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Functional-Coefficient Autoregressive Models

RONG CHEN and RUEY S. TSAY*

In this article we propose a new class of models for nonlinear time series analysis, investigate properties of the proposed model, and
suggest a modeling procedure for building such a model. The proposed modeling procedure makes use of ideas from both parametric
and nonparametric statistics. A consistency result is given to support the procedure. For illustration we apply the proposed model
and procedure to several data sets and show that the resulting models substantially improve postsample multi-step ahead forecasts

over other models.

KEY WORDS: Arranged local regression; Consistency; Forecasting; Geometrical ergodicity; Nonlinear time series; Threshold

autoregressive model.

Nonlinear time series analysis has gained much attention
recently, due primarily to the fact that linear models such
as the autoregressive moving average (ARMA) models of
Box and Jenkins (1976) fail (a) to capture many nonlinear
features of the processes commonly encountered in practice,
(b) to provide a parsimonious model to describe nontrivial
data, and (c) to make accurate multi-step ahead predictions.
Because linearity is at best a convenient artifact, and because
the world is full of nonlinear phenomena such as limit cycles
and jump resonance, we need to study nonlinearity to explore
the nature.

An immediate problem of departing from linearity is to
formulate a class of well-parameterized nonlinear models
that are simple yet sufficient in handling most nonlinear
phenomena observed in practice. This is a tough problem
to solve, however, because there is no unified theory appli-
cable to all nonlinear models. The main difficulty is that
unlike linear models where the functions involved can be
treated fairly systematically, nonlinear models have too many
possibilities. There are not only so many different types of
nonlinear functions, but also so many different structures
within a given class of functions. The common research in
nonlinear time series analysis has focused on several classes
of models, such as the threshold autoregressive (TAR) model
of Tong (1983, 1990) and the exponential autoregressive
(EXPAR) model of Haggan and Ozaki (1981).

In this article we are concerned with empirical modeling
of nonlinear time series. In particular we focus on exploring
the nonlinear feature of a time series in the process of model
building. This is achieved by generalizing directly the linear
autoregressive (AR) models and exploiting local character-
istics of a given time series. The generalized model is referred
to as the functional coefficient autoregressive (FAR) models.
Most nonlinear AR models considered in the literature are
special cases of the FAR model. It turns out that the FAR
models are flexible enough to accommodate most nonlinear
features considered in the literature and are simple enough
to be treated relatively easily.

This article is organized as follows. Section 1 introduces
the proposed model and some of its probabilistic properties.
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Section 2 proposes a procedure for building such a model.
A consistency result of the proposed procedure is also given.
Section 3 applies the modeling procedure to several examples
to illustrate practical uses of the procedure and to demon-
strate the advantages of using FAR models for multi-step
ahead forecasts.

1. THE MODEL AND ITS PROBABILISTIC PROPERTIES

1.1 Definition
A time series X, is said to follow a FAR model if it satisfies
X =HXED)Xx- + oo HHXEDX—, e, (1)

where p is a positive integer, { ¢, } is a sequence of iid random
variables with mean 0 and variance ¢ such that ¢, is inde-
pendent of x,_; for i > 0, f;(X} |)’s are measurable functions
from R*to R, and

X;F—l = (-xt—ip xt—ip ) xl—ik),

with ;>0 for j=1,...,k. (2

Here X} , is a threshold vector with i, . . . , i as the threshold
lags (or delay parameters), and x,-;’s are referred to as the
threshold variables. Without loss of generality we may as-
sume max(iy, . .., ix) < pin studying properties of the FAR
model; otherwise, we can simply extend the representation
in (1) by adding some zero coefficient functions.

Model (1) is a special case of the state-dependent model
of Priestley (1980), and hence it enjoys all the nice properties
of a state-dependent model. But without any white-noise
term ¢,_; in the threshold vector in (2) and with the simple
AR structure in (1), empirical identification of such a process
is much easier than the general state-dependent model.

This definition of a FAR model is very general. In appli-
cation we expect that only simple models with a small num-
ber of threshold variables, say one or two, and a low AR
order are used. From (1) it is easily seen that many existing
nonlinear AR models are special cases of the FAR model.
For example, with fi(XX*,) = a; + biexp(—cix2y), (1) re-
duces to an EXPAR model; with £,(XX,) = ¢ I(x,—q < ¢)
+ ¢§2) I(x,_4 > c¢), where I( +) is the usual indicator function,
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(1) reduces to a TAR model. Thus the proposed FAR model
is quite general and flexible.

1.2 Some Probabilistic Properties
of the FAR Model

In this subsection we study some probabilistic properties
of the proposed FAR model. We use results of Tweedie
(1975) and of Tjestheim (1990).

Lemma 1.1 (Tweedie 1975). Let {X} be a ¢-irreducible
Markov chain on a normed topological space with any norm
| |l. If the transition probability Pr(x, -) is strongly con-
tinuous, then the conditions for geometrical ergodicity are
met if there exist a compact set K and a constant p between
0 and 1 such that

E(I|X,+1|||X,=X)<oo ifXEK

< plX]|| otherwise.

In Lemma 1.1 ¢ is a measure on the probability space of
X .. The idea here is that when the process goes far away
from the origin, the expectation of the norm of the next state
vector will be shrunken toward the origin under the assumed
condition.

