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Autocorrelation and Imputation 
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College Station, Texas 77843-3 143 

Key Words: Harmonic analysis, azitocorrelation, imputation, water levels 

ABSTRACT 

Tidal data have been deemed to serve many important purposes, including 

establishing maritime boundaries, dredging sites, and navigation. Recently, 

even some building codes are dependent upon these data. We explore the 

efficacy of using harmonic analysis to model changes in water levels both in 

ocean and in protected sea environments. Typically, these data are 

correlated and have 'not-completely a t  random' missing observations. Our  

new analyses account for the presence of autocorrelation and missingness. 

1. INTRODUCTION 

Most governmental jurisdictions have defined coastal boundaries in terms of 

water level, tide-gauge data based upon some average of daily water-level 

readings. These water-level data use mean water levels derived from a theory of 

Copyr~ght 0 1999 by Marcel Dekker, Inc. 
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2948 SPEED ET AL. 

homogeneous or astronomical tides (Schureman, 1988). However, tides in 

estuaries and bays are not homogeneous, often having both meteorological as well 

as seasonal components. Understanding the forces that produce changes in water 

levels in coastal waters is essential to proper application of datums; such as mean 

higher high water, mean low water etc. Thus, a procedure for determining marine 

boundaries based upon mean water-level data using homogenous tides is without 

solid foundation and produces results that are not physically sensible in the 

situation where the periodic changes in water levels may be caused by other 

variables, not strictly on "astronomical" tides. Inappropriate definition of extreme 

mean waters impacts legal boundary definition and regulatory jurisdiction for 

environmental permitting, as well as various legal, engineering, and scientific topics 

(Kenedy v Texas, 1993). 

This paper reports on data analysis for water level measuring stations (tide 

gauges) that are located both on the east and west coasts of the United States, as 

well as on the Gulf of Mexico coast and in the inland waters of Texas. See Section 

2.3 for the data source. The analyses included traditional harmonic analysis, 

harmonic analysis adjusted for autocorrelation, and time series methods for 

imputing missing observations. 

Harmonic analysis for Mean Higher High Water (MHKW) and Mean High 

Water (MHW) was developed for coastal areas that had primarily deterministic 

type changes in water level and had a significant daily change in water level (one or 

two high tides a day). Our analyses will show that there are areas where the water 

levels do not follow the deterministic model, and thus the use of MHHW and 

MHW does not any practical physical meaning 

2. METHODOLOGY 

The underlying variable is a reported tide level as measured by water level 

gages. We note, in passing, that these measurements generally under-report the 

true height to the water. As an example, Fig. 1 shows how the reported water level 
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ANALYSIS OF TIDAL DATA AND DATUMS 2949 

TIME IN SECONDS 

Figure 1 Typical Tide Gage Measures 

(the solid line) underestimates the actual level of the water. The National Ocean 

Service (NOAA) advocates using an acoustical gage to measure water levels on 

six minute intervals. The reported measurement is the mean of 18 1 observations 

taken approximately 1 second apart. The reported readings are damped both 

mechanically and statistically, eliminating most short frequency waves and 

underestimating the true height of the water. The appropriateness of  using this 

damped reading will depend upon its ultimate use. 

However, in paper, we will analyze these damped water level measurements. 

2.1 Harmonic Analysis of Water Level Data 

The classical equation for analyzing tidal data that are recorded at a single 

measuring station is the deterministic harmonic analysis: 

P 

h(r) = h, + x { a ,  sin(s, * t ,)  + 6, cos(s * t)} 
,-I 

where h(t) is the water height (level in feet) at time t, h, is mean sea level, 

is the amplitude of the i' harmonic constituent, and s, is the speed of the 

ifi harmonic constituent . 
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2950 SPEED ET AL. 

I 0 t m m m 

Figure 2 Theoretical Tidal Constituents and MHHW. 

In the United States, p=3 pre-defined constituents of various known 

astronomical cycle lengths are used for equation (1) (Cole(1997)). See Tables. 

