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Nonlinear Additive ARX Models

RONG CHEN and RUEY S. TSAY *

We consider in this article a class of nonlinear additive autoregressive models with exogenous variables for nonlinear time series
analysis and propose two modeling procedures for building such models. The procedures proposed use two backfitting techniques
(the ACE and BRUTO algorithms) to identify the nonlinear functions involved and use the methods of best subset regression and
variable selection in regression analysis to determine the final model. Simulated and real examples are used to illustrate the analysis.

KEY WORDS: Additivity; Alternating conditional expectation (ACE) algorithm; Best subset regression; BRUTO algorithm; River

flow; Time series; Variable selection.

1. INTRODUCTION

Nonlinear time series analysis has gained much attention
in recent years, due primarily to the fact that linear time
series models have encountered various limitations in real
applications and modern computers have provided advanced
computational power that makes possible the nonlinear
analysis. In addition, the development in nonparametric
regression has established a solid foundation for nonlinear
time series analysis.

Many nonlinear time series models have been introduced
in the literature and shown to be useful in some applications.
For instance, Tong (1978, 1990) proposed the threshold au-
toregressive model and demonstrated that the model is ca-
pable of describing the asymmetric limit cycle of the annual
sunspot number, and Haggan and Ozaki (1981) considered
the exponential autoregressive model and showed that the
model is useful in modeling sound vibration. But most non-
linear models use explicit parametric forms that can, at best,
be regarded as rough approximations to the underlying non-
linear characteristics of interest. It is usually hard to justify
a priori the appropriateness of such an explicit model in real
applications. To overcome this justification problem and to
make use of recent developments in nonparametric regres-
sion, researchers in nonlinear time series analysis began to
explore the possibility of using data-driven methods, such
as nonparametric density estimation, to identify the under-
lying characteristics of a time series. For example, Robinson
(1983) investigated asymptotic properties of nonparametric
density estimation for time series data; Auestad and Tjest-
heim (1990) applied a multivariate kernel smoothing method
to estimate the conditional mean and conditional variance
of a nonlinear autoregression; Lewis and Stevens (1991) used
the multivariate adaptive regression splines (MARS) of
Friedman (1991) to build adaptive spline threshold autore-
gressive models; and Chen and Tsay (1993) used an arranged
local regression procedure to construct functional-coefficient
autoregressive models.

In this article we also adopt certain ideas of nonparametric
regression for nonlinear time series analysis. Our objective
is to study a class of nonlinear additive autoregressive
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(NAAR) model with exogenous variables and to consider
procedures for building such models. In particular, we use
two backfitting algorithms in nonparametric regression to
estimate the unknown functions. These backfitting algo-
rithms are the alternating conditional expectation (ACE) al-
gorithm of Breiman and Friedman (1985) and the BRUTO
algorithm of Hastie and Tibshirani (1990). Both algorithms
use ideas of cross-validation in selecting the smoothing pa-
rameter and appear to work reasonably well for stationary
time series. For model building, we use the idea of best subset
regression in multiple linear regression analysis to select the
lagged variables of an NAAR model. Experience shows that
such a modeling procedure is promising.

Because both ACE and BRUTO algorithms are nonpara-
metric tools, our analysis is nonparametric in nature. But in
some cases we treat the nonparametric procedure as a pre-
liminary data analysis on which a parametric model can be
constructed. Parametric models have some advantages in
applications. First, they are easier to understand and inter-
pret. Second, they can simplify forecasts (e.g., obtaining
forecast intervals). Third, model comparison in parametric
context has been well studied, so the difficulty of model
comparison encountered in using nonparametric tools can
be avoided.

This article is organized as follows. Section 2 introduces
the nonlinear additive models used in the article. Section 3
reviews the basic idea of backfitting procedures in nonpara-
metric regression, especially the ACE algorithm and the
BRUTO algorithm. Section 4 proposes two modeling pro-
cedures. The best subset modeling procedure is analogous
to the best subset regression in linear regression analysis.
The only difference is that the former uses the ACE algorithm
in estimation. The other modeling procedure proposed uses
the BRUTO algorithm, which is an adaptive backfitting pro-
cedure, and uses generalized cross-validation to select sig-
nificant explanatory variables. This latter procedure thus au-
tomatically selects a final model within a given class of
candidate models. Section 5 illustrates the two modeling
procedures by analyzing both real and simulated examples.

2. NONLINEAR ADDITIVE MODELS

The NAAR model considered in this article can be written
as

Wt =ﬁ(.Vt—i|) +f2(J’t—i2) + o +fp(J’t—:,,) +e&, (1)
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where {¢,} is a sequence of iid random variables, i;’s are
positive integers, and f;(+)’s are measurable real-valued
functions. In applications, we further assume that f( - )’s are
smooth functions. This model is a simple generalization of
the first-order nonlinear autoregressive model of Jones
(1978), and is a time series counterpart of the generalized
additive model of Hastie and Tibshirani (1991) in regression
analysis. The key feature of the model is additivity (i.e., no
interactions between different lagged variables), so that each
function is univariate. This feature substantially simplifies
the complexity involved in empirical model building.

