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Abstract

This article provides a comprehensive overview of statistical methods de-
veloped for the analysis of tensor time series data, which have become
increasingly prevalent across various fields such as economics, finance, bi-
ology, engineering, and the social sciences. The review focuses on three
primary approaches: autoregressive modeling, factor modeling, and segmen-
tation approaches. These methods leverage the inherent tensor structure to
offer advantages such as dimension reduction, enhanced interpretability, and
computational efficiency. The review focuses on model settings and their
potential interpretations, discussing various estimation techniques for these
models and their associated theoretical properties. In addition, we outline
various applications using these models and discuss potential directions for
future developments.
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1. INTRODUCTION

The study of tensor time series—where each observation at a given time point takes the form of
a tensor or multidimensional array—has gained increasing attention due to its relevance across
a wide range of contemporary applications (Auddy et al. 2025; Banin et al. 2025; Barigozzi et al.
2025a; Chen et al. 2021a,b; Hsu et al. 2021; Li & Xiao 2021). This surge in interest is driven by
the growing prevalence of structured, high-dimensional data collected over time in fields such as
economics, finance, biology, engineering, and the social sciences.

Advancements in computing and data acquisition technologies over the past decade have en-
abled the collection of complex temporal data sets with inherent multiway structures. In many
cases, each observation is more naturally represented as a tensor, rather than a vector, due to the
presence of multiple classification dimensions (e.g., products, country, and economic indicator).
When such tensor-valued observations are observed over time, they form a tensor time series,
which generalizes the classical multivariate time series framework.

For example, a panel of economic indicators measured across multiple countries over time
yields a matrix-valued time series (i.e., a second-order tensor) illustrated in Example 1 below. The
import—export volumes across multiple product categories among several countries is an example
of an order-3 tensor time series (Chen et al. 2021b). Example 2 shows the matrix time series
version of the case, using the total volumes. Additional examples include the dynamic evolution of
social networks across different interaction pathways, giving rise to an order-3 tensor time series
(Goldenberg et al. 2010, Hanneke et al. 2010, Ji & Jin 2016, Kolaczyk & Csirdi 2014, Phan &
Airoldi 2015, Snijders 2001, Zhao et al. 2012), as well as the temporal variation of wind speeds on
a spatial grid (Hsu et al. 2021), which can naturally be organized into a matrix time series.

Example 1. Figure 1a shows a set of economic indicators for multiple countries observed
over time, forming a matrix (order-2 tensor) time series (Wang et al. 2019). The data contain
quarterly observations on four economic indicators for five countries. An illustrative analysis
of this data set is given in Section 3.5.

Example 2. Figure 15 displays the monthly import—export volumes between several coun-
tries in several product categories (Chen & Chen 2022, Chen et al. 2021b). A simplified
version of this data set is analyzed in Section 4.5 to illustrate the tensor factor models.

The analysis of tensor time series lies at the intersection of two major methodological threads:
the extension of vector time series models to tensor-valued observations and the adaptation of
tensor data analysis techniques to temporally dependent settings. Recent years have witnessed
a surge of methodological developments to address the unique challenges posed by these data
structures, including high dimensionality, multiway dependence, and complex dynamics.

This article provides a concise review of statistical methodologies for analyzing tensor time
series. Section 2 begins with a brief overview of foundational models for vector time series and in-
dependent tensor data. We then discuss two primary approaches for analyzing tensor time series:
tensor autoregressive (TenAR) models (Section 3) and tensor factor models (Section 4). Dynamic
tensor factor models, which are combinations of the factor models with the autoregressive (AR)
framework, are reviewed in Section 5. Additionally, a segmentation method that partitions ten-
sor data to reduce the number of parameters is presented in Section 6. Section 7 surveys some
R packages designed for tensor time series analysis. Finally, Section 8 concludes with an outline
of potential directions for future research.

Throughout this article, we adopt the following notation. Bold lowercase letters denote vectors,
bold uppercase letters denote matrices, and script letters signify tensors of order 3 or higher. We
use O to denote the tensor outer product, ® the Kronecker product, and x; the mode-k product

Bolivar « Huang o Chen



Germany France UK Canada USA

Int

Canada

France

Germany

BE

Mexico

Prod
|

HIEIEE=

USA

=S

IS

JEIBIE
IEIEIE]

il
v
e

CPI

i
A
i
iy
s

Zallel=
==
%

vy
e
e
e

E

UK

T =11
= =]

1990 2000 2010 1990 2000 2010 1990 2000 2070 1990 2000 2010 1990 2000 2010
Year

Figure 1

(@) A set of economic indicators of a group of countries (Germany, France, the United Kingdom, Canada, and the United States) (data
from Wang et al. 2019). The economic indicators are three-month interbank interest rates (Int, first differenced), gross domestic
product growth (GDP, first log differenced), total manufacturing production growth (Prod, first log differenced), and consumer price
index (CPI, first log differenced) core inflation. () Import-export volume of several product categories among a group of countries

(data from Chen et al. 2021b).

of a tensor and a matrix. For a K-mode tensor X with dimensions di, d, . . ., dx, its vectorization
is denoted as vec(X'), which is a vector of dimension d;d,. . . dk. The unfolding of X’ along mode &
produces a matrix of dimension d; x (di...dg_1di11. . . dx) and is denoted as mat,(X). LSVD,, is
the left singular matrix composed of the first 7 left singular vectors corresponding to the largest
m singular values. For detailed definitions of these products and other basic tensor operations, we
refer readers to Kolda & Bader (2009).

2. REVIEW OF VECTOR TIME SERIES AND TENSOR DATA ANALYSIS

Multivariate time series analysis has been studied extensively, primarily through two main
approaches: the AR model and the factor model.
Vector autoregressive (VAR) models, formally expressed as

4
Xy = Z Dix,_; + &, 1.
i=1

have been extensively studied and are widely applied in many fields (Hannan 1970, Liitkepohl
2005, Reinsel 1993, Shumway & Stoffer 2017, Tiao & Box 1981, Tsay 2013). VAR models fa-
cilitate multistep forecasting and impulse response analysis, both of which are well understood.
However, since each coefficient matrix ®; has dimension d x d, where 4 is the dimension of x,, the
application of VAR models is often limited to low-dimensional time series. To address this limita-
tion, recent research has focused on developing regularized VAR methods to improve estimation
and interpretability in high-dimensional settings (Basu & Michailidis 2015, Davis et al. 2016, Han
et al. 2015, Kock & Callot 2015, Lin & Michailidis 2017, Loh & Wainwright 2012, Melnyk &
Banerjee 2016, Nicholson et al. 2017).
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An alternative approach to modeling high-dimensional time series is dynamic vector factor
models (VFMs) (Ahn & Horenstein 2013; Bai 2003; Bai & Ng 2002, 2013, 2023; Bolivar et al.
2021; Caro & Pefia 2025; Engle & Kroner 1995; Fan et al. 2013, 2022; Forni et al. 2000; Lam &
Yao 2012; Onatski 2009, 2010; Pefia & Box 1987; Pefia & Poncela 2006; Stock & Watson 2016;
Tiao & Tsay 1989). These models are based on the premise that noncausal correlations among
variables arise from a few latent, unobserved factors that are causal of the observed variables. VFMs
assume a linear relationship between the observed time series and a small number of latent factors:

x, = Af + e, 2.

where A is the loading matrix, which relates the latent factors f to the observed vector time
series x,. The VEM serves as an effective tool for dimension reduction while also providing an
interpretable framework to explain correlations and comovements among the components of x;.
Thus, it has been widely applied in economics, finance, and various other fields.

The study of tensors under the assumption of independent and identically distributed (i.i.d.)
data has proven to be a powerful and versatile framework at the confluence of statistics, computer
science, machine learning, and signal processing. Key research areas include tensor completion
(Liu etal. 2012; Xia & Yuan 2019; Xia et al. 2021; Yuan & Zhang 2016, 2017; Zhang 2019), tensor
decomposition (Anandkumar et al. 2015; Kolda & Bader 2009; Liu et al. 2014, 2022; Sidiropoulos
et al. 2017; Sun et al. 2017), tensor denoise (Xia & Zhou 2019), and tensor regression (Chen
etal. 2019, Hoff 2015, Lock 2018, Raskutti et al. 2019, Zhang et al. 2020, Zhou et al. 2013). The
foundation of these methods largely relies on two fundamental tensor decompositions: the Tucker
decomposition, which expresses a tensor X" as

X:]:XIAl Xz...XKAK,

and the canonical polyadic (CP) decomposition, which decomposes X as a sum of rank-1 tensors,

R
X = ij,ﬂj] OapO©---Oax.
=1
These decompositions provide essential tools for dimensionality reduction, structure learning,
and efficient representation in high-dimensional settings.

3. TENSOR AUTOREGRESSIVE MODELS
3.1. Precursor: Matrix Autoregressive Models

To motivate the AR model for higher-order tensors, we first introduce the matrix autoregressive
(MAR) model of order 1, denoted as MAR(1), which was studied by Chen et al. (2021a). This
model extends the VAR model to matrix-valued time series by incorporating a bilinear form:

X, =A4,X,.,4, +E, 3.

where X, is a d; x d, matrix observed at time #; 4; and 4, are d, x d; and d, x d> AR coefficient
matrices, respectively; and E, is a d; x d, matrix white noise process.