Lemma 1.2 (Tjostheim 1990). Let x, be an aperiodic
Markov chain and let 4 be a fixed positive integer. Then

recurrent recurrent
{xm}is { geometrically ergodic = {x,} is { geometrically ergodic
transient transient,

where {x,,} is the A step subsequence of {x; }.
By Lemmas 1.1 and 1.2, we obtain the following theorems.

Theorem 1.1. Assume that the functions f;(+) in (1) are
bounded such that |fi(+)| < ¢; and the density function of
¢, is positive everywhere on the real line %t '. If all the roots
of the characteristic function

)\p—cl)\p_l — e e

3

are inside the unit circle, then the FAR process in (1) is
geometrically ergodic.

—¢=0

Theorem 1.2. Assume that the functions f;(+) in (1) can
be written as fi(X) = g(X) + A(X) such that g;(-) and
h;(+) are bounded functions with | g;(+)| < ¢; and h;(X)x;
is uniformly bounded. Then if ¢, has positive support every-
where on the real line ! and if all the roots of the charac-
teristic function N — ¢,\?"! — « . « — ¢, = 0 are inside the
unit circle, the FAR process in (1) is geometrically ergodic.

Proofs of these two theorems are in the Appendix. Here
we briefly discuss their implications in nonlinear time series
analysis. First, the theorems only provide sufficient condi-
tions for geometrical ergodicity. This is most clear by con-
sidering the linear AR model for which f;(+) = ¢; and the
condition of the theorems requires that all of the roots of \?
— ||\t =+« — |¢,] = 0 are inside the unit circle,
which obviously is not a necessary condition. Second, for
some special FAR models, weaker conditions—even the
necessary and sufficient condition—of geometrical ergodicity
are available. For example, Petruccelli and Woolford (1984)
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and Chen and Tsay (1991) derived the necessary and suffi-
cient condition of geometrical ergodicity for TAR (1) models
with two regimes. Third, the ergodic region in the parameter
space of x, implied by the two theorems is often bounded.
On the other hand, many FAR models, such as the TAR (1)
models mentioned earlier, have unbounded ergodic regions.

1.3 Some Special Cases and Their Ergodic
Conditions

To illustrate that the conditions of Theorems 1.1 and 1.2
are not too restrictive and to show that they are convenient
tools for checking the geometrical ergodicity of some com-
plicated nonlinear time series models, we consider some spe-
cial FAR models.

Example 1. Consider the linear TAR process

X =1 X+ 00 + ¢1(J')xt—p + 31(1)

if x_q € Q, i=1,...,k,

where Q,’s are nonoverlapping intervals on the real line such
that UL, Q; = R. Letting £(X¥,) = ¢, if X,_4 € Q;, we see
that this TAR process is a special case of FAR models. By
Theorem 1.1, the process is geometrically ergodic if all the
roots of ¥ — ¢ \~! — .. — ¢, = 0 are inside the unit
circle, where ¢; = max { | d;f-” [yooos | ¢>}k) | }. This is the result
of Chan and Tong (1985) derived via the Lyapunov function
in the nonlinear dynamical literature.

Example 2. Suppose that x, follows the EXPAR model
x = [a + biexp(—c1xEg)1X—g + + + -
+ [a, + byexp(—cpxi-a)1Xi—p + &1,

where ¢;=0fori=1,..., p. By Theorem 1.1, the process
is geometrically ergodic if all the roots of W’ — djA?"' — « « «
— d, = 0 are inside the unit circle where d; = max {|ai|, |a
+ b;|}. In particular, if p = 1, then the condition becomes
|la,| < 1 and |a; + b;| < 1. Further, a weaker condition
|a,| < 1 is obtained by Theorem 1.2 if d = p = 1. Next, for
p = 2 Theorem 1.1 says that if |a,| < 1 — |ay]; |a2] < 1;
la; + byl <1 — |ay+ byl; |ay + by <15 |a; + by| <1
— |as|; |ai] <1 — |ay+ b,|, then x, is geometrically ergodic.

Example 3. Finally, consider the process
X, = [a; + bisin(¢; xp—g) ] X + + -
+ [a, + bpsin(@pxi—a)1%—p + &

For p = 1, Theorem 1.1 shows that if max{|a; + b,|, |a,
— bi|} < 1, then x, is geometrically ergodic. For p = 2,
Theorem 1.1 shows that a sufficient condition of ergodicity
of x,is ¢; + ¢, < 1, where ¢; = max {|a; + b;|, |a; — bi| }.

2. AN IDENTIFICATION PROCEDURE
FOR FAR MODELS

The main difficulty in using the proposed FAR model in
(1) is specifying the functional coefficients f;( - ). We consider
an arranged local regression (ALR) to explore the local be-
havior of the AR coefficients so that tentative specifications
of the functional forms of f;( - ) can be made. The basic idea
of ALR is to generalize the technique of arranged auto-
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regression of Tsay (1989) by incorporating various concepts
of nonparametric regression such as the method of nearest
neighbors to reveal the shape of f;(+). By “local” we mean
using a certain window so that data points close together in
the threshold space X} ; can be used to obtain a local estimate
of f;(+). Such an estimate provides information on the shape
of f;(+) on which the functional form can be specified. A
consistency result is given to support practical use of the
proposed ALR procedure. We then suggest a modeling pro-
cedure for building FAR models.