On the other hand, one may argue that the additivity as-
sumption of model (1) is strong and might hinder the model’s
applicability. We justify using the model on several grounds.
First, it provides a sensible alternative to the general nonlin-
ear autoregressive model
2)

W =f(yt—l3 .. *syt—p) + &,

which often encounters the difficulty known as the “curse
of dimensionality” in applications. Because the nonlinear
function in (2) is multidimensional, analysis of such a model
often requires multivariate smoothing. The virtue of non-
parametric smoothing is to make use of “local properties”
of the data; for a multivariate problem, a large sample is
needed to obtain reliable local estimates. Consequently, for
the sample sizes commonly encountered in practice, non-
parametric estimates of model (2) often associate with large
variations, especially when p is not small. See figure 4.1 of
Hastie and Tibshirani (1990, p. 84) for a simple yet infor-
mative illustration of the curse of dimensionality. The NAAR
model in (1) uses only univariate smoothing, which is much
easier and better understood. Second, the NAAR model is
sufficiently flexible. It encompasses linear autoregressive
models and many interesting nonlinear models as special
cases. For instance, linear combinations of simple trigono-
metric series are NAAR models. Finally, the validity of the
additivity assumption can be checked in applications. If nec-
essary, interaction terms can be incorporated approximately
into the model by treating them as pseudoexogenous vari-
ables.

When exogenous variables are available, we extend further
the model to a class of NAAR X models, where X stands for
exogenous variables. An NAAR X model with an exogenous
variable can be written as

Vi =fl(yt—i1) + oo +ﬂ(Yt—i,,) + gl(xt—jl)

+ oo Fg(xm) te, (3)
where g;(-)’s are measurable real-valued functions, ji’s are
nonnegative integers, and the exogenous series {x,} is in-
dependent of the noise series {e,}. Again, the additivity of
the lagged variables of x, is used to reduce the dimensionality
of the model and can be checked in applications.

3. NONPARAMETRIC ESTIMATION

In this section we briefly review the technique of non-
parametric smoothing and two backfitting algorithms used
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in this article. These technique and algorithms are the basic
tools we used to estimate the unknown functions f( - )’s and
g(+)’s of an NAAR X model.

3.1 Scatterplot Smoothers

Consider a generic regression model Y; = f( X;) + ¢;, where
f(+) is a unknown smooth function. The basic idea of non-
parametric estimation of f( - ) is to apply a certain smoother
to the scatterplot of the bivariate data (x;, y;)fori=1,...,
n. The scatterplot smoother used in the ACE algorithm is
the supersmoother of Friedman and Stuetzle (1982). Briefly
speaking, the building block of supersmoother is a symmetric
k nearest-neighbor linear least squares procedure. That is,
for each x;, the nearest k/2 of the x; to the right and the
nearest k/2 of the x; to the left of x; are used along with X;
and the corresponding y;’s to fit a straight line by least
squares. This line is used as the fit for the region from x; to
half the distance to each of its nearest neighbors. The value
of k is chosen for each x; using a local cross-validation tech-
nique, a leave-one-out cross-validation that used only neigh-
boring points of x;. Details of the local cross-validation can
be found in the above reference.

For the BRUTO algorithm, various smoothers can be used.
In this article we use mainly a Gaussian kernel smoother.
More specifically, an estimate f( x) of f( x) is computed by

71 K[(x — xi)/ Ny
i K[(x —x)/N]

Alx) =

where K| - ] is a Gaussian kernel and the smoothing param-
eter A is chosen by minimizing a modified generalized cross-
validation (GCV) criterion. Focusing on the observed values
X, ..., Xn, we can write the fitted vector of the smoother
as f, = S\y, where y = (1, ..., »)' and S, is the n X n
smoother matrix associated with the smoothing parameter
\. The GCV criterion is then to select A that minimizes the
function

12 yi —A)
n S\ 1—t(S)/n)’
where tr(S,) denotes the trace of S,. In the BRUTO algo-

rithm, some modification is made to simplify the compu-
tation of tr(S,); see Section 3.4.