The model in Equation 3 is an AR model, as X, is a function of X,_;, with an additive white
noise innovation. Hence, multistep predictions and impulse response functions can be easily de-
rived. Note that the model can be written in the VAR form vec(X;) = (4> ® A;)vec(X;_1) +
vec(E,;). When compared with the VAR model in Equation 1 with p = 1, the coefficient matrix @,
which has d?d? parameters, is constrained to the form of (4; ® A;) with just d? + d3 parameters,
achieving significant dimension reduction. More importantly, it retains the matrix form of the data
X, facilitating the interpretation of the coefficient matrices. For example, if 4, = I, the identity
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matrix, then each column of X, follows the same VAR model, X, = 41 X,_1; + E, ;. If the first
row of A, is zero, then X, does not depend on the first row of X,_;.

The VAR formulation also shows that the MAR(1) process is stationary and causal if
p(A1)p(A;) < 1, where p(4) denotes the spectral radius of the matrix 4. Note that we need to
impose ||4; ||r = 1 for identification of the MAR(1) model.

Estimation of Equation 3 can be accomplished by projecting the least squares solution @ of a
general VAR(1) model onto the space of matrices that are Kronecker products of two matrices:

(z‘il,z‘iz) = argAmin ||<i> — A, ®A1||%, 4.
1442
where & = argming Zz1=z Ivec(X,) — ®vec(X,_1)|% is the least squares estimator of VAR(1).
This approach is computationally simple, relying on a rearrange operation followed by princi-
pal component analysis (PCA). However, it may require a large sample size for ® to be sufficiently
accurate. Alternatively, by iteratively updating A; and A, while holding the other fixed, an iterative
least squares procedure can be used to minimize

T
S - AXo A7 | 5.
t=2
Under some mild assumptions, Chen et al. (2021a) showed that both estimators are
V/T-asymptotically normal, for fixed 4, and 4,. The iterative least squares method is computa-
tionally more efficient, though it may converge to a local minimum. In practice, it is advisable to
initialize the iterative least squares method by the projection estimators.

For Bayesian estimation of the MAR model, Chan & Qi (2025) considered a Bayesian shrinkage
prior and efficient estimation. In this approach, it is assumed that vec(E,) ~ N(0,», ¥, ® X,),
where o, is the mixture variable with a specified distribution. This formulation makes the resulting
MAR model flexible enough to accommodate time-varying volatility, non-Gaussian errors, and
possible outliers. For instance, if , = exp (b,), with b, = ¢pb,_1 + u,, u, ~ N(0, 0}), then the error
process follows the common stochastic volatility model (Carriero et al. 2016). Using the normal-
inverse-Wishart prior for (4;, ¥,) and (4, X,), Chan & Qi (2025) provide efficient algorithms
for posterior sampling.

The MAR(1) model in Equation 3 can be extended to

R

X, =Y AX, B +E,. 6.
k=1

Under this model, vec(X,) assumes the VAR(1) form in Equation 1 with ®; = Zle B, ® A, It

is noteworthy that any matrix ® € R“%)*@14) has the Kronecker decomposition ® = Y9 B, ®

Ay. Hence, the model in Equation 6 can be viewed as an approximation of the general VAR(1)

model by truncating the Kronecker decomposition to R terms.

The model in Equation 6 can be further extended to the AR(p) model,

R;
X, =YY AuX. B}, +E,. 7.

i=1 k=1

In addition, MAR models can also be generalized to matrix autoregressive moving average
(ARMA) models. For further details and an in-depth review of the matrix ARMA models, readers
are directed to Tsay (2024).

To achieve further dimension reduction, Xiao et al. (2021) considered the case where the
T

1,07

matrices A; and A, in Equation 3 are of low rank. Write 4, = 4;,A4, , where 4;; and A4;, are

www.annualreviews.org o Tensor Time Series

373



374

(d; x 7r;)-dimensional matrices with full column rank, »; < d;, for 7 = 1, 2. In this formulation,
the reduced-rank matrix autoregressive (RRMAR) model can be interpreted as follows. Define
F, = AILX +—14; ., which serves as a composite, lower-dimensional representation of X,_;. Then,
Equation 3 can be written as

Xz = Al,leAzl + En

which is akin to the matrix factor model (MFM), introduced by Wang et al. (2019) (see
Section 4.1.1), with the additional generating mechanism F, = AI{X +—14, ., which can be viewed
as a composite index summarizing the information in X,_;. Unlike the MFM, the RRMAR model
is fully generative and thus can be used for prediction.

To estimate the RRMAR model, one can employ alternating minimization with rank con-
straints. The resulting algorithm is closely related to the classical reduced-rank regression model
(Velu & Reinsel 2013). To illustrate the alternating minimization algorithm, suppose 4, is fixed.
Then, the solution to min ZLZ 1X, —A/X,_ 1A ||F subject to the constraint rank(A4;) = 7| is
given by A, = UUTSny;;, where S, = Zt , X IATAth LS = Z, 2XAth pand U =
(a, . ..,u, ) contains the leading eigenvectors of S),XS SW A s1m11ar expression for minimizing
with respect to A, can also be obtained (for details, see Xiao et al. 2021). In addition, when E,
admits a special covariance structure, namely Cov(vec(E,)) = X, ® X, where X; € R%*4 =1,
2, Xiao et al. (2021) also propose a maximum likelihood estimator. This estimator is connected to
the classical canonical correlation analysis. Under some regularity assumptions, both estimators
are shown to achieve +/7-normality. Similar to the general MAR model, RRMAR can also be
extended to Equation 7 with reduced-rank coefficient matrices.

3.2. Tensor Autoregressive Models

For AR models of dynamic tensors of order 3 or higher, it is natural to extend the MAR model
introduced above. Li & Xiao (2021) extend the MAR model to multilinear TenAR models. Let
{X,} be a tensor time series, where at each time 7 an order-K tensor X, € R4 *%x*dk is observed.
The TenAR model of order p, denoted by TenAR(p) [or, more precisely, TenAR(p, Ry, ..., R,),
where R, is the number of multilinear terms for lag 7], is given by

p R
=33 X% A7 xo - xg AP + &, 8.
=1 r=1
where A" € Ré%*% is the coefficient matrix associated with mode & for the 7th term at lag i,
& € RAxdrxxdk g 3 tensor white noise process satisfying Cov(,, &) = 0 whenever s # ¢, and p is
. )
the AR order. Similar to MAR models, we have

p
vee(X) = ) Bvec(;-,) + vee(&),
i=1

where
R;

=

[®k . <~>] Z[ AP AP @ '®A(|i")]~

r=1 r=1
Hence, the TenAR model is also a VAR whose coefficient matrices have the structure of a sum of
a few Kronecker products. The causality condition for Equation 8 follows directly from the VAR
representation: {X;} is causal if det W(z) # 0 for all |z| < 1, where ¥(z) = I — Zf:1(®}(:KA,(f"))z".
The model in Equation 8 clearly suffers from a lack of identification. Interestingly, even for the
TenAR(1) model, the identification issue is quite different from the matrix case. Li & Xiao (2021)
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give a sufficient condition for identification when K > 3, which states that Zle k(Ay) > 2R+
K — 1, where A, = (Vec(A,?‘l)); ...;vec A;l’R))) and «(A4) denotes the Kruskal rank of 4, defined
as the maximum value « such that any x columns of A are linearly independent.

Estimation of the TenAR model is conceptually similar to that of the MAR model, using an
extension of the projection estimator in Equation 4 and alternative least squares estimator in
Equation 5. However, unlike the matrix case, the projection estimator for higher-order tensors
requires computing the best low-rank approximation, which may not exist and is in general NP-
hard. In practice, algorithms such as those proposed by Anandkumar et al. (2015) and Sun et al.
(2017) can be employed to solve the CP decomposition with theoretical guarantees under some
assumptions. Moreover, due to the increased model complexity, the alternative LS estimator for
TenAR requires more accurate initial values to ensure reliable convergence (for details, see Li &
Xiao 2021). These issues again highlight the difference between TenAR and MAR models.

Due to the model complexity of the TenAR model, it is crucial to have a model selection pro-
cedure. Li & Xiao (2021) proposed an extended Bayesian information criterion (EBIC) to jointly
select the AR order p and the Kronecker ranks R;, i = 1,.. ., p. Specifically, for any given order p
and rank vector R, := (Ry, ..., R,), define the information criterion (IC) as

P
+ g(da T) Z Ri,

F i=1

I A s Y

i=1 r=1

1
EBIC(p; R,) := 3 log

where AAE”) are the estimates obtained for the given p and R, and g(d, T) is a penalty function.
Under the conditions that g(d, 7) — 0 and gg(d, T)— o0 as T — oo, Li & Xiao (2021) show
that this criterion achieves consistent selection of p and R, under settings with fixed or diverging

dimensions.
Prediction under a TenAR model follows the same principles as the univariate and VAR models.
Specifically, the best linear A-step ahead prediction of X, based on A3, ..., A;, can be obtained

recursively using

X,(h) = ZZX,(/y—z) i A 5y o x g AD,
=1 r=1
where X,(h — i) = X,,;_, if b < i. The prediction standard errors can also be calculated recursively

based on the estimated model parameters, allowing for uncertainty quantification in forecasting
applications.