2.1 Armranged Local Regression

For simplicity we consider only the case X¥* , = x,_, (i.e.,
a single threshold variable) in this article. Extensions of the
procedure to the case of vector X* , are possible provided
that a systematic way is used to partition the X}, space and
some high-dimensional graphical display is used.

Let {x|, x5, ..., Xxn } be N consecutive observations of
the FAR model

X = fi(X—a) Xy + - v +.f;;(xt—d)xt—p + & “4)

The main objective of model specification is to infer the
functional forms of f;(+) from the data; that is, to estimate
the function f;(+) at various values of x,_;. To this end we
consider a simple procedure. Suppose that we are interested
in estimating f;(x) and the data contain a sufficient number
of observations, say x,,, X, . . . , X, such that x,_, = x for
i=1,..., k. In other words, there are k observations for
which the threshold variable x,_, assumes the value x. Then
the linear regression x; = a; x,—; + * + + + apXx;—, + ¢, with ¢
=1, t,...,kand a; = fi(x) can be used, and the ordinary
least squares (OLS) estimate of a; is an estimate of fi(x).
Denote such an estimate of f;(x) by fi(x). By plotting f(x)
versus x, we obtain an estimate of the functional form
of fi(+).

In applications such an ideal situation hardly ever happens.
But the idea of using data points for which the threshold
variable x,_; assumes values close to x is still helpful, because
under the assumption that the functions f;( - ) are sufficiently
smooth, those data points continue to provide useful infor-
mation on f;(x). Basically, for a well-behaved function
fi(x-a), if X,y = x + A, with A, a small real number, we
have fi(x,—4) = fi(x) + O(A,) so that

X = fi(X—a)X—y + - - " +ﬁ1(xt—d)xt—p + &
= f1(X0) Xy + ¢ o +fp(x)xz—p + ¢+ O(4)).

For small A, the last term O(4,) is small and can be ignored
at the stage of tentative model specification. Alternatively,
we can incorporate O(4,) into ¢,, resulting in a nonhomo-
geneous linear regression for which the OLS estimates are
consistent for the coefficients but inefficient. Such consistent
estimates are helpful, because the objective here is simply to
infer the functional form of f;(+).

The preceding discussion leads us to consider an ALR for
tentative model specification of FAR models. For the data
Xi, . . . , Xn, the threshold variable x,_; can assume the values
X1, ..., Xn—q. Let x, be the ith order statistic of {x, ...,
Xn-q}. Denote the time index of x;y by #;. The proposed
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ALR is as follows:

1. Select an interval length ¢ to form a window and a
minimum sample size K to control the number of obser-
vations in the window.

2. Form the window [x(), X1 + c]. Suppose that xy),
..., X are in this window. Initialize the estimation pro-
cedure by fitting the linear regression

Xevd = A Xprd—1 0 0 0+ QpXpva—p T €144

with t=1,... %)

Treat the OLS estimate of g; as an estimate of fi(x;) + ¢)
provided that k > K.

3. Move the window along the x,_, axis until either a new
data point enters the window or a point drops out of the
window. If the sample size in the new window is greater than
or equal to K, then fit a linear regression similar to the one
in (5) to obtain an estimateﬁ(x(J) + ¢) of fi(x(j) + ¢), where
X(j) T ¢ denotes the right end point of the window used. On
the other hand, if the sample size in the window is less than
K, then continue to move the window forward.

4. Repeat Step 3 until x4 is processed.

5. Make scatterplots of the estimates fi(x) versus x and
specify the functional forms of f;( - ) from the plots.

s l.

Some remarks on the ALR procedure are in order:

» Both the interval length ¢ and the minimum sample size
K are needed to obtain informative estimates of f;(+).
Using the minimum sample size K alone to define the
moving window may lead to some numerical difficulties,
because K cannot control the design matrix of the linear
regression used. For example, a cluster of observations
around a particular point of x,_; can make the X’'X ma-
trix of the linear regression used close to being singular.
Similarly, using the interval length ¢ alone can also lead
to numerical difficulties. In an application the choices
of ¢ and K typically depend on the sample size N, the
order p, and the functions f;( - ). In this article we choose
K to be a fraction of the sample size N and ¢ to be a
fraction of the sample range of x;; that is, ¢ = [Xpax
— Xminl/h, where h is a positive integer and X, and
Xmin are the maximum and minimum of the data.

The choices of ¢ and K are similar in spirit to the
window width selection in nonlinear smoothing tech-
niques. With a large window width ¢, the estimated
functions are smoother, but the biases of the estimates
tend to increase. A large K provides more stable estimates
but reduces the number of points at which estimates are
computed, resulting in less informative scatterplots.
Optimal selection of these two parameters deserves fur-
ther investigation.

Because the ALR is a fast algorithm, however, we
suggest that several values of ¢ and K be used in an
application. Our limited experience shows that by ex-
amining the scatterplots of various choices of ¢ and K,
one can refine the choices. Usually a reasonable selection
would result in the scatterplots showing certain contin-
uous functions. Because the objective of the ALR pro-
cedure is to provide tentative specifications of some
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parametric models, the trial-and-error method works

reasonably well, as shown by the examples in Section 3.