GCV()) = @)

3.2 A Backfitting Procedure

The NAAR X model often involves several explanatory
variables, each with an unknown functional form. Therefore,
it is necessary to implement the previously described methods
of nonparametric estimation in a systematic manner. To
this end, we follow Breiman and Friedman (1985) and Hastie
and Tibshirani (1990, p. 91) by using a backfitting procedure
in which the individual functions are estimated iteratively,
conditioned on the results of the other functions. Consider
the nonlinear regression model

Y= iﬁ(Xi) +e

i=1

&)
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where f;(+)’s are measurable smooth functions and e is in-
dependent noise. The main idea of backfitting is that if the
additive model is correct, then for any i we have

f) = E|Y - 20010
J#Fi

Consequently, to estimate f; (- ) we can treat Y — 3,4, f( X))
as the conditional response variable and use the scatterplot
smoothers mentioned earlier. In practice, all f;( - )’s are un-
known, so that the estimates are iterated until they all con-
verge. In summary, the backfitting procedure used can be
described as follows:

1. Initialize: (X)) = f2(X)),j=1,...,p.
2. Cycle:j=1,...,p,1,...,p,...

1% = 5r - 2 (1),
k#j
where S;( W | Z) denotes a smoothing estimate of the variable
W using the explanatory variable Z.
3. Continue Step 2 until all of the individual functions
converge.

3.3 The ACE Algorithm

The ACE algorithm is well known and can be found in
Breiman and Friedman (1985) and Hastie and Tibshirani
(1990, p. 178). The algorithm has been shown to converge
under certain conditions. For instance, if f;(-)’s are jointly
normal and ¢, is also normal and is independent of the ex-
planatory variables, then the ACE estimates converge as the
number of iterations increases. (See also Koyak 1990 for
related work.) In our implementation we do not transform
the dependent variable y,, and we have adjusted the algorithm
accordingly.

3.4 The BRUTO Algorithm

The BRUTO algorithm combines backfitting and adaptive
smoothing parameter selection. It also allows for a null fit,
which enables us to remove the associated explanatory vari-
able from further consideration. This feature is particularly
useful in lag selection of NAAR X models. For the general
nonlinear regression model in (5), the modified GCV cri-

terion used in the BRUTO algorithm is
GCV oA, ..., N\)

_ 2 i = Zifa, ()1
n{l = [1+ 27 (tr S(\) — DI/n}>’

where # is the sample size, x;; denotes the ith observation of
the variable X;, and S;();) is the smoother matrix with
smoothing parameter A, for the jth explanatory variable. This
is slightly different from the usual GCV when p = 2. The
modification is based on computational consideration and
involves only the function 1 + 2%, [tr Si(\;) — 1] in the
denominator, which is an approximation of what is com-
monly referred to as the degrees of freedom of the smoothers
used and can be interpreted as the penalties for using the
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explanatory variables. With normal density kernel, the trace
of the smoother matrix becomes
r K(0)

tr S;(A) = Ef; 2=t K[(xo) — x) /N1

where K(-) is the kernel function. This can be easily eval-
uated. We also include the null fit (indicated by smoothing
parameter A, = 0) and the linear fit (indicated by \; = —1)
in the procedure.

In the BRUTO algorithm an iteration contains the
selection of the parameters A, for j = 1, ..., p. This is
carried out one parameter at a time by applying the ap-
propriate smoother to the transformed response, say y,
— 2k fk,xk(xik) for A, but selecting the smoothing parameter
to minimize the global criterion GCV °(A,, ..., \,). More
specifically, having obtained the best candidate for each of
the p parameters, we incorporate only the update that cor-
responds to the minimum GCV ®(\,, ..., A,). Therefore,
each iteration updates only one transformation. The iteration
is continued until GCV (), . . ., Ap) converges. The con-
vergence must occur, because each iteration produces a de-
crease in the criterion.

The kernel smoother used in the BRUTO algorithm can
be replaced by locally weighted lines. This approach will au-
tomatically include the linear fit and may ease the bias of
kernel estimates at the end points. But our limited experience
shows that the results of locally weighted lines do not differ
much from that of the kernel estimates. Further, it is slightly
more difficult to compute the approximate degrees of free-
dom in using locally weighted lines.

3.5 Remarks

There are some potential problems in applying the two
backfitting procedures to time series data. Unlike regression
analysis, time series data are serially correlated. In applica-
tions, strong serial dependence might mislead the procedures
to produce erroneous transformations. For instance, if y, is
close to unit-root nonstationarity in the sense that its lag-1
serial correlation is close to unity, then the ACE algorithm
tends to suggest linear transformation for y,—;. Such mis-
leading results will not occur asymptotically, provided that
the serial dependence decays sufficiently fast. Robinson
(1983) and Auestad and Tjgstheim (1990) showed that under
the a-mixing condition that holds generally under geomet-
rical ergodicity, nonparametric regression techniques such
as kernel smoothing are applicable to time series data. For
NAAR models, some sufficient conditions of geometrical
ergodicity are available in Chen (1990). In particular, if we
treat NAAR models as special cases of functional-coefficient
autoregressive models, then results of geometrical ergodicity
in Chen and Tsay (1993) apply.