3.3. Low-Rank Tensor Autoregressive Model

The low-rank tensor AR model, as proposed by D. Wang et al. (2024), introduces an approach
to modeling tensor-valued time series by leveraging a Tucker decomposition, effectively reduc-
ing the dimensionality and preserving the intrinsic multiway structure of the data. The model
assumes that, with appropriate orthonormal matrices U; € R%*" i =1,...,2K, and d;,x = d;, the
low-dimensional output factors X; xx41 U, Xg42 ... X2k Ujg and the low-dimensional input
factors X,_; x; U] x5 ... xg UIE are linked via

X xe Ul =16, X0 x5, U + & x B, U, 9.

where G € R 1XX"KX7k+1%X1K {5 an unrestricted coefficient tensor and &, is a tensor white noise
process. In Equation 9, the matrices U;, i = 1, 2,..., 2K, and the tensor G are unknown, and
the inner product is the contraction inner product, defined as follows. If A € R4*-*%x and
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B e Ri*-xdk then (A, B) is the dgy1 X ... X dyg tensor whose entries are

i di
(A B)likrt, -y iak] = oo Y Al ik i,y k1Bl - ik]
=1 ix=1

for 1 <igy; <dgy, 1 <j < K Using the contraction inner product, Equation 9 can be equivalently
written as

X=AX0)+&, 10.

where Ais the (d; x ... x dg x di x ... x dx) coefficient tensor, which admits a Tucker decom-
position A = G x2X U;,. By vectorizing both sides, Equation 10 can be cast into a VAR form, from
which the conditions for causality can be derived (for details, see D. Wang et al. 2024).

Due to the nonconvex nature of directly estimating G and U;s, a penalized estimation approach
is adopted based on the formulation in Equation 10. Specifically, the estimator

T
A= argrrgng 1 — (A, ) 17+ R(A)
is employed, where R(:) is a suitable low-rank-inducing penalty. D. Wang et al. (2024) proposed
three different penalty functions based on the nuclear norms of matrix unfoldings of A and ob-
tained their respective convergence rates under the high-dimensional setup and the approximate
low-rank condition. These estimators all require at least (]_[ZK=1 d;)/T — 0 for consistency. How-
ever, by employing a nonconvex estimator, a faster convergence rate can be obtained, requiring
only (XK diri + TT2X, 7,)/ T — 0 for consistency. For the nonconvex approach, global optimality
is not guaranteed, and thus careful initialization is needed.

In general, there is a statistical-computational gap of the tensor regression problem
(Equation 10) (Luo & Zhang 2024), a significant departure from the vector regression mod-
els. This fundamental challenge highlights the need for further research to develop efficient
algorithms and establish theoretical guarantees.

3.4. Extensions of Tensor Autoregressive Models and Other Related Models

In this subsection, we survey some recent extensions of the TenAR model, some of which nicely
complement the basic model in certain applications, while others may point to new research
directions.

3.4.1. Spatiotemporal data. In some applications, observations are collected on a spatial grid
over time, naturally forming a matrix time series. The MAR model for such a time series can be
employed to effectively capture the spatiotemporal dependencies. In these applications, dimension
reduction can be achieved through additional structural assumptions. Hsu et al. (2021) employed
an MAR(p) model for spatiotemporal data, leveraging the fixed-rank kriging technique (Cressie
& Johannesson 2008), which assumes ® = Cov(vec(E,)) = FMF " + oI, where F is a known
dyd, x k matrix of basis functions and M € R¥* k < dyd,, is unknown. In addition, since spa-
tial dependence is strongest among nearby grid points, Hsu et al. (2021) incorporated additional
structural assumptions on the coefficient matrices A; and 4,, enforcing banded or sparse struc-
ture. With these dimension reduction techniques, efficient algorithms were derived for alternating
maximum likelihood estimation.

3.4.2. Nonlinear matrix autoregressive models. Fornonlinear AR modeling, Yu etal. (2025b)
proposed a two-way MAR model with thresholds, termed 2-MART. Let z, and w, be two thresh-
old variables governing the nonlinear AR dynamics along the row and column dimensions,
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respectively. The 2-MART model is given by

2 2
X, = Z ZAz‘Xz—lB]TIz,ij(T) +E,,

i=1 j=1

where 7= (r,5), and 1 ;;(v) = I(z—1 <7,w—y <), Lo(r) =1(z > r,wmy <5), Ln(r) =
I(z,—1 <7,w,—y > s),and L 5(t) = I(z,—; > r,w,_; > s) are indicator functions. Estimation of 2-
MART is performed via an alternating least squares approach. Theoretical results are also obtained
(for details, see Yu et al. 2025b).

Another important aspect of matrix-valued time series is conditional heteroscedasticity. Yu
et al. (2025a) introduced the matrix generalized AR conditional heteroscedasticity (GARCH)
model, which generalizes the celebrated GARCH process (Bollerslev 1987). Generally, the matrix
GARCH process takes the form

X, =U"ZV )",

where U, € R4 and V, € R%*% are F,_;-measurable, with {F;} being a filtration representing
information up to time ¢. Here, Z, is i.i.d., with mean zero and Cov(vec(Z,)) = I;,4,. This model
implies the following conditional second-moment properties:

EX,X/|F1) =uWV)U, EX]X|F)=aU)V,.

Thus, the row and column conditional heteroscedasticity is entangled through U, and V;, making
it challenging to separately identify their contributions. To avoid some identification issues, Yu
et al. (2025a) proposed the following model:

Sy =AvA] + A X, X A + A4,8,,..4],
S, =ByB; + B,X, X, \B] +B,S,, \B,;,
y=o+awX, 1 X))+ By

The variance matrices are then

Slt SZr

U=—— v, .
a7 T ulSy)
Yu et al. (2025a) showed that if the density of Z, is continuous and positive everywhere, and
1A 11? + 1B 1P + @ + max{[4: 1%, |1B: 1%, B) < 1

holds, then there exists a strictly stationary solution {X,} with a bounded second moment. More-
over, the solution is unique and ergodic. Estimation can be conducted using a quasi-maximum
likelihood estimation (QMLE). Theoretical results, including VT -normality of the QMLE
estimators, are provided by Yu et al. (2025a).

3.4.3. Nonstationary matrix autoregressive model. In practice, nonstationary time series are
commonly encountered and have been extensively studied. Li & Xiao (2024) extend the RRMAR
technique to analyze the cointegrated MAR model. The error-correction form of a cointegrated
vector time series naturally generalizes to the matrix setting as

k
AX, =AX,.14] + ) ByAX, By +D+E, 11.
i=1
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where A is the difference operator with AX, =X, — X,_;, D is a matrix constant, and 4; is of
low rank 7; < d;, j = 1, 2, while the B;js are without rank constraints. This formulation implies the

usual vector error-correction representation,

K
Avec(X,) = (A ® Ay)vee(X,_1) + Y _(Bn ® Bi)Avec(X,_;) + vec(D) + vec(E,),
i=1
where the coefficient follows a Kronecker product form. Thus, the cointegrating vector S,
which makes B7vec(X,) stationary, must satisfy B = B, ® Bi, implying that X, is station-
ary. The least squares and maximum likelihood estimators introduced earlier remain applicable to
Equation 11. We refer readers to Li & Xiao (2024) for a discussion of their asymptotic properties.

3.5. An Illustrative Example

To illustrate the practical applicability of TenAR models, we consider the multicountry economic
indicator series displayed in Figure 14 and introduced in Example 1, which has been analyzed
by Chen et al. (2021a). Table 1 shows significant coefficients of an MAR(1) model in Equation 3
using the maximum likelihood estimator. Several interesting patterns emerge. For instance, the
first column of the top panel shows that the US economic indicators from the previous quarter
significantly influence all countries. In the bottom panel, the first column suggests that previous-
quarter interest rate negatively affects gross domestic product (GDP) and production but has little
impact on consumer price index (CPI). Meanwhile, the last column shows CPI only has a negative
effect on interest rate and a positive effect on itself.

Figure 2a shows one-step-ahead out-of-sample rolling prediction performance of the last
20 quarters of the data. We compare the MAR(1) model, an EBIC-selected reduced-rank MAR(1)
model with rank 3 for both 4; and 4, in Equation 3, and a VAR(1) model by stacking the ma-
trix time series into a 20-dimensional vector time series. The figure plots the accumulated root
mean square prediction errors for each series under the three models. The MAR models consis-
tently outperform the VAR benchmark for most of the element series, especially the GDP and
manufacturing production series.

The MAR framework is also able to facilitate structural analysis. In particular, one can obtain
the impulse response function to study how shocks in one series propagate to other series (Chen
et al. 2021a). Figure 25 plots the impulse response function with a unit-variance shock to US

Table 1  Significance for each entry of the estimated coefficient matrices

Country USA Germany France United Kingdom Canada
USA + 0 0 + 0
Germany + 0 + + —
France + 0 + 0 0
United Kingdom + 0 + + 0
Canada + 0 0 + +
Indicator Int GDP Prod CPI
Int + + + -

GDP - + + 0
Prod + + 0
CPI 0 0 0 +

(Top) Ay and (bortom) A, from the model in Equation 3. + indicates positively significant, — indicates negatively significant,
and 0 indicates not significant. Abbreviations: CPI, consumer price index; GDP, gross domestic product; Int, interest rate;
Prod, total manufacturing production.
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(@) Accumulated root MSPE of the VAR (so/id line), MAR estimated by MLE (red dashed line), and RR models selected by EBIC (blue
dashed line). (b) The impulse response functions of a unit-variance US GDP shock. The horizontal gray dashed lines mark the values
(0.1, 0, —0.1) and the x-axis tick marks indicate time (0, 2, 4, 6, 8, 10) in quarters. Abbreviations: CPI, consumer price index; EBIC,
extended Bayesian information criterion; GDP, gross domestic product; Int, interest rate; MAR, matrix autoregressive; MLE, maximum
likelihood estimation; MSPE, mean square prediction errors; Prod, total manufacturing production; RR, reduced-rank; VAR, vector

autoregressive.