We treat the OLS estimate of a; in the linear regression

(5) as an estimate of f;(x(;) + ¢). In fact the OLS estimate

can be regarded as an estimate of f;(x) for x € [x(1), xX(1)

+ ¢]. In practice this may affect the tentative specifi-

cation of the threshold values in reading the scatterplots

of fi(x)versus x. We use the right end point of the win-
dow involved mainly for the ease in handling TAR types
of models.

The standard errors of the OLS estimates of the linear

regression used also should be computed. These standard

errors are useful in reading the scatterplots of 'f:(x) versus

x. See Section 3 for the use of the estimated standard

€eITors.

« In the linear regression (5) we do not use a constant
term mainly because when d < p the term fz(x;)x; is
close to a constant within a given window. (Recall that
the window is designed to use data points with thresholds
in the vicinity of x;.) Thus adding a constant term in
this case may result in some numerical problem. Such
a numerical problem will not occur if d > p.

2.2 A Recursive Method

From Step 3 of the proposed ALR procedure, estimates
of ALR can be computed recursively. Furthermore, it suffices
to consider the recursion of adding or deleting a single data
point in a linear regression.

Let ¢, be the vector of OLS estimates at the current stage
in an ALR, let X; be the corresponding matrix of regressors,
let y; be the response vector, and let n; be the number of
data points in the current window. Also let P; = (X'X)™!
and ss; be the corresponding sum of squares of residuals. Let
x;+1 be the next regressor vector obtained by either adding
or deleting a data point, and let y;;, be the new response
variable. In other words, if the data point we are adding to
(or deleting from) the current window is labeled by x ., then
Yi+1 = Xi+a a0d Xy = (Xg4d-15 - - - » Xg+a-p). Furthermore,
set w = 1 for deleting and w = O for adding a data point.
Then we have

bir1 = &i + Pt [ X1 Pixier + (=117 (D1

and

— Xir19:)

P = P, — Py [ X1 Pxier + (=117 X} Py

To update the covariance matrix of the coefficient estimates,
use

Ry = m; + (—1)%,

2
Ssiut = 55+ (Yir1 — Xir10:)
i1 = SS; ,
X1 Pixipy + (- 1)
SS;
A2 _ i+1
Oi+l = 7
Ry — D

and
S ~2
cov(i+1) = Gir1 Pty

These equations can be easily derived by using some standard
matrix algebra. For details see Young (1984) or Chen (1990).
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2.3 Properties of Arranged Local Regression

We next give a consistency result to support practical use
of the proposed ALR procedure for building FAR models.
Suppose that G = {x;, X, ..., X } is a realization of the
FAR process in (4) and that f¥(x), k=1, ..., p are esti-
mates of the functional coefficients f;(x) obtained by the
ALR method with window size ¢ and a sufficiently large
interval [—n, n], outside which % (x) is defined to be 0,
based on the data set G. Note that only values of the functions
on the data points {x, . .., Xy } are available.

Definition 2.1. Let {f Y} be a sequence of functional
estimates of f;. The estimates f ¥ are mean squared consistent

if
1 N
lim E[— S 170y —ﬁ(x,w] ~o,
N—>o Nj=l
where the expectation is taking over the joint distribution of
X1y eoos XN

Theorem 2.1. For the FAR process in (4), if (a) ¢ are iid
random variables with E(¢;) = 0, and var(e,) < oo; (b) the
process is ergodic, x; has a positive possibility density function
over the domain of all f;(x), and the covariance matrix of
Xi—1s -+ + > X—p given X,_q € I is full rank where I is an open
interval in the domain of x;; (c) in their domains, f;(x) are
Lipschitz continuous; that is, 3M, such that [fi(x + 0)
—fi(x)| < Myd;and (d) E|fi(x)|? <M < o0,i=1,...,
p, then there exists a sequence of local arranged regression
estimates of the functional coefficients that is mean squared
consistent; that is, Ve > 0, 3¢ > 0, n > 0, N* > 0 such that
VN > N*,

1 N
E[N——; > ¥ —ﬁ(x,)|2] <e.
Jj=p+1
Our proof of this theorem is lengthy and hence is omitted;
details can be found in Chen (1990).

2.4 A Modeling Procedure

We now propose a four-step procedure for building FAR
models, based on the arranged local regression and some
scatterplots:

1. Select the delay parameter d and the AR order p. This
can be done by various methods. For example, one may
apply various nonlinearity tests to explore the nonlinear fea-
ture of the data from which the threshold variable x;_; can
be identified (see, for example, Tsay 1989). For the AR order
p, one may entertain several possible values and use model
selection criteria, such as the Akaike information criterion
(AIC; Akaike 1974), to select a final value p.

2. Select the functional forms of f;(-) by using the pro-
posed ALR procedure.

3. Postulate a well-parameterized model and perform a
conditional least squares estimation. Asymptotic inferences
of the conditional least squares estimates can be based on
the results of Klimko and Nelson (1978), Tjestheim (1986),
and Lai (1990).

4. Check the estimated model by various diagnostic sta-
tistics for nonlinear time series analysis, such as those in
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Tong (1990). Go back to Step 2 or 3 if necessary. If several
nonlinear models are entertained, choose the one that ap-
pears most plausible.

3. APPLICATIONS

We illustrate the proposed modeling procedure of Section
2 by applying it to some simulated and real examples. The
simulated example is used to demonstrate the ALR proce-
dure proposed and the scatterplots suggested.