Hart and Vieu (1990) showed that the leave-one-out cross-
validation to bandwidth selection in kernel density estima-
tion continues to be asymptotically optimal under a strong
mixing condition. These authors also found via simulations
that improving on bandwidth selection by ordinary cross-
validation is possible in finite-size samples when the serial
correlation is strong.
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The literature on nonparametric regression for dependent
data is relatively sparse. The results just cited indicate that
the ACE and BRUTO algorithms are still applicable, pro-
vided that the serial dependence is not strong. In this article
we use these algorithms as exploratory tools for model build-
ing. The models built need to be checked. In this sense the
efficiency of the algorithms is not too critical. Of course,
further study on the use of ACE and BRUTO algorithms in
time series analysis is needed to justify the general use of the
proposed modeling procedures.

4. MODELING PROCEDURES

Here we consider two modeling procedures for NAAR X
models. The NAAR models can be handled easily by drop-
ping the exogenous variable. The first modeling procedure
uses the idea of best subset regression and the technique of
ACE; the second procedure uses the BRUTO algorithm. To
illustrate the performance of the proposed procedures, we
conduct a simulation study on the key step of each procedure.

4.1 The Best Subset Modeling Procedure

This procedure is analogous to the best subset regression
procedure in linear regression analysis and consists of three
steps. The first step is to determine the maximum order of
i, and j, in Model (3). This is done by computing the esti-
mated residual variance of a NAARX (/, /) model o7 for /
=1, 2,.... Here the order (/, /) denotes a NAAR X model
in(3)withi;j=jforj=1,...,/andjy=kfork=0,...,
[, and the estimation is done by the ACE algorithm. In other
words, we use the ACE algorithm to fit a full NAAR(/, /)
model and obtain the associated residual variance 67 for /
=1,..., L, where L is a prespecified positive integer. We
then plot 67 against / and select the order p such that the
residual variances show no major reduction after &2.

The second step is to identify the best subset models. For
convenience, we standardize the y, series in this step. That
is, let y¥ be the standardized series of y, such that E(y¥)
=0 and var(yy¥) = 1. For a given size i + jsuch that 1 < i
+ j < 2p, where p is the maximum order selected in the first
step, we consider all possible nonlinear autoregressions with
exogenous variables of size i + j, say

VE=/hDew) + 20+ fi(Vew) + 81(Xm,)
+oeee H (X)) F e

where {u;,...,u; } and {v,,...,v;} are subsets of {1, ...,
p}and {0, ..., p}. Again, the estimation is done by the
ACE algorithm. We then select the best nonlinear model of
size i + j by choosing the one that maximizes

n i J 2
R2 =1- Z y;k - ka(Yz—uk) - Z ék(xt—vk) )
t=1 k=1 k=1
where fi.(+) and g(-) are estimates of fx(+ ) and gi(-). This
R? is in fact the criterion used in the ACE algorithm.
Finally, in the third step we compare the best subset
regressions for different sizes i + j and select the model that
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best fits the data. This final step can be achieved in various
ways. For instance, one can plot the R? against the size i + j
and select a model based on the shape of the plot. Another
possibility is to build a parametric model for each size i + j
based on fi(¥:-y,) and g (x,_,,) of the best subset regression
and then use some well-known information criterion such
as Akaike’s information criterion (AIC) (Akaike 1974) to
select the best parametric model. In this article we plot the
R? and select a final model based on the shape of the plot.

Obviously, the key step of the proposed best subset mod-
eling procedure is the second step. To illustrate the perfor-
mance of this step, we conduct a simulation study. Consider
the following six models:

- V= 8yt e,
2. 1= 81— .6y te,
3. o= 8y-1 — .6y-3 t &,
4. y,= 8log(l +3y%,)— .6log(l +3y%s) +e,
5. = 15sin((w/2)y,—2) — 1.0sin((w/2) yi-3) + &,
6
X

1
.y =(5-1L1exp(—50y%))y—1 + (.3 — .5 exp(—50
Yt2—3))J’t—3 + &,

where { ¢, } is a sequence of iid N(0, 1) random variates. For
each model we generated 20 realizations of size 300 and
applied the best subset modeling procedure to the data. The
maximum order of i, is fixed at 5. We then enumerated the
number of realizations for which the “true” model is selected
as the best subset of the appropriate size. It turns out that
for the first five models the “true” model is always selected
as the best subset model of the appropriate size. For Model
6, the successful rate is 16 out of 20. This encouraging result
suggests that the best subset modeling procedure could be
useful in modeling NAAR and NAAR X models.

4.2 An Alternative Modeling Procedure

Now we consider another procedure for modeling the
NAAR X models. This alternative procedure uses the adap-
tive backfitting BRUTO algorithm of Hastie (1989) for ad-
ditive regressions to determine the order and lags of an
NAAR X model. The proposed approach assumes that the
maximum orders of i, and ji in (3) are given. These maxima
can be prespecified positive integers or can be determined
by the method discussed in the first step of Section 4.1. With
the maximum orders given, the BRUTO algorithm is then
used directly to select the lag indices i, and j; and to obtain
estimates of the associated functions f; (+) and g;(-). Be-
cause the algorithm allows for null fit, it behaves like the
stepwise procedure for variable selection in multiple linear
regression analysis.