Some of the constituents (Sa, Ssa) are based upon long term periodicity and some 

are based upon short term periodicity (Ol,Ml,Kl etc). Figure 2. illustrates the 

concept of Harmonic Analysis (Cole (1997)). The top inset corresponds to a daily 

tidal cycle, the middle inset to a fortnightly tidal cycle, and the bottom inset is the 

sum of the two cycles. The straight line represents Mean Higher High Water 

(MHHW) illustrating the idea that these data under-estimate the true reach of the 

water. 
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ANALYSIS OF TIDAL DATA AND DATUMS 295 1 

In statistical reality, the harmonic model of equation (1) is stochastic. 

Including an error term, a regression model may be written as 

Y = Z p + &  (2) 

where Y = (h(t)) , h(t) being the water height at epoch t, Z represents the sines and 

cosines of the various harmonic (astronomical) gravitational forces at epoch t , P is 

the matrix of amplitude coefficients, and E is the n-vector of errors. By using 

ordinary least squares (OLS), one can estimate the amplitudes associated with the 

constituents and draw inferences upon which constituents contribute the most to 

the variation of the water levels. Amplitude estimates close to  zero relative to 

their variation indicate little or no contribution; those much greater than zero 

indicate some contribution. 

Fitting equation (2) by ordinary least squares (OLS) methods ignores the 

autocorrelations between the elements of Y, but this use has been the traditional 

method of analyses of tidal data (NOAA (1995)). Absent of non-astronomical 

factors such as seasonality, prevailing wind direction and weather phenomena in 

the watershed area, the astronomical factors are known as the structural portion of 

the model. 

The autocorrelation evident in water heights may be accounted for by using 

Yule-Walker equations on the residuals that remain from fitting the structural 

portion of  the model (2). Ignoring the autocorrelations may produce different 

estimates of  the structural relationship. Also, when prediction is the goal, then 

inclusion of  the autoregressive approach is necessary. 

As accessible examples of the effectiveness and necessity of accounting for 

the autocorrelations, we have chosen to report on modeling water level gauging 

stations of three types, namely, open ocean stations (such as  Los Angeles, Boston, 

and San Fernandina, Florida), sampling locations in more protected bodies in the 

Gulf of  Mexico (Galveston, Texas), and measurements from waters that are inland 

from barrier islands (known as Laguna Madre, Texas). Table 1 reports the results 

for 1992 measurements. 
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ANALYSIS OF TIDAL DATA AND DATUMS 2953 

2.2 Summary 

The structural model (i.e., classical harmonic analysis) fits the water level 

data extremely and uniformly well for open ocean stations, supporting NOAA's use 

of a tide predictor machine (now algorithm) at these stations. However, equation 

( 1 )  fits the Gulf of Mexico stations less well, leaving unexplained a substantial 

portion of water height variation. In addition, the use of only the structural 

portiodharmonic analysis fails on water heights measured inland of barrier islands. 

Only when the autocorrelations are included, does the model become adequate for 

estuarial stations. 

The failure to  adequately fit the estuarial stations without accounting for 

autocorrelation indicates that other influential, but unmeasured, variables are 

acting on the bodies of water. The other variables may include meteorological 

phenomena at the station (e.g., wind direction and intensity, barometric pressure). 

In these cases, the use of tidal datums based on equation (1) alone is not 

appropriate. We will discuss this in more detail later. 

2.3 Large Data Sets 

We note here that these large data sets (n = 8760) are readily accessible over 

the WEB. The URLs are: http://www.oasd nos.noaa.gov/data-res.html or 

~~tir~!!t.c.o.~n,.cb.~~tam.u.cc~~e1(!.u!pque~. These data sets can be used in a variety of 

statistics classes to  illustrate a number of statistical concepts. 