3.1 A Simulated Example

First, we consider a linear TAR model for which the coef-
ficients f;( - ) are step functions. Two hundred observations
were generated from the model

X, = .4x- — 8x2 + ¢ ifx_,=<1

=—6x_-1 + .2x,_2 + & ifx,_z > 1,

where ¢, are iid N(0, 1). Figure 1 presents scatterplots of the
estimated functional coefficients plus and minus their two
standard errors. These results were obtained using d = 2, p
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Figure 1. Scatterplots of Local Estimates of AR Coefficients for the Sim-
ulated Data. The upper and lower ““x" are least squares estimates plus
and minus two standard errors; and the dotted line denotes the least
squares estimates of fitting the generating model. The x axis is the threshold

variable x;_5.
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Table 1. Nonlinearity Tests For the Chickenpox Data

Delay TAR-F Pvalue d, d, CUSUM New-F Pvalue d, da
1 3.73 .00001 13 443 .47338 2.54 .00001 40 416
2 3.82 .00001 13 443 .02016 2.53 .00001 40 416
3 5.00 .00000 13 443 .26609 3.14  .00000 40 416
4 7.11  .00001 13 443 59702 3.23 .00000 40 416
5 6.23 .00001 13 443 .00388 2.64 .00000 40 416
6 6.12 .00000 13 443 .25340 2.42 .00001 40 416
7 3.46 .00004 13 443 .00154 2.41 .00001 40 416
8 272 .00105 13 443 .00712 1.89 .00125 40 416
9 6.65 .00000 13 443 .02651 3.00 .00000 40 416

10 13.44 .00000 13 443 .00003 4.95 .00000 40 416
11 11.87 .00000 13 443 .00000 4.26 .00000 40 416
12 6.81 .00000 13 443 .00123 2.60 .00000 40 416

= 2, and the proposed ALR procedure with ¢ = (Xmax
— Xmin)/ 5 and K = 40. The dashed lines are the conditional
least squares estimates of a TAR (2) model given the delay
parameter d = 2 and the threshold value 1. These lines are
used to denote the underlying true, but “unknown,” coef-
ficients. From the plots it is seen that the functional coeffi-
cients f;(x) and f>(x) are relatively stable when x < 1 and
change smoothly to another constant level for x > 1, sug-
gesting that a TAR model with a threshold value 1 might be
appropriate for the data. Thus for this particular instance,
the proposed modeling procedure effectively suggests the
generating model of the process. Note that the smooth tran-
sition from one constant level to another showing in Figure
1 is due to the overlapping windows used in the ALR pro-
cedure. To check this overlapping effect, one can simply redo
the ALR procedure starting with x,_, > 1.

3.2 Chickenpox Data

Next we analyze the monthly records of cases of chick-
enpox in New York City for 1949-1972. (See Sugilara and
May 1990 for further information on the data.) There are
533 observations in total; we took the natural log transfor-
mation to stabilize the variability.

First, we perform several nonlinearity tests, including the
F test of Tsay (1986), the CUSUM test of Petruccelli and
Davies (1986), the augmented F test of Luukkenon, Saik-
konen, and Terasvirta (1988), and the threshold F test of
Tsay (1989). All of the tests indicate that the process has
strong nonlinearity. Table 1 gives some results of the tests
where TAR-F is the threshold test, New-F denotes a gener-
alized F test of Tsay (1991), CUSUM denotes the p value
of the CUSUM test, and d, and d, are the degrees of freedom
of the associated F tests.

From Table 1 we see that the process shows certain strong
nonlinearity when the delay parameter 4 is 10, 11, or 12.
Because the data are monthly observations, we use d = 12
in this article. Figure 2 shows the scatterplots of coefficient
estimates of the model

X = f1(X—12) X1 + fo(X12) X—2a + & (6)

via the proposed ALR procedure. The window size ¢ used
was one-tenth of the sample range of the data, and K = 30.
Model (6) was used, because lags 1 and 24 are the most
significant lags in our preliminary analysis of the process.
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Figure 2. Scatterplots of Local Estimates of the Model in Equation (6).
The x axis is the threshold variable x;_;,.

The plots in Figure 2 show that the coefficient estimates
are relatively stable except for a big change after x,_;, = 7.2.
Thus a TAR model with a threshold value 7.2 was tentatively
entertained. In the process of model checking, we further
detected a second possible change point around 6.8. This
change point was not detected in Figure 2 primarily because
it is at the very beginning of the scatterplots. Further, some
AR coefficients are added to improve the fit. The modified
model with conditional least squares estimates (standard de-
viations) is

1)
a+ ¢ Px + 69X 5+ Y x + b9 X 24 + &)

Xt
if x,_1, < 6.85,
_ (03] 2)
=0t dr X+ b2 X 2+ o8 % o+ ¢5ax 24 + e

if 6.85 < x-12 < 7.21,

3) 3) 3) 3)
3+ d1 X1+ @3 X2+ g Xg T D9 X

+ ¢5ix 24 + &

if x,_12 = 7.21,
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where

& =263(44), ¢\ = .28(.04),
63 =-.10(.02),  ¢% =.07(.02),
boi = .35(.06), & =.72(.68),
0¥ = 87(.12), ¢ = —51(.10),
9 =.12(.04), ¢ = .42(.07),

& =123(.36), ¢% = .85(.06),
39 = —.15(.05), ¢ = —.13(.04),
65 = .26(.04), and ¢S5 = .14(.04).