Define the weight of an explanatory variable, y,_; or x,—,
as the increment in GCV ® when that variable is removed
from the model. This weight plays an important role in using
the result of the BRUTO algorithm. Experience shows that
the weights of some explanatory variables can be small, but
not 0. In this situation further investigation is needed to
avoid misinterpreting the result of the algorithm.

To experience the BRUTO algorithm, we simulated 15
series from each of the following NAAR models with sample
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size 200:

Ly, =[.8— L1exp(=50y7 )]y +e,

2. y=[.5-1L1exp(—50y%)]1y— + [.3 —.5exp(—50
X yt2—3)]yl—3 + &,

3. ==3Y-d(y-1 <0)+ 8y 1 I(y-1 = 0) + ¢,

4. =8y te,

where, again, {¢,} is a sequence of iid N(0, 1) random vari-
ates. We then applied the BRUTO algorithm to select a final
model. With the maximum order fixed at 5, the selection
results of the algorithm are

lags
model 1 ,2 1,3 1,4 1,5 1,3,4 1,3,5
1) 9% 4 2
) 14* 1
3) 8* 1 1 2 2 1
4) 10* 2 2 1

B

where #’s indicate the “true model” of the series. In this
study, we removed from the final selection the explanatory
variables whose weight is less than 1% of the final GCV. The
algorithm appears to work well.

4.3 Some Discussions

The best subset modeling procedure requires some sub-
jective judgment in order determination, especially in the
first step. But selecting the maximum order in this step is
not critical. We do so mainly to reduce the number of pos-
sible subsets in the second step and hence to simplify the
computation involved in model search. One can take a con-
servative approach by selecting a relatively large maximum
order, provided that computation is not a serious limitation.

In linear regression analysis, efficient algorithms are avail-
able to evaluate the best subset regressions; see, for example,
Furnival and Wilson (1974). Similar algorithms for nonlinear
time series analysis are worth developing.

As when using the ACE algorithm, care must be exercised
in using the BRUTO algorithm in time series analysis. Strong
serial correlation of the data might slow down the conver-
gence of the algorithm. In fact, the convergence can be ex-
tremely slow in some cases. For illustration, consider the
linear AR (3) model

V= 8y1— .6y-3+e,

where {¢,} are iidd N(0, 1). We generated 200 observations
from the model and applied the BRUTO algorithm to the
data with a maximum order of 5. The first iteration of the
BRUTO algorithm selects a linear transformation of lag 4
(i.e., ¥,_4), which is not in the model. Nevertheless, this se-
lection is reasonable because the model has a maximum serial
autocorrelation at lag 4. This can be easily seen by rewriting

the model as
V= .64yz—2 - .96]/,_4 + ~36yt—6 + & + .88,_1 - .68[_3,

for which y,_4 has the highest coefficient. Unfortunately, such
an erroneous selection causes problems in the subsequent
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selections because of the carry-over effect of f(y,_s). More
specifically, the second step of the algorithm selects a linear
transformation of y,_;, which is a correct selection. But be-
cause the transformation of y,_, is based on the partial re-
sidual y, — fa(¥,—4), it does not show the full effect of y,_,
on y;. This type of problem will not occur if y,_; and y,_4
are uncorrelated. In the remaining iterations, the algorithm
continuously attempts to improve the transformations of y,_,
and y,_; and to reduce the effect of y,_4. But such an im-
proving process takes a long time to converge.

There are differences between the two proposed modeling
procedures. For instance, unlike the best subset procedure,
the procedure based on the BRUTO algorithm is automatic
once the maximum order is given. Of course, both procedures
have their own merits. For instance, properties of the ACE
algorithm are much better understood than those of the
BRUTO algorithm. Our limited experience indicates that
neither algorithm is universally superior to the other. Thus
we suggest that both algorithms be used in a real application,
to provide a means for checking the identification of the
unknown functions. If the two proposed modeling proce-
dures suggest two different models, then care must be taken
to select a final model. In this case we suggest that two para-
metric models be built based on the results of the procedures.
A final model can then be chosen by using the conventional
model selection techniques such as the AIC criterion, out-
of-sample forecasting performance, and some parametric
bootstrap procedures (Tsay 1992). Of course, in the event
that the two competing models are nested, we can use the
usual likelihood ratio test to select the final model.
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Figure 1. (a) Time Plot of the Simulated Sine-Function AR Process of
Example 1. (b) The R? of the Best Subset Autoregression Versus the Num-
ber of Lagged Variables Used for the Data Shown in (a).
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Figure 2. Results of the ACE Algorithm for the Best Subset Autoregressions of Sizei = 1, ..., 5 for Example 1. The first row corresponds to the

best subset autoregression of size 1, where the plot is on the second column indicating that y,_, is the explanatory variable to use. The rest of the

plots are defined in a similar way.