GDP. The shock positively affects the GDP growth, production growth, and interest rate of all
other countries, and the effect lasts about 10 quarters. In contrast, CPI is largely unaffected by the
shock.

3.6. Applications of Tensor Autoregressive Models

Applications of TenAR and MAR models arise in many fields. In macroeconomics, data are often
naturally grouped by economic indicators and geographic regions, leading to a matrix time series.
For example, Chen et al. (2021a) analyzed quarterly economic indicators across five countries. In
a similar vein, Chan & Qi (2025) modeled various macroeconomic time series across 50 US states.

In finance, assets can be categorized by many metrics. For instance, Li & Xiao (2021) treated
asset returns as a three-way tensor in the TenAR model by categorizing them based on size, book-
to-market ratio, and operating profitability. Yu et al. (2025a) modeled the volatility of daily log
returns for credit default swaps of several financial institutions as a matrix time series. Other ex-
amples include the performance of different sectors across stock markets and the future prices of
commodities over varying delivery months.

In environmental and climate studies, Yu et al. (2025b) modeled the air pollutant readings
(PM, 5, PM;9, and NO,) at four stations as a matrix time series, while Hsu et al. (2021) arranged
the 6-hr average east-west component of wind velocity data at 289 spatial locations in matrix
form. These examples illustrate the versatility of TenAR and MAR models in capturing complex
dependencies in high-dimensional time series in diverse disciplines.

4. TENSOR FACTOR MODELS

This section reviews tensor factor models as extensions of VFM in Equation 2 to tensor time
series. Suppose the tensor time series &; follows the decomposition X, = M, + &, where the
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signal tensor M, represents the underlying signal, and &, is a white tensor noise. Chen etal. (2021b)
introduced a Tucker-form tensor factor model (TFM-Tucker), modeling M, using a multilinear
structure akin to Tucker decompositions. Alternatively, Han et al. (2024c) proposed a CP-form
tensor factor model (TFM-CP), where M, follows a structure similar to CP decompositions.

The following sections provide a detailed discussion of these approaches, compare them, and
explore related models and extensions.

4.1. Tensor Factor Model in Tucker Form

In this section, we present the TFM-Tucker, a flexible and widely used framework for modeling
high-dimensional tensor-valued time series. This formulation extends traditional factor models
by accommodating multiway structure through Tucker decomposition, enabling both dimension
reduction and dynamic modeling across tensor modes.

4.1.1. The model. TFM-Tucker was initially introduced for matrix time series by Wang et al.
(2019) and later extended to tensor time series by Chen et al. (2021b), incorporating new estima-
tors and sharper error bounds. For an order-K tensor time series X; of dimension (d; x - -- x d),
the model assumes

=M +E&E=F x141 x3--- xg Ag + &, 12.

where F; is the core tensor of dimensions (; x --- x rg) in the Tucker decomposition of M,,
representing an unobserved latent factor process. The matrices A; are mode-specific loading ma-
trices of dimension d;, x 7. The noise term &, is assumed to be white noise and uncorrelated with
F:. Typically, 7 is much smaller than d, implying that the correlation (comovement) structure of
the d = dy...dk elements in X, is controlled by a significantly smaller number of latent factors,
r=r...1g in F;.

Equation 12 can be rewritten in vectorized form as

vece(X)) = (Mg ® ... Q Ay)vec(F;) + vec(E,).

Comparing this with the VFM in Equation 2, it is evident that TFM-Tucker is a special case of
VEM with a structured loading matrix. In a VEM with » = 7y. .. r factors, the loading matrix 4
has 7d parameters, whereas Equation 12 requires only "5, 74d; parameters for the mode-specific
loading matrices Ay, ¥ = 1,..., K. This represents a significant dimension reduction. More im-
portantly, TFM-Tucker explicitly leverages the tensor structure, preserving the classification of
each mode. This structure provides meaningful interpretations, in contrast to the fully vectorized
model, which disregards the underlying tensor organization and complicates interpretability.
For matrix time series (K = 2), the model simplifies to

X, =A,F,A) +E,. 13.

It A, =1, then X, = A,F, + E,, so that each column of X, follows X;;, = 4,F,;, + E;,, which
corresponds to a VEM with 7 factors that share the same loading matrix 4, though with different
factor processes. This can be interpreted as a column-wise factor structure, where 4; serves as the
column loading matrix. However, this model is overly simplistic and restrictive, as it assumes the
same loading matrix A, for all columns.

A more general interpretation of Equation 13 arises from a hierarchical construction thatincor-
porates both column-wise and row-wise factor structures. Specifically, suppose X, = 4, G, + E©,
where G, is a matrix factor process capturing column-wise dependencies. If G, follows a row-
wise factor structure, G, = F,A, + E, then substituting into the first equation yields X, =
A\F, A} + AE" + EY. Since the combined error term can be rewritten as E, = 4,E"” + EY,
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this hierarchical decomposition naturally leads back to Equation 13. This construction highlights
how TFM-Tucker effectively utilizes the classification of each mode, structuring dependencies
along both columns and rows rather than treating the data as a fully vectorized process.

Similar to the VFM in Equation 2, the model in Equation 12 is not identifiable due to rotational
and scale ambiguities, although the projection space of each A, is identifiable. To address this,
orthonormal representatives of the projection space are selected for estimation, which leads to a
canonical form given by

.)C',z)\]'-t(cmo) X1 U1 X2U2~--XKUK, 14.
where the U,s are orthonormal matrices.

4.1.2. Estimation. The estimation procedures for TFM-Tucker proposed by Chen et al.
(2021b) rely on the auto-moment matrix,

s v A0

X, = 75 15.

t=h+1
The use of the auto-moment matrix, rather than the second moment X; ® A;, exploits the white
noise assumption on E,, ensuring that E(X, © &,_;) = M, ® M,_;. This approach allows a more
complex correlation structure within each &,.
Chen et al. (2021b) introduced two estimators: TOPUP (time series outer-product unfolding

procedure) and TIPUP (time series inner-product unfolding procedure). Specifically, the TOPUP
estimator for U, in Equation 14 is given by ﬁ,:gp UP(X1.r) = LSVD,, (TOPUP,(X,.1)), where

TOPUP,(X,.7) := (maty(2}),h = 1,..., ko) .
Similarly, the TIPUP estimator is defined as l/]\,giPUP (X1.7) = LSVD,, (TIPUP.(X,.1)), where

T
TIPUP,(Xy.7) := < >

t=h+1

mat(X,_)mat] (X))
=1,... .
T —h :h ) ab()

Here, LSVD, (M) denotes the first  left singular vectors of M.
The rationale behind these estimators stems from the following observation. Defining ]-'f =
F: x;z A; as the factors projected onto all loading matrices except for mode #, it follows that

T *
E[TOPUP,(X,)] = A,E <mat1 ( ) mat(F;_;) © matk(M’)),b =1,... ,bo)

T—-h

t=h+1
and

T mat, (]-'f_ ,mat] (FH
2 7

E[TIPUP.(X,)] = A,E ( A, h=1,..., b0>.

t=h+1

For each lag b, TOPUP,(X,) constructs auto-cross-product matrices by computing inner prod-
ucts between all mode-# fibers of X,_;, and all elements of X}, followed by applying Hermitian
squares before summation. This process results in a matrix of size d;, x d_,dhy where d_;, = d/d,.
In contrast, TIPUP,(X,) first computes inner products between all mode-# fibers, then takes the
sum, and then applies Hermitian squares, producing a matrix of size dj x bydy.

A key distinction between the two estimators lies in the order of summation and squaring.
TIPUP, by summing before squaring, effectively reduces the noise level, but this early aggregation
can lead to partial cancellation of the signal. Conversely, TOPUP preserves all signal components,
but since it squares before summation, it does not benefit from the same noise reduction. As shown
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by Chen et al. (2021b), when signal cancellation is minimal or absent, TIPUP achieves a faster
convergence rate than TOPUP.

The TOPUP and TIPUP estimators are noniterative and computationally efficient; how-
ever, their accuracy can be improved through iterative refinement. To address this, Han et al.
(2024a) introduced iterative versions, iTOPUP and iTTPUP, which enhance estimation precision
by updating the loading matrices through projection-based iterations.

Given initial estimates, the procedure updates the orthonormal matrix Uj at iteration j by first
computing the projected tensor

Z,gft) =X, x3 ﬁY)T Xy o Xpog ﬁ,ﬁ’f Xt 1 ﬁ,ﬁ’;” ce XK ﬁlgfl)T.

The updated estimate of U, is obtained by applying either TOPUP or TIPUP to the projected
data Z,g,). This iterative approach refines the factor estimates while ensuring computational
efficiency. The process continues iterating until convergence. The procedure leverages the fact
that the projected data Z,E’/: are a lower-dimensional tensor with dimensions 7; X - -+ X 73_; X
dp X 7441 X -+ X 7k, compared with the full dimensions d; x --- x dg of A,. Han et al. (2024a)
demonstrate that, with proper initialization, iTOPUP and iTIPUP outperform their noniterative
counterparts, achieving faster convergence rates.

