation method.
e anticipate that the model introduced in this paper will find broad applicability in the examination of distributional dynamics

cross various applied areas.

ppendix. Supplementary data

Supplementary material related to this article can be found online at https://doi.org/10.1016/j.jeconom.2024.105765.
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