5. APPLICATIONS

We now apply the two proposed procedures to some real
and simulated examples. In these applications, we use the
following modeling process:

1. Select the lag indices iy, i, . . ., i, and i, . . ., j, based
on the results of the best subset procedure with ACE algo-
rithm and of the BRUTO algorithm. If necessary, we enter-
tain several tentative models for further investigation.

2. Specify the functional forms of a tentative model based
on results of Step 1.

3. Estimate the postulated model by a conditional least
squares method and check the fitted model. If necessary, go
to Step 2 and refine the model.

5.1 Simulated Examples

We begin the illustration with two simulated examples of
NAAR models. In the simulation the innovational series
{e} are iid N(O, 1).

Example 1. In this example we consider an AR process
with sine functions. Figure 1(a) shows 300 observations gen-
erated from the model

y=15 sin(g y,_2) - 1.0 sin(% y,_3) + ¢&.

With a maximum order of 5, we first applied the best subset
approach to the data. Figure 1(b) shows the R? of the best
subset regression versus the number of lagged variables used.
As expected, the “true” model with lags (2, 3) stands out as
a good candidate model. Figure 2 shows the results of the
best subset regresssions of sizes i = 1, ..., 5. The first row
is the best subset regression of size 1; the plots indicate that
Vi—2 is the explanatory to use and that a sine function is
appropriate. The second row gives the best subset regression
of size 2; the plots show that y,_, and y,_; are the lagged
variables and that trigonometric series are appropriate func-
tionals. The remaining rows work in a similar way. Overall,
the best subset modeling procedure via the ACE algorithm
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Figure 3. Results of the BRUTO Algorithm for Example 1. The solid lines are the suggested transformations, and the points are the scatterplots of

yeversus y,_jfori=1,...,

appears to work well in this particular instance. It is reas-
suring to see that the functionals are close to 0 for overfitted
lagged variables in rows 3-5.

Next, we applied the BRUTO algorithm to the data. With
maximum order 5, the algorithm takes 11 iterations to con-
verge and the transformations are on lags 2 and 3. The band-
width for the transformation of lag 2 is .2623 and that of lag
3 is .8852. Figure 3 shows the output of the algorithm. The
solid lines there are the suggested transformations, and the
points are the scatterplots of y, versus y,_; fori=1,..., 5.
Again, the method seems to work well. In particular it sug-
gests that lags 1, 4, and 5 should be dropped from the model.
The solid line in the last plot of the second row is the fitted
values of the data via the BRUTO algorithm.

In summary, both the best subset modeling approach and
the BRUTO algorithm suggest the model

Vi =f(yi—2) + (-

for the data, where f;(+)’s are trigonometric functions. The
agreement between the two proposed procedures is encour-
aging.

Finally, we illustrate a procedure for checking the addi-
tivity assumption, using the idea of Tukey’s 1 degree of free-

3)t e

5. The plot on the lower right corner is the fitted value plot.

dom test (see method (ii) in sec. 9.5.1 of Hastie and Tibshirani
1990, p. 264). This procedure is done basically to check that
there are no interactions between the explanatory variables.
Denote the estimates of f; () by f; (- ) and denote the residual
by & = ¥ — fi(yi—2) — f5(3i_3). To check additivity, we con-
sider the linear regression

& = Bo+ Bifi(yi-2)fa(i-

and obtain the test statistic #.R?, where 7 is the sample size
and R? is the usual coefficient of determination of the pre-
ceding linear regression. Under the null hypothesis of no
interaction between y,_, and y,_3; and normality, the test
statistic asymptotically follows X ? distribution with 1 degree
of freedom. For this particular example the test statistic is
3.34, which, as expected, is statistically insignificant at the
usual 5% level.

3)te

Example 2. In this example we generated 300 observa-
tions from the model

= 8log(l + 3y%,) — .6 log(l + 3y?_3) + .

Figure 4(a) shows the time plot of the data. Figure 4(b) is
the R? of the best subset regression versus the number of
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Figure 4. (a) Time Plot of the Simulated Log-Function AR Process of
Example 2. (b) The R? of the Best Subset Autoregression Versus the Num-
ber of Lagged Variables Used for the Data Shown in (a).

Journal of the American Statistical Association, September 1993

lagged variables used when the maximum order is 5. Again,
the “true” combination (1, 3) is easily identified as a tentative
model. Figure 5 shows the functions of the best subset
regressions of sizes 1 to 5. The result is, again, informa-
tive. But it is not easy to specify from the plots that log(1
+ 3y2%,)is the function to use, because there are other func-
tions with similar shape. This is a common difficulty in using
nonparametric techniques to specify the functional form of
a nonlinear time series model.