Several alternative estimation procedures have been proposed for TFM-Tucker; these were
primarily developed for matrix time series but are easily extendable to tensor data. Specifically,
Chen & Fan (2021) introduced an «-PCA method, which relies on eigenanalysis of a weighted
average of the sample mean and covariance matrices. Yu et al. (2022) proposed a projected esti-
mation method that improves the efficiency of factor loading matrix estimation. Building on this,
He et al. (2023a) interpreted the projected estimator within a least squares framework, analogous
to PCA in VFMs. This framework was further extended to minimize the Huber loss function,
leading to a weighted iterative projection method for robust parameter estimation in the presence
of heavy-tailed errors.

Zhang et al. (2024) proposed an estimation method for 4; (k= 1,..., K) in Equation 12 using
mode-wise PCA. This method relies on the mode cross-product of mat,())mat,())", where Y =
(X, ..., Xr) is the order-(K + 1) tensor. The approach is similar to the TOPUP and TIPUP
procedures.

Several studies have addressed weak serial and cross-sectional correlations in noise processes.
Barigozzi et al. (2023b) developed a projection estimator for TFM-Tucker, improving signal-
to-noise ratios (SNRs) through dimensionality reduction and eigenvalue ratio testing. Chen &
Lam (2024b) introduced a preaveraging procedure for tensor time series data, utilizing random
projections to improve factor loading estimation by identifying strong factor directions.

Robust factor modeling in tensor time series has received attention. Barigozzi et al. (2023a),
He et al. (2023b), and Y. Wang et al. (2024) applied Huber loss for tail-robust estimation,
while Barigozzi et al. (2025b) proposed a projection-based iterative procedure for Tucker
decomposition, ensuring robust estimators under heavy-tailed distributions.

Bayesian approaches have also gained traction. Zhang (2024) introduced Bayesian dynamic
factor models for high-dimensional matrix-valued time series, facilitating probabilistic factor
estimation and uncertainty quantification.

Taking advantage of the ambiguity in the TFM-Tucker, Chen et al. (2021b) applied VARIMAX
rotations to each estimated loading matrix in order to enhance sparsity and interoperability of the
results.

4.1.3. Rank determination. The determination of the dimensions of F; in Equation 12 is cru-
cial for effectively constructing a TFM-Tucker in practice. This dimension is often referred to as
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the Tucker rank of the decomposition. The procedure for determining the Tucker rank, proposed
by Han et al. (2022), involves analyzing a symmetric, semipositive definite matrix W of size p x p
w1th rank 7, whose elgenvalues satlsfy A > = D =, = 0. Given a noisy estimate
W of W and its cigenvalues A; > - -+ > Ap, Han et al. (2022) proposed two rank estimators based
on the IC and eigenratio criterion (ER).

S + HOP)
IC(W) = argoglgﬂ* { Z A+ mG(W)}, and ER(W) = argl<n”11<m* m

I=m+1

where 72* represents an upper bound on the rank.

The IC balances model fit (since > +1/):L can be viewed as the sum of squares of
residuals) and a complexity penalty function G(W'). The ER, originally proposed by Ahn &
Horenstein (2013) and Lam & Yao (2012) for rank determination in VFM, is based on the
observation that A,/A,; = oo if » is the true rank. The function H (W) is employed to en-
hance the stability of the estimator. For G(-), with the tuning parameter v, Han et al. (2022)
e tos(i )y bod® 2 (3+4) log (i),

" logminid, T}), hod? ™2 (T+ )log(min{d, T}), and
hod?>~?" (++1) log (min{dy, T}). For H(-), they use [o/?(), bl gl b Bl and bl boddy

727 72427 12477 T2 24, " T?
For determining the TFM-Tucker, Han et al. (2022) employ W in the form of 2027, where 2
is defined as TOPUP,(X.7) and TIPUP,(X}.7) for the TOPUP and TIPUP procedures, respec-
tively. Within the iterative processes of iTOPUP and iTIPUP, £ is replaced by TOPUP, (ZNI(?TJ()

and TIPUPk(fo)T ), respectively. The authors demonstrate that these estimators are consistent

used

under certain conditions.

4.2. Tensor Factor Models in Canonical Polyadic Form

This section introduces the TFM-CP, an alternative to the Tucker-based approach that expresses
a tensor as a sum of rank-1 components. The CP representation offers a more parsimonious
structure and is particularly appealing for interpretability and identifiability in certain applications.

4.2.1. The model. The TFM-CP was introduced by Han et al. (2024c) and is expressed in the
form

-
Xt=Mt+5z=Zﬁtﬂj1®ﬂjz®~”®ﬂjk+<€t, 16.
=1
where aj;, are unit vectors of dimension dp, f;; are uncorrelated with &_;, and fj,_ at all lags 5.
The noise term &, represents white noise. This formulation follows the CP decomposition of the
signal tensor M,.

Note that the TFM-CP is a special case of the VFM, with the same number of factors, since un-
der the model described in Equation 16, vec(X;) = Z;zl fivecla;; ©Oap ©--- ©ajg) + vec(E,).
The low-rank structure of TFM-CP improves estimation efficiency by reducing the number
of free parameters compared with an unstructured VFM. This facilitates factor identification,
reduces estimation variance, and preserves the multiway dependencies of the tensor, enhancing in-
terpretability. Additionally, the structured decomposition allows for scalable computation, making
it particularly suited for high-dimensional time series analysis.

The signal tensor M, in the TFM-CP is a linear combination of  fixed rank-1 tensors, with
the factors as the random (latent) combination weights. It enhances the interpretation of the
factors. The rank-1 tensors are also easier to interpret. For example, for K = 2 (the matrix case),
if X, is a transport network where X, is the number of people traveling from zone 7 to zone j at
time ¢, and all elements of a; are positive, then one can normalize the model so that each 4, sums
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to one (as proportions), and @;14;, is a probability contingency table, showing the traffic pattern
(the proportion of people moving from zone 7 to zone ;). In this case, the expectation of the sum
of all elements in X, (total number of people traveling at time 7) equals the sum of the factors
fir + ... + fr. Hence, f;; can be interpreted as the number of people using traffic pattern j at
time ¢.

One of the key assumptions of Han et al. (2024c) is that the factors f; are uncorrelated.
However, B. Chen et al. (2024b) recently relaxed this assumption, allowing for correlated fac-
tors, thereby increasing the model’s flexibility and applicability to a broader range of real-world
scenarios.

4.2.2. Estimation. For estimation, both Han et al. (2024¢c) and B. Chen et al. (2024b) use an
iterative procedure based on orthogonal projections with a special initial estimation. Define the
cross-covariance matrix as

Z,=E[X0X ] =) 6;(h) Oj_gas Ol_xay +E[&, 0 &], 17.
ij=1
where 6;;(h) := E(fi;—s fjr)-

Han etal. (2024c¢) assume the noise term E, to be white, and the factor processes f;; are uncorre-
lated across all lags. For b > 0, X, reduces to Y ; 0;:(h) OX, @y ©X | 4;. The initial estimation of 2
(referred to as composite PCA) is based on the first 7 singular vectors of (maty(Z,) + maty(T,)7),
k=1,...,K where ¥, is the sample estimate of X,.

In contrast, B. Chen etal. (2024b) relax the assumption of uncorrelated factors, focusing instead
on the contemporaneous cross-product matrix ¥y. The initialization is performed using a random-
ized composite PCA method, which incorporates randomized projections alongside composite
PCA applied to the sample estimate of Xy.

After initialization, both methods refine the estimates using iterative orthogonal projections,
based on the following observation. Let

Ay = (@, ...,ay) and By = A, (A A)™" = (bie...,by),

where A4 contains the mode vectors for the kth mode and By, represents the orthogonal projection
OfAk
Next, define the updated factor tensor as

T T T 77 *
Zrik = X X1 b,'l X2 w0 X1 bi,k—l X k41 b,‘7k+1 Xp42 =00 XK b,'K = fuy + 5t71/e,

where 2, is a factorized version of A}, and &}, represents the residual noise. This equation sug-
gests that 2, ; follows a VFM with a single factor.

Using the previously estimated @ values, @; can be estimated using the estimated z, 4,7 =
1,...,T, according to Lam & Yao (2012); using lag covariance matrices as done by Han et al.
(2024c); or through the contemporaneous variance matrix, according to Bai & Ng (2002, 2013).

Chang et al. (2023) proposed an alternative estimation approach for the TFM-CP in the case
of matrix time series (K = 2), leveraging the generalized eigenanalysis method (Golub & Van Loan
2013, Wilkinson 1965). This method eliminates the need for iterative procedures while maintain-
ing strong theoretical properties. Chang et al. (2025a) further refined this approach, achieving
faster convergence under weaker conditions.

4.2.3. Determination of the number of factors in tensor factor models in canonical polyadic
form. To determine the number of factors in TFM-CP, B. Chen et al. (2024b) propose two
approaches based on the eigenratio method. The first approach applies the ER to the vectorized

Bolivar « Huang o Chen



covariance matrix, > = T~ Zt ! Vec(X, ywec(X,)T. The second approach evaluates the mode-wise
cross-moment matrices, E@) = Zt  mat(X)mat(X;)T, k= 1,..., K, and selects the maximum
rank across all K modes.