3. Imputation 

In this part of the paper, we describe two methods that are used for 

predicting missing observations in water level series observed at 7 monitoring 

stations along Texas coast. The stations Bob Hall Pier (BOB), Galveston (GAL) 

and Port Isabel (PTI) are classified as outer stations and the stations El Toro 

(ELT), Port Mansfield (PTM), Rincon Del San Jose (RIN) and Yarborough Pass 

(YAR) as inner stations. For detailed information of the monitoring stations and 

D
o
w
n
l
o
a
d
e
d
 
B
y
:
 
[
R
u
t
g
e
r
s
 
U
n
i
v
e
r
s
i
t
y
]
 
A
t
:
 
0
2
:
3
0
 
2
7
 
M
a
r
c
h
 
2
0
0
9



2954 SPEED ET AL. 

the data set. see Hart, Newton and Speed (1996). The station location plays an 

important role in modeling and prediction as the inner stations and outer stations 

have different geological features and water level changes behave quite differently. 

In fact, we will show empirically that the proposed prediction methods work 

differently for the two groups. 

The first method we discuss (Section 3.1) is a standard prediction method for 

predicting the missing observation in univariate time series analysis. Some 

references can be found in Box and Jenkins (1976), Newton (1988) and 

Pourahmadi (1 989) 

The second method introduced (Section 3.2) is designed for geographic time 

series where related time series are observed over a network of  monitoring stations 

in the same period. If those time series are correlated, it may be helpfbl to  use the 

information from the other stations to improve the prediction of missing 

observations from one station. The approach we used here is a modified version of 

an approach first proposed in Carroll et a1 (1996). 

In Section 3.3 we present some testing results to demonstrate and compare 

the performance of the procedures. A brief summary is also provided for some 

partial explanation of the testing results. 

3.1 Method One: Univariate Time Series Missing Data Prediction 

Hart, Newton and Speed (1996) have shown that the water level series can 

be adequately modeled using a harmonic regression model with autoregressive 

error (equation (2)). The error e, is assumed to follow a Gaussian autoregressive 

(AR) model 

where E, are Gaussian white noise, the order q is to  be determined by certain 

model selection criterion such as AICC. For detail discussion of  the above model, 

see Hart, Newton and Speed (1996). 
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ANALYSIS OF TIDAL DATA AND DATUMS 2955 

Here, we discuss a standard method to find the least square prediction of  the 

missing observations based on the above model. Let T be the set of time index at 

which h(t) is observed. The following steps are used: 

Step 1: Fit the harmonic regression with time series error model (3) using the 

series with missing data. The autoregressive order is determined by AICC and the 

coefficients of the models are estimated by ignoring all of the missing observations. 

Step 2: Using the estimated harmonic regression model in step 1, we obtain the 

residual series 

e, = h(t) - io - 2 {a, sin(s, * t,) + cos(q * t ) )  
, = I  

for all the t that h(t) are observed. 

Step 3: Treating the estimated coefficients of  a; and bi as true and the observed 

estimated e, as true, we use the estimated 4, from Step 1 and the observed residual 

series 2, to  predict e, at missing time periods. Specifically, if h(t*) is missing, the 

least squares prediction of a. is : 

E[e,. / e, , t  E TI = E[e, / e,,  t E T(f*)l  ( 5 )  

where T(t*) is the set of time indices of the p nearest observed observation before 

t* and the g nearest observed observation after t*. The above equation is due to 

the Markov property of the AR(p) process. Under Gaussian assumption, the 

conditional expectation on the right hand side is a linear combination of the 

arguments in the condition and the coefficients can be obtained using the estimated 

AR coefficient 4; from Step 1 Then the prediction of h(t*) can be obtained by 

combining the prediction of e,. and the estimated structural trend. 

3.2 Method Two: Geographic Time Series Missing Data Prediction 

In this section we describe a method that uses observations from a geometric 

time series t o  predict a missing observation. The following assumptions are made. 
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2956 SPEED ET AL. 