For this second example the BRUTO algorithm only took
two iterations to converge. It also correctly selected lags 1
and 3 as significant explanatory variables. The bandwidth
for the transformation of lag 1 is 1.037 and that of lag 3 is
1.196. The result of the algorithm is shown in Figure 6. Again,
the two proposed procedures work well in revealing the non-
linear characteristic of the model.

5.2 A Real Example

For an application of NAAR X models, we consider some
riverflow data of River Jokulsa Eystri of Iceland. The data
consist of daily riverflow (y,), precipitation (z,), and tem-
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Figure 5. Results of the ACE Algorithm for the Best Subset Regressions of Sizei =1, . ..

as Figure 2.

, & for Example 2. The plot can be read in the same way
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perature (x;) from January 1, 1972, to December 31, 1974.
There are 1,096 observations. An important hydrological
feature of this river is that there is a glacier on the drainage
area. Consequently, temperature has certain influence on
riverflow besides melting the snow. For further information
of the data, see Tong (1990). The data were analyzed earlier
by Tong, Thanoon, and Gudmundsson (1985) and Tong
(1990), who used threshold autoregressive models. Figures
7(a)-(c) show the riverflow (m3/s), temperature (°C), and
precipitation (mm/day).

Using exogenous variables x; and z,, we applied the best
subset modeling approach to the data. The maximum order
entertained for the lagged endogenous variables y,_; is 4, that
for precipitation z,_; is 3, and that for temperature x,_ is 4.
These maximum orders were selected by examining the serial
correlations of y, and the cross-correlations between y, and
Z,—,, X—. Figure 8(a) shows the results of the best subset
regressions of sizes 1 to 6. The size here denotes the number
of explanatory variables used in the model. Figure 9(a) plots
the R? of the best subset regression versus size. From the
plot and for simplicity, it appears that {y,_1, ¥,-2, Z;, Zi—1,

5. The plot on the lower right corner is the fitted value plot.

X;-1, X;—3 } could be a set of appropriate explanatory variables
to use. In what follows, we entertained such a model.
Figure 8(b) is an enlarged version of the bottom row of
Figure 8(a). An examination of the transformations shown
there suggests that an NAAR X model with simple piecewise
linear functionals might be sufficient in describing the data.
Consequently, we postulated a parametric model with piece-
wise linear coefficients. In model checking, we added two
lagged endogenous variables y,_3 and y,_4, resulting in the
model suggested by the best subset regression of size 8; see
Figure 9(a). Consequently, the NAAR X model entertained
is
vi=c+ oyior + 12V (Y- = 1)
+ $13V-1I(Yi-1 = &2) + $ayi2 + P33
t @aYica + Bize + Baziy + w11 X
+ wipX I(X—1 = ¢3) + w31X-3

(6)

= 1, and the coefficients

+ w3px31 (X3 = ¢4) + &,

where ¢; = 27,¢, =100, c3 = 1, ¢4

are
Par. c 1,1 b1,2 1,3 o) 3 b4 B B2 w1 w1 w3, w3
Est. 1.88 1.15 .04 —.08 —-.31 .19 —.12 .36 —.20 —-.07 1.67 .05 —1.39
Std. .92 .04 .02 .01 .04 .04 .03 .03 .03 .06 .14 .06 .14
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Figure 7. Time Plots of River Jékulsd Eystri Riverflow Data. (a) Daily
riverflow y, (M®/s). X-axis is the time index; Y-axis is riverflow. (b) Daily
temperature x, (°C). X-axis is the time; Y-axis is temperature. (c) Daily
precipitation z, (mm/day). X-axis is the time; Y-axis is precipitation.

The structure parameters ¢, ¢,, ¢3, and ¢4 are obtained
by minimizing the sum of squares of residuals, and the es-
timated parameters are obtained using conditional least
squares estimation. From Figure 8(b) it is seen that the es-
timates of these structure parameters are close to those sug-
gested by the ACE algorithm. The residual variance of Model
(6) is 33.15, which corresponds to an R? of 92.48%. The
fitted values and residuals are shown in Figure 9(b) and 9(c).
The residual plot shows some isolated spikes, indicating that,
as expected, normality is not adequate in describing the riv-
erflow data. There are, however, no significant serial corre-
lations in the residuals; only lag 7 has a marginal correlation
of —.10. Overall, the nonlinear model (6) appears to fit the
data reasonably well.

We also applied the variable selection procedure to the
data. With the same maximum orders as before, the BRUTO
algorithm took six iterations to converge and selected the
explanatory variables {y,_i, yi—2, z;, X;} where, except for
¥:—2, all the functions are nonlinear. Based on this selection
and some further refinement, we arrived at the model

ye= 152+ 1.30y,-1 — .0ly,_ I(y,—, = 24)
- .09y,_11(y,_1 = 100) - .46y,_2 + .22y,_3
— 10y,_4 + 27z, + .192,1(z, = 35) — .19z,

+ .12x + 50xI(x, = —2) — .05x,-; + €. )
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The residual variance of model (7) is 35.32, which is larger
than that of Model (6). Because these two NAAR X models
use the same number of parameters, we select Model (6) by
using the AIC criterion. This selection is further supported
by the mean squared errors of out-of-sample forecasts. Using
the same forecasting procedure as that mentioned in the fol-
lowing discussion, we found that Model (6) outperforms
Model (7) in all but one of the forecasts considered.