The vectorized covariance matrix method captures global factor information, as TFM-CP is a
special case of VFM with the same rank, as discussed earlier. However, it can be computationally
intractable for large tensors due to the high dimensionality of . In contrast, the mode-wise ap-
proach leverages tensor-specific structures but may underestimate the number of factors since it
requires at least one of the matrices [#; : 4, : ... : 4,] to be full rank. B. Chen et al. (2024b) provide
theoretical guarantees for both methods under different conditions. The choice between them de-
pends on the data structure and computational feasibility. In practice, combining both approaches
may yield the most reliable factor number determination.

4.3. Comparison of Tensor Factor Models in Tucker and Canonical
Polyadic Form

The Tucker and CP formulations of tensor factor models offer distinct approaches to model-
ing tensor time series. TFM-Tucker provides flexibility by capturing complex factor interactions
through its core tensor but suffers from rotational ambiguity, making interpretation challeng-
ing. In contrast, TFM-CP ensures a unique factorization under mild conditions, leading to a
more straightforward interpretation of the factors. However, its estimation involves a nonconvex
optimization problem, requiring iterative procedures and high-quality initialization for reliable
results.

Typically, TFM-CP requires fewer factors than does TFM-Tucker. This follows from the
fact that both models are special cases of the VFM, expressed as vec(X;) = A f, + vec(&;). In the
case of TFM-Tucker, the loading matrix takes the Kronecker product form 4 = Ax @ - -- @ A4y,
with the factor vector given by f, =vec(F;). For TFM-CP, each column of 4 is structured
as vec(u;x @ k1 ® - - - ® #;1), and the factor vector is f, = (fir, ..., fir). Since F; in TFM-
Tucker must retain a tensor structure, its vectorized form vec(F;) generally has a larger dimension
than 7, implying that TFM-Tucker typically requires more factors than TFM-CP when both
models provide equivalent representations.

Furthermore, TFM-CP can be rewritten as a special case of TFM-Tucker in the form 4, =
(@14, - - ., an) and F, = diag(fi, ..., f»)- In this representation, F; is constrained to be diago-
nal, and the columns of A, are not necessarily orthogonal. In contrast, the general TFM-Tucker
imposes orthogonality on the columns of A, and allows F; to have an unrestricted structure.

Table 2 provides a theoretical comparison of estimators for the two models. Here, y¢ denotes
the error bound for the TIPUP initialization estimator in TFM-Tucker and the composite PCA
estimator in TFM-CP, while ;4. represents the corresponding error bound for their iterative
versions.

Table 2 Comparison of TFM-Tucker and TFM-CP

Parameter TFM-Tucker TFM-CP
Number of iterations O(log (Y0/Videal)) O(loglog (Y0/Videal))
Videal o./d o2\ /d, o?./d
(o )| (284 52)
Statistical optimality v v
Computational optimality v unknown

Abbreviations: TFM-CP, canonical polyadic—form tensor factor model; TFM-Tucker, Tucker-form tensor factor model.
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4.4. Extension of Tensor Factor Models and Other Related Models

This section presents several extensions of tensor factor models that address more complex data
structures and modeling goals. These include the incorporation of structural constraints and
covariates (Section 4.4.1), adaptations to nonstationary and nonlinear dynamics (Section 4.4.2),
applications to spatial and network time series (Section 4.4.3), and connections to non—time series
tensor modeling approaches (Section 4.4.4).

4.4.1. Additional structural features and covariates. Extensions to tensor factor models have
been explored to incorporate additional structural properties and covariate inclusion. Cen & Lam
(20252) proposed a test for detecting a Kronecker product structure in the factor loading matrix,
a key feature of TFM-Tucker that characterizes its common component structure. Chen et al.
(2020) introduced a constrained framework that integrates covariates as side information, enabling
further dimensionality reduction. Additionally, E.Y. Chen et al. (2024) developed a semiparamet-
ric tensor factor analysis approach, incorporating auxiliary covariates into the loading matrices.
This enhancement improves the model’s ability to yield more accurate estimators and enables
predictions with new covariates.

4.4.2. Nonstationary and nonlinear extensions. Chen et al. (2025) extended classical in-
ference methods to high-dimensional settings by integrating common stochastic trends and
multifactor error structures into matrix-valued time series. Liu & Chen (2022) proposed thresh-
old matrix-variate factor models to capture regime-switching behavior in factor loadings. He et al.
(2024a) developed a procedure specifically for online detection of changepoints in MFMs. Addi-
tionally, time-varying extensions, such as those introduced by B. Chen et al. (2024a), presented
smoothly evolving MFMs, which are especially relevant for economic and financial data exhibiting
structural shifts.

4.4.3. Spatial and network time series. Tensor time series are closely related to spatiotemporal
models and dynamic networks. Barigozzi et al. (2025¢) developed the general spatiotemporal factor
model, which decomposes high-dimensional spatiotemporal data into latent factor-driven compo-
nents, utilizing frequency-domain Fourier analysis. While Chen et al. (2021b) applied mode-based
spatial components, their approach lacks an embedded spatial lag structure. Network-based factor
models, such as those by Wang et al. (2020), reformulate VAR models into tensor representations,
imposing parameter restrictions across multiple dimensions.

Lee & Zhang (2024) studied the TFM-Tucker assuming errors follow a martingale difference
sequence. They proposed a metric to identify subspaces that preserve conditional mean informa-
tion without making parametric assumptions. As their optimization targets conditional mean, the
estimation enhances predictions, though prediction remains optional in their framework.

Factor strength estimation continues to be a crucial area of research. Chen & Lam (2024a)
developed statistical tests to assess the significance of factors in vector and matrix time series
models, building on the work of Gao & Tsay (2023), who introduced a two-way transformed
factor model to capture dynamics in both row- and column-wise factors. Additionally, He et al.
(2023a) explored the suitability of one-way versus two-way factor models in this context.

4.4.4. Non-time series approaches. Time series analysis aims to discover the dynamic evolu-
tion over time and build models with predictability. However, one can ignore the specialty of time
and treat the order-K tensor time series X; as an order-(K + 1) tensor observation ) by including
the time dimension as an extra mode. A low-rank Tucker decomposition of ) can be expressed as

V=G x4, +¢, 18.

where G is the core tensor, A are the factor matrices, and £ represents the error term.
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Babii et al. (2025) treated Ak (the loading matrix corresponding to the time mode) as the
factor matrix, with G xX_| A4, representing the loading tensor. They introduced two tensor PCA
algorithms for estimating the model in Equation 18. Their analysis showed that under strong
factor settings, the simple one-step algorithm is optimal. However, when factors are weak, an
iterative least squares algorithm is required to improve convergence rates.

Earlier, Babii et al. (2023) analyzed the CP decomposition of ¥ with orthogonal loadings. This
is a special case within the generalized framework proposed by Babii et al. (2025), when the core
tensor, G € R *k+1 _js diagonal, with 7y =7, = «++ = rgyy.

4.4.5. Separable factor analysis. The separable factor analysis (SFA) model proposed by
Fosdick & Hoff (2014) extends the model of Hoff et al. (2011). Let Z € R”>* & 'and suppose
that vec(Z) ~ Normal(0, Cov[vec(Z)]). SFA assumes that the covariance matrix is given by

Covlvec(2)| =2k Q@ Xk 1 Q- Q Xy. 19.

Under this assumption, each ¥; can be interpreted as the covariance matrix of the ith mode fibers
of the tensor. Specifically, define the standardized version of Z with respect to all modes except
as Z' := Z x4 X, '*. The covariance of the ith mode fibers of Z' is exactly X; under the model
in Equation 19.

Furthermore, Fosdick & Hoff (2014) assume that each covariance matrix ¥; takes the form
Y = A,»AiT + Df, where A; € R”>** and D; is a diagonal matrix with 0 < k; < ;. This structure
can be seen as the covariance matrix of a factor model mat;(Z’) = A;mat;(F’) + D,mat;(£’), sug-
gesting that the parameters {A;, D;} represent the single-mode factor analysis parameters for the
ith mode of the tensor when the covariance in all other modes has been removed.

Linton & Tang (2022a) compare the SFA approach with TFM-Tucker. They note that, as-
suming E[vec(F;)[vec(F)]"] = I, and E[vec(&,)[vec(&,)]"] = o1,, the TFM-Tucker simplifies
to

E[vec(X,)[vec(X,)]"] = Axdy ® Ax14g_, ® ... @ ALA] + 0’1,

which follows the framework of SFA, with D; = I,;,. This framework is also examined by Linton
& Tang (2022b) without the 021, term, assuming that d; is fixed and K approaches infinity.

4.5. An Illustrative Example

Chen etal. (2021b) applied the TFM-Tucker to the monthly import—export trading volume series
introduced in Example 2 of Section 1. To illustrate the TFM-Tucker and TFM-CPs, we consider
a five-year monthly series (2012-2016) of total trading volumes across 22 countries, aggregated
over all product categories. The resulting data set forms a matrix time series with 22 x 22 matrices
observed monthly.

For the MFM-Tucker model in Equation 13, the factor dimensions are determined using the
rank selection procedure of Han et al. (2022) (see Section 4.2.3), resulting in a 4 x 4 core tensor.
Model estimation is performed via the iTIPUP algorithm, followed by VARIMAX rotation of
each loading matrix to enhance interpretability.