For the three regimes, the residual variances are .0018, .0096,
and .0099 and the number of observations are 135, 117, and
257. The overall residual variance is .00769, which is about
5% of the sample variance of x,. Figure 3 presents time plots
of the fitted values and residuals. From the plots, the model
fits the process reasonably well. Both the autocorrelation
function (ACF) and partial autocorrelation function (PACF)

75 8.0

chickenpox
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T T T

100 200 300 400 500
time
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g . '” |MM ! i l ’1 ]( ‘ ll | ] l“\l 3
S ’ IM |“ |(| !f I'“ ” IH wll! ‘ ' 0 If'
o "I ’ !
' il
"I’O Z‘I’U at;o ‘4(;0 5:)0
(Ib)

Figure 3. Time Plots for the Chickenpox Example. (a) The fitted values
in solid line and = denotes the data; (b) the residuals.
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of the residuals show no significant serial correlations in the
residuals. We also applied the BDS test of Brock, Dechert,
and Scheinkman (1987) to the standardized residuals. With
e/o = 1.0, the U statistics of BDS test are —1.11, —1.06,
—.60, and —.51 for the dimension parameter m = 2, 3, 4,
and 5. Under the iid hypothesis the U statistics are asymp-
totically standard normal. Thus for this particular instance,
the BDS test cannot reject the iid assumption. We used this
test statistic for nonlinear model checking mainly because
it has been found useful in testing iid hypothesis (see Hsieh
1989).

For comparision, we also fit a linear ARMA model and
a seasonal ARMA model to the data. The seasonal model is
used to model the periodic behavior of the data. The best
linear ARMA model is

Xt = G1Xe—1 — Pr2Xe—12 — D13X—13 — P2aX—24

=& — br6,7 — 012612,
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! t
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Figure 4. Biases and Mean Squared Errors of Postsample Multistep
Forecasts for the Chickenpox Data. Here “‘t,” “'s,” and ‘“‘a’’ denote the
threshold, seasonal ARMA, and regular ARMA models. The x axis is the
lead-time in forecasts.
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with exact maximum likelihood estimates (standard devia-
tions) of the parameters

é1 = .79(.02),
6524 =.08(.03),

6512 =.90(.03), 6513 = —=.77(.03),
6, =.07(.03), and 6, = .79(.03),
and the estimated residual variance .00711, which is about
4.5% of the original variation. The best seasonal ARMA
model is
(1 —¢1B— ¢7B” — ¢oB° — ¢;2B'> — ¢,3B)(1 — B'?)x,
=(—-60,B—- 012312 - 024324)81,
where B is the backshift operator such that Bx, = x,_,. The

exact maximum likelihood estimates (standard deviations)
of the parameters are

¢1=.71(.04), ¢, =—.09(.03),
¢9 = .08(.03), ¢ = —.55(.10),
b3 =.31(.09), 8, = —.14(.05),
012 =.36(.11), and 8, = .38(.10),

with an estimated residual variance of .00735, which is almost
the same as that of the linear ARMA model. For this par-
ticular series the linear models have slightly smaller residual
variances than does the TAR model obtained by the proposed
modeling procedure of Section 2. On the other hand, fore-
casting comparison suggests that the TAR model outper-
forms the two linear models in postsample multistep fore-
casts. More specifically, for each of the three models
entertained, the first 450 observations were used to reestimate
the parameters of the models. The estimated models are then
used to make one- to 11-step ahead postsample forecasts for
the last 70 observations. The average bias and mean squared
error (MSE) of the postsample forecasts of the three models
entertained are shown in Figure 4. From the plot it is clear
that the TAR model substantially outperforms the two linear
models in multi-step ahead forecasts, even though the linear
models work fine for one- and two-step ahead forecasts.

3.3 Sunspot Numbers

The square root transformed series y, = 2(V1 + x, — 1)
of annual sunspot numbers for the period 1700-1979 has
been analyzed in detail by Tong (1990) and other researchers.
In this example we reanalyze the data via the proposed pro-
cedure and compare the results obtained with those of Tong
(1990).

First, as for the chickenpox example, we carried out var-
ious nonlinearity tests to confirm that the process is indeed
nonlinear. The tests showed that lags 3 and 8 are potential
threshold variables. In the following analysis we used x,_3 as
the threshold variable. Further, the data indicate that except
for x,-3, lags x,—, x,—», and x,_g are highly correlated with
x;. Based on these findings, we entertain a FAR(8) model
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Figure 5. Scatterplots of Local Estimates of AR Coefficients for the Transformed Sunspot Numbers in Equation (7). The dotted line denotes the
least squares estimates, and the solid lines are estimates plus and minus two standard errors. The x axis is the threshold variable x;_;.

with the threshold variable x,_; and nonzero coefficients at
lags 1, 2, and 8; that is,

X; = fo(x-3) + f1(X=3)X—1
+ H(X-3)X—2 + f3(Xi=3)Xi—s + &.  (7)