1. The univariate time series h(t,i) observed at the ith monitoring station has a 

structural harmonic trend 

Note that the coefficients for each monitoring stations are different 

2. Let 

P 

e l ,  = h(r, t )  - h, - {a, ,  sin(s, * t )  + b, , cos(s, * 2 ) )  
1x1 

(7) 

We assume the errors e;,, from different stations form a finite order multivariate 

autoregressive Gaussian process. 

3 .  Although the error process is correlated, we will estimate the coefficients in the 

harmonic trend assuming the errors are independent. We do this for the only 

imputation process. This is partially justified since the least square estimator is 

consistent, even the true errors are correlated, and that the sample size is large in 

our case (8760 per year). In addition, we will treat the estimated coefficients as 

true when we form the Gaussian error process and when we predict the missing 

observation. 

4. We will not model the Gaussian process. Instead, for simplicity, we will use the 

sample correlation in our prediction procedure. 

Under the above assumptions, the following steps are carried out to  predict a 

missing observation. Let Ti be the set of time indices of observed data in ith 

station. 

Step I .  For each monitoring stations, estimate the coefficients in the harmonic 

trend using the method of least squares, assuming the errors are independent. 

Step 2: For each station i, using the estimated harmonic regression model in step 1, 

for all the t that h(i,t) are observed 
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ANALYSIS OF TIDAL DATA AND DATUMS 2957 

Step 3: Estimate the autocorrelation and cross correlation of the Gaussian process 

ei.1. 

Step I: Select the maximum lag p to  be used in prediction procedure. This 

corresponds to  the AR order for the Gaussian process. 

Step 5: Predict each missing observation. Specifically, if h(i*,t*) is missing, we 

predict ei+,,* using 

where Ti(t*) is the set of time indices of the p nearest observed observation before 

t* and the p nearest observed observation after t* in ith station. The above 

equation is due to the Markov property of the AR(p) process. The conditional 

expectation on the right hand side is a linear combination of the arguments in the 

conditional and the coefficients can be obtained from the sample autocorrelation 

and cross-correlation obtained in step 4. 

3.3 Results 

Several tests were conducted to ensure the quality of the procedure and to 

investigate the properties of the procedures. 

3.3.1 The performance of univariate time series prediction 

The 1994 series from the seven stations are used to test the performance of  

the procedure using univariate time series setting. Segments of different length (5, 

10, 15, ... 95) are first removed at different starting locations (150, 200, 250, ... 

5100). Then the univariate time series prediction method described in Section 3.1 

is used to predict those segments. he autoregressive order used is five. The 

prediction is then compared with the true value and the MSE for each missing 

length are computed and presented in Table 2. 

3.3.2 The performance of geographic time series prediction 

Again, the 1994 series are used to test the performance of prediction using 
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SPEED ET AL. 

Table 2 

MSE's For The Univariate Procedure 

the geographic time series setting. Since the inner stations and outer stations 

behave differently, we group the stations accordingly and use only the stations 

within each group to help prediction. Specifically, if a missing observation of an 

inner station is to be predicted, only the series from the four inner stations are used 

in the prediction procedure. 

For each of the stations, segments of different length (5, 10, 15, ... 95) are 

first removed at different starting locations (150, 200, 250, ... 5100) while the 

other stations within the group unchanged (no missing observation). Then the 

geographic time series prediction procedure described in Section 3.2 is used to 

predict those segments within the group. The autoregressive order used is five. 
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Table 3 

MSE's For the Geographic time Series Method 

The prediction is then compared with the true value and the MSE for each missing 

length are computed and presented in Table 3 .  