Figure 34 shows the estimated core factor series F, (with different scales). Figure 34 presents
a hub interpretation of the MFM-Tucker structure, following the approach of Chen et al. (2021b).
Specifically, the import—export matrix time series can be interpreted as a dynamic transport net-
work, a network with directional edges with weights corresponding to the transport volumes. The
low-dimensional 4 x 4 core factor F, process can also be viewed as a dynamic transport network,
or as a virtual trade flow network, quantifying the trading volumes between four latent export
hubs and four latent import hubs. This structure implies that the observed export from country
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Estimated MFM-Tucker model for the import-export matrix time series example. (#) Estimated 4 x 4 core factor processes (with
different scales). (#) A graph representation of the hub interpretation of the MFM-Tucker model. Exporting countries are shown on the
left and importing countries on the right, illustrating directional trade flows captured by the model. Abbreviation: MFM, matrix factor

model.
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i to country j can be conceptualized as being routed via an export hub to an import hub before
reaching its destination.

The columns of the loading matrix 4; characterize the contributions of each country to one of
the export hubs, while the columns of A, represent how each country receives trade from the four
import hubs. In the network representation in Figure 35, the thickness of edges from individual
countries to export hubs A, B, C, and D is proportional to the elements of 4;, omitting contri-
butions smaller than 0.15 for clarity. Similarly, the links from import hubs I, II, IIT, and IV to the
receiving countries reflect the magnitudes of 4,.

This representation reveals interpretable geographic and economic patterns. For instance, ex-
port hub B is predominantly associated with the United States, hub A with Canada and Mexico,
and hub D with European countries. On the import side, hub I is primarily linked to the United
States. The size of the dot representing each export hub reflects the total trade volume routed
through it over the five years, calculated as the cumulative sum of the corresponding elements in
the core factor series F,. For instance, the total volume associated with export hub A is given by
thesum of F, 11 + F, 12 + F, 13 + F, 14 over time. Similarly, the edge thickness from hub A to hub 1
reflects the total trading volume from hub A to hub I during the five years, as the sum of F, ;; over
time. The remainder of the diagram may be interpreted similarly. Notably, most exports from
Canada and Mexico are channeled through export hub A to import hub I, ultimately reaching the
United States.

We also fit the TFM-CP in Equation 16 (Han et al. 2024c¢) to the same data set. The selected
rank is 4. One of the interpretations of the model is that the global trading network mainly consists
of the four subnetworks, each represented by a rank-1 matrix @;12), and associated with a time-
varying factor f; denoting the aggregate trading volume within subnetwork 7 at time ¢.

Figure 4 presents the four estimated subnetworks, constructed using @;,4,,, with entries below
0.3 omitted for better clarity and interpretability, along with their respective factor processes f;;.
The subnetwork in Figure 44 mainly captures the exports from Canada, Germany, and Mexico
to the United States, while the subnetwork in Figure 4b reflects exports from several European
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Estimated subnetworks and their corresponding estimated factor processes in a TFM-CP for the import-export matrix time series

example. Abbreviation: TFM-CP, canonical polyadic—form tensor factor model.

countries to Germany and the United States. The temporal component f;, summarizes the total
volume of trade occurring within subnetwork 7 over time.

4.6. Applications

Tensor factor models have been widely applied in the analysis of high-dimensional time se-
ries across various domains. In macroeconomics and finance, Chen & Chen (2022), Chen et al.
(2021b), Barigozzi et al. (2023a), Zhang et al. (2024), and Barigozzi et al. (2023b) studied
import/export data of a variety of commodities across multiple countries, and He et al. 2023b)
and Y. Wang et al. (2024) considered financial portfolios and macroeconomic indices. The Fama—
French 10 x 10 return series, initially analyzed by Wang et al. (2019), has been further investigated
by Cen & Lam (2025b), Chang et al. (2025a), and Chang et al. (2023). Applications to macroe-
conomic networks include the analysis of US quarterly macroeconomic indicators (Wang et al.
2020) and factor-augmented network autoregressions (Barigozzi et al. 2025a). Wang et al. (2020)
investigated US quarterly macroeconomic sequences, and Barigozzi et al. (2025a) examined
macroeconomic networks.

Tensor-based approaches have also been applied to demographic studies, such as the analysis of
human mortality data by Fosdick & Hoff (2014). In the transportation sector, tensor methods have
been used to analyze New York City taxi data (Cen & Lam 2025b, Chen et al. 2021b, Han et al.
2024c, Lee & Zhang 2024). Lee & Zhang (2024) also investigate sales data. In energy forecasting,
Banin etal. (2025) employed a three-mode tensor structure to model seasonal variations in energy
demand. Furthermore, Yuan et al. (2023) applied tensor factor models to analyze air quality data.

Tensor factor models have extended their reach into machine learning and image analysis.
For instance, Zhang et al. (2024) studied the Moving MNIST (Modified National Institute of
Standards and Technology) data set, where tensor observations exhibit no serial dependence. In
multidimensional panels, Babii et al. (2025) applied tensor decompositions to analyze firm char-
acteristics, while Cen & Lam (2025b) utilized Tucker decompositions to model Organisation for
Economic Co-operation and Development economic data and transportation networks.
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These diverse applications highlight the increasing significance of tensor factor models in cap-
turing complex dependencies in high-dimensional time series, offering a powerful framework for
dimensionality reduction, latent factor estimation, and uncovering hidden patterns across various
domains.

5. DYNAMIC TENSOR FACTOR MODELS

Although the TenAR models significantly reduce the dimensionality and complexity of VAR mod-
els by effectively utilizing the natural tensor structure and its mode classifications, they may still
involve a large number of parameters, requiring a substantial sample size for accurate estima-
tion. In contrast, the TFM effectively reduces dimensionality but does not adequately capture the
temporal dynamics of the time series, limiting its predictive capability.

5.1. Dynamic Matrix Factor Model

In the matrix time series setting, Yu et al. (2024) introduced a unified framework that integrates
dimensionality reduction with dynamic modeling to enhance both interpretability and predic-
tive performance. Specifically, they proposed the dynamic matrix factor model (DMFM), which
consists of two components:

X, = \U,F,U, +E,, (matrix factor model) 20.

F, = A,F ,,IAZT +é&, (matrix autoregressive model) 21.

where X, is the observed d; x d,-matrix time series, F, is the latent factor process, and U, €
Rt and U, € R%*"2 are orthonormal loading matrices. The parameter A represents the signal
strength, while E, is a white noise process. The latent factor process F, follows the AR model
in Equation 21, where 4; € R and 4, € R">"2 are the AR coefficient matrices, and &, is the
innovation process. The noise processes E, and &, are assumed to be uncorrelated at all lags.

The proposed dynamic structure offers two primary advantages: (#) It enables efficient fac-
tor model prediction through a two-step computationally efficient procedure, and (§) the AR
formulation provides a transparent and interpretable characterization of the latent factor dynam-
ics. Although the model suffers severe ambiguity, any equivalent estimators produce the same
predictions.

Yu et al. (2024) proposed a two-stage estimation procedure, where the first stage estimates the
factor model structure in Equation 20 using the iTOPUP or iTIPUP method (Han et al. 2024a),
and the second stage estimates the parameters in Equation 21 using the estimated F, obtained
in the first stage. When the SNR in Equation 20 is high, the estimated F ; is relatively accurate
and can be treated as observed in the second stage estimation using iterative least squares esti-
mation (LSE). However, when the SNR in Equation 20 is low, F, may contain relatively large
errors. In this case, F . can be viewed as F, with an unignorable measurement errors. In this
case, Yu et al. (2024) proposed a lagged estimator (L2E) for the AR coefficients 4; and A4, in
Equation 21, and the factor process F, is estimated using a Kalman filter within a state-space
formulation,

F,=F,+¢, and F, = A\F,_ A} +&,.

~ - T
Define the estimation error as ¥ := (vec(A1 - RlAlRir)T,VEC(Az - RZAZR;)T> , where R,

and R, are appropriate rotation matrices (due to rotational ambiguity of the model). Yu et al.
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(2024) show that the asymptotic order of the estimation errors is given by

: d o? 1 X o/ o2 1
WLSP, -0 (U max +— 7) and 'I,LZP, -0 < max + + 7>’
VT TR T "\T vt T UT

where o2 represents the noise level of E;. It follows that the L2E estimator requires a lower
SNR for effective performance. When the SNR is sufficiently large, Yu et al. (2024) establish
the asymptotic normality of both estimators as /7 ¥"F — N (0, Z,) and vVT¥"* — N (0, ;).
Furthermore, when Cov(vec(§,)) = USZI, it holds that E; < E;, implying that 2, — &) is positive

semidefinite. This result indicates that the LSE estimator outperforms the L2E estimator when
the SNR is high.

The choice between the two estimation methods depends on the SNR in Equation 20, which
controls the size of measurement errors. The SNR can be assessed via the smallest eigenvalue of
the estimated covariance matrix of vec(¢,), which quantifies the measurement error in F,. Al-
ternatively, out-of-sample prediction performance provides an empirical measure of estimator
accuracy.

Barigozzi & Trapin (2025) proposed a QMLE approach using the expectation-maximization
algorithm in conjunction with the Kalman smoother, treating the DMFM as a state-space system.
This method jointly estimates the latent factors and model parameters while accommodating serial
correlation in the idiosyncratic components.