Figure 5 shows the scatterplots of the estimated functional
coefficients in (7) along with limits of two standard errors
obtained via the proposed ALR procedure. The window
length used is one-ninth of the sample range, and the min-
imum data points in each window is K = 25. We see from
the scatterplots that the estimated functions behave differ-
ently for x,_; less than or greater than a number around 10.5.
In the first threshold regime, the function fo(-) appears to
be a constant, f;(-) and f,( - ) behave as absolute functions,
(i.e., symmetric functions with a sharp turning point), and
f3(+) is approximately a constant. In the upper threshold
regime, it seems that there is another change point around
17.5. But a further study indicates that this change point is
not pronounced, because only a few data points are beyond
17.5. For simplicity we ignore this possible change point.
Thus in this upper regime, fo(x) behaves like a linear function
in x and other coefficient functions are approximately con-
stant. Consequently, we tentatively specify the following

coefficient functions for the transformed sunspot numbers:

fo(x)=a, ifx<r
= a; + azx ifx=r,

fi(x) = b, + by| x — v ifx<r
= bs ifx=>r,

fo(x)=c; + | x — v| ifx<r
= ifx=>r,

and

Sfa(x) = d, ifx<r

=d, ifx=>r,

where r is around 10.5.
In sum, the specified FAR model for the transformed sun-
spot numbers is

X =a; + (b + bl x-3 — v])x-
+ (e, + |l Xies — V)xp + dixig + e, ifx, 3 < r
=a+ asx;3 + bix + e3x2 + €1 X6

+ dox,—g + ¢/ otherwise,
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where the estimates of the structure parameters » and v were
obtained by minimizing the sum of squares of residuals. The
residual standard errors for the two regimes are 2.11 and
1.50. The model has 12 coefficient parameters plus two
structure parameters. The overall residual variance is 3.27,
which is about 12% less than Tong’s TAR model (1990, pp.
420-429) that has 16 parameters and one structure param-
eter. In terms of AIC, this FAR model improves substantially
over Tong’s model. The residuals and fitted values, shown
in Figure 6, appear to be reasonable. The residual ACF and
PACEF fail to suggest any significant serial correlations in the
residuals. Also, with ¢/d = 1 the U statistics of the BDS test
for the standardized residuals are —.46, —.10, .32, and —.01

T T T ' T L for the dimension parameter m = 2, 3, 4, 5. Again, the test
0 %0 100 150 200 20 fails to reject the iid assumption.
time For further comparision we used the model to predict the
@) sunspot numbers for 1980-1987. This was done by taking
anti-square root transformation from the postsample fore-
casts of the transformed series. The results, along with the
7 forecasts given in Tong (1990), are shown in Table 2. From
the table, the FAR model outperforms Tong’s TAR model
“ L l ] “ A k m in 5 of 8 years; however, the FAR model predicted poorly
el W IR “ AL AR LY for 1987. Because 1987 is a turning point for the sunspot
£ - l'.h e l' ..-I %[l' fi II I,F number and the delay parameter of the FAR model is 3,
§ !,.ﬂ-l 'll. '_i-',x. ',‘|'|'l'],!_ .-!!l ! rl I compared to 8 for the TAR model, the inaccuracy of the
o | 1 ‘ bl | l ’ i FAR model in predicting the number for 1987 is under-
. . - standable.
T ! ! We also compared the out-of-sample multistep forecasts
of the FAR model with a TAR model and a linear AR(12)
© 4 model. The TAR model used has two regimes each with 12
. . . . . . lagged variables. This modified TAR model produces better
0 50 100 150 200 250 out-of-sample forecasts than Tong’s model. We used the
{ime transformed data for 1700-1955 to estimate the three models
(b)
1
Figure 6. Time Plots for Transformed Sunspot Numbers: (a) Observed - ot
and fitted values with * denotes the data, (b) the residuals of fitted model. ™ et ot teogp e
o t —f—f
z _ /f«f—f’f\f\f«fff/f
where the x,_¢ term in the upper threshold region is used to = f—
further improve the fit. The conditional least squares esti- R BN | T by
mates (standard deviations) are R |- [ '
F=103, D =6.6, o - —— ‘ :
4, = 1.23(.73), & =.92(.75),  d3 = —.24(.06), 2 4 & &8 1012
“ - - lead-time
by = 1.75(.13), b, = —.17(.05), by = .87(.07), (@
¢ = —1.28(.20), ¢ = .27(.095), G = .17(.10), ° ;
R ; . - PV
d, = .20(.04), d, = .04(.02), and ¢é, = —.06(.03), g LI
< s f Lt I
- / ttt’x //
Table 2. Multistep Postsample Forecasts of Annual &a fot _ e -
Sunspot Numbers for 1980-1987 = e / {.—"" -
) - f",'
TAR FAR o | ,14'!.,.;/‘*
AR
Year Observation Prediction Error Prediction Error ¥ ] # - f . .
1980 154.7 160.1 —-5.4 168.5 —-13.8 2 4 6 8 10 12
1981 140.5 141.8 -1.3 140.6 -.01
1982 115.9 96.4 19.5 105.9 10.0 lead-time
1983 66.6 61.8 4.8 70.9 -3.3 (b)
1984 459 31.1 14.8 421 3.8
}ggg 1;3 13; ~g§ fg? _‘:g Figure 7. Biases and Mean Squared Errors of Postsample Multistep
1987 29.2 29:9 _:7 7: 5 2 1:7 Forecasts for the Sunspot Numbers. Here “'t,”’ “‘I,”” and *‘f "’ denote thresh-

old, linear, and FAR models. The x axis is the lead time in forecasts.
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and then used the estimated models to make naive out-of-
sample forecasts for one- to 13-step ahead for 1956-1974.
The average biases and the MSEs of the forecasts are shown
in Figure 7. From the plots it is seen that for MSE the FAR
model is the best in short term forecast and the linear AR
model is the best in long term forecast. In terms of bias, the
FAR model seems much better than the other two models.