Discussion. The temperature effect on riverflow shown
in the NAAR X Model (6) is interesting. When the temper-
ature is below 1°C, riverflow is not significantly affected. On
the other hand, when the temperature is higher than 1°C,
the riverflow of the next day increases substantially, presum-
ably is due to snow melting. The reverse influence of tem-
perature 3 days earlier on riverflow is understandable, be-
cause the effect of snow melting cannot last for long. Of
course, one needs to keep in mind the dynamic nature of y,
in interpreting the influence of temperature 3 days earlier.

The piecewise function of y,_; in (6) indicates that the
daily riverflow y,, after adjusting the effects of precipitation
and temperature, has different dynamic properties depending
on the level of the previous riverflow y,_,. This appears to
be reasonable.

To appreciate the contribution of the NAAR X Model (6),
we compare it with Tong’s threshold model (1990) and a
linear transfer function model. Tong (1990) used temperature
as the threshold variable and fitted the following model:

v=a+U,...,6)y+0,...,5z

+(0,...,3)x1+e" ifx,S—Z

=ca+0,...,8)y+(©,...,7z

+0,...,Nx,+e ifx>-2,

where (1, ..., 6)y, means that y,_i, y;—2, ..., V-6 are in-
cluded in the model and the other terms are defined in a
similar fashion. The overall residual variance of this threshold
model is 31.77, which is slightly smaller than that of our
NAAR X model. Using linear transfer function analysis, we
obtained the model

27 + 21B + .18 B2
y, = 41.03 + (.35 + .20B)z, + Ty X

N 1 —.12B7
1-1.17B+ .42B*> - 22B%*+ 07B*

a, (8)

where B is the usual backshift operator such that Bz, = z,_,
and the residual variance of @, is 38.57. In Model (8), ¢ ratios
of all the parameters are greater than 2.0 in modulus. The
residual series of this linear model also has no significant
serial correlations except for lag 4, which is —.07.

In terms of residual variance, Tong’s threshold model ap-
pears to be best. But the NAARX Model (6) has fewer
parameters and is the preferred model based on the AIC
criterion. Further, the NAAR X model produces better out-
of-sample forecasts. For the three models entertained, we
reestimated the parameters using only data of the first 2 years
and performed naive out-of-sample forecasts of Steps 1-12
for the entire third year. The real values of the exogenous
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Figure 9. (a) The R? of the Best Subset Regressions Versus the Number
of Explanatory Variables Used for the Riverflow Example. X-axis is the
size of explanatory variable used; Y-axis is the R?. (b) Fitted Plot. The
solid line is the fitted value of the river flow series and the points are the
scatterplot of the river flow series versus time index. (c) Residuals of the
Fitted NAARX Model.

variables were used in the forecast. We then computed the
mean squared errors of forecasts of the three models. The
results are given below:

Lead time NAARX TAR Linear
1 65.52 66.67 81.99
2 142.01 153.39 221.60
3 175.88 196.37 335.01
4 203.03 231.85 376.20
5 230.02 258.92 41891
6 256.89 283.16 472.71
7 279.32 300.27 523.92
8 295.25 309.88 566.12
9 308.09 318.83 613.41

10 315.07 323.68 661.13
11 320.56 335.34 725.82
12 321.56 350.41 801.29

From the table, it is clear that the linear model performs
poorly in out-of-sample forecasts, and that the NAARX
model consistently produces the best forecasts among the
three models considered.

Finally, we agree that it is hard to justify that riverflow
follows an additive model. Indeed, our additivity checking
shows certain significant interactions between the explana-
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tory variables when 5% critical values of chi-squared distri-
butions are used. But because the normality assumption is
clearly violated, we do not know what effect such a violation
has on the critical values. This is an issue that needs further
investigation. On the other hand, we believe that the additive
model used provides a better approximation to the behavior
of the data, because it performs well in out-of-sample fore-
casts and has high R? value.

6. SUMMARY

In this article we considered a class of nonlinear additive
autoregressive models with exogenous variables for nonlinear
time series analysis and used two backfitting procedures to
specify such models. The model specification was achieved
by using the methods of best subset regression and variable
selection in regression analysis. The modeling procedures
proposed were shown to be useful in analyzing simulated
series and a real example. The results suggest that nonlinear
additive models in conjunction with nonparametric tech-
niques could be useful in nonlinear time series analysis.

[Received September 1991. Revised October 1992.]
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