Yu etal. (2024) propose two prediction approaches based on the SNR in Equation 20. When the
SNR is high, the plug-in prediction method directly substitutes the estimated F, into the MAR
model in Equation 21 to produce predictions. In low-SNR scenarios, the Kalman filter—based
prediction is employed to account for the increased measurement error.

The model in Equation 21 can be extended to the more general MAR model in Equation 7.
Specifically, when 7 and 7, in Equation 20 are small, a variety of low-dimensional time series
models can be employed, including the VAR model as well as other linear and nonlinear models.
The DMFM can be easily extended to tensor time series.

5.2. Two-Way Dynamic Factor Model

Yuan et al. (2023) proposed a two-way dynamic factor model for matrix time series. The model
incorporates two sets of additive factors: row factors, F, € R"1*% and column factors, G; € R"2*%,
which help to capture both temporal and structural dependencies within the observed matrix time
series, X, € R4*%

The model is formulated as follows:

X,=FL +AG] +E,
F, =Ft—lq)1+"'+Ft—p<I’p+3m
G, =G, I +"'+Gt—qrq+nm

where L and A represent the column and row loading matrices, respectively. The matrices ®; =
diag(¢j1, ..., ¢, ) forj=1,...,pand I; = diag(yi, ..., ¥s,) fori=1,..., g are the AR coefficient
matrices.

Since ®; and I'; are diagonal, each time series element in F, and G, follows an individual AR
model. The terms E,, &;, and 5, represent white noise processes that are uncorrelated with each
other at all lags. For parameter estimation, Yuan et al. (2023) propose a two-step quasi-likelihood
estimation procedure. The convergence rates for the estimated L and G are established, and the
estimates for ® and I' are shown to be asymptotically normal. The asymptotic variance of the
estimates is the same as if F, and G, were directly observed.
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6. SEGMENTATION APPROACHES

The TenAR models and TFM are complex models with a large number of parameters, aiming to
jointly model all cross-serial correlations among individual series. However, these complex models
often fail to deliver more accurate predictions than the simpler models that focus on individual
series or small subsets (e.g., applying VAR to each fiber separately). One of the main reasons is
that while the (weak) cross-serial correlations can, in principle, enhance predictive performance,
the large number of parameters in these models leads to substantial estimation errors, which may
ultimately compromise prediction accuracy.

Following the time series PCA method of Chang et al. (2018) for vector time series, Han et al.
(2024b) proposed a segmentation approach for matrix time series. Their method applies a linear
transformation to consolidate weak cross-serial correlations among individual series into a few
matrix blocks, ensuring that (#) within each block, cross-serial correlations are strong, making
joint modeling beneficial, while (4) between blocks, cross-serial correlations are negligibly weak,
eliminating the need for joint modeling.

More specifically, suppose X; € RP*? is a matrix time series; the segmentation approach seeks
a bilinear transformation so that

Uz,I,l Ur,l,Z Ut,l,n[

. Uipi Uiz ... Uppp,
X; = BUtA ) U, = . . . . ’ 22.

Ur,,n,-,l Ut,?z,-,Z e Ut,n,-,m

where A € R?*? and B € RP*? are unknown invertible matrices, and U, is the latent matrix with
Cov(vec(U 1, j, )»vec(U, 4, j,)) = 0 for any (i1, j1) # (&2, j2) and any integer 4. In other words,
X, is driven by a latent process U, consisting of contemporaneously and temporally uncorrelated
blocks. Once such a structure is identified, forecasting can be done with more parsimonious models
for each block separately, often leading to improved prediction accuracy. This is because within-
block cross-serial correlations are strong, while the reduced model complexity, due to smaller
block sizes, mitigates estimation error. The transformation from U, to X, is one-to-one, ensuring
that a good forecast performance for U, directly translates to a good forecast performance for the
original series.

Although Equation 22 does not uniquely determine (4, B,U,), the maximal segmentation
structure (the sizes of each block) is unique up to permutations. Thus, it suffices to identify a
single representative of (4, B,U,) under a given structure, as all equivalent representations yield
the same forecasts for the original series when linear prediction is applied to each U,.

Han et al. 2024b) propose an estimation procedure based on spectral analysis combined with
a multiple-testing procedure to infer both the block structure and the transformation. They es-
tablish the consistency of the estimated segmentation and transformation matrices under the
assumption that the true data-generating process follows Equation 22. Empirically, they demon-
strate that even when the true process deviates slightly from this idealized form, their method still
leads to improved forecasting performance.

7. SOFTWARE FOR MATRIX AND TENSOR TIME SERIES ANALYSIS

In this section, we review some R packages for tensor time series analysis.

The tensorTS package (Li et al. 2024) provides TenAR model estimation with the function
tenhR.est, with three estimation methods, projection, alternating least squares, and maximum
likelihood estimation under a special error covariance structure; reduced-rank MAR model es-
timation with the function matAR.RR; TFM-Tucker estimation with the function tenFM.est,
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allowing TOPUP, TIPUP, iTOPUP and iTTPUP methods; and TFM-Tucker rank implemented
via the tenFM.rank function, which estimates the factor ranks in the TFM-Tucker. It supports
multiple penalty functions and allows both TOPUP and TIPUP approaches.

The HDTSA package (Chang et al. 2025b) provides the function CP_MTS to estimate a CP
decomposition—based factor model for matrix time series, represented as a three-mode tensor,
where the first mode corresponds to time. The method parameter supports three estimation
alternatives: CP.Direct, CP.Refined, and CP.Unified (see Chang et al. 2025a).

The HDRFA package (He et al. 2024b) provides a robust estimation for MFM-Tucker models
with heavy-tailed idiosyncratic errors by minimizing the Huber loss function (He et al. 2023a).
This package implements two algorithms: robust matrix factor analysis, which employs a weighted
iterative projection method for parameter estimation, and iterative Huber regression, which is
focused on minimizing the element-wise Huber loss. The function MHFA implements these two
methods. For further details about these approaches and the derivative algorithms implemented
in the function described below, readers are referred to He et al. (2023a) and He et al. (2024b).
The function KMHFA determines the number of factors under either robust matrix factor analysis
or iterative Huber regression.

The RTFA package provides an alternative method for estimating the TFM-Tucker, as intro-
duced by Barigozzi et al. (2023b). This method employs a one-step projection estimator that
minimizes the least squares loss function. Additionally, RTFA offers robust estimation capabilities
to effectively handle heavy-tailed noise by implementing the methodology proposed by Barigozzi
etal. (2023a). This approach builds on the work of Barigozzi et al. (2023b) by utilizing an iterative
weighted projection technique based on the Huber loss function. The estimation methods are
implemented in the function TFM_est, including four methods: initial estimation (without pro-
jection), one-step projection estimation, iterative projection estimation, and iterative weighted
projection estimation based on the Huber loss function. The function TFM_FN determines the
number of factors in a (K + 1)-mode tensor. Further details on the implemented algorithms are
provided by Barigozzi et al. (2023b) and Barigozzi et al. (2023a).

The TensorPreAve package (Chen & Lam 2024b) implements the preaveraging technique
proposed by Chen (2023). This technique is particularly useful when dealing with serial and cross-
correlations in the idiosyncratic components. The main function, rank_factors_est, estimates
the TFM-Tucker, including identifying the rank of the core tensor and the factor loading matrices
unless a specific rank is provided in the argument. The package also offers specialized functions
for each step of the estimation process. Users can refer to Chen & Lam (2024b) and Chen (2023)
for further details.

The tensorMiss package (Cen 2024) implements the method described by Cen & Lam
(2025b) for handling missing data in the TFM-Tucker. Its main function is miss_factor_est.
For more detailed information, please refer to Cen (2024) and Cen & Lam (2025b).

8. SUMMARY AND SOME POTENTIAL FUTURE DEVELOPMENTS

This article reviews recent advancements in modeling and analyzing tensor time series, which have
become increasingly prevalent across various applications. As highlighted in the literature, pre-
serving the tensor structure during analysis, rather than vectorizing it, has demonstrated numerous
advantages, including improved model parsimony, enhanced interpretability, greater predictive
accuracy, more efficient estimation, and reduced computational complexity, among others.

The development of tensor time series analysis remains in its early stages, with significant
potential for advancement through developments in tensor data analysis, factor models, high-
dimensional statistics, state-space models, Monte Carlo methods, optimization techniques, and
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beyond. On the modeling front, incorporating trend, seasonality, and ARIMA (autoregressive in-
tegrated moving average) structures into tensor time series, as discussed by Tsay (2024), presents
a promising direction. Cointegration modeling warrants further exploration, as tensor time se-
ries exhibit complex dependencies and unique challenges. Dynamic tensor factor models can be
further extended to incorporate additional structures for more effective dimension reduction and
improved interpretability. The high-dimensional nature of tensors also calls for the development
of specialized nonlinear models and non-Gaussian tensor time series frameworks. Furthermore,
more effective tensor time series models are needed to address network and spatiotemporal depen-
dencies. Lastly, developing efficient methods for incorporating covariates into tensor time series
models remains an open and important research avenue.

A dedicated resource webpage on tensor time series analysis is available at https://statistics.
rutgers.edu/resources-of-analysis-of-tensor-time-series and will be regularly updated with
the latest research developments. If you have relevant papers (working papers, arXiv pub-
lications, or published articles) that you would like to be included, please send them to
rongchen@stat.rutgers.edu, in case we overlook them.
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