4. CONCLUSION

In this article we generalized directly the linear AR model
to a class of FAR models. Some properties of the proposed
model and a modeling procedure were discussed. Applica-
tions of the proposed model to real examples suggested that
the FAR model can substantially improve postsample mul-
tistep forecasts over other time series models.

APPENDIX: PROOFS OF THEOREMS 1.1 AND 1.2

Let X, = (X, ..., Xi—p+1)- Because X%, in (2) is a subvector
X ,_;, we can write f(X*,)as f(X,-;). Letting Z, = (¢, 0, ..., 0)’'
and

LX) faiX) Jo1(X)  fp(X)
1 0 0 0

A(X) = 0 1 e 0 O , (A
o 0 i 0
we can rewrite the FAR model in (1) as
X, = AX-1) X1 + Z,. (A.2)

For Model (A.2), Chan and Tong (1985) proved that under some
mild condition, {X,} is a ¢-irreducible and aperiodic Markov
chain. Next, in the R? space with the Euclidean norm |[X ||
=Vx?+ - -+ + x2, we have the following lemma.

Lemma A.1. If |fi(X)| =c,then VY =(y,...,y,) ER?,
we have
IA)Y | < [ICIY [,
where [Y | = (|yil,..., |y,]) and
C G Cp-1 G
1 0 0o 0
CcC=10 1 0 O (A.3)
0 0 - 1 0

Proof. Let A(X)Y =(dy,...,d,) and C|Y| = (g1, ...,

&) Then we have |d;| =g = |yi_y| fori=2,..., p, and for i
= 1,
[di] = [iX)y + -+ + L(X)y,l
= AXDnl + -+ LX)yl
salnl+ - +olyl =4

Hence [AX)Y | < [IC|Y [

Proof of Theorem 1.1. First, for the matrix C defined in (A.3),
the determinant is [\ — C|, = ¥ — ¢\~ — -« — ¢, (see, for
example, Anderson 1971, p. 180). Hence all the roots of the char-
acteristic function (3) are eigenvalues of the matrix C. Let Ayax be
the maximum eigenvalue in modulus of C. Because |Apmax| < 1,
and ||C*|''" = |Amax|, we can find 1 > § > 0 and an 4 > 0, such
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that |C”|| < 1 — 6. Consequently, by Lemma A.1 we have
E( "Xl+h " [X, = X)
h—1 h h-1
= E( H A(Xl+i)xl + E [H A(XH-j)]ZHi |Xr = X)
i=0 i=1 L j=i

h

2> C' 2|
i=1

Because E|Z,|| is bounded, we know that E|Z%, C*|Z .||l is
bounded and that the bound does not depend on X. Thus we can
find a sufficiently large M > 0 such that when |X| > M,

h
SMﬂXw+E”Z@ﬂLm
i=1

h
2 CMZi |

i=1

< CHIX] +E

=1 =-8)IXI+E

h
(1 = 8)IX1 + E|| 3 12,
i=1

]<u—mmm

where 0 < 6§, < 1. Hence the compact set K = {(x,
ceos )| Vx4 - -« + x2 < M} satisfies that when X & K,
E(IX 14l 1X, = X) < (1 = 8))IX||. By Lemmas 1.1 and 1.2, {X,}
is geometrically ergodic.

Proof of Theorem 1.2. Let

&1(X) &-1(X)  g(X)
cxy={ YY)
S
m(X) (X)) hp(X)
= ¢ Y D),
R

and C be the matrix defined in (A.3). Then
E( "Xl+h ” |Xl = X)

h—1
- E(

H G(Xl+i)xt + H(X1+h—l)xt+h—1

i=0

h=2 h—1
+2 [ I1 G(x,+,)]H(X,+.»)X,+,»

i=0 Lj=i+1

h—1
+2 [H G(Xl+j)]zl+i

i=1 L j=i

|X1=X)
gwww+4wmmHmwd

h-2
+ 2 CH H(X ) X |
i=0

’lxl:x)

h
+4zmwmmw

i=1

h—1
< [IC*IXI + 2 IC" " EQH (X)X 11X, = X)

i=0

h
+4EMHAM

i=1

h—1
< (1 =-®IXI+ Z IC* EAH(X4) Xesi 11X, = X)

i=0

h
+4zmwmﬂ.
i=1
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Because #;(X )x, is bounded, we have that |H(X)X| is bounded
for any X. Hence

h-1
Z "Ch_i_l " E( "H(Xt+i)xt+i“ X, = X)

1=0

is bounded, and the bound does not depend on X. Similarly, we
can prove that E(Z %, [|C*Z,.;|) is bounded. The theorem then
follows the same lines as Theorem 1.1.

[Received February 1991. Revised June 1992.]
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