3.3.3 The effect of AR order in univariate time series prediction 

The 1994 series from Bob Hall Pier were used to test the effect of different 

AR order in method one. Segments of different length ( 5 ,  10, 15, ... 95) are first 

removed at different starting locations (150, 200, 250, ... 5100). Then method one 

is used to predict those segments with different AR order. Table 4 shows that there 

is no effect for the different AR orders. 
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Table 4 

The Effect of AR Order in Method One using 1994 Bob Hall Pier Series 

3.4 Summary 

Comparing Tables 2 and 3, we can see that the method under geographic 

time series setting performs better for the outer stations while the univariate time 

series prediction is better for the inner stations. This is primarily due to the fact 

that the outer stations have similar geographic features and behave similarly hence 

the information from the other stations does help in prediction. The inner stations 

have many differences. The inclusion of the other stations in the prediction 

procedure only introduces extra variation without much contribution to the 

prediction. 
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ANALYSIS OF TIDAL DATA AND DATUMS 

4. Practical Issues Related to Tidal Datums 

In this section, we briefly discuss the implications of using datums, which are 

based upon the changes in water levels being primarily "astronomical" in nature, 

when in reality the periodic changes in the water level are based on other factors; 

i.e. Sa, Saa etc. These practical issues are discussed in greater detail in Speed Et. 

al. (1996). 

4.1. Application to Boundary Determination 

Based on the above discussion of the nature of water level changes in Texas 

coastal waters, it should be clear that the use of MHHW to determine boundaries 

is ill-suited. At some places along the inland waters, the "shore" as defined by 

MHHW and MLLW is no more than a meter wide; and yet the actual periodic 

covering and uncovering of land by waters of the sea extends more than six 

kilometers. Yet, there are definite periodic changes in water level that occur year 

after year at approximately the same time and which are related to  Sa and Saa. 

4.2 Regulatory Mandates of Tidal Datums 

Environmental regulatory authority of the Federal government derives from 

the Clean Water Act (CWA) [9] of 1972, which encompasses the "Waters of the 

United States," a concept that includes oceans, rivers, estuaries, and lakes among 

other water bodies. 0.5 acre. The regulatory permit process administered by the 

Corps under Section 10 concerns possible obstruction of navigation and navigation 

works. Restricting the jurisdiction of the Corps to MHW will greatly reduce the 

areas covered under Section 10. 

Another example of the use of water-level datums, the "chart datum" on 

navigation charts issued by NOS has been implemented as MLLW since 1989. 

The Corps, which is responsible for maintaining the navigability of the nation's 

federally authorized channels and waterways, has converted to MLLW in its 

dredging practice. The National Tidal Datum Convention of 1980 established this 

(MLLW) chart datum and changed the name of the former Gulf Coast Low Water 
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Table 5 

Principal tidal constituents 

Symbol Description 
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Datum to MLLW. As an average, the concept of MLLW implies that there are 

times when the water surface and, therefore, water under the keel, is less than that 

indicated on a navigation chart This property of MLLW is a concern for 

promoting safe navigation in Texas's coastal waters Since in Texas, MLLW 

suffers from the same problems of MHHW (specifically that MLLW does not 

account for the long term periodicity in water levels), the line of MLLW is dry 

30% to 50% of the time, thus possibly posing a threat to  safe navigation. 

4.3. Building Codes 

Since MHHW underestimates the actual reach of the water, it can not be 

used to set minimum heights for buildings for some coastal waters. For example, 

piers in Los Angeles, in order to  comply with the requirements of  the American 

with Disabilities Act (ADA), must correct MHHW by adding a component for 

wave height. In Texas, not only would this correction be necessary, but also a 

major correction would be necessary to reflect the actual recurring annual high 

waters. 

5. Conclusions 

The use of tidal datums based upon changes of water levels is useful and 

effective when the changes of water level are primarily deterministic or structural. 

In cases where there are significant errors and these errors are correlated, the 

classical method of Ordinarily Least Squares (OLS) is not an appropriate technique 

of analyses. The use of  autocorrelation techniques and methods of  imputation 

based on correlated errors help the researcher understand the nature of the changes 

of the water levels. We have found that unlike the water levels changes along the 

east and west coast, where there are major "daily" tides, the water level changes 

along the Texas coast and inland waters have periodic changes which are 

predominantly semi-annual or annual. Thus, the use of a datum based on a daily 

tide, such as Mean Higher High Water, is incorrect. 
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